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Let G be a noncyclic group of order4, and letK = Z, Z(2) andZ2 be the ring of rational

integers, the localization ofZ at the prime2 and the ring of2-adic integers, respectively. We

describe, up to conjugacy, all of the indecomposable subgroups in the groupGL(m,K) which

are isomorphic toG.
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The first explicit description of theZ-representations of the noncyclic groupG of order 4 was

obtained by Nazarova [4, 5]. This description was significantly simplified and clarified after the

discovery of the connection between theZ-representations of the groupG and the representations

of a certain graph with five vertices defined on linear spaces over the field of two elements [2].

Let K = Z, Z(2), orZ2 be the ring of rational integers, the localization ofZ at the prime2 and

the ring of2-adic integers, respectively. LetG = 〈a, b〉 ∼= C2×C2 be a noncyclic group of order4.

1The research was supported by OTKA No. K68383.
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Let Mn (n > 1) be the set of all polynomialsf(x) of degreen over the field of two elements

F2 which satisfy one of the following conditions:

• f(x) is irreducible overF2;

• f(x) is a power of a nonlinear irreducible polynomial overF2.

Define an action of the group

Aut(G) = 〈σ1, σ2 | σ1(a) = b, σ1(b) = a, σ2(a) = a, σ2(b) = ab, a, b ∈ G〉 ∼= S3

on the setMn by fσ1(x) = xnf(x−1), fσ2(x) = f(x + 1), wheref(x) ∈ Mn andn =
deg(f(x)).

By M′
n we denote the set of the orbits of the setMn under the action of the groupAut(G). Let

e 1 =
1
4
(1 + a)(1 + b); e2 = 1

4(1− a)(1− b);

e3 =
1
4
(1 + a)(1− b); e4 = 1

4(1− a)(1 + b), (1)

be the four primitive idempotents of the group algebraFG over a filedF containingK. The

corresponding irreducibleK-representations of these idempotents have the following form:

χ1 : a 7−→ 1, b 7−→ 1; χ2 : a 7−→ −1, b 7−→ −1;

χ3 : a 7−→ 1, b 7−→ −1; χ4 : a 7−→ −1, b 7−→ 1. (2)

The representationsχi (i = 1, . . . , 4) are realized in theKG-moduleKGei = Kei of the group

algebraFG.

Consider the followingK-representationsΓ of the groupG = 〈a, b〉 ∼= C2 × C2 which were

introduced in [3]. In the following we shell refer to them as (L):

∆n : a 7−→




En 0 0 En 0
1 0 0 0

−En 0 En

−En 0
En




, b 7−→




1 0 0 0 0
En 0 0 En

−En En 0
En 0

−En




;

W0 : a 7−→




1 1 0 1
−1 0 0

1 0
−1




, b 7−→




1 1 1 0
−1 0 0

−1 0
1




;

Wn : a 7−→




D 0 0 0 0
En 0 0 (0 En)

−En (0 En) 0
En+1 0

−En+1




, b 7−→




D 0 0 S 0
En 0 (0 En) 0

−En 0 (En 0)
−En+1 0

En+1




;
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Tn : a 7−→




En+1 0 En+1 0
−En 0 En

−En+1 0
En




, b 7−→




1 0 0 0
En 0 0 En

−En (En 0) 0
En+1 0

−En




;

∆n,1 : a 7−→




En 0 (En 0) 0
−En+1 0 En+1

−En+1 0
En+1




, b 7−→




En 0 0 (0 En)
−En+1 En+1 0

En+1 0
−En+1




.

where

S =

(
0 . . . 0 1 1
0 . . . 0 0 0

)
, D =

(
1 1
0 −1

)
.

The moduleM is called a module of theK-representation of the groupG if M is aKG-module

with finite KG basis.

Lemma1 — If M is a module of theK-representationΓ of the groupG andM does not contains

regular direct summands, then

(1 + a)(1 + b)M ⊂ 2M. (3)

PROOF: LetK = K/2K be the field of2 elements. From the description of theK-representations

of groupG ∼= C2×C2 (see [1]) follows that ifM is a module of indecomposableK-representation

of G andM 6= KG, then

(1 + a)(1 + b)M = 0. (4)

Let M be a module of an indecomposableK-representation ofG andM 6= KG. The descrip-

tion of theK-representations ofG (see [4, 5]) shows thatM = M/2M is a sum of indecomposable

KG-modules, and it is different fromKG. Hence from (4) follows (3), so the proof is complete.

Let M be a module of theK-representation of the groupG ∼= C2 × C2, which satisfies the

condition of Lemma 1. PutM ′ = e1M + e2M + e3M + e4M ⊂ FM , whereV0 = M ′/M ,

Mi = eiM + M andVi = Mi/M (i = 1, 2, 3, 4). Clearly, by Lemma 1 we get that2M ′ ⊂ M ,

2Mi ⊂ M andV0, Vi (i = 1, 2, 3, 4) are vector spaces over the fieldF2 = K/2K. These spaces

form a diagram

V1 V3

↘ ↙
V0

↗ ↖
V2 V4
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in which the arrows correspond to homomorphisms generated by the embeddings ofMi to M ′

(i = 1, . . . , 4). Thus, the 5-tuple of linear spaces(V0; V1, V2, V3, V4) is a representation of the

following graph on five points:

1 3
↘ ↙

0
↗ ↖

2 4

(5)

The following quadratic form

B(x) = x2
0 + x2

1 + x2
2 + x2

3 + x2
4 − x0(x1 + x2 + x3 + x4)

is defined on5-dimension vectors corresponding to the graph (5), wherex = (x0; x1, x2, x3, x4) ∈
Z5.

A vectorx = (x0;x1, x2, x3, x4) ∈ Z5 is called apositive rootof the formB if B(x) = 1 and

xi ≥ 0, wherei = 0, . . . , 4. Thedimension vectord(Γ) = (d0; d1, d2, d3, d4) of aK-representation

Γ of the groupG is denoted bydi = dimF2Vi, whereV (Γ) = (V0; V1, V2, V3, V4) is the 5-tuple of

linear spaces corresponding to the representationΓ.

We know (see [2]), that ifΓ is an indecomposableK-representation of the groupG, which

is different from the regular and irreducible representations, then eitherB(d(Γ)) = 0 or d(Γ) is a

positive root of the formB(x) (i.e. B(d(Γ)) = 1). In addition,d0 > 0 andd1+d2+d3+d4 > 1 for

any positive rootd = (d0; d1, d2, d3, d4). Moreover, for every positive rootd = (d0; d1, d2, d3, d4)
such thatd0 > 1 andd1 +d2 +d3 +d4 > 1 there exists only one indecomposableK-representation

of the groupG, such that the degreeΓ is equal tod1 + d2 + d3 + d4.

Clearly, the one parameter family of indecomposableK-representations of the groupG of de-

gree4m corresponds to the vectord = (2n; n, n, n, n) (of course,B(d) = 0). The positive roots of

the formB are listed in the following table:
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m = d1 + d2 + d3 + d4 d = (d0; d1, d2, d3, d4) t(m)

4n (2n + 1;n, n, n, n) 1
n ≥ 1

4n (2n− 1;n, n, n, n) 1
n ≥ 1

4n + 2 (2n + 1; n + 1, n + 1, n, n) 6
n ≥ 1

4n + 1 (2n;n + 1, n, n, n) 4
n ≥ 1

4n + 2 (2n + 1;n + 1, n, n, n) 4
n ≥ 1

4n + 3 (2n + 2; n + 1, n + 1, n + 1, n) 4
n ≥ 1

4n + 3 (2n + 1; n + 1, n + 1, n + 1, n) 4
n ≥ 1

Table 1.

wheret(m) denotes the number of roots with prescribedm andd0. These roots are obtained from

the rootd by permutations of its componentsd1, d2, d3, d4.

First we describe the indecomposableK-representationsΓ of G with common dimension vector

d(Γ) = (2n; n, n, n, n) (we recall thatB(d(Γ)) = 0).

We will consider each polynomialf(x) ∈ F2[x] as a polynomial overK, replacing0, 1 ∈ F2 by

0, 1 ∈ K, respectively. Definẽf(x) =




0 α0

1 α1

...
...

0 1 αn−1




with the help of the corresponding

matrix off(x) = xn − αn−1x
n−1 − · · · − α1x− α0 ∈ F2[x].

Each polynomialf(x) ∈ Mn ∪ {xn, (x + 1)n}, whereM1 = ∅, defines the following inde-

composableK-representation of the groupG:

∆f : a 7→




En 0 U11 0
−En 0 U22

−En 0
En




; b 7→




En 0 0 U12

−En U21 0
En 0

−En




,

where only one of the matricesUij (1 ≤ i, j ≤ 2) is equal tof̃(x), and the three otherUij are equal

to En.
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Suppose thatF(f(x)) is exactly that representation∆f for which U12 = f̃(x). For everyK-

representationΓ of the groupG and for an automorphismφ ∈ Aut(G) we define aK-representation

Γφ of the groupG by Γφ(g) = Γ(φ(g)), whereg ∈ G. TheK-representationsΓ andΓφ are called

conjugate.

Lemma2 — LetΓ be either an indecomposableK-representation from the list(L) or its tensor

product with the characterχ2 from (2). Then we have:

Γ d(Γ) = (d0; d1, d2, d3, d4)

∆n,1 (2n + 1;n, n + 1, n + 1, n + 1)

∆∗
n (2n + 1;n + 1, n, n, n)

∆n (2n + 1;n + 1, n, n, n)

Wn (2n + 1;n + 1, n + 1, n + 1, n + 1)

Tn (2n + 1;n + 1, n, n, n + 1)

∆∗
n,1 (2n + 2;n, n + 1, n + 1, n + 1)

W ∗
n (2n + 3;n + 1, n + 1, n + 1, n + 1)

∆n ⊗ χ2 (2n; n, n + 1, n, n)

(∆n ⊗ χ2)∗ (2n; n, n + 1, n, n)

∆n,1 ⊗ χ2 (2n + 1;n + 1, n, n + 1, n + 1)

(∆n,1 ⊗ χ2)∗ (2n + 2;n + 1, n, n + 1, n + 1)

Tn ⊗ χ2 (2n + 1;n, n + 1, n, n + 1)

Table 2.

PROOF : We prove it forΓ = ∆n,1. Let

{v1, . . . , vn, u1, . . . , un+1, w1, . . . , wn+1, f1, . . . , fn+1}

be a basis of the moduleM of theK-representation∆n,1. Clearly,

e1vi =
1
4
(1 + a)(1 + b)vi = vi; e1ui = 0;

e1wi =
1
4
(1 + a)(2wi + ui) =





1
2
vi, i 6= n + 1;

0, i = n + 1;

e1fi =
1
4
(1 + b)(2fi + ui) =





1
2
vi−1, i = 2, . . . , n + 1;

0, i = 1;

e2vi =
1
4
(1− a)(1− b)vi = 0; e2ui = ui;

e2wi =
1
4
(1− a)ui =

1
2
ui; e2fi =

1
4
(1− b)(−ui) = −1

2
ui;

e3vi =
1
4
(1 + a)(1− b)vi = 0; e3ui = 0; e3wi = −1

4
(1 + a)ui = 0;
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e3fi =
1
4
(1− b)(2fi + ui) =





fi +
1
2
(ui − vi−1), i = 2, . . . , n + 1;

f1 +
1
2
u1, i = 1;

e4vi =
1
4
(1− a)(1 + b)vi = 0; e4ui = 0;

e4wi = −1
4
(1− b)ui = −1

2
ui; e4fi = −1

4
(1 + b)ui = 0.

SinceVi = (eiM + M)/M we have that

V1 = 〈12vi + M | i = 1, . . . , n〉;
V2 = 〈12ui + M | i = 1, . . . , n + 1〉;
V3 = 〈12u1 + M, 1

2(ui − vi−1) + M | i = 2, . . . , n + 1〉;
V4 = 〈−1

2ui + M | i = 1, . . . , n + 1〉.

Finally, it is easy to check that

V0 = 〈12ui + M, 1
2vj + M | i = 1, . . . , n + 1; j = 1, . . . , n〉

andd(∆n,1) = (2n + 1;n, n + 1, n + 1, n + 1), so the proof is complete. The proofs for other

representationsΓ are similar to this one. The lemma is proved.

Lemma3 — Let K ∈ {Z,Z(2),Z2}. Up to conjugacy, all indecomposableK-representations

Γ of G ∼= C2 × C2, with common dimension vectord(Γ) = (2n; n, n, n, n) belong to the either

F(f(x)) (f(x) ∈ Mn ∪ {xn, (x + 1)n}) or toF′(f(x)) = F(xn)⊗ χ2, whereχ2 is from (2).

Up to equivalence, all indecomposableK-representationsΓ of G with d(Γ) = (2n; n, n, n, n)
belong to one of the following types:

• F(f(x)), f(x) ∈ Mn ∪ {xn, (x + 1)n};

• (F(xn))σ1 ;

• F′(xn);

• (F′(xn))σ1 ;

• (F′(xn))σ2 , whereσ1, σ2 ∈ Aut(G).

PROOF : The analysis of well known Nazarova’s results on the representations of the groupG

(see [3, 4]) shows that an indecomposableK-representationΓ of G, such thatd(Γ) = (2n; n, n, n, n),
is equivalent to one of the representations∆f , wheref(x) ∈ Mn ∪ {xn, (x + 1)n}, except theK-
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representation(F′(x))σ2 , which is equivalent to the following representation:

a 7−→




L1 0 0 0 0 0

En−1 0 0 En−1 0

En−1 En−1 0 0

−En−1 0 0

En−1 0

−L1




; b 7−→




L1 0 0 L2 0

En−1 0 0 Jn−1(1) L3

−En−1 −En−1 0 0

En−1 0 0

En−1 0

L1




,

whereJk(1) is a Jordan block of dimensionk with ones in the main diagonal,

L1 =

(
1 1
0 −1

)
, L2 =

(
1 . . . 0
0 . . . 0

)
, L3 =




0 0
...

...

0 1


. So the lemma is proved.

In the next Theorem among otherK-representations of the groupG we list those indecompos-

ableK-representationsΓ such thatd(Γ) is a root of the formB(x) (i.e. B(d(Γ)) = 1). Analyzing

Nazarova’s classification [4, 5], we can see that any such obtainedK-representationΓ can be de-

rived fromΩ andχi, (whereΩ is from (L), χi is from (2)) by one of the following operations:

• taking its conjugateΩφ, where φ ∈ Aut(G);

• taking the contragradientK-representationΩ∗ (Ω∗(g) = ΩT (g−1), g ∈ G);

• taking the tensor productΩ⊗ χi.

Our main result reads as follows:

TheoremLet K = Z, Z(2), or Z2 be the ring of rational integers, the localization ofZ at

the prime2 and the ring of2-adic integers, respectively. All indecomposable subgroups in the

group GL(m,K) which are isomorphic to the groupG = 〈a, b〉 ∼= C2 × C2 can be described,

up to conjugacy, by groups which are generated by matricesΓ(a) and Γ(b), whereΓ is a K-

representation ofG from the following table:

In the tableSt(Γ) = {φ ∈ Aut(G) | Γφ is equivalent to Γ} is the stabilizer ofΓ in Aut(G),

S(Γ) =
|Aut(G)|
|St(Γ)| is the number of non-equivalentK-representations which are conjugate toΓ, Γ∗

is the contragradientK-representation ofΓ, defined byΓ∗(g) = ΓT (g−1) (g ∈ G).

PROOF OF THETHEOREM: Let G1 andG2 be subgroups inGL(m,K) isomorphic toG =
〈a, b〉 ∼= C2×C2 with isomorphismsΓi : G 7→ Gi, (i = 1, 2). ThenΓi is a faithfulK-representation

of G. By definition, theK-representationΓ1 is conjugate to theK-representationΓ2, if there are

existC ∈ GL(m,K), φ ∈ Aut(G), such thatC−1Γ1(φ(g))C = Γ2(g), whereg ∈ G. In other

words,K-representationsΓ1 andΓ2 of the groupG are conjugate, if the groupsΓ1(G) andΓ2(G)
are conjugate inGL(m,K). This implies the ”if” part of the Theorem.

Now supposeG1 andG2 are conjugate inGL(m,K) andτ : G1 7→ G2 is an isomorphism such
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m Γ d(Γ) St(Γ) S(Γ)

4n + 1, n ≥ 1 ∆n (2n + 1;n + 1, n, n, n) Aut(G) 1

4n + 1, n ≥ 1 ∆∗
n (2n+1; n+1, n, n, n) Aut(G) 1

4n + 1, n ≥ 1 ∆n ⊗ χ2 (2n + 1;n, n + 1, n, n) 〈σ1〉 3

4n + 1, n ≥ 1 ∆∗
n ⊗ χ2 (2n; n, n + 1, n, n) 〈σ1〉 3

4n + 3, n ≥ 0 ∆n,1 (2n + 1;n, n + 1, n + 1, n + 1) Aut(G) 1

4n + 3, n ≥ 0 ∆∗
n,1 (2n + 2;n, n + 1, n + 1, n + 1) Aut(G) 1

4n + 3, n ≥ 0 ∆n,1 ⊗ χ2 (2n + 1;n + 1, n, n + 1, n + 1) 〈σ1〉 3

4n + 3, n ≥ 0 ∆∗
n,1 ⊗ χ2 (2n + 2;n + 1, n, n + 1, n + 1) 〈σ1〉 3

4n + 2, n ≥ 1 Tn (2n + 1;n + 1, n, n + 1, n) 〈σ1σ2σ1〉 3

4n + 2, n ≥ 1 Tn ⊗ χ2 (2n + 1;n, n + 1, n, n + 1) 〈σ1σ2σ1〉 3

4n + 4, n ≥ 0 Wn (2n + 1;n + 1, n + 1, n + 1, n + 1) Aut(G) 1

4n + 4, n ≥ 0 W ∗
n (2n + 3;n + 1, n + 1, n + 1, n + 1) Aut(G) 1

4n, n ≥ 1 F(f(x)), (f(x) ∈ M′
n) St[f(x)]

6
|St[f(x)]|

4n, n ≥ 1 F(xn) 〈σ2σ1σ2〉 3

4n, n ≥ 1 F′(xn) = F(xn)⊗ χ2 〈σ2σ1σ2〉 3

4 Γ is the regular rep. 1

Table 3.

thatτ(g) = C−1gC for some matrixC ∈ GL(m,K), whereg ∈ G. Obviously, the map

φ : G
Γ1−→ G1

τ−→ G2
Γ−1

2−→ G

is an automorphism ofG and

Γφ
2 (g) = Γ2(Γ−1

2 τΓ1(g)) = τ(Γ1(g)) = C1Γ1(g)C,

whereg ∈ G, i.e. theK-representationsΓ1 andΓ2 are conjugate.

Let Γ be a faithfulK-representation ofG, let St(Γ) be the stabilizer ofΓ in Aut(G) and let

{g1, . . . , gt} be a system of representatives of the cosets ofAut(G) by St(Γ). Then{Γgi | i =
1, . . . , t} is the set of the pairwise nonequivalentK-representations ofG, which are conjugated with

Γ.

If Γ is an indecomposableK-representation ofG andd(Γ) is a root of the formB(x), then

d(Γφ) (φ ∈ Aut(G)) is also a root of the formB(x). The vectord(Γφ) can be obtained from the

vectord(Γ) = (d0; d1, d2, d3, d4) by a permutation of the last four components ofd(Γ). It follows,

that S(Γ) (see Table 1) is the number of roots, which we obtained fromd(Γ) by permutation of

some components ind(Γ).

To finish the proof, we must compare the number ofK-representations of degreem in Table 1
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to the sum of allt(m) for a givenm in the Table 3, and then we can apply Lemma 3. So the lemma

is proved.

Remark: Let us substitute eachK-representationΓ of G in Table 2 byΓσ. Hereσ denotes a

coset ofAut(G) by St(Γ). In this manner we obtain all faithful indecomposableK-representations

of G up to equivalence.

The proof of this Remark follows from the analysis of the classification of the representations

described by Nazarova [3, 4].
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