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The factorizations of the elementary symmetric polynomial matrix and complete symmetric

polynomial matrix are obtained by using the recurrence relations among their elements. The

factorizations of Vandermonde matrix and its inverse are obtained by the elementary symmetric

polynomial matrix and complete symmetric polynomial matrix. A connection between the

inverse and transpose of the Vandermonde matrix is established.
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1. INTRODUCTION

Let n be a positive integer. For integers1 ≤ r ≤ (n + 1), therth elementary symmetric function or

polynomial on the variables setX = {x0, x1, · · · , xn} is defined by (see [9, 15])

er(x0, x1, · · · , xn) =
∑

0≤k1<k2<···<kr≤n

xk1xk2 · · ·xkr ,

and therth complete symmetric function or polynomial on the variables setX = {x0, x1, · · · , xn}
is defined by

hr(x0, x1, · · · , xn) =
∑

0≤k1≤k2≤···≤kr≤n

xk1xk2 · · ·xkr .

We sete0(x0, x1, · · · , xn) = 1, h0(x0, x1, · · · , xn) = 1.
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The generating function for theer is

E(t) =
n+1∑

r=0

er(x0, x1, · · · , xn)tr =
n∏

i=0

(1 + xit).

The generating function for thehr is

H(t) =
∞∑

r=0

hr(x0, x1, · · · , xn)tr =
n∏

i=0

(1− xit)−1.

FromE(−t)H(t) = 1 we have

m∑

r=0

(−1)m−rem−r(x0, x1, · · · , xn)hr(x0, x1, · · · , xn) = 0, (1)

for all m ≥ 1.

It is not hard to obtain the following Lemma [11, 18]:

Lemma1 — The elementary and complete symmetric functions satisfy the following recurrence

relations

er(x0, x1, · · · , xn) = er(x0, x1, · · · , xn−1) + xner−1(x0, x1, · · · , xn−1), (2)

hr(x0, x1, · · · , xn) = hr(x0, x1, · · · , xn−1) + xnhr−1(x0, x1, · · · , xn). (3)

We denote e
(n+1)
r (x0, x1, · · · , xn) = er(x0, x1, · · · , xn) and h

(n+1)
r (x0, x1, · · · , xn)

= hr(x0, x1, · · · , xn). Then Eq. (2) and Eq. (3) can be rewrittene
(n+1)
r = e

(n)
r + xne

(n)
r−1 and

h
(n+1)
r = h

(n)
r +xnh

(n+1)
r−1 . Repeated applications of (2) yieldser(x0, x1, · · · , xn) = er(x0, x1, · · · ,

xn−1)+xner−1(x0, x1, · · · , xn−2)+xnxn−1er−2(x0, x1, · · · , xn−3)+ · · ·+xnxn−1 · · ·xn−r+2e1

(x0, x1, · · · , xn−r) + xnxn−1 · · ·xn−r+1.

Similarly, repeated applications of (3) yieldshr(x0, x1, · · · , xn) = hr(x0, x1, · · · , xn−1) +
xnhr−1(x0, x1, · · · , xn−1) + x2

nhr−2(x0, x1, · · · , xn−1) + · · ·+ xr−1
n h1(x0, x1, · · · , xn−1) + xr

n.

Thus, we have the following lemma:

Lemma2 — The elementary and complete symmetric functions satisfy the recurrence,

e(n+1)
r =

r∑

k=0

(
k∏

i=1

xn−i+1)e
(n−k)
r−k , (4)

h(n+1)
r =

r∑

k=0

xk
nh

(n)
r−k, (5)

where empty product denotes1.
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The Pascal matrix and its various generalizations have been studied by many authors in the last

two decades (see [1-3]). The Stirlling matrices are also developed in recent years (see [1, 4, 5,

16-18]). Then + 1 by n + 1 Pascal matrixPn is defined by [2, 20]

Pn(i, j) =

{ (
i
j

)
, if n ≥ i ≥ j ≥ 0,

0, otherwise.

The Stirling matrix of the first kind∫n and the Stirling matrix of the second kindSn are defined

respectively in [4, 16] as

∫n(i, j) =

{
s(i, j), if n ≥ i ≥ j ≥ 0,

0, otherwise,

Sn(i, j) =

{
S(i, j), if n ≥ i ≥ j ≥ 0,

0, otherwise.

The elementary symmetric polynomial matrix and complete symmetric polynomial matrix are

introduced as unified form of the Pascal matrix, Stirling matrices,q-Pascal matrix, andq-Stirling

matrices [8, 11, 12], which are all lower triangular matrices. In [14, 19], the factorization of the

elementary symmetric polynomial matrix and complete symmetric polynomial matrix are obtained

by applying row generating functions or column generating functions. In [7], we have given a

simpler alternative approach to the LU factorization and 1-banded factorization of the Vandermonde

matrix by using symmetric functions.

In this paper, the factorizations of the elementary symmetric polynomial matrix and complete

symmetric polynomial matrix are obtained by using the recurrence relations among their elements.

The factorizations of the Pascal matrices, Stirling matrices,q-Pascal matrices, andq-Stirling matri-

ces may be obtained as special cases of the symmetric polynomial matrices. The factorizations of

Vandermonde matrix and its inverse are obtained by the elementary symmetric polynomial matrix

and complete symmetric polynomial matrix. A connection between the inverse and transpose of the

Vandermonde matrix is established.

2. THE ELEMENTARY SYMMETRIC POLYNOMIAL MATRIX AND COMPLETE SYMMETRIC

POLYNOMIAL MATRIX

The(n+1)×(n+1) elementary symmetric polynomial matrix and complete symmetric polynomial

matrix are defined as follows, respectively

(En[x0, x1, · · · , xn])(i, j) =

{
(−1)i−jei−j(x0, x1, · · · , xi−1), if 0 ≤ j ≤ i ≤ n,

0, otherwise,

(Hn[x0, x1, · · · , xn])(i, j) =

{
hi−j(x0, x1, · · · , xj), if 0 ≤ j ≤ i ≤ n,

0, otherwise.
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From (1), we derive that the matrixEn[x0, x1, · · · , xn] andHn[x0, x1, · · · , xn] are inverses

of each other. In [14] and [19], factorizations ofEn[x0, x1, · · · , xn] andHn[x0, x1, · · · , xn] are

derived by applying generating functions. Now we deduce the factorizations using the recurrence

relations given in Lemma 1 and Lemma 2.

Define the(n+1)×(n+1) matricesFn,Kn, Ẽn−1[x1, x2, · · · , xn], andH̃n−1[x0, x1, · · · , xn−1]
by

Fn(i, j) =





1, if i = j,

−x0, if i = j + 1,

0, otherwise,

Kn(i, j) =





1, if i = j,

xi−1, if i = j + 1,

0, otherwise,

Ẽn−1[x1, x2, · · · , xn] =

(
1 0
0 En−1[x1, x2, · · · , xn]

)
,

and H̃n−1[x0, x1, · · · , xn−1] =

(
1 0
0 Hn−1[x0, x1, · · · , xn−1]

)
.

By using the recurrences of the elementary and complete symmetric functions (2) and (3), we

can obtain the following theorem.

Theorem1 — The(n+1)×(n+1) elementary symmetric polynomial matrixEn[x0, x1, · · · , xn]
and complete symmetric polynomial matrixHn[x0, x1, · · · , xn] can be factorized as

En[x0, x1, · · · , xn] = Ẽn−1[x1, x2, · · · , xn]Fn,

Hn[x0, x1, · · · , xn] = H̃n−1[x0, x1, · · · , xn−1]Kn.

Repeated applications of Theorem 1 yields the following result (see also [14, 19]).

Theorem2 —

En[x0, x1, · · · , xn] = F (n)
n F (n−1)

n · · · F (2)
n F (1)

n ,

Hn[x0, x1, · · · , xn] = K(n)
n K(n−1)

n · · · K(2)
n K(1)

n ,

whereF (1)
n = Fn,K(1)

n = Kn, and fork > 1, F (k)
n andK(k)

n are defined by,

F (k)
n (i, j) =





1, if i = j,

−xk−1, if i = j + 1 andi ≥ k,

0, otherwise,

K(k)
n (i, j) =





1, if i = j,

xi−k, if i = j + 1 andi ≥ k,

0, otherwise.

From (4) and (5), we get another factorization for the elementary symmetric polynomial matrix

En[x0, x1, · · · , xn] and complete symmetric polynomial matrixHn[x0, x1, · · · , xn], respectively.

Theorem3 —

En[x0, x1, · · · , xn] = MnẼn−1[x0, x1, · · · , xn−1], (6)

Hn[x0, x1, · · · , xn] = NnH̃n−1[x1, x2, · · · , xn]. (7)
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whereMn andNn are defined by,

Mn(i, j) =





1, if i = j,

(−1)i−j
∏i−1

p=j xp, if i > j,

0, otherwise,

Nn(i, j) =





1, if i = j,

xi−j
0 , if i > j,

0, otherwise.

PROOF : We first show that(i, j) entries on both sides of (6) are equal. Since the product of

two lower triangular matrices is again lower triangular, it suffices to consideri ≥ j. Using (4), we

obtain

er(x0, x1, · · · , xi) =
2r∑

k=r

i∏

p=i+k+1−2r

xp ek−r(x0, x1, · · · , xi+k−2r−1), for anyi ≥ 1.

From the last equation, we get the(i, j) entry of the matrixMnẼn−1[x0, x1, · · · , xn−1] is∑i
k=j Mn(i, k)Ẽn−1[x0, x1, · · · , xn−1](k, j) =

∑i
k=j(−1)i−k

∏i−1
p=k xp(−1)k−jek−j(x0, x1, · · · ,

xk−2) = (−1)i−j
∑i

k=j

∏i−1
p=k xpek−j(x0, x1, · · · , xk−2) = (−1)i−j

∑2(i−j)
r=i−j

∏i−1
t=2j−i+k xter−i+j

(x0, x1, · · · , x2j−i+k−2) = (−1)i−jei−j(x0, x1, · · · , xi−1), which is equal to the(i, j) entry of the

matrix on the left side of (6).

From (5), fori ≥ j, the(i, j) entry of the matrixNnH̃n−1[x1, x2, · · · , xn] is
∑i

k=j Nn(i, k)
H̃n−1[x1, x2, · · · , xn](k, j) =

∑i
k=j xi−k

0 hk−j(x1, x2, · · · , xj) = hi−j(x0, x1, x2, · · · , xj), which

equals the(i, j) entry of the matrix on the left side of (7). This completes the proof. 2

The following result can be obtained by repeated applying Theorem 3.

Theorem4 —

En[x0, x1, · · · , xn] = M(1)
n M(2)

n · · ·M(n−1)
n M(n)

n ,

Hn[x0, x1, · · · , xn] = N (1)
n N (2)

n · · · N (n−1)
n N (n)

n ,

whereM(1)
n = Mn,N (1)

n = Nn, and fork ≥ 2,M(k)
n andN (k)

n are defined by,

M(k)
n (i, j) =





1, if i = j,

(−1)i−j
∏i−k

p=j−k+1 xp, if i > j andj ≥ k − 1,

0, otherwise;

N (k)
n (i, j) =





1, if i = j,

xi−j
k−1, if i > j andj ≥ k − 1,

0, otherwise.

Example1 — E3[x0, x1, x2, x3]
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=




1 0 0 0
−e1(x0) e0(x0) 0 0

e2(x0, x1) −e1(x0, x1) e0(x0, x1) 0
−e3(x0, x1, x2) e2(x0, x1, x2) −e1(x0, x1, x2) e0(x0, x1, x2)




=




1 0 0 0
−x0 1 0 0
x0x1 −(x0 + x1) 1 0

−x0x1x2 x0x1 + x0x2 + x1x2 −(x0 + x1 + x2) 1




=




1 0 0 0
0 1 0 0
0 −x1 1 0
0 x1x2 −(x1 + x2) 1







1 0 0 0
−x0 1 0 0
0 −x0 1 0
0 0 −x0 1




=




1 0 0 0
0 1 0 0
0 0 1 0
0 0 −x2 1







1 0 0 0
0 1 0 0
0 −x1 1 0
0 0 −x1 1







1 0 0 0
−x0 1 0 0
0 −x0 1 0
0 0 −x0 1




.

H3[x0, x1, x2, x3] =




h0(x0) 0 0 0
h1(x0) h0(x0, x1) 0 0
h2(x0) h1(x0, x1) h0(x0, x1, x2) 0
h3(x0) h2(x0, x1) h1(x0, x1, x2) h0(x0, x1, x2, x3)




=




1 0 0 0
x0 1 0 0
x2

0 x0 + x1 1 0
x3

0 x2
0 + x0x1 + x2

1 x0 + x1 + x2 1




=




1 0 0 0
0 1 0 0
0 x0 1 0
0 x2

0 x0 + x1 1







1 0 0 0
x0 1 0 0
0 x1 1 0
0 0 x2 1




=




1 0 0 0
0 1 0 0
0 0 1 0
0 0 x0 1







1 0 0 0
0 1 0 0
0 x0 1 0
0 0 x1 1







1 0 0 0
x0 1 0 0
0 x1 1 0
0 0 x2 1




.

Example 2— Forn = 3,

E3[x0, x1, x2, x3] =




1 0 0 0
−x0 1 0 0
x0x1 −x1 1 0

−x0x1x2 x1x2 −x2 1







1 0 0 0
0 1 0 0
0 −x0 1 0
0 x0x1 −(x0 + x1) 1



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=




1 0 0 0
−x0 1 0 0
x0x1 −x1 1 0

−x0x1x2 x1x2 −x2 1







1 0 0 0
0 1 0 0
0 −x0 1 0
0 x0x1 −x1 1







1 0 0 0
0 1 0 0
0 0 1 0
0 0 −x0 1




.

H3[x0, x1, x2, x3] =




1 0 0 0
x0 1 0 0
x2

0 x0 1 0
x3

0 x2
0 x0 1







1 0 0 0
0 1 0 0
0 x1 1 0
0 x2

1 x1 + x2 1




=




1 0 0 0
x0 1 0 0
x2

0 x0 1 0
x3

0 x2
0 x0 1







1 0 0 0
0 1 0 0
0 x1 1 0
0 x2

1 x1 1







1 0 0 0
0 1 0 0
0 0 1 0
0 0 x2 1




.

It is not hard to see that the Pascal matrixPn[x] and its inverseP−1
n [x] are special cases of the

complete symmetric polynomial matrixHn[x0, x1, · · · , xn] and elementary symmetric polynomial

matrixEn[x0, x1, · · · , xn] with xi = x for i = 0, 1, · · · , n, respectively; and the Stirling matrices∫n
andSn are special cases of the elementary symmetric polynomial matrix and complete symmetric

polynomial matrix withxi = i for i = 0, 1, · · · , n, respectively. Many of the triangular factoriza-

tions of Pascal matrices and Stirling matrices in [2, 4, 20] are special cases of our Theorem 2 or

Theorem 4.

Theq-binomial coefficient
(
n
r

)
q

is defined by

(
n

r

)

q

=
[n][n− 1] · · · [n− r + 1]

[r][r − 1] · · · [1]

for n ≥ r ≥ 1, and has the value1 whenr = 0 and the value zero otherwise, where the parameter

q is a positive real number and[r] denotes aq-integer, defined by

[r] =





1− qr

1− q
, q 6= 1,

r, q = 1.

Note that this reduces to the usual binomial coefficient when we setq = 1. The(n + 1)× (n + 1)
q-Pascal matrixQn (see [11]) is defined byQn(i, j) =

(
i
j

)
q
, and the elements of the matrixQ−1

n

is Q−1
n (i, j) = (−1)i−jq(

i−j
2 )(i

j

)
q
. The q-Pascal matrix and its inverse are obtained by substi-

tuting xi = qi in the elementary symmetric polynomial matrixEn[x0, x1, · · · , xn] and complete

symmetric polynomial matrixHn[x0, x1, · · · , xn], i.e., Qn = Hn[1, q, q2, · · · , qn] andQ−1
n =

En[1, q, q2, · · · , qn]. From Theorem 2 and Theorem 4,Qn andQ−1
n can be factorized into products

of 1-banded and lower triangular matrices.

Example3 — Forn = 3 we have
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Q3 =




1 0 0 0
1 1 0 0
1 1−q2

1−q 1 0

1 1−q3

1−q
1−q3

1−q 1




=




1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1







1 0 0 0
0 1 0 0
0 1 1 0
0 0 q 1







1 0 0 0
1 1 0 0
0 q 1 0
0 0 q2 1




=




1 0 0 0
1 1 0 0
1 q 1 0
1 q q2 1







1 0 0 0
0 1 0 0
0 1 1 0
0 1 q 1







1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1




.

Q−1
3 =




1 0 0 0
−1 1 0 0
q −1−q2

1−q 1 0

−q3 q 1−q3

1−q −1−q3

1−q 1




=




1 0 0 0
0 1 0 0
0 0 1 0
0 0 −q2 1







1 0 0 0
0 1 0 0
0 −q 1 0
0 0 −q 1




·




1 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1




=




1 0 0 0
−1 1 0 0
q −q 1 0
−q3 q3 −q2 1







1 0 0 0
0 1 0 0
0 −1 1 0
0 q −q 1







1 0 0 0
0 1 0 0
0 0 1 0
0 0 −1 1




.

Theq-Stirling matrices (see [11]) are obtained by substitutingxi with x0 = 0, andxi = [i] =
1 + q + · · · qi−1 in the elementary symmetric polynomial matrixEn[x0, x1, · · · , xn] and complete

symmetric polynomial matrixHn[x0, x1, · · · , xn], i.e.,H(n)
q = Hn[0, [1], [2], · · · , [n]] andE(n)

q =
En[0, [1], [2], · · · , [n]]. From Theorem 2 and Theorem 4,H(n)

q and E(n)
q can be factorized into

products of1-banded and lower triangular matrices.

3. FACTORIZATIONS OF VANDERMONDE AND ITS INVERSE

The(n + 1)× (n + 1) Vandermonde matrixVn is of the form

Vn =




1 1 1 · · · 1

x0 x1 x2 · · · xn

...
...

...
...

...

xn
0 xn

1 xn
2 · · · xn

n




,

where it is assumed thatx0, x1, · · · , xn are pairwise distinct real numbers. LetRn[x] be the

vector space of polynomial inx over the real number fieldR of degree at mostn, then the sets

B1 = {1, x, x2, · · · , xn} andB2 = {[x]0, [x]1, · · · , [x]n} are both bases forRn[x], where[x]r =
(x − x0)(x − x1) · · · (x − xr−1) for 1 ≤ r ≤ n, and[x]0 = 1. Considering the relation between

two bases, we can easily get the following lemma [17].
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Lemma3 — Form = 0, 1, · · · , n,

[x]m =
m∑

k=0

(−1)m−kem−k(x0, x1, · · · , xm−1)xk, (8)

xm =
m∑

k=0

hm−k(x0, x1, · · · , xk)[x]k. (9)

This lemma means that the transition matrix form the basisB1 = {1, x, x2, · · · , xn} to the ba-

sisB2 = {[x]0, [x]1, · · · , [x]n} is the elementary symmetric polynomial matrixEn[x0, x1, · · · , xn],
and the transition matrix form the basisB2 back to the basisB1 is the complete symmetric polyno-

mial matrixHn[x0, x1, · · · , xn], i.e.,



[x]0
[x]1

...

[x]n




= En




1
x
...

xn




, (10)




1
x
...

xn




= Hn




[x]0
[x]1

...

[x]n




. (11)

From equation (9) we havexi
j =

∑i
k=0 hi−k(x0, x1, · · · , xk)[xj ]k, i, j = 0, 1, 2, · · ·n. Thus

we have the following theorem (see [10, 17]).

Theorem5 — The(n + 1) × (n + 1) Vandermonde matrixVn = (xi
j) can be factorized as

Vn = LnUn, whereLn is the complete symmetric polynomial matrixHn[x0, x1, · · · , xn], andUn is

an upper triangular matrix withUn(i, j) = [xj ]i = (xj − x0)(xj − x1) · · · (xj − xi−1), i ≤ j.

It is well known that everyf(x) ∈ Rn[x] can be expressed as

f(x) =
n∑

j=0

f(xj)gj(x), (12)

where

gj(x) =
n∏

k=0
k 6=j

x− xk

xj − xk
, j = 0, 1, · · · , n, (13)

is the Lagrange basis [21 ] ofRn[x].
Puttingf(x) = xi in (12) for i = 0, 1, · · · , n, respectively, we obtain




1
x
...

xn




= Vn




g0(x)
g1(x)

...

gn(x)




= LnUn




g0(x)
g1(x)

...

gn(x)




, (14)
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


g0(x)
g1(x)

...

gn(x)




= V−1
n




1
x
...

xn




= U−1
n En




1
x
...

xn




. (15)

Combining (10), (11), (15) and (15), we get



[x]0
[x]1

...

[x]n




= Un




g0(x)
g1(x)

...

gn(x)




, (16)




g0(x)
g1(x)

...

gn(x)




= U−1
n




[x]0
[x]1

...

[x]n




, (17)

i.e., the transition matrices between the basisB2 and the Lagrange basis areUn andU−1
n .

Recall that the interpolating polynomialpn(x) for a functionf(x) at distinct pointsx0, x1, · · · , xn

in Newton form is (see [6, 13]).

pn(x) = f(x0) + f [x0, x1][x]1 + f [x0, x1, x2][x]2 + · · ·+ f [x0, x1, x2, . . . , xn][x]n, (18)

where[x]j = (x− x0)(x− x1) · · · (x− xj−1) and

f [x0, x1, x2, . . . , xj ] =
j∑

l=0

f(xl)
j∏

k=0
k 6=l

(xl − xk)
(19)

is thejth divided difference off(x) with respect to pointsx0, x1, · · · , xn. Whenf(x) is a polyno-

mial of degree at mostn, thenpn(x) = f(x) (see [13]).

Theorem6 — The inverse of Vandermonde matrixVn can be factorized asV−1
n = U−1

n L−1
n ,

whereL−1
n is the elementary symmetric polynomial matrixEn[x0, x1, · · · , xn], andU−1

n is an upper

triangular matrix with

U−1
n (i, j) = gi[x0, x1, · · · , xj ] =

1
j∏

k=0
k 6=i

(xi − xk)
, 0 ≤ i ≤ j ≤ n. (20)

PROOF : It follows from (17), (18) and (19) that

(Un)−1(i, j) = gi[x0, x1, · · · , xj ] =
j∑

l=0

gi(xl)
j∏

k=0
k 6=l

(xl − xk)
=





0, if j < i,
1

jQ
k=0
k 6=i

(xi−xk)

, if j ≥ i.
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Where we used the facts thatgi(xi) = 1 andgi(xj) = 0 for i 6= j, i, j = 0, 1, · · · , n.

Example4 : If n = 3, thenV3 = L3U3, V−1
3 = U−1

3 L−1
3 ,

V3 =




1 1 1 1
x0 x1 x2 x3

x2
0 x2

1 x2
2 x2

3

x3
0 x3

1 x3
2 x3

3




, L3 =




1 0 0 0
x0 1 0 0
x2

0 x0 + x1 1 0
x3

0 x2
0 + x0x1 + x2

1 x0 + x1 + x2 1




,

U3 =




1 1 1 1
0 x1 − x0 x2 − x0 x3 − x0

0 0 (x2 − x0)(x2 − x1) (x3 − x0)(x3 − x1)
0 0 0 (x3 − x0)(x3 − x1)(x3 − x2)




,

L−1
3 =




1 0 0 0
−x0 1 0 0
x0x1 −(x0 + x1) 1 0

−x0x1x2 x0x1 + x0x2 + x1x2 −(x0 + x1 + x2) 1




,

U−1
3 =




1
1

x0 − x1

1
(x0 − x1)(x0 − x2)

1
(x0 − x1)(x0 − x2)(x0 − x3)

0
1

x1 − x0

1
(x1 − x0)(x1 − x2)

1
(x1 − x0)(x1 − x2)(x1 − x3)

0 0
1

(x2 − x0)(x2 − x1)
1

(x2 − x0)(x2 − x1)(x2 − x3)

0 0 0
1

(x3 − x0)(x3 − x1)(x3 − x2)




,

V−1
3 =




−x1x2x3
(x0−x1)(x0−x2)(x0−x3)

x1x2+x1x3+x2x3
(x0−x1)(x0−x2)(x0−x3)

−(x1+x2+x3)
(x0−x1)(x0−x2)(x0−x3)

1
(x0−x1)(x0−x2)(x0−x3)

−x0x2x3
(x1−x0)(x1−x2)(x1−x3)

x0x2+x0x3+x2x3
(x1−x0)(x1−x2)(x1−x3)

−(x0+x2+x3)
(x1−x0)(x1−x2)(x1−x3)

1
(x1−x0)(x1−x2)(x1−x3)

−x0x1x3
(x2−x0)(x2−x1)(x2−x3)

x0x1+x0x3+x1x3
(x2−x0)(x2−x1)(x2−x3)

−(x0+x1+x3)
(x2−x0)(x2−x1)(x2−x3)

1
(x2−x0)(x2−x1)(x2−x3)

−x0x1x2
(x3−x0)(x3−x1)(x3−x2)

x0x1+x0x2+x1x2
(x3−x0)(x3−x1)(x3−x2)

−(x0+x1+x2)
(x3−x0)(x3−x1)(x3−x2)

1
(x3−x0)(x3−x1)(x3−x2)




.

4. A CONNECTION BETWEENV−1
n AND VT

n

In this section we give another factorization for the inverse of Vandermonde matrixVn. As a result,

a connection betweenV−1
n andVT

n is established. Multiplying the right hand side of (13) out yields

gi(x) =
n∏

k=0
k 6=i

x− xk

xi − xk
=

1∏n
k=0
k 6=i

(xi − xk)

n∑

j=0

(−1)n−jen−j(x0, x1, · · · , xi−1, xi+1, · · · , xn)xj .
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Thus from the last equation and (15), the(i, j)th entry ofV−1
n is (see also [7, 12, 21]):

V−1
n (i, j) =

(−1)n−jen−j(x0, x1, · · · , xi−1, xi+1, · · · , xn)∏n
k=0
k 6=i

(xi − xk)
, i, j = 0, 1, · · · , n. (21)

Hence if we letWn be the(n + 1)× (n + 1) matrix with

Wn(i, j) = (−1)n−jen−j(x0, x1, · · · , xi−1, xi+1, · · · , xn), i, j = 0, 1, · · · , n,

then from (21) we have

V−1
n = D−1

n Wn, (22)

whereDn = diag
(∏n

k=0
k 6=0

(x0 − xk),
∏n

k=0
k 6=1

(x1 − xk), · · · ,
∏n

k=0
k 6=n

(xn − xk)
)

.

Now we introduce an(n + 1)× (n + 1) Hankel matrixXn as follows:

Xn =




(−1)nen (−1)n−1en−1 (−1)n−2en−2 · · · −e1 1

(−1)n−1en−1 (−1)n−2en−2 (−1)n−3en−3 · · · 1 0

...
...

...
...

...
...

−e1 1 0 · · · 0 0

1 0 0 · · · 0 0




,

where the(i, j)th entry ofXn is

Xn(i, j) =
{

(−1)n−i−jen−i−j(x0, x1, · · · , xn), if 0≤ i ≤ n and0 ≤ j ≤ n− i,
0, otherwise,

we can prove the following results, which indicate a connection betweenV−1
n andVT

n .

Theorem7 — The matrixXn linksWn and the Vandermonde matrixVn by

WT
n = XnVn, (23)

V−1
n = D−1

n VT
n X T

n . (24)

PROOF : In order to verify (23) we need to show that

en−i(x0, x1, · · · , xj−1, xj+1, · · · , xn) =
n−i∑

k=0

(−1)ken−i−k(x0, x1, · · · , xn)xk
j , i, j = 0, 1, · · · , n.

(25)

Firstly, we show it forj = n, i.e.,

en−i(x0, x1, · · · , xn−1) =
n−i∑

k=0

(−1)ken−i−k(x0, x1, · · · , xn)xk
n, i = 0, 1, · · · , n. (26)
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We use induction oni. By routine computation, we have

(x0 − t)(x1 − t) · · · (xn − t) =
n+1∑

k=0

(−1)ken+1−k(x0, x1, · · · , xn)tk,

Settingt = xn in the last equation, we get

n+1∑

k=0

(−1)ken+1−k(x0, x1, · · · , xn)xk
n = 0.

Thus,

n+1∑

k=1

(−1)ken+1−k(x0, x1, · · · , xn)xk
n = −en+1(x0, x1, · · · , xn) = −en(x0, x1, · · · , xn−1)xn,

which yields

n+1∑

k=1

(−1)ken+1−k(x0, x1, · · · , xn)xk−1
n = −en(x0, x1, · · · , xn−1),

or equivalently

en(x0, x1, · · · , xn−1) =
n∑

k=0

(−1)ken−k(x0, x1, · · · , xn)xk
n, (27)

i.e., (26) holds fori = 0.

We now assume that (26) is true fori = m, namely we have

en−m(x0, x1, · · · , xn−1) =
n−m∑

k=0

(−1)ken−m−k(x0, x1, · · · , xn)xk
n, (28)

and we proceed to check it fori = m + 1.

Using (28), we have

en−m(x0, x1, · · · , xn−1) =
n−m∑

k=1

(−1)ken−m−k(x0, x1, · · · , xn)xk
n + en−m(x0, x1, · · · , xn),

and substituting

en−m(x0, x1, · · · , xn−1)− en−m(x0, x1, · · · , xn) = −xnen−m−1(x0, x1, · · · , xn−1) yields

−xnen−m−1(x0, x1, · · · , xn−1) =
n−m∑

k=1

(−1)ken−m−k(x0, x1, · · · , xn)xk
n.
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Dividing the last equation byxn we obtain

−en−m−1(x0, x1, · · · , xn−1) =
n−m∑

k=1

(−1)ken−m−k(x0, x1, · · · , xn)xk−1
n ,

which is equivalent to

en−m−1(x0, x1, · · · , xn−1) =
n−m−1∑

k=0

(−1)ken−m−1−k(x0, x1, · · · , xn)xk
n. (29)

This shows that (26) holds fori = m + 1. By induction, (26) holds for alli = 0, 1, · · · , n.

Considering the symmetric structures of columns of the matricesWn andVn, we see that the proof

of (25) for 0 ≤ j ≤ n − 1 is similar. Substituting (23) into (22) we get (24). This completes the

proof.

Theorem8 — LetXn be the Hankel matrix defined by elementary symmetric functions as before,

then

X−1
n = VnD−1

n VT
n , (30)

X−1
n (i, j) = hi+j−n(x0, x1, · · · , xn). (31)

HenceX−1
n is a Hankel matrix whose entries are complete symmetric functions.

PROOF: Eq. (30) follows directly from (24). From (30),X−1
n (i, j) =

∑n
k=0 xi

k·
xj

kQn
l=0
l 6=k

(xk−xl)
=

∑n
k=0

xi+j
kQn

l=0
l 6=k

(xk−xl)
= f [x0, x1, · · · , xn] for f(x) = xi+j by (19). Thus ifi + j < n, then

X−1
n (i, j) = 0 and if i + j ≥ n thenX−1

n (i, j) = hi+j−n(x0, x1, · · · , xn) by [p. 450, Exercise

7.4].

Example5 — If n = 3, thenV3 =




1 1 1 1
x0 x1 x2 x3

x2
0 x2

1 x2
2 x2

3

x3
0 x3

1 x3
2 x3

3




,

W3 =




−x1x2x3 x1x2 + x1x3 + x2x3 −(x1 + x2 + x3) 1
−x0x2x3 x0x2 + x0x3 + x2x3 −(x0 + x2 + x3) 1
−x0x1x3 x0x1 + x0x3 + x1x3 −(x0 + x1 + x3) 1
−x0x1x2 x0x1 + x0x2 + x1x2 −(x0 + x1 + x2) 1




,

X3 =




−(x0x1x2+x0x1x3+x0x2x3+x1x2x3) x0x1+x0x2+x0x3+x1x2+x1x3+x2x3 −(x0+x1+x2+x3) 1
x0x1+x0x2+x0x3+x1x2+x1x3+x2x3 −(x0+x1+x2+x3) 1 0

−(x0+x1+x2+x3) 1 0 0
1 0 0 0




,
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D3 =




(x0−x1)(x0−x2)(x0−x3) 0 0 0
0 (x1−x0)(x1−x2)(x1−x3) 0 0
0 0 (x2−x0)(x2−x1)(x2−x3) 0
0 0 0 (x3−x0)(x3−x1)(x3−x2)




,

andX−1
3 =




0 0 0 1
0 0 1 h1

0 1 h1 h2

1 h1 h2 h3




, whereh1 = x0 + x1 + x2 + x3, h2 = x2
0 + x2

1 + x2
2 + x2

3 +

x0x1+x0x2+x0x3+x1x2+x1x3+x2x3, h3 = x3
0+x3

1+x3
2 +x3

3+x2
0x1+x2

0x2+x2
0x3+x2

1x0+
x2

1x2 +x2
1x3 +x2

2x0 +x2
2x1 +x2

2x3 +x2
3x0 +x2

3x1 +x2
3x2 +x0x1x2 +x0x1x3 +x0x2x3 +x1x2x3.

It is easy to check thatWT
3 = X3V3 andX−1

3 = V3D−1
3 VT

3 .
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