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The factorizations of the elementary symmetric polynomial matrix and complete symmetric
polynomial matrix are obtained by using the recurrence relations among their elements. The
factorizations of Vandermonde matrix and its inverse are obtained by the elementary symmetric
polynomial matrix and complete symmetric polynomial matrix. A connection between the
inverse and transpose of the Vandermonde matrix is established.
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1. INTRODUCTION

Letn be a positive integer. For integers< r < (n + 1), therth elementary symmetric function or
polynomial on the variables sé&f = {x¢, z1,--- ,z,} is defined by (see [9, 15])

er(xo, 1, ,xn) = E Ty Thg = * Thy.
0<k1<ko<--<kr<n

and therth complete symmetric function or polynomial on the variablesset {zo, 1, - ,x,}
is defined by

h?‘(xvalv"' 7xn): Z L1 Ly ** * Ty
0<ky <ka<---<hn<n

We SetB()(.ro,Il, oo ,a:n) =1, hO(-TO,l"l,’ .o ,a:n) =1.
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The generating function for the. is

n+1 n
E(t) :Zer(ﬁvo,ﬁbl’-.. ’:L’n)tr :H(l-{—xzt)
r=0 =0

The generating function for thie. is

= Zhr(xo,xl, N LA H(l - xit)_l.
r=0 i
FromE(—t)H (t) = 1 we have
Z(_l)m_remfr(le L1y ,.In)hr(.l?(], L1y al‘n) — 07 (1)

forallm > 1.
It is not hard to obtain the following Lemma [11, 18]:

Lemmal — The elementary and complete symmetric functions satisfy the following recurrence
relations

€7~(I’0, Ty, 7$n) = 67«(.%(],.1‘1, T 7xn—1) + xner—l(an Ty, 7$n—1)7 (2)

hT‘(IEOa Ty, 71'71) = hr(x07$17 e ,le‘n,l) + xnhTfl(xO; L1, 71:71)' (3)

We denote 67(~R+1)(1:0,$1,--- ) = er(xo,21,-- ,x,) and h(nH)(a:O,xl, L Tp)

= hy(zo,21, -+ ,2). Then Eq. (2) and Eq. (3) can be rewritt = (") + J:ne(”) and

A — ) o h("+1) Repeated applications of (2) yieldgzo, z1, - - - , ) = ey (0, 1, -

Tpo1)+Tper1(T0, 21, s Tn2) FTuTn_1€r2(T0, X1, Tpo3)+ FTpTn 1 Tnorg2€1
(170, Ty, al'nfr) + TpTn—1-  Tp—rtl-

Similarly, repeated applications of (3) yields(xo, 1, ,xn) = hy(zo, 21, ,Tp-1) +

Tnhr—1(20, 21, , Tno1) + 22 he—2(z0, 21, s Tpo1) + -+ 2l ha (o, 21,0, Bpe1) 4 2.

Thus, we have the following lemma:

Lemma?2 — The elementary and complete symmetric functions satisfy the recurrence,

n+1) _ Z Hwn ’L+1 Tn kk), (4)

k=0 i=1

p{ ) fo;hf,”k, (5)

where empty product denotés
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The Pascal matrix and its various generalizations have been studied by many authors in the last
two decades (see [1-3]). The Stirlling matrices are also developed in recent years (see [1, 4, 5,
16-18]). Then + 1 by n + 1 Pascal matrixP,, is defined by [2, 20]

(), ifn>i>j>0,
0, otherwise.

The Stirling matrix of the first kind,, and the Stirling matrix of the second kil are defined
respectively in [4, 16] as

. s5(i,7), ifn>i>j>0,
fn(la]) = .
0, otherwise

$.i.5) { SGij), fn>i>j>0
0, otherwise

The elementary symmetric polynomial matrix and complete symmetric polynomial matrix are
introduced as unified form of the Pascal matrix, Stirling matrigeBascal matrix, ang-Stirling
matrices [8, 11, 12], which are all lower triangular matrices. In [14, 19], the factorization of the
elementary symmetric polynomial matrix and complete symmetric polynomial matrix are obtained
by applying row generating functions or column generating functions. In [7], we have given a
simpler alternative approach to the LU factorization and 1-banded factorization of the Vandermonde
matrix by using symmetric functions.

In this paper, the factorizations of the elementary symmetric polynomial matrix and complete
symmetric polynomial matrix are obtained by using the recurrence relations among their elements.
The factorizations of the Pascal matrices, Stirling matrigd3ascal matrices, andStirling matri-
ces may be obtained as special cases of the symmetric polynomial matrices. The factorizations of
Vandermonde matrix and its inverse are obtained by the elementary symmetric polynomial matrix
and complete symmetric polynomial matrix. A connection between the inverse and transpose of the
Vandermonde matrix is established.

2. THE ELEMENTARY SYMMETRIC POLYNOMIAL MATRIX AND COMPLETE SYMMETRIC
POLYNOMIAL MATRIX

The(n+1) x (n+1) elementary symmetric polynomial matrix and complete symmetric polynomial
matrix are defined as follows, respectively

(=1)ei_j(wo,z1, - ,xi—1), fO0<j<i<nm,
0, otherwise,

(Enlmo, 21, -+, 20])(4,7) = {

hi—j(x(]vxl)"'vxj)u If0§j§2§n,
0, otherwise
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From (1), we derive that the matri&,[z¢, z1, -+ ,z,] @and H,[zo, 1, -+ ,x,] are inverses
of each other. In [14] and [19], factorizations 8&f[zo, z1, - ,xn] and H,[xo, x1, - - , x,] are
derived by applying generating functions. Now we deduce the factorizations using the recurrence
relations given in Lemma 1 and Lemma 2.

Define the(n+1)x (n+1) matricesF,, Kn, En_1[x1, T2, -+, Tn), AaNAHn_1 [0, T1, - -+, Tp—1]
by

1, ifi=j, 1, if i =7,
]:n(Z,j) = —xg, if 1 = 741, Kn(l,j) = Ti—1, if 1 = j+1,
0, otherwise 0, otherwise

~ 1 0
E _1lx LT, Ty = y
" 1[ b n] ( 0 5n,1[$1,$2, e ,l’n} )

~ 1 0
and Hn—l[waxlv”' 7xn—1] = .
0 Hn—1[$07$17"' 7‘%.71—1]

By using the recurrences of the elementary and complete symmetric functions (2) and (3), we
can obtain the following theorem.

Theoreml— The(n+1) x (n+1) elementary symmetric polynomial matéix(zo, x1, - - - , zy,]
and complete symmetric polynomial mattx [zo, =1, - - - , z,,] can be factorized as
gn[x()a Ty, 7mn] = gn—l[xla T2, - 7xn}‘7:‘n7
Hn[an L1, 7xn] = ﬁn—l[l‘Oa T, 7xn—1VCn~

Repeated applications of Theorem 1 yields the following result (see also [14, 19])

Theorem2 —

gn[lf(],l'l, e a:EH] — f,gn)f»,sn_l) s f,r(?)f,,(ll),
Hn[xoa Ty, axn] = K(n)lc,gln_l) s IC%Q)IC(I),

n n

where]-}(ll) =F,, ICSLU = K,,, and fork > 1, ]—",(f) andlC,(f) are defined by,

1, ifi=j, 1, if i =7,
FPG, ) =8 —ap .y, fi=j+1andi>k, KE(,5)={ x4, ifi=j+1andi>k,
0, otherwise 0, otherwise

From (4) and (5), we get another factorization for the elementary symmetric polynomial matrix
Enlzro, x1,- -+, x,] and complete symmetric polynomial matfi, [zo, z1, - - - , 2], respectively.

Theorem3 —

gn[l'[), T,y axn] - Mngn—l[x07 L1y axn—l]a (6)

Hn[x()vxlv"’ 71"77,] :Nnﬁn—1[$1,$2a"' ’xn]- (7)
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whereM,, and.\V,, are defined by,

1, if i =7, 1, ifi=j,
M (i, §) =S (0TI e, >4, No(6,5) =1 ag?, ifi>j,
0, otherwise 0, otherwise.

PROOF : We first show thati, j) entries on both sides of (6) are equal. Since the product of
two lower triangular matrices is again lower triangular, it suffices to considey. Using (4), we
obtain

2r 7
er(wo, 21, ,2;) = Z H Tpep—r(Z0, 21, , Tiyk—2r—1), for anyi > 1.
k=r p=i+k+1-2r

From the last equation, we get tli¢ j) entry of the matriangn_l[xo,xl, c Tpo1] IS

Yy M (i, k)En [z, @1, -+ 1] (K, §) = Sy (1) F [ 2 ap(—DF Terj(wo, 21, -
S ._ P i) i

tho2) = (~1)79 4 Tk apen—j(@o, o1,y apa) = (17 2O TEN o wer i

(o, 21, , Toj—irk—2) = (—1)"Je;_j(wo, 21, - - ,xi—1), Which is equal to th¢i, j) entry of the

matrix on the left side of (6).

From (5), fori > j, the (i, j) entry of the matrix\, Hy,_1[z1, 2, - - , @] iS Z};:j N (i, k)
Hualry, 22, xn](k,§) = g 2 “hi—j(21, 02, -+ 35) = hi_j(wo, x1, T2, -+, 2;), which
equals thdi, j) entry of the matrix on the left side of (7). This completes the proof. O

The following result can be obtained by repeated applying Theorem 3.
Theorem4 —
Enlwo, @1, w] = MM - MM,
Hn[$07$17 e 7$n] = NT(LI)N7(L2) o '/\/;(Ln_l)'/\/;gn)7

wheremV = M,, N = N,,, and fork > 2, MP and A are defined by,

1, if i = j,
MP(i,j) = (~1)I Tk ap, (fi>jandj > k-1,
0, otherwise;
1, ifi=j,
NGy =4 270 ifi>jandj > k-1,

0, otherwise

Example 1—&; [I‘o, x1,T2, :L‘g]
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1 0 0 0
B —eq(xo) eo(xo) 0 0
N 62(1‘0,1‘1) —61(%0,331) 60(.%'0,.%1) 0
—e3(wo, 71, 72) e2(wo,71,72) —e1(To,1,72) eo(To,T1,72)
1 0 0 0
B —x0 1 0 0
B ToT1 —(zo + 1'1) 1 0
—ZoT1xT2  Tox1 + Tox2 + 122 —(x0 + 21 +22) 1

1 0 0 0 1 0 0 o0
10 1 0 0 —xo 1 0 O
I B 1 0 0 -z 1 0
0 ziza —(x1+x2) 1 0 0 —x9 1
10 0 O 1 0 0 0 1 0 0 0
101 0 0 0 1 0 0 —xo 1 0 0
loo0o 1 0 0 —a1 1 0 0 -z 1 0|
0 0 —x9 1 0O 0 —x 1 0 0 —z9 1
ho(xo) 0 0 0
Halwo, 21, 29, 73] = hi(xzo) ho(xo,x1) 0 0
hz(ajo) hl(xo,xl) h()(xo,l'l,l'z) 0
ha(zo) ha(wo, 1) hi(zo,v1,22) ho(zo, 71,22, 73)
1 0 0 0
N 1 0 0
B x3 To + T 1 0
:c% w%—i—xoxl—i—w% To+x1+x2 1
1 0 0 0 1 0 0 0
1 01 0 0 xg 1 0 0
0oz 10 0 21 1 0
0 23 zo+x 1 0 0 = 1
1 0 0 O 1 0 0 O 1 0 0 O
101 00 0 1 0 0 xg 1 0 0
100 10 0z 1 0 0 2 1 0
0 0 z9 1 0 0 a1 1 0 0 a2 1
Example 2— Forn = 3,
1 0 0 o0 1 0 0 0
—x0 1 0 0 0 1 0 0
&E3[xo, w1, w2, 23] =
Tox1 —I1 1 0 0 —X0 1 0
—ToT1T2 T1Tz —To 1 0 zor1 —(xo+x1) 1
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1 0 0 O 1 0 0 O 10 0 O
B —o 1 0 0 0 1 0 O 01 0 O
| e 10 0 —z 1 0 00 1 0
—ToT12x2 T1T2 —T2 1 0 zox1 —2x1 1 0 0 —z0 1
1 0 0 O 1 0 0 0
Halo, 21, 9, 5] = :L‘g 1 0 0 0 1 0 0
x5 wo 1 O 0 =1 1 0
3 2k w1 0 23 x1+axg 1
1 0 0 O 1 0 0 O 1 0 0 O
|z 1 0 0 0 1 0 O 01 0 O
22 oz 100 0z 1 0 00 1 0
3 2k w1 0 22 z; 1 0 0 =z 1

It is not hard to see that the Pascal mafj x| and its inverseP,, }[z] are special cases of the
complete symmetric polynomial matrix,,[zo, z1, - - - , 2] and elementary symmetric polynomial
matrix&, [xo, x1, -+ , x| Withz; = zfori = 0,1, - - | n, respectively; and the Stirling matricés
andsS,, are special cases of the elementary symmetric polynomial matrix and complete symmetric
polynomial matrix withz; = i fori = 0,1,--- ,n, respectively. Many of the triangular factoriza-
tions of Pascal matrices and Stirling matrices in [2, 4, 20] are special cases of our Theorem 2 or
Theorem 4.

Theg-binomial coefficienl(:‘)q is defined by

@q - [nm [:]—”1'][7 f{ﬁ =

for n > r > 1, and has the valuewhenr = 0 and the value zero otherwise, where the parameter
q is a positive real number ard] denotes g-integer, defined by

1—g¢q

Note that this reduces to the usual binomial coefficient when we set. The(n + 1) x (n + 1)
g-Pascal matrix,, (see [11]) is defined b, (i, j) = (;)q and the elements of the matri,

is 9, 1(i,5) = (—1)’i—jq(i5j)(§)q. The g-Pascal matrix and its inverse are obtained by substi-

tuting x; = ¢' in the elementary symmetric polynomial matéi[zo, 1, - - ,x,] and complete
symmetric polynomial matrix,[zo, z1,- - ,Ts), i.€., Qn = Hnl[l,q,¢% - ,q¢"] and Q1 =
Eall,q,4%, - ,q"]. From Theorem 2 and Theorem@,, andQ,,! can be factorized into products

of 1-banded and lower triangular matrices.

Example3 — Forn = 3 we have
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1 0 0 O 1 0 00 1 0 00 10 0 O
1 1 O 0 [0100 0100 11 0 0
93_11;_‘1210_0010 0110 0 g 1 0
R i 001 1 00 ¢ 1 00 ¢ 1
T—q 1—¢q
10 0 O 10 0O 1 0 0O
B 1 1 0 0 01 00 01 00
1 ¢ 10 0110 0010
1 ¢ ¢ 1 01 gq 1 001 1
1 0 0 0 10 0 O 1 0 0 0
1 —1 1 0 0 01 0 O 0 1 0 O
Q3 = 1—-¢? =
q —= 1 0 00 1 O 0 —q 0
—¢® L -1 (0 0 —¢ 1) \0 0 —¢1
1 0 0 1 0 0 O 1 0 0 1 0 0
-1 1 0 0] -1 1 0 O 0 1 0 0 01 0 O
0 -1 ol | ¢ —-¢ 1 o0 0 —1 0 0 0 0
0o 0 -1 1 - ¢ —¢ 1 0 g —q 1 00 -1 1
The ¢-Stirling matrices (see [11]) are obtained by substitutingvith o = 0, andz; = [i] =
1+ q+---¢"~!in the elementary symmetric polynomial matéix|xo, z1,- - - ,z,] and complete
symmetric polynomial matritt,, [xo, z1, - - - , y), i.e.,Hé") = H,[0,[1],[2], -, [n]] andEé”) =
£[0,[1],12],- - , [n]]. From Theorem 2 and Theorem %\ and £™ can be factorized into

products ofl-banded and lower triangular matrices.

3. FACTORIZATIONS OF VANDERMONDE AND ITS INVERSE

The(n + 1) x (n + 1) Vandermonde matri¥,, is of the form

T 1r 1 --- 1
o T1 X2 - Ip
Vn = Y
Ty ryory e Ty
where it is assumed thaty, x1,--- ,x, are pairwise distinct real numbers. L&t [x] be the
vector space of polynomial im over the real number fiel® of degree at most, then the sets
By = {1,x,2% - ,2"} and By = {[z]o, [z]1,- - , [z],} are both bases fak,, [z], where[z], =

(x —x0)(x — 1)+ (& —xr—1) for 1 < r < n, and[z], = 1. Considering the relation between
two bases, we can easily get the following lemma [17].
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Lemmad — Form =0,1,--- ,n,
m
[:E]m = Z(_l)m_kem—k(an Ll ’xmfl)xkv (8)
k=0
m
™" = th_k(a}o,xl, s xp) [T ke 9
k=0
This lemma means that the transition matrix form the b&sis= {1, z,2%,--- , 2"} to the ba-
sisBy = {[z]o, [z]1,- - , [z]n} IS the elementary symmetric polynomial matizo, z1, - - - , zn],

and the transition matrix form the badis back to the basi®; is the complete symmetric polyno-
mial matrixH,, [zo, 1, - -, zy), 1.€.,

=]y 1
[w]l _¢, 37 ’ (10)
28 o
1 [z]
Tl o, [x:h . (11)
" [:r.]n

From equation (9) we hav;e;ﬁ = Z};:O hi—i(xo, 21, ,xk) [Tl 4, § = 0,1,2,---n. Thus

we have the following theorem (see [10, 17]).

Theorem5 — The (n + 1) x (n + 1) Vandermonde matri¥,, = (x;'-) can be factorized as
Vo = LUy, WhereL,, is the complete symmetric polynomial matkiy [zg, z1, - - - , z,], andis, is
an upper triangular matrix witld4,, (i, j) = [z;]; = (x; — zo)(xj — 1) -+~ (x5 — zi—1),1 < J.

It is well known that everyf(z) € R,[x] can be expressed as

fl@) =" fla;)g;(x), (12)
§=0
where N
f— x — xk ) — PR
gj(l?)—]!_[()xj_xk,J—O,l, ., (13)
kj

is the Lagrange basis [21 ] i, [z].
Putting f(z) = 2% in (12) fori = 0,1, -- - , n, respectively, we obtain

9o(x) go()
a:c _ glfx) U 91 f:v) 7 (14)
" gn(l‘) gn(:v)
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go(x) 1

X X o
O IV I PR I (15)
gn(z) " z"

Combining (10), (11), (15) and (15), we get

i 90()
2] —u, glfx) ’ (16)
[z],, gn(z)
9o(x) 1
91@) e [33]1 7 (17)
gn(T) [x]n

i.e., the transition matrices between the bdisand the Lagrange basis dfg andif;; *.

Recall that the interpolating polynomig| (=) for a functionf (x) at distinct pointscg, 1, - - -,z
in Newton form is (see [6, 13]).

pu(w) = f(20) + flzo, 21][2]1 + flTo, 21, 22][2]2 + - -+ + flw0, 71, T2, . . . W] [2]50,  (18)

where[z]; = (z — zo)(x —21) --- (v — xj—1) and

& f@)
f[$0,$1,$2,...,$j] _2]7 (19)
=011 (@1 — )
k=0
k£l
is thejth divided difference off () with respect to pointsg, x1, - - - , z,. Whenf(x) is a polyno-

mial of degree at most, thenp,, (z) = f(x) (see [13]).

Theorem6 — The inverse of Vandermonde mati can be factorized a¥, ! = U, 1L 1,
whereL, ! is the elementary symmetric polynomial ma&ijiXxo, z1, - - - , z,], andl{; ! is an upper
triangular matrix with

1

un_l(iaj):gihmxlf"7531'}:].7, 0<i<j<n. (20)
[ (zi — k)

k=0

ki

PROOF: It follows from (17), (18) and (19) that
1 s . gi(wy) 1 Ny
(Un) (27]):91‘[96073?1,'“,wj]zzji: o ! ] >t

1=0 . (Ti—zk)
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Where we used the facts thatz;) = 1 andg;(z;) =0fori # j,i,j =0,1,---

Example4 : If n = 3, thenVs = L3, V3 ' = U3 1 L5,

1 1 1 1 1 0 0 0
rog I1 T2 X3 i) 1 0 0
Vs = o o o o |+ L8 2 :
Ty T] TR T3 xj o + 1 1 0
x% a:i{’ x% x% x% x% + xox1 + x% ro+x +a2 1
1 1 1 1
U 0 Tr1 — X0 o — X0 r3 — X0
3 = Ll
0 0 (1'2 - 170)(1'2 - 131) ($3 - .Z‘())(:L‘g - 1‘1)
0 0 0 (x3 — o) (23 — x1) (23 — 22)
1 0 0 0
. —z0 1 0 0
£3 — ]
Lo — (w0 + 1) 1 0
—ToT1T2  ToT1 + ToT2 + T1T2  —(To + w1 +2) 1
1 1 1 1
o — T1 (1’0 — x1)(x0 — LUQ) (IO — .751)(.730 — SUQ)((E() — :173)
0 1 1 1
Tr1 — X0 (1'1 — l’o)(xl — .CEQ) (:131 — $0)(l’1 — wg)(lfl — 333)
-1 _
Ut = ,
1 1
0 0
(w2 — wo)(w2 — 21) (w2 — @) (w2 — 1) (22 — @3)
1
0 0 0
(x5 — @0) (w3 — 1) (23 — 22)
—z w33 i i ks S X —(z1+zo+23) 1
(zg—=z1)(zo—z2)(xg—23) (zo—21)(zg—x2)(xg—23) (zo—=z1)(zg—x2)(zg—23) (zo—=z1)(xg—x2)(zg—23)
—zQxoT3 zorotxgr3ztToTy —(zg+xot2x3) 1
V—l — (z1—zg)(z1—22)(z1—23) (z1—20)(z1—=z2)(z1—23) (z1—w0)(z1—=z2)(z1—23) (z1—=z0)(z1—=>2)(z1—23)
3 —2QT] T3 zQr) tToT3+T1 T3 —(zqtz+23) 1
(zo—zp)(zg—z1)(xg—23)  (z2—z0)(zg—z1)(xzg—23) (z2—z0)(zg—x1)(z2—23) (z2—z0)(zg—z1)(z2—23)
—2QZ1 % zoz]tzorota] Ty —(zgt+z) +e9)

(z3—wg)(z3—=1)(z3—22)

(z3—z0)(z3—x1)(z3—=2)

(z3—z0)(z3—z1)(x3—22)

1
(z3—20)(z3—=1) (w3 —z2)

383

4. A CONNECTIONBETWEENV, ! AND VT

In this section we give another factorization for the inverse of Vandermonde rivatrixs a result,

a connection betweew, ! andV.! is established. Multiplying the right hand side of (13) out yields
n
k=0
k+#i

n

> (1) enj(xo, 1,

J=0

T —TK 1
v —xk [[heo (v — 1)
k+#i

L1, Tigl, e Tn) 7.

gi(z)
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Thus from the last equation and (15), ttigj)th entry of V! is (see also [7, 12, 21]):

1 (D en(@o, w1, i1, )
Vo (i, 5) = 1,7 =0,1,--- ,n.
n (717) H%:O($l_$k) ) 7] ) 9 )
#i

Hence if we letV,, be the(n + 1) x (n + 1) matrix with
Wn(Z,]) - (_1)n7jen—j(x07 Tly 3 Lj—1,Lj41y " " 71:71)7 Z?] - 07 17 A I

then from (21) we have

V' =D, W,
whereD,, = diag( H%:O (xo — xp), H%:O (1 — xp)y - ,H%:O (xn — a;k)>
#0 #1 n

Now we introduce arin + 1) x (n + 1) Hankel matrixX,, as follows:

(_1)nen (_1)n_16n—1 (_1)n_26n—2 —€ 1
(_1)n716n—1 (_1)n72€n—2 (_l)nigen—?) T 1 0
Xn = 5

—e, 1 0 0 0

1 0 0 0 0
where the(z, j)th entry of X, is

X, (i, ) = { (—1)”*"*jen_i_j(x0,x1, cexy), f0<i<nand0d <j<n-—i,

’ 0, otherwise,

we can prove the following results, which indicate a connection betwgérand V!,
Theorem7 — The matrixX,, links ,, and the Vandermonde matn, by
WL = x,V,,

vt =p vl xT

PrROOF: In order to verify (23) we need to show that

ani(IEo, L1y 7xjflaxj+l7 T 7':671) — Z(_l)ken_i—k;(lD?xla e 71}'”)565?72',]' = Oa ]-7 e
k=0
Firstly, we show it forj = n, i.e.,
n—i
en—i('r()wrla T 7'7;%*1) = Z(_l)kenfifk('wo?xl? T 71‘”)'7;]727 i = 07 17 N

k=0

(21)

(22)

(23)

(24)

(25)

(26)
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We use induction on. By routine computation, we have

n+1

(1'0 - t)(l'l - t) te (xn - t) = Z(—l)k€n+1_k(ﬂfo,$1, T 7$n)tk7
k=0

Settingt = x,, in the last equation, we get

n+1
Z(—l)ken+1_k(mo, L1, o)k = 0.
k=0
Thus,
n+1
Z(_l)ken-f—l—k(x()? L1y al’n)xi — _6n+1($0) L1y 7x’n) — _en($05 L1y 7:1771—].)1:71,5
k=1
which yields
n+1
Z(_l)ke'rH»lfk(an T,y a$n)xfz_1 = _en(x(]v T,y ,$n,1),
k=1
or equivalently
n
en(T0, @1, Tpo1) = Z(—l)ken,k(xo,xl,--- , Tn) T, (27)
k=0

i.e., (26) holds for = 0.

We now assume that (26) is true foe= m, namely we have

n—m
en—m('r(]vmla”' 7$7’L71) — (_]-)ken—m—k(x()axl"" 71"71)1"27 (28)
k=0
and we proceed to check it for=m + 1.
Using (28), we have
n—m
enfm('r07 L1,y an—l) = Z (_1)ken—m—k($07 X1, 7‘rn)xi + enfm(w(b L1y 7'r’n)7
k=1
and substituting
(0, T1, -+, Tn_1) — €y (T0, 1, s Tn) = —Tpe, 1 (To, 21, ,2H_1) Yields

n—m
_xnen—m—l(x(]a MO PR 7'7;%*1) = Z (_1)kenfmfk($0’ O TRA 7l‘n)$lr€L
k

=1
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Dividing the last equation by,, we obtain

n—m
—€n—m—1(T0,T1, - Tp1) = (=), _p_i(x0, 21, xp) i1,
k=1
which is equivalent to
n—m-—1
en_m_l(I'Oaxla" : :BTL 1 Z n m—l—k‘(xovxl?“' ’xn)m'lri (29)
k=0

This shows that (26) holds far= m + 1. By induction, (26) holds for all = 0,1,--- ,n
Considering the symmetric structures of columns of the matiiegsnd),,, we see that the proof
of (25) for0 < j < n — 1 is similar. Substituting (23) into (22) we get (24). This completes the
proof.

Theorem8 — Let X, be the Hankel matrix defined by elementary symmetric functions as before,
then
=V DVl (30)

Xn—l(%j) = hi-&-j—n(xvaly e 7xn)' (31)

HenceX,, ! is a Hankel matrix whose entries are complete symmetric functions.

PROOF: Eq. (30) follows directly from (24). From (30, (i, j) = > @& QW =
I#k
= flzo, w1, ,m,) for f(z) = 2't by (19). Thus ifi + j < n, then

+j

2 k=0

X, i, g
7.4].

?:g(ﬂ?k ;)
) =0andifi+j > nthenX,'(i,5) = hiyj—n(x0,21, - ,2y) by [p. 450, Exercise

1 1 1 1

o 1 T2 I3

2 2 .2 .2 |
Lo Ty Xy Iy

3 .3 .3 .3
Lo Ty Xy Ty

Example5 —If n = 3, thenVs =

—X1X2T3 X1To + X1x3 + XToxs3 (331 + x9 + x3) 1
Wi — —Toxex3 XoTz + Tors + rows —(xo+ 2+ x3) 1
T —womizs wows +wows 4wy —(wo+ a1 4as) 1|
—XToT1Ty Tox1 + oo + T1X2 (x() +x1 + .772) 1
—(zoz122t20T1 T3 FT0T2T3FT1T223)  ToT1+ToT2+ 20Tz FT1 w2 F 123ty —(wotwrtastas) 1
Xg _ rox1troxretroxrstrixet+r1T3+T2T3 —(zo+z1+z2+23) 1 0 ,
—(zo+z1+z2+23) 1 0 0

1 0 0 0
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(zo—x1)(ro—2z2)(T0—23) 0 0 0
Dy = 0 (z1—20)(z1—22)(z1—23) 0 0 |
0 0 (z2—z0)(x2—21)(T2—23) 0
0 0 0 (r3—z0)(z3—21)(T3—22)
0O 0 0 1
0 0 1 h
andX3_1 = ! , whereh; = xg + 1 + 22 + 23, ho = x%+w%+x§+x§+
0 1 hi ho
1 hi hy hs

ToT1+xoT2 +Tox3+T122 + 103+ T273, hy = x% +96:f +x§ —i—x% +x§x1 +x§x2 -l-l’%l’?, -l-l’%l’o +

ixo+airs + 330 + 2301 + 2323+ vhr0 + 2321 + 2hw0 + ToW1 T2 + TT1 T3 + TOT2T3 + T1 273
Itis easy to check thatV] = A3V; andx; ' = V3 D 1 VY.

1.

10.

11.
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