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RESISTANCE DISTANCE IN WHEELS AND FANS
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Abstract The wheel graph is the join of a single vertex and a cycle, while the fan
graph is the join of a single vertex and a path. The resistance distance between
any two vertices of a wheel and a fan is obtained. The resistances are related to
Fibonacci numbers and generalized Fibonacci numbers. The derivation is based on
evaluating determinants of submatrices of the Laplacian matrix. A combinatorial
argument is also illustrated. A connection with the problem of squaring a rectangle
is described.

Key words Wheel graph, fan graph, resistance distance, generalized Fibonacci
numbers, squaring a rectangle.

1. Introduction
We consider graphs which have no loops or parallel edges. Tlaph G =
(V(G), E(G)) consists of a finite set ofertices,V (G), and a set oédges E(G),
each of whose elements is a pair of distinct verticesvelghted graphs a graph
in which each edge is assigned a positive number, calledaight We will as-
sume familiarity with basic graph-theoretic notions (see, for example, Bondy and
Murty [4]).

Given a graph, one associates a variety of matrices with the graph. Some of the
important ones will be defined now. Lét be a graph with/(G) = {1,...,n}.
The adjacency matrixA(G) of G is ann x n matrix with its rows and columns
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indexed byV (G), and with the(i, j)-entry equal tal, if vertices:, j are adjacent
(i.e., joined by an edge) arlotherwise. ThusA(G) is a symmetric matrix with
its i-th row (or column) sum equal (i), which by definition is the degree of the
vertexi,i = 1,2,...,n. Let D(G) denote the: x n diagonal matrix, whoséth
diagonal entry isgi(i),i = 1,2,...,n.

The Laplacian matrixof G, denoted byL(G), is defined ad.(G) = D(G) —
A(G). For a weighted grapli, the Laplacian is defined as follows. For~ j,
the (¢, j)-entry of the Laplacian matrix is set equaltoif 7 and;j are not adjacent,
and otherwise it is defined to be the negative inverse (reciprocal) of the weight of
the edg€(i, j}. The diagonal entries of the Laplacian matrix are so defined that the
sum of all entries in every row of the matrix is zero.

Theresistance distance;; between vertices and;j in a weighted grapld- is
defined as the effective electrical resistance between poantd; when we place
a resistor along every edge (with the resistance offered by the resistor equal to the
weight of the edge) and a potential difference is applied atd j. The resis-
tance matrixR is defined as the matrix with i3, j)-entry equal ta;;. There are
several equivalent ways to define the resistance distance. We describe some such
definitions which will be used. For proofs and more information about resistance
distance we refer to [12, 3, 1, 11, 15, 14].

We introduce some notation. f is ann x n matrix, then fori, j € {1,...,n},
A(i|7) will denote the submatrix ofi obtained by deleting row and columnj.
Fori,j € {1,...,n},i # j, A(i, 4|4, j) will denote the principal submatrix o
obtained by deleting rows j and columng, j. If S, 7" C {1,...,n}, we denote
by A[S|T1], the submatrix ofA formed by the rows indexed by and the columns
indexed byT".

Lemma 1.[1] LetG be a connected weighted graph withG) = {1,...,n},and
let L be the Laplacian ofs. Then fori, j € {1,...,n},i # j,
detL(i, jli, j)
" T T qet (i)

It may be remarked thatetL(i|i) equals the number of spanning trees of an
unweighted grapldZ, by the Matrix-Tree Theorem.

Let G be a connected graph. A spanniziyee ofG is defined as a spanning
forest of G with two components. A spanniriiytree is said to separate vertices
andj if the vertices are in distinct components of théree. If G is a weighted
graph, then the weight of a spanning tree, or a spantiinge, is defined to be the
product of the edge weights of the tree 2etree.

Lemma 2.[1] LetG be a connected weighted graph withG) = {1,...,n},and
leti,j € {1,...,n},i # j. Thenr;; equals the sum of the weights of all spanning
2-trees ofG separatingi and j, divided by the sum of the weights of all spanning
trees ofG.

If Aisanm x n matrix, then am x m matrix G is said to be a generalized
inverse of A if AGA = A. For basic properties of generalized inverse see, for
example, [2, 6].
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Lemma 3. [1] Let G be a weighted graph with' (G) = {1,...,n}, and letL be
the Laplacian of5. Let H be a generalized inverse 6f Then fori, j € {1,...,n},

i = hii + hj; — hij — hyi.

In this paper we consider two specific graphs, the wheel and the fan, and ob-
tain explicit formulas for the resistance distance between any two vertices in these
graphs.

2. Resistances in Wheel and Fan

The joinG = G + G4 of graphsG; and G, with disjoint vertex setd/; and V5,
and edge setX; and X5, is the graph unioriz; U G2 together with all the edges
joining V1 andVs5.

A wheel graphV,, is by definition,K; + C,,, whereK; denotes a single vertex
andC;, denotes the cycle with vertices. In the wheel, the vertices corresponding
to the cycleC,, are labeled froml to n in cyclic order, and the central vertex
corresponding tadx; is labeled as: + 1. We also consider a weighted wheel in
which the edge$n + 1,i},i € {1,2,---,n}, called thespokef the wheel, have
the same weight.

The fan graptFan,, is defined ad(; + P,, whereP, is the path om vertices.

All the vertices of the fan corresponding to the pdth are labeled froml to n
consecutively. The vertex in the fan corresponding to the géinis labeledn + 1.

We find the resistance distance between any two vertices in a wheel or a fan
in terms of Fibonacci and generalized Fibonacci numbers. We have specifically
considered the two classes of graphs together as they are related. The fan is just a
wheel with an edge of the cycle removed.

We introduce some notation. Recall thas the weight of a spoke in a weighted
wheel. Let

_a+VARmd oy
2 o '
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We defineGGi(«) as the generalized Fibonacci number [8],

1
7:2+7’:u
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— UV
Grla) = —2.
n—v
Note that wheny = 1, Gj(«) = Fy, whereF, is ther!” Fibonacci number.
We will write G, in place ofGj(«), whenever it is clear from the context thats
fixed.

Lemma4. Let
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be an x n matrix. LetD,, = detM,,. ThenD, = G, 11.

Proof: ExpandingdetM,, along the first row, we see that,, satisfies the recur-
rence relation

Dy =~Dp—1 — D2,

with the initial conditions,D; = ~, Dy = 42 — 1. Solving the recurrence in the
standard fashion, we see that

D, = (51#” + (52Vn,
for somed; andd.. Using the initial conditions it follows thab,, = G,,+1. O
Theorem 5.Letn > 3 be a positive integer. The following results hold ¥ot, :
1. The resistance distance between vertexl and vertex, i € {1,2,--- ,n},

s G2
T 14 = T 1= ==
mrbe T T Gy, — 2G,

2. The resistance distance between verticgsc {1,2,---,n}is

A G 5 _ Gox
Y Gy — 2G, Gy,

:|+Gk,

where n
g—ilifli-il< gl
k=
n—lj—il iflj =il > 5]

Proof: The Laplacian o#V,, is the(n + 1) x (n + 1) matrix

] .
~ -1 0 0 -~ 0 0 -1 —=
«
1
1 4 -1 0 0o 0 0 -—-—
«
L= 1 (1)
0 0 0 0 -1 ~ -1 ——
(6%
1
-1 0 0 0 0 -1 ~ ——
«
i1 1 1 11 1 n
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Then H is a generalized inverse df. By Lemma 3, the resistance distangg
between verticesand; is given by

Tij:hii—i-hjj—hij—hji. (3)
Note that
Lin+1n+1)=~I—-P—P" 1 (4)
where ) ;
o1 o0 -0
o0 1 ---0
P=]: . (5)
o0 --- 0 1
10 0--- 0 0

The inverse of.(n+1|n+1) must be a polynomial i#¥ of the following form.
If n=2m + 1, then

Lin+1ln+1)"t = BoI + B1(P + P¥™) 4 Bo(P2 + P2 1) 4 ...
_|_5T(Pr+P2m+lfr)_i_'”_’_ﬁm_l(mel+Pm+2)+ﬁm(Pm+Pm+1)7 (6)
and ifn = 2m, then
Ln41n+ 1)t = Gol 4+ B1(P + PP 1) 4 By(P? + PP~ 2) 4 ...

+8,(P" 4+ P* ") oo 4 By (P PP 4 B, (P™). 7)

Using L(n + 1jn + 1)L(n + 1jn + 1)~! = T and P* = I, and comparing the
coefficients ofP, we get,
Y60 — 261 =1 (8)
and
YOk — Br-1 — Br+1 =0,k € {1,2,---,m}, 9)
wheref,, 11 = B if n =2m+ 1 andB,,11 = Gt if n=2m.
Solving (9) as a recurrence relation we get

k k
= O} (W \/2’724> + Oy (7’724> ) (10)

2

Puttingk = 0, 1 in (10) and using (8) we get

Bo = C1+ Cq (11)
and .
61:7(014-02)_1_ VY —4(01—02)‘ (12)

2 2
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Solving (11) and (12) we get

&) 1 (ﬂom—l) Cy 1 <ﬁ0\/727_44r 1)
4 ’ 4 '

727 2 727

Hence

g = 1 : (50m_1> (H\/j—%)k

72— 2

_l’_

(o) (=)

2

_ 1 Boy/7? —4 ko, ok 1 ko k
Bo 1

= ?(Mk + k) — m(ﬂk )

o @ sz . Gk(a)

2 Gila) 2

It remains to find5y, and this is achieved using the fact thtis the (1,1)-
element ofL(n + 1|n + 1)1, SincedetL(1,n + 1|1,n + 1) = D,,_; and

detL(n + 1|n + 1) =vDp_1 —2Dp_o — 2,

Dn— : . e ) 2
- det(L(n + 11|n 1y which, on simplification giveg, = G

bo Gon — 2G,,
Recall from (6), (7) and (2)

h”:OZfZ:Tl-FlO’I“]:n'Fl
hij = By otherwise
where
>
5

|.

=il afli—il < |

n—lji—il ifli—il> 15
Also from (3)

Tij = h” + h]’j - hij - hﬂ

Clearly, the resistance distance across the spoket 1),i € {1,2,---,n},is f,
sinceh; p+1 = hp+1,, = 0foralli € {1,2,---,n}. Itis also easy to see that the
resistance between two verticeand; on the circumference of the wheel, where
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the numbers are assigned to vertices in a cyclic ordey; is: 2(6y — ), where

n

g—d i< gl
k=
n—lj—i iflj—i >[5
This completes the proof. O

Corollary 6. Letn > 3 be a positive integer and 18V, be the unweighted wheel
onn + 1 vertices. Then the following assertions hold:

1. The resistance distance between vertex 1 and vertex € {1,2,---,n}is
F3,
T i =T =
n+1,2 i,n+1 F4n — 2F2n

2. The resistance distance between verticgss {1,2,---,n}is

F2 F
rij 2n |:2 P4k

S N B3 7
Fam — 2Fon FQJ e

where
=il if =il = L5

n

5]

n—l|j—il iflj—il>]

and whereF}, is thek-th Fibonacci number

. 1
Proof: ClearlyGi(a) = F», whena = 1i.e.,v =2+ — = 3. The result follows
(6
from Theorem 5. u

It has been pointed out by the referee, that Corollary 2 can also be seen as a
direct consequence of Corollary 2 in [16]. This is explained as follows. As de-
fined in [17], the weighted multigrap&’ is called thex-extension of the weighted
multigraphdG if

1. V(G") = V(G) U {0},

2. The restriction of£(G’) to V(G) coincides withE(G), and the ratio of the
corresponding edge weights@f and inG is a, and

3. E(G') contains one edg@), i) of weight1 for each vertex € V(G).

By Proposition 7 in [17], if graplds is thel-extension off, then forG it holds

that
_ fat fii =21
Tz'j =
f
where f;; is the number of spanning rooted forests such jhiaglongs to a tree
rooted ati, and f is the total number of spanning rooted forestddn It can be

(13)



8 R. B. BAPAT AND SOMIT GUPTA

seen that, it = W,,, thenH = C, (the cycle), i.e. W, is thel-extension ofC,,.
On the other hand, by Corollary 2 in [16], f6f, one has

ﬁj_{ F;/A,, n=2k-1 (14)

f | Aw/BF,,  n=2k.
i,j =1,2,---,n, wheret = |n — 2 x |j — i|| andA,, is then!™ Lucas number.
For the wheelV,,, this immediately provides
F, — F

2 ”A Lon=2k-1

i 2(A, — Ay o
—_—, n = 2k.

5F,

This expression is equivalent to the expressionrfpstated in the above corollary.
We now turn to the fan grapfRan,, defined earlier.

Theorem 7. Letn > 1 be a positive integer. Then for the fan graplan,, the
following results hold:
1. The resistance distance between vertex 1 and vertex € {1,2,---,n}is
Fon—iy+112i—1
F2n .

2. The resistance distance between verticgss {1,2,---,n},i < jis

Fytn—jy+1(F2j—1 — Foi—1) + Foi o1 (Fy(n—i+1 — Fag—j)+1)
F2n '

Proof : The result can be proved either by evaluating determinants and using
Lemma 1, or by combinatorial arguments. We prove the first statement by evalu-
ating determinants.

The Laplacian of'an,, is the(n + 1) x (n + 1) matrix

2 -1 0 0 - 0 0 O -1
-1 3 -1 0 --- 0 0 O -1
o o o - 0 -1 3 -1 -1
o o o --- 0 0 -1 2 -1
1 -1 -1 -1 - -1 -1 -1 n+1 |

By Lemma 1,
detL(n+1,1n+1,1)

detL(n+1ln+1)

We continue to use the notatidn, introduced in Lemma 4. However we keep in
mind that nowy = 3. By Lemma 4,

(16)

Tn+1,1 =

detL(n+1ln+1) = Fyy,.
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Thus the number of spanning treedinn,, is Fy,. This resultis in fact well-known
(see [9], p. 362).
Using Laplace expansion and Lemma 4, we get

detL(n+1,1n+1,1) = 2detL(n+1,n,1jn+1,n,1)
detL(n+1,n,1,n—1n+1,1,n,n—1)
= 2Dp 92— Dp-3

= 2F5, 9 —Fop 4
= Iy o+ Fop 3+ Fop_g— Fopy

= Fyyp1.
Fy,_ .
Hencer, (11 = 21 |t can be similarly shown thatfar< i <n
2n
det(L(n+1,iln+1,i) = detL[l,---,i—1|1,---,i—1]

X

detL[i+1,---,nli+1,---,n]
= i1 X Fagnoiy1)-1-

Therefore the first statement is true.

We shall next give a combinatorial proof of the second statement:, liet
{1,...,n},i < j be fixed. We must calculate the number of spanriirigees
separating and;. First consider the number of spannidrees with components
T; andT};, whereT; contains andn + 1. ThenT); must be a path containiryg Let
i < k < j — 1 be the vertex betweehand; such thatk is in T; andk + 1 is in
T;. Let j < ¢ < n be the vertex betweenandn such that — 1 is in7; and/ in
treeT;. ThenT; consists of a spanning tree of the fan with vertite - - -, k and
n+ 1, along with a spanning tree of the fan with vertides- - , n andn + 1 or none
of these vertices. Since the number of spanning trees in a famwithl vertices
is Fy,,,, therefore the number of ways in whi@h can be selected is

Jj—1 n
<Z sz) Z Fypgny | +1
k=i I=j+1

Now let us find the number of spannigtrees with two components such
that: andj are in the two components; and7; respectively, anch + 1 is in
T;. This case is similar to the previous case. Relabel theFian,, such that the
vertex corresponding t&’; remains labeled as + 1, but the vertex in Fan,,
corresponding to théth vertex in the pathP, is labeled as — i + 1. In this new
labeling, the vertex formerly labeleds labeledn — j + 1, and the vertex formerly
labeled; is labeledn — i + 1. Thusn — j + 1 < n —i+ 1. Using similar technique
as before, we get the number of spannrgees such thatis in one component,
andj andn + 1 are in the other component as

nf Tk (( z": Fg(n_l+1)>+1>.

k=n—j+1 l=n—i+2
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13

Figure 1: Fibonacci tiling of a rectangle with sides 13 x 21

Hence the total number of spannidrees ofF'an,, separating andj is

Jj-1 n
(Z F2k:> > Fynorgn | +1
k=i

I=j+1
n—i n
+ Z Foy (( Z F2(n—l+1)> + 1> ;
k=n—j+1 l=n—i+2

By using the fact tha} ;_, F», = F»+1 — 1, the above expression reduces to:
Fytn—jy41 X (F2j—1 — Foi—1) + Foim1 X (Fy(n—iyt1 — Fo(n—j)+1)- (17)

Dividing (17) by F5,,, the number of spanning treesftun,,, (ii) is proved. O

It has been pointed out by the referee, that the Theorem 7 can also be derived
from results in [16, 17]. AFan,, is 1-extension of a path grapR,. For the path
P, Theorem 1 of [16] says thagt = Fy, and fij = Fomin(ij)—1 F2(n—max(i,j))+1,
which immediately provides the expression fgr stated in the above theorem, in
view of (13).

3. Fibonacci Tilings

We describe aBibonacci tiling, a tiling of a rectangle with sides, and £, 1 with

n — 1 squares with side8}, Fy, - - -, F,,_1. This tiling has a very interesting rela-
tion with the squaring a rectangle problem afidn graphs.The relation between
squaring a rectangle and Fibonacci numbers is already known [19]. The squaring
a rectangle problem as described by Brooks et al. [5] is the problem of dividing
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Figure 2: Electrical network corresponding to the Fibonacci tiling in Fig. 1

a rectangle into a finite number of non-overlapping squares, no two of which have
the same lengths. Note the Fibonacci tiling does not exactly fit into this description
since two squares have same lengths narhglgnd F5, but this defect can be eas-

ily corrected by tiling one of the squares with another known tiling for a square (to

know more see [10]).

Let us describe the relation dfan graphs to Fibonacci tilings. We apply the
general approach for converting a squared rectangle to an electrical network as
described in [3]. Consider the squared rectangle shown in Fig. 1. Let us cut this
rectangle out of a sheet of nichrome or any other material with low conductivity
and let us put rods made of silver or some material with high conductivity at the
top and bottom. The high conductivity of silver ensures that electrically we can
treat the entire silver rod as a point since the electric potential on different parts of
the rod will be same. If we ensure that the silver rod at the top 18 ablts and
the rod at the bottom is kept @wolts, the current will flow from top to bottom and
the potential at a point at heightwill be z. Since no current flows horizontally
across the rectangle, the current will not change if (1) we place silver rods on the
horizontal sides of the squares and (2) cut narrow slits along the vertical sides.

Since silver is a very good conductor, the points of each silver rod have been
shortened, so they can be identified (as A, B, C, D, E in Fig. 1). Also by Ohms law

length
area

=p

where length is measured along the direction of flow of current and area normal to
length

Phreadth x thickness’
the resistance offered by each square piece of the tiling is samg-i-e-

Consider it to be unit resistance. Thus as an electric conductor, the vbchéllgsﬁectangle
behaves like thé'an shown in Fig. 2. Now it is clear that the resistance distance
between node A and E in Fig. 2 is nothing but the resistance of the rectangular
conductor between rods A and E in Fig. 1, |§ Also, itis interesting to note that
Fibonacci tiling gives a geometrical proof of the sum of Fibonacci numbers, sum
of odd/even indexed Fibonacci numbers and sum of squares of Fibonacci numbers
(see for example, [18]).

it. Assuming uniform thickness of the plat®, = Hence
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