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Let G be a noncyclic group of ordet, and letK = Z, Z,y andZ, be the ring of rational
integers, the localization & at the prime2 and the ring oR2-adic integers, respectively. We
describe, up to conjugacy, all of the indecomposable subgroups in the Gbup, K) which
are isomorphic td@.
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The first explicit description of th&-representations of the noncyclic grotpof order4 was

obtained by Nazarova [4, 5]. This description was significantly simplified and clarified after the

discovery of the connection between thaepresentations of the grodp and the representations

of a certain graph with five vertices defined on linear spaces over the field of two elements [2].
Let K = Z, Z3), or Z3 be the ring of rational integers, the localization/bét the prime2 and

the ring of2-adic integers, respectively. L&t = (a, b) = Cy x Cy be a noncyclic group of order
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Let 90, (n > 1) be the set of all polynomialg(x) of degreen over the field of two elements
F» which satisfy one of the following conditions:

e f(x) is irreducible oveif's;

e f(z) is a power of a nonlinear irreducible polynomial oWt

Define an action of the group

Aut(G) = <U1,0’2 ‘ al(a) =0, Ul(b) = a,ag(a) = a, Ug(b) =ab, a,be G> =~ S

on the setn,, by fo1(z) = 2" f(x™ 1), fo2(x) = f(x + 1), wheref(x) € 9, andn =
deg(f(x)).
By 21/, we denote the set of the orbits of the $8t, under the action of the grouput(G). Let

61:%(1+@)(1+b)§ ez = 1(1—a)(1—b);

63:%(14-&)(1—6); eq=7(1—a)(1+0), (1)

=

be the four primitive idempotents of the group algelt& over a filed F' containing K. The
corresponding irreducibl& -representations of these idempotents have the following form:

x1:a—1,b—1; xo:a+— —1,b+— —1;

x3:a+—1,b— —1; x4:ar— —1,b— 1. 2)

The representationg (i = 1,...,4) are realized in th&G-moduleK Ge; = Ke; of the group
algebraf'G.

Consider the followingK -representation§' of the groupG = (a,b) = Cy x Co which were
introduced in [3]. In the following we shell refer to them &g:(

E, 0 0 E, 0 1 0 0 0 0
1 0 0 0 E, 0 E,
A, ia— -FE, 0o £, , br— -FE, E, 0 ;
-E, 0 E, 0
En _En
1 1 0 1 1 1 1 0
10 0 -1 0 0
Wo:ar— , br— ;
1 0 -1 0
-1 1
D 0 0 0 0 D 0 0 S 0
E, 0 0 (0 Ey) E, 0 (0 Ey) 0
W, :av+— —-E, (0E,) 0 , br— -E, 0 (B, 0)
E, 0 —FEnt1 0

—Ln41 EnJrl
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E 0 E 0 ! X 0 0
n+1 n+1 En 0 0 En
—-FE, 0 E,
Ty :a+— ) b+— -E, (E,0) 0 ;
—Ln+41 0
Eny1 0
E,
—-E,
E, 0 (E,0) 0 E, 0 0 (0E,)
—Ln41 0 En+1 —Ln41 En+1 0
Api:iar— , br—
—Ln+41 0 En+1 0
En+1 —Lin41

where

SZO...Ollszll'
0O ... 00O 0 -1

The moduleV is called a module of th& -representation of the groupif M is a K G-module
with finite KG basis.

Lemmal — If M is a module of the(-representation’ of the groupz and)M does not contains
regular direct summands, then
(14 a)(1+0b)M C 2M. 3

PROOF: Let K = K /2K be the field o2 elements. From the description of therepresentations
of groupG = O3 x Cy (see [1]) follows that ifM is a module of indecomposahié-representation
of G andM # KG,then

(1+a)(1+b)M=0. (4)

Let M be a module of an indecomposaliferepresentation off andM # K. The descrip-
tion of the K -representations @¥ (see [4, 5]) shows that/ = M /2M is a sum of indecomposable
KG-modules, and it is different frofKG. Hence from (4) follows (3), so the proof is complete.

Let M be a module of thes-representation of the groug = C5 x Cs, which satisfies the
condition of Lemma 1. Publ’ = e M + eaM + esM + esM C FM, whereVy, = M'/M,
M; = e, M + M andV; = M;/M (i = 1,2,3,4). Clearly, by Lemma 1 we get that\/’ c M,
2M; ¢ M andVp,V; (i = 1,2,3,4) are vector spaces over the fidld = K/2K. These spaces
form a diagram

Vi Va3
N\ /
Vo

/ AN
Va Vi
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in which the arrows correspond to homomorphisms generated by the embeddihgstof)/’
(i = 1,...,4). Thus, the 5-tuple of linear spac€gy; V1, Vs, V3, V) is a representation of the
following graph on five points:

0 (5)

The following quadratic form

B(:C):Hcg—&-x%—i-x%—l—m%—i-wi—xg(xl+a:2+a:3—|—x4)

is defined orb-dimension vectors corresponding to the graph (5), where(zo; x1, 2, x3,24) €
VA

A vectorr = (zg; 21, 72,3, 14) € Z° is called apositive rootof the form B if B(z) = 1 and
x; > 0,wherei = 0, ...,4. Thedimension vector/(I") = (do; d1, d2, d3, ds) Of a K-representation
I' of the groupG is denoted byl; = dimg,V;, whereV (I') = (Vo; V1, Va, Vs, Vi) is the 5-tuple of
linear spaces corresponding to the representdtion

We know (see [2]), that il" is an indecomposabl& -representation of the grou@, which
is different from the regular and irreducible representations, then gibé&l’)) = 0 or d(T") is a
positive root of the fornB(z) (i.e. B(d(I')) = 1). In addition,dy > 0 andd; +da+ds+d4 > 1 for
any positive rootl = (dy; dy, d2, ds, d4). Moreover, for every positive roat = (dy; di, da, ds, dy)
such thatly > 1 andd; + ds + ds +d4 > 1 there exists only one indecomposahblerepresentation
of the groupG, such that the degrdeis equal tady + do + ds + dy.

Clearly, the one parameter family of indecomposaileepresentations of the grodp of de-
greedm corresponds to the vectdr= (2n;n,n,n,n) (of course,B(d) = 0). The positive roots of
the form B are listed in the following table:
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m=dy+do+ds+dy d = (dp;dy,da,ds,dys) t(m)
4n (2n+ L;n,n,n,n) 1
n>1
4n (2n —1L;n,n,n,n) 1
n>1
4n + 2 2n+Lin+1,n+1,n,n) 6
n>1
dn +1 (2n;n+1,n,n,n) 4
n>1
an + 2 (2n+L;n+1,n,n,n) 4
n>1
dn + 3 2n+2;n+1,n+1,n+1,n) 4
n>1
dn + 3 2n+Lin+1,n+1,n+1,n) 4
n>1
Table 1.

wheret(m) denotes the number of roots with prescribedndd,. These roots are obtained from
the rootd by permutations of its components, do, ds, dy.

First we describe the indecomposablerepresentations of G with common dimension vector
d(T) = (2n;n,n,n,n) (we recall thatB(d(I')) = 0).

We will consider each polynomigl(x) € Fy[z] as a polynomial ovek’, replacing), 1 € Fs by

0 (7))
— 1 «
0,1 € K, respectively. Defing (z) = _ .1 with the help of the corresponding
0 1 op_1

matrix of f(z) = 2" — ap, 12"t — -+ — a1 — ag € Falx].

Each polynomialf (z) € 9, U {z", (x + 1)"}, whereft; = &, defines the following inde-
composablgs-representation of the groug:

E, 0 Ui 0 E, 0 0 U
Asiarm -E, 0 U : b ~-E, U 0 ’
-FE, O E, 0
En _En

where only one of the matricég; (1 <1, j < 2) is equal tof (), and the three othér;; are equal
to E,.
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Suppose tha§(f(z)) is exactly that representatial; for which Uyo = f(x). For everyK-
representatiofr of the group and for an automorphism € Aut(G) we define & -representation
I'? of the groupG by I'?(g) = I'(¢(g)), whereg € G. The K-representations andI'? are called
conjugate.

Lemma2 — LetT be either an indecomposatiiérepresentation from the li$L.) or its tensor
product with the character, from (2). Then we have:

r d(I') = (do; d1, d2,d3, ds)
Api 2n+Lin,n+1,n+1,n+1)
A (2n+1L;n+1,n,n,n)

A, (2n+ 1;n+1,n,n,n)

Wha 2n+Lin+1l,n+1,n+1,n+1)
T, 2n+1;n+1,n,n,n+1)
A% 2n+2;n,n+1,n+1,n+1)
Wy 2n+3n+1,n+1,n+1,n+1)

Ap ® X2 (2n;n,n+1,n,n)
(Ap @ x2)* (2n;n,m+ 1,n,n)

Ap1 @ X2 Cn+Lin+1lnn+1,n+1)
(Ap1 ®x2)* 2n+2;n+1,n,n+1,n+1)
Th @ X2 @2n+1;n,n+1,n,n+1)

Table 2.

PrROOF: We prove it forl’ = A,, ;. Let

{vl,...,vn,ul,...,un+1,w1,...,wn+1,f1,...,fn+1}

be a basis of the modul®e of the K -representation\,, ;. Clearly,

1
ey = 1(1 +a)(1+ b)v; = vj; eru; = 0;
1
1 =V, t#n+1;
elw; = Z(1+a)(2wi+ui) =q 2 7
0, t=n+1;
1 ! 2 +1
—Vs_ , — s "n ;
efi = J0+0)Q2fi+w)={ 2" !
0, i=1;
1
eav; = 1(1 —a)(1—"b)v; =0; eal; = Uj;
1 1 1 1
C2Wi = 1(1 —a)u; = o s eafi = Z(l —b)(—u;) = — 5

1 1
esv; = Z(l +a)(1 —b)v; =0; esu; = 0;  esw; = —1(1 + a)u; = 0;
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1 .
X fit~(u—vi1),  i=2...n+1;
Gfi = -bEfi ) =
fl‘f'*ula Z:L
2
1
eqv; = Z(l—a)(l—l—b)vi:& equ; = 0;
= i -bu=—rui eafi = —x(14+ B =0
e w; = _4 —0)u; = _Qula €4Ji = _4 +0)u; = 0.

SinceV; = (e;M + M) /M we have that

W = <%U¢+M|i:1,...,n>;

Vo = Gui+M|i=1,...,n+1);

Vi = (bui+M, Lui—vi)+M|i=2,.. . ,n+1);
Vi = (—u+M|i=1,....,n+1).

Finally, it is easy to check that
Vo=(u+M, Jv;+M|i=1,....,n+1; j=1,...,n)
andd(A,1) = (2n + 1;n,n + 1,n+ 1,n + 1), so the proof is complete. The proofs for other
representationE are similar to this one. The lemma is proved.

Lemma3 — Let K € {Z,Z), Z2}. Up to conjugacy, all indecomposable-representations
I’ of G = Cy x Cq, with common dimension vectehI') = (2n;n,n,n,n) belong to the either
S(f(@)) (f(z) € My U {2, (z +1)"}) or toF'(f(x)) = F(2") ® x2, wherexz is from (2).

Up to equivalence, all indecomposaliterepresentationk of G with d(I") = (2n;n,n,n,n)
belong to one of the following types:

o 5(f(2)), f(x) € My U {2", (z + )"}
o (S(z")7;

o §'(=");

o (& (=)™

o (§'(z"))72, whereoy, o € Aut(Q).

PrROOF: The analysis of well known Nazarova's results on the representations of the @roup
(see [3, 4]) shows that an indecomposalileepresentatioll of G, such thati(T") = (2n;n,n,n,n),
is equivalent to one of the representatidag, wheref(xz) € M, U {z", (z + 1)"}, except thek -
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representatioi§’ (z))?2, which is equivalent to the following representation:

Ly 0 0 0 0 0 Ly 0 0 Lo 0
E.oi 0 0 E.i 0 E.i 0 0 Juoa(l) Ls
En—l En—l 0 0 7En—1 7En—1 O 0
a— ib—
—En 0 0 En_1 0 0
Enfl 0 Enfl 0
—L1 Ll

whereJi(1) is a Jordan block of dimensidawith ones in the main diagonal,

0 0

1 1 1 ... 0 .
Ly = , Lo= , L3=1| : : |.Sothelemmais proved.
0 —1 0O ... 0 01

In the next Theorem among oth&r-representations of the grodpwe list those indecompos-
able K -representationk such that(I") is a root of the formB(x) (i.e. B(d(I")) = 1). Analyzing
Nazarova’s classification [4, 5], we can see that any such obtdiregpresentatiod’ can be de-
rived from¢2 andy;, (wheref) is from (L), x; is from (2)) by one of the following operations:

o taking its conjugat€?, where ¢ € Aut(G);

e taking the contragradiert -representatiof®* (Q*(g) = Q% (¢1), g € G);
¢ taking the tensor produ€l ® y;.

Our main result reads as follows:

TheoremLet K = Z, Z), or Zs be the ring of rational integers, the localization @f at
the prime2 and the ring of2-adic integers, respectively. All indecomposable subgroups in the
group GL(m, K) which are isomorphic to the grou = (a,b) = Cy x Cy can be described,
up to conjugacy, by groups which are generated by matrices and I'(b), wherel is a K-
representation ofs from the following table:

In the tableSt(I") = {¢ € Aut(G) | I'? is equivalent to I'} is the stabilizer of” in Aut(G),

S(T) = W is the number of non-equivaleht-representations which are conjugaté'ta™

is the contragradienk -representation df, defined byl (g) = T'"(¢7!) (g € G).

PROOF OF THETHEOREM: Let G; and Gy be subgroups 7 L(m, K) isomorphic toG =
(a,b) = Cyx Cy with isomorphismg’; : G — G, (i = 1,2). Thenl; is a faithful K -representation
of G. By definition, theK -representatio’; is conjugate to thd(-representatiot’s, if there are
existC € GL(m,K), ¢ € Aut(G), such thatC~T'1(¢(g))C = Ta(g), whereg € G. In other
words, K -representations; andI's of the groupG are conjugate, if the grougds (G) andl'sy(G)
are conjugate itz L(m, K). This implies the "if" part of the Theorem.

Now supposé&r; andG,, are conjugate id:L(m, K) andr : G; — Gy is an isomorphism such



INDECOMPOSABLE LINEAR GROUPS 335

m r d(T) St(T) S(T)
in+1,n>1 AN 2n+1;n+1,n,n,n) Aut(G) 1
dn+1,n>1 AY (2n+1; n+1, n, n, n) Aut(G) 1
dn+1,n>1 Ap ® X2 2n+1;n,n+1,n,n) (o1) 3
dn+1,n>1 AN (2n;n,n+1,n,n) (o1) 3
n+3,n>0 Api 2n+1Ln,n+1,n+1,n+1) Aut(G) 1
dn+3,n >0 ALy 2n+2n,n+1,n+1,n+1) Aut(G) 1
dn+3,n>0 Ap1 ® X2 Cn+Lin+1l,n,n+1,n+1) (o1) 3
dn+3,n>0 A% ® X2 2n+2;n+1,n,n+1,n+1) (o1) 3
n+2,n>1 T, 2n+1;n+1,n,n+1,n) (o10901) 3
dn+2,n>1 T, ® x2 2n+Lin,n+1,n,n+1) (o109071) 3
dn+4,n>0 W 2n+1Lin+1l,n+1l,n+1,n+1) Aut(G) 1
dn+4,n>0 wr 2n+3n+1l,n+1l,n+1,n+1) Aut(G) 1
=1 (@) () €M) S
dn,n > 1 F(x™) (o90102) 3
dn,n>1 ' (z") = F(2") ® x2 (090109) 3
4 I' is the regular rep. 1

Table 3.
thatr(g) = C~1gC for some matrixC € GL(m, K), whereg € G. Obviously, the map
oG o Gy e
is an automorphism af and
I%(g) = T2y '7T1(9)) = 7(T1(9)) = C'T1(9)C.
whereg € G, i.e. theK -representations; andI’; are conjugate.

Let T" be a faithful K-representation of7, let St(I") be the stabilizer of' in Aut(G) and let
{g1,...,9:} be a system of representatives of the cosetdwf(G) by St(I"). Then{I'%: | i =
1,...,t} is the set of the pairwise nonequivalétitrepresentations @, which are conjugated with
I.

If I" is an indecomposabl& -representation ofr andd(I") is a root of the formB(x), then
d(T'?) (¢ € Aut(Q@)) is also a root of the fornB(x). The vectord(I'?) can be obtained from the
vectord(I") = (dyp; d1, d2, d3, ds) by a permutation of the last four componentsiQF). It follows,
that S(I") (see Table 1) is the number of roots, which we obtained fddi) by permutation of
some components ().

To finish the proof, we must compare the numbekofepresentations of degreein Table 1
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to the sum of alk(m) for a givenm in the Table 3, and then we can apply Lemma 3. So the lemma
is proved.

Remark: Let us substitute eack -representatio’ of GG in Table 2 byl'?. Hereo denotes a
coset ofAut(G) by St(I'). In this manner we obtain all faithful indecomposablerepresentations
of G up to equivalence.

The proof of this Remark follows from the analysis of the classification of the representations
described by Nazarova [3, 4].
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