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In this paper, we introduce the concept of A-projective modules and define a kind of
“global” dimension ICTID(R), which measures how far away a ring is from being a left

self-injective von Neumann regular ring.
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1. INTRODUCTION

Throughout this paper, R is an associative ring with identity and all modules are unitary.
rM denotes a left R-module. For an R-module M, the dual module Hom(M, R) is denoted
by M*. pd(M), fd(M) and id(M) denote the projective, flat and injective dimensions
of M respectively. ID(R) (wD(R)) means the left (the weak) global dimension of R. By
the terminology “left annihilator I in R”, we will mean that there exists a right ideal S
of R such that I is the left annihilator of S in R, i.e., I = [g(S). Let M and N be R-
modules. Hom(M, N), Ext"(M, N) and Tor,, (M, N) mean Hompg(M, N), Ext%(M, N) and
Tor®(M, N) for an integer n > 1 respectively.

Recall that a left R-module M is torsionless if M embeds in a direct product of copies of

rR. Note that M is torsionless if and only if the canonical map M — M™** is a monomor-
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phism. It is easy to check that a cyclic left R-module R/I is torsionless if and only if I is

a left annihilator in R.

Recall that R is a Baer ring if every left annihilator in R is a direct summand of rR.
The Baer property, as well as von Neumann regular property, is left-right symmetric (see
[3]). Baer rings and von Neumann regular rings are both important classes of rings arising in

the theory of operator algebras. By [3, Corollary 7.53], we have the following implications:
semisimple Artinian rings = left self-injective von Neumann regular rings = Baer rings.

In [4], the author introduced the concepts of A-injective modules and A-injective di-
mension. A-injective modules are useful in investigating properties of some special rings,
and the A-injective dimension measures how far away a ring is from being a Baer ring (see
[4, Theorem 5.2]).

In the present paper, we first introduce the concept of A-projective modules, which is
dual to A-injective modules. We will call a left R-module M A-projective if Ext'(M, R/I) =
0 for any left annihilator I in R. Several elementary properties of A-projective modules
are obtained. Next, we introduce another kind of “global” dimension ICTID(R) defined
as ICTID(R) = sup{id(M): M is a cyclic torsionless left R-module}, which measures how
far away a ring is from being a left self-injective von Neumann regular ring. We explore
ICTID(R) using, among others, A-projective modules, and discuss some relations between
ICTID(R) and other homological dimensions.

We refer to [1, 3, 7, 8] for all the undefined notions in this article.

2. A-PROJECTIVE MODULES

Definition 2.1 — Let R be a ring. A left R-module M is said to be A-projective if
Ext!(M, R/I) = 0 for any left annihilator I in R.

Remark 2.2 : By definition, the class of A-projective modules is closed under direct

sums, direct summands, and extensions.
Now we give characterizations of A-projective modules.

Proposition 2.3 — The following are equivalent for a left R-module M:

1. M is A-projective.
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2. Every diagram with exact row

M

o

0 A B C 0

commutes along the dotted arrow, where A is cyclic torsionless (and B is injective).

3. Every diagram with exact row

0

A .
C

commutes along the dotted arrow, where C' is cyclic torsionless (and B is projective).
4. Every exact sequence 0 — A — B — M — 0 of left R-modules with A cyclic
torsionless is split.
PRrROOF : (1) = (2) For any exact sequence 0 — A — B — C — 0 of left R-modules

with A cyclic torsionless, by (1), we have the exact sequence

Hom(M, B) — Hom(M, C) — Ext'(M, A) = 0.

So (2) follows.

(2) = (1) Let A be any cyclic torsionless left R-module. Then there exists an exact

sequence 0 - A — B — C' — 0 with B injective. So we have the exact sequence

Hom(M, B) — Hom(M,C) — Ext'(M, A) — Ext' (M, B) = 0.

By (2), Hom(M, B) — Hom(M,C) — 0 is exact. Thus Ext!(M, A) = 0.

(1) = (3) For any exact sequence 0 - A — B — M — 0 and any cyclic torsionless left

R-module C, by (1), we have the exact sequence

Hom(B, C) — Hom(A, C) — Ext!(M,C) = 0.

Thus (3) holds.

(3) = (1) There exists an exact sequence 0 — A — B — M — 0 with B projective. Let

C be any cyclic torsionless left R-module. Then we have the exact sequence

Hom(B, C) — Hom(A, C) — Ext!(M,C) — Ext'(B,C) = 0.
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By (3), Hom(B, C) — Hom(A, C) — 0 is exact. So Ext!(M,C) = 0.
(1) & (4) is clear.
Recall that a left R-module M is cyclically presented [8] if M = R/Rr for some r € R.

Proposition 2.4 — For any ring R, a cyclically presented left R-module is A-projective

if and only if it is projective.

PROOF : Clearly, any projective module is A-projective. Conversely, let M = R/Rr for

some r € R and M be A-projective. Then there is the exact sequence
0— Rr— R— R/Rr — 0.

Since Rr is cyclic torsionless, Ext!(R/Rr, Rrr) = 0, and so the sequence above is split. Thus

R/Rr is isomorphic to a direct summand of R, and hence M = R/Rr is projective.
Lemma 2.5 — Let I be a right ideal of R. Then (R/I)* = Ir(I).

PROOF : Define o : (R/I)* — Ig(I) via f — f(1) for any f € (R/I)*. Tt is easy to

verify that « is well-defined and is an isomorphism.

Recall that a left R-module M is said to be A-injective [4] if Ext!(R/I, M) = 0 for
any left annihilator I in R, equivalently, for any left annihilator I and any homomorphism

f I — M, there is a homomorphism ¢ : R — M which contracts to f on I.
Theorem 2.6 — The following are equivalent for a ring R:
1. Every left annihilator in R is A-projective.
2. The dual module M* of any cyclic right R-module M is A-projective.
3. For every exact sequence 0 — A — B — C — 0 of left R-modules with A cyclic
torsionless and B A-injective, C' is A-injective.
PROOF : (1) & (2) follows from Lemma 2.5.

(1) = (3) Suppose 0 — A — B 5 C — 0 is an exact sequence of left R-modules with
A cyclic torsionless and B A-injective. Let K be a left annihilator in R and 7 : K — R be
the inclusion. For any f : K — C, there exists g : K — B such that mg = f since K is
A-projective by (1). Hence there is h : R — B such that hi = g since B is A-injective. It
follows that (wh)i = f, and so C' is A-injective.

(3) = (1) Suppose that K is a left annihilator in R. Let 0 = A — B 5 C' — 0 be an
exact sequence of left R-modules with A cyclic torsionless and B injective. Let f: K — C

be any homomorphism. Since C' is A-injective by (3), there exists g : R — C such that



A-PROJECTIVE MODULES AND THE INJECTIVE DIMENSION

f = gt, where + : K — R is the inclusion. Hence there exists h : R — B such that
g = wh since R is projective. It follows that f = (wh). = w(ht) and so K is A-projective by
Proposition 2.3. O

3. THE INJECTIVE DIMENSION OF CycLIC TORSIONLESS MODULES

Definition 3.1 — For any ring R, let
ICTID(R) = sup{id(M): M is a cyclic torsionless left R-module}.

Similarly, we have rCTID(R) (when R is a commutative ring, we drop the unneeded
letters 1 and r).

It is well known that R is a semisimple Artinian ring if and only if every cyclic left
R-module is projective if and only if every cyclic left R-module is injective (see [5]). If we
replace “cyclic” with “cyclic torsionless”, then R is a Baer ring if and only if every cyclic
torsionless left R-module is projective (see [4, Theorem 5.2]). Now we consider when every

cyclic torsionless left R-module is injective.

Theorem 3.2 — The following are equivalent for a ring R:

1. ICTID(R) = 0.

2. R is a left self-injective von Neumann regular ring.

3. FEvery cyclic torsionless left R-module is injective.

4. Every left annihilator in R is injective.

5. The dual module M* of any cyclic right R-module M is injective.
6. Every left R-module is A-projective.

7. Bvery cyclic left R-module is A-projective.

PRrROOF : (1) & (3) & (6) = (7) are clear.

(3) = (2) rR is clearly cyclic torsionless, and so is injective by (3). On the other hand,
for any @ € R, Ra is also cyclic torsionless, and hence is injective. Thus Ra is a direct

summand of R. So R is a von Neumann regular ring.

(2) = (4) Let I be any left annihilator in R. Since R is a Baer ring by [3, Corollary

7.53], I is a direct summand of R, and so is injective.

(4) = (3) By (4), rR is injective. Let I be any left annihilator in R. Then I is injective.
So the exact sequence 0 — [ — R — R/I — 0 is split. Thus R/I is isomorphic to a direct

summand of R, and so is injective.

319
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(4) < (5) follows from Lemma 2.5.

(7) = (3) Let N be a cyclic torsionless left R-module and I a left ideal of R. Then
Ext!'(R/I,N) =0 by (7). Thus N is injective.

Remark 3.3 : (1) By Theorem 3.2, ICTID(R) measures how far away a ring R is from

being a left self-injective von Neumann regular ring.

(2) Let k be a division ring and V be a left k-vector space of infinite dimension. Let
R = End(;V). Then R is a left self-injective von Neumann regular ring but not right self-
injective (see [3, Example 3.74B]). So ICTID(R) = 0 and rCTID(R) > 0. This example
shows that ICTID(R) # rCTID(R) in general.

Proposition 3.4 — The following are equivalent for a ring R:

1. ICTID(R) < 1.

2. Every submodule of any A-projective left R-module is A-projective.

3. Every submodule of any projective left R-module is A-projective.

4. Every left ideal of R is A-projective.

PROOF : (1) = (2) Let N be a submodule of an A-projective left R-module H. For any

cyclic torsionless left R-module M, the exact sequence 0 — N — H — H/N — 0 induces

the exactness of the sequence
0 = BExt'(H, M) — Ext'(N, M) — Ext*(H/N, M).
By (1), Ext>(H/N, M) = 0. Thus Ext'(N, M) = 0, and so N is A-projective.
(2) = (3) = (4) are trivial.

(4) = (1) Let I be a left ideal of R and M any cyclic torsionless left R-module. The

exact sequence 0 — I — R — R/I — 0 induces the exactness of the sequence
0 = Ext'(R, M) — Ext'(I, M) — Ext?(R/I, M) — Ext*(R, M) = 0.

Thus Ext?(R/I,M) = Ext!(I, M) = 0 since I is A-projective by (4), and hence M has

injective dimension at most 1.
Proposition 3.5 — The following are equivalent for a ring R and an integer n > 0:
1. ICTID(R) < n.

2. For every left R-module M, there exists an exact sequence 0 — K,, — P, 1 —

P, s — -+ — P — Py— M — 0 with each P; projective and K,, A-projective.
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3. id(grR) < n and the dual module M* of any cyclic right R-module M has injective
dimension at most n + 1.
PROOF : (1) < (2) is obvious by dimension shifting.

(1) & (3) Let I be a left annihilator in R and N any left R-module. The exact sequence

0— 1 — R— R/I — 0 induces the exactness of
Ext"™' (N, R) — Ext""(N, R/I) — Ext""?(N,I) — Ext"*?(N, R).
So (1) < (3) holds by Lemma 2.5. O

Next, we will study some connections between ICTID(R) and other homological dimen-

sions. The following proposition is obvious.
Proposition 3.6 — For any ring R, id(rR) < ICTID(R) < ID(R).
Remark 3.7 : We claim that the two inequalities in Proposition 3.6 may be strict.

In fact, the residue class ring Z4 is a commutative quasi-Frobenius ring which is not von
Neumann regular, and so id(Z4) = 0, but CTID(Z4) > 0.

In addition, the example in Remark 3.3 (2) shows that the second inequality may be
strict because the ring R is a left self-injective von Neumann regular ring but not semisim-
ple Artinian. This fact also shows that the concept of A-projective modules is a proper

generalization of projective modules by Theorem 3.2.

It is natural to ask when the equalities in Proposition 3.6 hold. We have the following

results.
Proposition 3.8 — Suppose a ring R satisfies one of the following conditions:
1. R is a left Noetherian ring with ID(R) < occ.
2. R is a left Noetherian ring such that every left ideal is a left annihilator.
3. R is a left perfect ring such that the Jacobson radical J is a left annihilator.

4. Every left ideal of R is cyclic.

Then ICTID(R) = ID(R).

PrOOF : (1) By [2, p.24], ID(R) = id(gR). Since id(rR) < ICTID(R) < ID(R), we
have ICTID(R) = ID(R) = id(grR).

(2) By [6, Theorem C], ID(R) = sup{id(M): M is a cyclic left R-module}. Since every
cyclic left R-module is torsionless, ICTID(R) = ID(R).
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(3) From [6, Lemma 13|, ID(R) = id(g(R/J)). Since R/J is a cyclic torsionless left
R-module, ICTID(R) > id(r(R/J)), and so ICTID(R) = ID(R) = id(r(R/.J)).

(4) By [6, Theorem C], ID(R) = sup{id(I): I is a left ideal of R}. Since every left ideal
of R is cyclic, ICTID(R) > sup{id(I): I is a left ideal of R}. Thus ICTID(R) = ID(R) =
sup{id(I): I is a left ideal of R}. O

As a generalization of Baer ring, the author introduced the concept of AC rings in [4].
R is said to be a left AC ring if each left annihilator in R is a cyclic left ideal of R.

Proposition 3.9 — Let R be a left AC ring with ICTID(R) < oo. Then ICTID(R) =
id(rR).

PROOF : Let ICTID(R) = m < 0.
If m = 0, then the result is obvious.

If m > 0, then id(rR) < m. Suppose id(rR) = n < m. Let I be any left annihilator
in R. Then [ is cyclic torsionless, and so id(I) < m. For any left R-module M, the exact

sequence 0 — I — R — R/I — 0 induces the exact sequence
0 = Ext™(M, R) — Ext™(M, R/I) — Ext™ (M, I) = 0.

Hence Ext"™ (M, R/I) =0, and so id(R/I) < m — 1. It follows that ICTID(R) < m — 1,

this is a contradiction. Thus n = m, as desired. O
Proposition 3.10 — Let R be a left AC ring. Then
sup{pd(M): M is a cyclic torsionless left R-module} < ICTID(R).

PROOF : We may assume ICTID(R) = m < oo. Let M be a cyclic torsionless left

R-module. Then there exists an exact sequence
0—-K,—-Pn1—Pypos—-—P—FP—M-—0,
where P, = R,i =0,1,---m — 1. For every left annihilator I in R, we have
Ext!(K,,, R/I) = Ext™+ (M, R/I) = 0.

So K, is A-projective. Note that K, is cyclically presented. Hence K, is projective
by Proposition 2.4, and so pd(M) < m. Therefore sup{pd(M): M is a cyclic torsionless left
R-module} < 1CTID(R). O

Remark 3.11 : We claim that the inequality in Proposition 3.10 may be strict.

In fact, let R = Z. Then sup{pd(M): M is a cyclic torsionless Z-module} = 0. But
CTID(Z) > 0.
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Proposition 3.12 — If R is a commutative self-injective ring, then CTID(R) = 0 or
CTID(R) < wD(R) — 1.
Moreover, if R is a cogenerator, then CTID(R) = 0 or CTID(R) = wD(R) — 1.

PRrROOF : Let M be a cyclic R-module. Since R is injective, for any R-module N and
any integer n > 0, by [7, p. 360], there is the isomorphism:

Ext™(N, M*) 2 (Tor,, (M, N))*.

We may assume wD(R) = m < co. Then fd(M) < m. So Tor,,4+1(M,N) = 0. Thus
Ext™ (N, M*) = 0 and so id(M*) < m.

If m <1, then id(M*) < 1. Thus CTID(R) = 0 by Proposition 3.5.
If m > 1, then id(M*) < (m —1)+ 1. So CTID(R) < m — 1 by Proposition 3.5.

Suppose R is a cogenerator. Let 0 < CTID(R) =t < oo. Then id(M*) < t+ 1 by
Proposition 3.5. Therefore

(Torp2(M, N))* = Ext"™"(N, M*) = 0.

So Toryo(M, N) = 0 since R is a cogenerator. Thus fd(M) < ¢+ 1. Hence wD(R)
t + 1. Consequently CTID(R) = wD(R) — 1. This completes the proof.

o IA

We conclude the paper with the following theorem.
Theorem 3.13 — The following are equivalent for a ring R:
1. R is a left self-injective von Neumann regular ring.

2. R is a left AC left self-injective ring with [CTID(R) < oco.

3. R is a left AC ring and the dual module M™ of any cyclic torsionless right R-module

M is injective.

4. R is a left AC left self-injective ring and every cyclic torsionless left R-module is
A-projective.

PROOF : (1) & (2) follows from Proposition 3.9.

(1) = (3) holds by Theorem 3.2.

(3) = (1) By (3), R is a left self-injective ring. Let I be any left annihilator in R. Note
that I is cyclic since R is a left AC ring. So there is an exact sequence 0 — K — R 4, 1 —0,

which yields the exact sequence 0 — I* P RE K* Let B= im(i*). So we get the exact
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sequence 0 — [I* N R — B — 0, which gives rise to the exactness of 0 - B* — R — I**.
By [7, Exercise 2.7, p. 27], there exists ¢ : K — B* such that the following diagram with

exact rows commutes.

0 K R 1 0
o 1
Y
0 B* R I**.

Since § is a monomorphism, K = B* by the Five Lemma. Note that K* is torsionless by [1,
Proposition 20.14]AF, so B is a cyclic torsionless right R-module. Thus K = B* is injective
by (3). Hence I is isomorphic to a direct summand of R, and so is injective. Therefore R

is a von Neumann regular ring by Theorem 3.2.
(1) = (4) is clear.

(4) = (1) For any a€R, Ra is A-projective by (4), and hence is projective by Proposition
2.4 since Ra is cyclically presented. Thus Ra is isomorphic to a direct summand of R, and
so is injective. Hence Ra is a direct summand of R. It follows that R is a von Neumann

regular ring.
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