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Abstract Coherent continuationπ2 of a representationπ1 of a semisimple Lie alge-
bra arises by tensoringπ1 with a finite dimensional representation F and projecting
it to the eigenspace of a particular infinitesimal character. Some relations exist be-
tween the spaces of harmonic spinors (involving Kostant’s cubic Dirac operator and
the usual Dirac operator) with coefficients in the three modules. For the usual Dirac
operator we illustrate with the example of cohomological representations by using
their construction as generalized Enright-Varadarajan modules. In [9] we consid-
ered only discrete series, which arises as generalized Enright-Varadarajan modules
in the particular case when the parabolic subalgebra is a Borel subalgebra.

Key words Semisimple lie group, Enright-Varadarajan module, Dirac cohomology,
Zuckerman translation functor, Coherent family, harmonic spinor.

1. Introduction

These notes form an expanded version of the second author’s talk in a Conference
on ‘Representations of Lie Groups and Applications’held during December 15-
18th, 2008 at the Institut Henri Poincaré, Paris. It is a report with a few additions
of our joint work [9].

Let G be a connected non-compact semisimple real Lie group with finite center
andK a maximal compact subgroup. We assumeG to be linear and also assume,
although it is not essential, that bothG andK have the same complex rank. Denote
the Lie algebras byg0 andk0 respectively. We write

g0 = k0 ⊕ p0, p0 = k⊥0
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for the corresponding orthogonal decomposition (Cartan decomposition) ofg0 with
respect to the Killing form. Letθ denote the Cartan involution. Note that the killing
form is positive definite onp0. Complexifications ofg0, k0 are denoted byg, k,
respectively.We may define the Clifford algebra ofp and the corresponding spin
representationS of k.

Given a Harish Chandra module(π,H) of (g,K), there is a Dirac operator
Dπ : H⊗ S → H⊗ S defined by

Dπ =
∑

j

π(Xj)⊗ γ(Xj)

where{Xj} is an orthonormal basis ofp0 andγ is the Clifford multiplication onS.
J.-S. Huang and P. Pandžić [5] proved a remarkable result which marked a

revival of interest in the role of the Dirac operator in representation theory. Focus
on its role was a driving force starting from the 70’s -eg. [1, 12, 15, 8, 16, 10, 11] to
mention a few - not to mention numerous authors who used Dirac inequality to treat
questions of unitarizability, notably, [17, 18, 19, 20, 21]. This result of Huang and
Panďzić was a proof of a conjecture of Vogan, relating the infinitesimal character
of an irreducible Harish Chandra moduleπ and an irreduciblek-type occurring
in the kernel of the formal Dirac operatorDπ, more precisely, not the kernel but
Ker(D)/(Ker(D) ∩ Im(D)), the kernel modulo its intersection with the image of
D which is called Dirac cohomology. Kostant who had introduced the cubic Dirac
operator ([4, 6]) for a wide range of homogeneous spacesG/H more general than
the Riemannian symmetric spaceG/K, realized the potential of the Huang and
Panďzić result and obtained an analogous result ([7]) for the cubic Dirac operator.

In [9] we were motivated to view in a coherent way how the spaces of (rep-
resentation theoretic) harmonic spinors vary when the representation parameters
change in a coherent way.

We illustrate in the following context: letF (ν) be the finite dimensional rep-
resentation ofg with highest weightν, with respect to some positive system. Let
{π(µ)}µ∈Λ be a coherent family of (virtual) representations ofG (see [2]). Typ-
ically in a positive cone contained in the parameter spaceΛ, this arises via the
Zuckerman translation functor

F (ν)? ⊗ π(µ + ν) −→ π(µ)

of tensoring with an irreducible finite-dimensional module and projecting to the
central eigenspace corresponding to a shifted infinitesimal character. HereF (ν)?

denotes the contragredient representation ofF (ν).
Denote byW1,W2 andW3 the kernels of the Dirac operators associated with

πµ+ν , F (ν)? andπµ respectively.
The problem is to understand howW1,W2 andW3 are related. For the case

of discrete series representations we illustrated this in [9, (Theorem 4.2)]. More
precisely, whenG has a compact Cartan subgroup, it is known that discrete se-
ries representations ofG arise as a particular case of Enright-Varadarajan(g,K)-
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modules ([3, 14]), whereK still denotes a maximal compact subgroup of max-
imal rank ofG. Now assume that(π(µ),H(µ)) and (π(µ + ν),H(µ + ν)) are
two discrete series representations ofG, regarded as(g,K)-modules, whereµ is
dominant integral regular andν is dominant integral with respect to some positive
system ing. Standard inclusions of Verma modules forg give rise to an inclusion
H(µ) ↪→ H(µ+ν)⊗F (ν) which in turn gives rise to an includion(ϕ : H(µ)⊗S ↪→
H(µ + ν) ⊗ F (ν) ⊗ S. This commutes with theK-action on both sides. More-
over, we have aK-homomorphismβ : (H(µ + ν) ⊗ S) ⊗ (F (ν) ⊗ S) ⊗ S? −→
H(µ + ν)⊗ F (ν)⊗ S), by contracting the second factorS and the fifth factorS?.
The statement of [9, Theorem 4.2] is:

Theorem. ϕ(Ker(Dπ(µ))) ⊆ β(Ker(Dπ(µ+ν))⊗Ker(DF (ν))⊗ S?).
In other words, one can relate Dirac spinors for an irreducible representation,

a finite dimensional irreducible representation and a third representation which is
related to the first two via a Zuckerman translation. We have used the Enright-
Varadarajan construction in the proof of this result for a description of the discrete
series representations. In this article, we extend those results to the case of gener-
alized Enright-Varadarajan modules [13] associated to arbitraryθ-stable parabolic
subalgebras. We have also described the Dirac cohomology of these modules in-
cluding the non-unitary ones.

2. θ-Stable Parabolic Subalgebraq and Generalized Enright-Varadarajan
Modules

Recall that we assume thatG has finite center and has a compact Cartan subgroup.
As we have already mentioned, discrete series representations arise as a particu-
lar case of Enright-Varadarajan modules ([3, 14]). Recall that the Harish-Chandra
parameter of a discrete class representation is non-singular and integral (when the
group in question is the real form of a complex semi-simple Lie group). More gen-
erally, many of the cohomologically induced representationsAq(λ) arise as gener-
alized Enright-Varadarajan modules associated to aθ-stable parabolic subalgebra
[13]; the exact intersection of the two series of modules has not been written and it
would be interesting to describe the intersections. Both the constructions describe
the action of the centralizer ofk in the enveloping algebra ofg on a certain canon-
ical k-type, which ought to facilitate this identification in view of a very useful
powerful technical result of Harish-Chandra. Among the cohomologically induced
representationsAq(λ) the ones which have(g, k)-cohomology when tensored with
a finite dimensionalg-module have non-singular integral infinitesimal character.
We now describe briefly the construction of generalized Enright-Varadarajan mod-
ules which have a non-singular integral infinitesimal character. Letq be aθ-stable
parabolic subalgebra ofg. Let r ⊂ q be aθ-stable Borel subalgebra ofg. Fix a
θ-stable Cartan subalgebrac of g such thatc ⊂ r andb := c ∩ k is a Cartan subal-
gebra ofk. (Our equal rank assumption in fact implies thatb = c). Let P be the
corresponding(θ-stable) system of positive roots. Define a Borel subalgebrark of
k by rk = r ∩ k. The corresponding positive system of roots ofk with respect tob
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is denotedPk. We shall denote byδ andδk the half-sums ofP andPk respectively.
Let q = l + u be a Levi decomposition ofq so thatc ⊂ l. We can writeP as a
disjoint unionP = Pl ∪ Pu, so thatu is the sum of the root spaces corresponding
to roots inPu. Let µ be a non-singular integral weight which is dominant with
respect toP . Let σ be the unique element of the Weyl groupWg of g such that
σ(P ) = Pl ∪ −Pu. Let σk be the unique element of the Weyl groupWk of k such
thatσk(Pk) = Pl∩k ∪ −Pu∩k. Consider the Verma moduleVg,P,σ(µ)−δ for g with
highest weightσ(µ)− δ with respect toP and the Verma moduleVk,Pk,σ(µ)−δ for k

with Pk-highest weightσ(µ) − δ. Evidently,Vk,Pk,σ(µ)−δ can be canonically iden-
tified with theU(k)-module generated by the highest weight vector ofVg,P,σ(µ)−δ.
There is a uniquePk-dominant integral weightη such thatVk,Pk,σ(µ)−δ ⊆ Vk,Pk,η.
One hasσk(η + δk) − δk = σ(µ) − δ. The k-moduleVk,Pk,η and theg-module
Vg,P,σ(µ)−δ can both be simultaneously imbedded in ag-moduleWq,µ, compatible
with the imbeddingVk,Pk,σ(µ)−δ ⊆ Vk,Pk,η and having nice properties. Some of the
important properties of the inclusionsVg,P,σ(µ)−δ ⊆ Wq,µ andVk,Pk,η ⊆ Wq,µ are
the following (see [13]):

(i) Wq,µ has a unique irreducible quotientg-moduleDq,µ which isk-finite,

(ii) the irreducible finite dimensionalk-moduleFk,η with Pk- highest weightη
occurs with multiplicity one inDq,µ,

(iii) if χP,−µ denotes the algebra homomorphism fromU(g)k into C defining the
scalar by whichu ∈ U(g)k acts on the highest weight vector ofVg,P,σ(µ)−δ,
then the same homomorphism gives the action ofU(g)k onFk,η ⊆ Dq,µ.

Let `(·) denote the length function inWk as a minimal product of simple re-
flections. Choose a reduced expressionσk = s1 · s2 · · · sm. There is a chain of
imbeddings ofk-Verma modulesV1 ⊆ V2 ⊆ · · · ⊆ Vm+1 which can be fit inside
the imbeddingV1 = Vk,Pk,σk(η+δk)−δk

⊆ Vk,Pk,η = Vm+1.

(iv) The above mentionedg-module imbeddingVg,P,σ(µ)−δ ⊆ Wq,µ can be spread
to a chain ofg-module imbeddingsW1 ⊆ W2 ⊆ · · · ⊆ Wm+1 enlarging the
chain of k-module imbeddingsV1 ⊆ V2 ⊆ · · · ⊆ Vm+1. In other words,
W1 = Vg,P,σ(µ)−δ,Wm+1 = Wq,µ and we haveVi ⊆ Wi,∀i.

We denote byW0 the maximal properg-submodule ofVg,P,σ(µ)−δ. Sinceσ(µ)
is non-singular, integral and dominant with respect toPl ∪ −Pu it is known that
W0 =

∑
γ Vg,P,sγσ(µ)−δ. (see [24]). The sum is over the simple roots ofPl.

We can now state some additional properties of this chain ofg-modules con-
structed in [13]. Letφi be the simple root ofPk defined so thatsi = sφi , i =
1, 2, · · · ,m. Let mi be the 3-dimensional simple Lie algebra generated by the root
vectors ofk corresponding toφi, i = 1, 2, · · · ,m.

(v) EachWi isU(nk)-free; herenk is the sum of all rootspaces ofk corresponding
to roots inPk.
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(vi) Wi+1/Wi is mi-finite.

In [22, 23] Enright introduced a notion called the ‘completion functor’; this
takes place purely at the level of the three dimensional simple Lie algebrasl2. En-
right devised the completion functor as a natural extension of the idea of building
Wi+1 from Wi and to refine the construction of the chain in [3] to make it more
transparent. He showed how the functorial properties of the completion functor im-
ply thatWi+1 which is constructed disregarding theg-structure ofWi but viewing
it as nothing more than anmi-module does indeed possess a canonicalg-module
structure extending theg-moduleWi and compatible wih themi-module structure
of Wi+1. The following property of the inclusionWi ⊆ Wi+1 is built in the defini-
tion of the completion functor:

‘Completion Property’ . Identifymi with sl2. Consider thesl2-Verma module
inclusion V−n−2 ⊆ Vn. Then anysl2-homomorphismV−n−2 −→ Wi can be
extended uniquely toVn −→ Wi+1.

3. Statement of the Result

WhenG has a compact Cartan subgroup, which we assume to hold, in the special
case whereq = r, (i.e., the parabolic subalgebra is a Borel subalgebra) it is a result
due to Wallach ([14]) that the(g,K)-moduleDr,µ is isomorphic to the space of
k-finite vectors in a discrete class representation ofG whenµ is dominant regular
with respect to the positive system whose root spaces together with the Cartan sub-
algebra spanr. Using analogous arguments as in Wallach [14] and noting that a
description of the action of the centralizer ofk in the enveloping algebra ofg on
a canonicalk-type is available for the construction of the modulesDq,µ as well as
Aq(λ), a similar identification can be shown to exist between the more generalDq,µ

(for µ non-singular integral) associated to aθ-stable parabolic subalgebraq and the
cohomologically induced representationsAq′(λ) (having(g, k)-cohomology when
tensored with a suitable finite-dimensional module) associated to a relatedθ-stable
parabolic subalgebraq′. The sole requirement that we should get the same canon-
ical k-type from the two constructions tells us howq andq′ should be related and
simultaneously also howµ andλ are related.

(3.1).Let ν beP -dominant integral andF (ν) the finite dimensional irreducible
representation forg with highest weightν. Soµ + ν is P -dominant and regular
and we have the irreducible(g, K)-modulesDq,µ andDq,µ+ν as above. We have a
canonical(g,K)-module inclusionϕ : Dq,µ ↪→ Dq,µ+ν ⊗ F (ν)? which is a con-
sequence of the inclusion of Verma modules forg: Vg,P,σ(µ)−δ ↪→ Vg,P,σ(µ+ν)−δ ⊗
F (ν)?. In turn this gives rise to aK-module inclusionϕS : Dq,µ⊗S ↪→ Dq,µ+ν ⊗
F (ν)? ⊗ S. Moreover, we have a mapβ : (Dq,µ+ν ⊗ S) ⊗ (F (ν)? ⊗ S) ⊗ S? →
Dq,µ+ν ⊗ F (ν)? ⊗ S by contracting the second factorS and the fifth factorS?.

Now, we can state our result. Denote byWo
1 ,W2 andWo

3 the kernels of the
Dirac operators associated withDq,µ+ν , F (ν)? andDq,µ respectively. Denote by
W1, (resp.W3) the subspace ofWo

1 , (resp.Wo
3 ), spanned byk-types ofPk-highestξ

such thatξ + δk is Wg-conjugate toµ + ν, (resp.µ).
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(¶) Remark : For unitary representationsWo = W. Folklore has it that probably
even for the non-unitary ones in the coherent continuation considered here, this
equality may have been noted somewhere in the literature; we have not come across
this explictly.

Our method gives a complete description (see Prop. 3.12 and remarks preced-
ing it) ofW3 (hence, also ofW1 by replacingµ by µ + ν) without restricting to the
unitary case, which is used in the proof of the following result.

Theorem 1.We have:ϕS(W3) ⊆ β(W1 ⊗W2 ⊗ S?).

Proof : The method involves relatingW1 andW3 to the kernel of the Dirac operator
acting onVg,P,σ(µ+ν)−δ ⊗ S andVg,P,σ(µ)−δ ⊗ S. (See 3.4, 3.5 and 3.7 below).

It is easy to describe the kernel of the Dirac operator acting onF (ν)? ⊗ S.
Using the formula for the square of the Dirac operator [12, Proposition 3.1], [17,
Lemma 2.5] and [12, Lemma 8.1] this kernel is theU(k)-span ofx ⊗ s wherex is
a Pk-highest weight vector ofF (ν)? with Pk-dominant weightw(−ν) in the Weyl
group orbit of−ν ands is aPk-highest weight vector of an irreducible component
of S of weight−δk − wδ.

Next, we describe (see 3.2, 3.3 and 3.6) some elements in the kernel of the Dirac
operatorDq,µ+ν acting onDq,µ+ν ⊗ S as in [9]. (Similar remarks forDq,µ ⊗ S
will hold.) Later we use “Vogan’s Conjecture” (now a ‘Theorem’ due to Huang
and Panďzić) which reads off the infinitesimal character of an irreducible(g,K)-
module by looking at thePk-highest weight of an irreduciblek-type in the kernel
of the Dirac operator for that module to complement this description and conclude
that there is nothing besides the elements in the kernel described this way.

(3.2). Let y′ be aPk-highest weight vector of weightγ′ in Vg,P,σ(µ+ν)−δ ⊗ S
annihilated by the Dirac operator. Assume thatγ′+δk is σk(Pk)-dominant and non-
singular. Letγ be aPk-dominant integral weight such thatγ + δk ∈ Wk(γ′ + δk).
Then there is aPk-highest weight vector̃y of Wq,µ+ν ⊗ S of weightγ such that
U(k) · y′ ⊆ U(k) · ỹ. The existence of such a vector results by successively us-
ing the completion property (section 2) following through the chain of modules
Wi, i = 1, . . . ,m + 1. Suppose thaty′ = y1, . . . , yi, . . . , ym+1 = ỹ are the suc-
cessive vectors obtained this way. TheU(k)-modules generated by them gives a
chain ofk-Verma modules. Since the Dirac operator annihilatesU(k)(y′), property
(vi) (section 2) implies thatU(m1)(y2) has finite image under the Dirac operator.
Property (v) (‘no torsion’) implies that this image has to be zero. Thus the Dirac
operator annihilatesU(k)(y2). By induction, one concludes thatỹ goes to zero un-
der the Dirac operator. Hence, also the imagey of ỹ in Dq,µ+ν ⊗ S is in the kernel
of the Dirac operator. We apply these observations by making the simplest choice
for y′. Namely,y′ = x⊗s, wherex is theP -highest weight vector ofVg,P,σ(µ+ν)−δ

of weightσ(µ + ν)− δ ands is thePk-highest weight vector ofS of weightδ− δk.
(3.3). Let y′ be aPk-highest weight vector of weightγ′ in Vg,P,σ(µ)−δ ⊗ S

annihilated by the Dirac operator. Assume thatγ′+δk is σk(Pk)-dominant and non-
singular. Letγ be aPk-dominant integral weight such thatγ + δk ∈ Wk · (γ′ + δk).
Then there is aPk-highest weight vector̃y of Wq,µ ⊗ S of weight γ such that
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U(k) · y′ ⊆ U(k) · ỹ. One can show that̃y (hence, also its imagey in Dq,µ⊗S) is in
the kernel of the Dirac operator. Apply these observations by choosingy′ = x⊗ s,
wherex is theP -highest weight vector of weightσ(µ) − δ of Vg,P,σ(µ)−δ ands is
thePk-highest weight vector ofS of weightδ − δk. Note that ifξ is thePk-highest
weight of this choice ofy′, thenξ + δk = σ(µ) ∈ Wg(µ).

The statement analogous to Theorem 1 relating(Vg,P,σ(µ+ν)−δ⊗S)⊗(F ?(ν)⊗
S)⊗ S? and(Vg,P,σ(µ)−δ ⊗ S), namely the fact that

(3.4). ϕS(y′) ∈ β(y′ ⊗W2 ⊗ S?) is evident.

(3.5). Properties (v) and (vi) of the chainW1 ⊆ W2 ⊆ · · · ⊆ Wm+1 and
the fact that the mapsϕS andβ are restrictions of corresponding maps obtained
by changingW1 to Wm+1 imply (using 3.4) statements analogous to 3.4 relating
(Wq,µ+ν ⊗ S) ⊗ (F ?(ν) ⊗ S) ⊗ S? and(Wq,µ ⊗ S) and these in turn can finally
be related to(Dq,µ+ν ⊗ S)⊗ (F ?(ν)⊗ S)⊗ S? and(Dq,µ ⊗ S).

We recall the last two properties of the chain ofg-modulesWi, i = 1, 2, · · · , m+
1 before the completion property -

(v) EachWi isU(nk)-free; herenk is the sum of all rootspaces ofk correspond-
ing to roots inPk.

(vi) Wi+1/Wi is mi-finite.

Having fixed a reduced expressionσk = s1 · s2 · · · sm, define submodules
W 1, W 2, · · · , Wm,W andWX as in [13, 4.3] and [13, 4.5]. LetV 1 ⊆ V 2 ⊆
· · · ⊆ V m ⊆ V m+1 be a chain of Verma modules fork. Assume thatV i+1/V i

is mi-finite. Letvm+1 be a highest weight vector ofV m+1 of weightµm+1 which
is Pk-dominant integral. Now assume thatV m+1 ⊆ Wm+1 so that for eachi =
1, · · · ,m+1, V i ⊆ Wi∩V m+1. We have the following important property which
tells us how to detect whetherV m+1 is nonzero modWX by inspecting whether
V 1 is nonzero modW0.

(vii) If V m+1 6= 0 modWX , thenV 1 6= 0 modW0.

For many of the properties of the chain of modules listed so far, only thek-
module structure is relevant and the properties continue to hold when the chain
is replaced with a new one obtained by tensoring the original chain by a finite
dimensionalk-module. The completion property and properties (v),(vi) and (vii)
remain true even when the chain ofg-modulesW1 ⊆ · · · ⊆ Wm+1 is replaced by
a new chain ofk-modulesW1 ⊗ F ⊆ · · · ⊆ Wm+1 ⊗ F whereF is any finite
dimensionalk-module. We will be interested in applying these properties to the
chainW1 ⊗ S ⊆ · · · ⊆ Wm+1 ⊗ S, whereS is the spin module.

(3.6). Using (vii) we wish to construct more non-zero elements in the Dirac
kernel essentially via constructions similar to 3.2 and 3.3. Recall thatσ(Pl∪Pu) =
σ(P ) = Pl ∪ −Pu. Write P ′ = Pl ∪ −Pu. Let P l be a positive system in the root
system∆l = Pl∪−Pl such thatP l∩k = Pl∩k. PutP = P l∪Pu. Note thatP k = Pk.
PutP

′ = P l∪−Pu. Note thatP
′
k = P ′

k = σk(Pk) = Pl∩k∪−Pu∩k. Chooseσ ∈ Wg

such thatσ(P ) = P
′
. The crucial observation is that the irreducible quotients (as
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g-modules) ofVg,P,σ(µ)−δ andVg,P ,σ(µ)−δ are isomorphic. Both are isomorphic
to U(g) ⊗U(q) Wl,σ(µ)−δ, whereWl,σ(µ)−δ is the finite-dimensional irreduciblel-
module whose highest weight with respect toPl is σ(µ) − δ = σ(µ − δ) − 2δu.
(see [24]). Then the highest weight ofWl,σ(µ)−δ with respect toP l is σ(µ) − δ
which equalsσ(µ − δ) − 2δu. We have a surjectionVl,Pl,σ(µ)−δ −→ Wl,σ(µ)−δ.
By lemma 9 in [3] thePl∩k highest weight vector̂vl of weight σ(µ − δ) − 2δu

in Wl,σ(µ)−δ can be pulled back to aPl∩k highest weight vectorvl of Vl,Pl,σ(µ)−δ.
We identify Vl,Pl,σ(µ)−δ = {v ∈ Vg,P,σ(µ)−δ | Xα · v = 0, ∀α ∈ Pu}. Then,
Xα · vl = 0, ∀α ∈ Pk.

Note thatδ − δk is the highest weight of an irreduciblek-type in the spin mod-
ule S. Let sδ−δk

be a corresponding highest weight vector. By following the con-

struction outlined in 3.3 takingy′ = vl ⊗ sδ−δk
we get ỹ ∈ Wq,µ ⊗ S and its

image inDq,µ ⊗ S in the kernel of the Dirac operatorDq,µ on Dq,µ ⊗ S, one for
each choice ofP l as above. Note that ifξ is thePk-highest weight ofy′, then
ξ + δk = σ(µ) ∈ Wg(µ). Thus all the elements constructed in this way inWo

3

in fact belong to the subspaceW3. Further replacingµ by µ + ν we get similar
elements in the kernel of the Dirac operator (which in fact lie inW1) Dq,µ+ν on
Dq,µ+ν ⊗ S as in 3.2, one for each choice ofP l.

Since we are dealing with bothDq,µ+ν⊗S andDq,µ⊗S we denote the vectors
y′, ỹ corresponding to the two cases with a subscript, in other words, byy′µ+ν , ỹµ+ν

andy′µ, ỹµ respectively. Similar to 3.4 and 3.5, it is evident that

(3.7).ϕS(y′µ) ∈ β(y′µ+ν ⊗W2 ⊗ S?)andϕS(ỹµ) ∈ β(ỹµ+ν ⊗W2 ⊗ S?)

Remark : For notational convenience, we denote the Dirac operator onWq,µ ⊗ S
also byDq,µ. We do not need a separate notation for the Dirac operator onW1⊗S
as this is the restriction ofDq,µ.

(3.8). Next, we will show that there are no elements inW3 other than what
is in the linear span of the ones indicated above and furthermore thatW3 maps
bijectively onto the Dirac cohomology ofDq,µ, using Vogan’s conjecture (see [5
pp.185,186], [25, Chap. 3]) relating Dirac cohomology and infinitesimal character.

Let z ∈ Dq,µ ⊗ S and suppose thatz is a non-zeroPk-highest weight vector of
weightξ inW3, i.e., thatξ + δk ∈ Wg ·µ. By lemma 9 in [3] thePk-highest weight
vectorz ∈ Dq,µ ⊗ S of weightξ can be pulled back to aPk-highest weight vector
z ∈ Wq,µ⊗S of weightξ. We observe thatz 6= 0 modWX , while,Dq,µz = 0 mod
WX ⊗ S. Consider the chain ofk-modulesW1 ⊗ S ⊆ W2 ⊗ S · · · ⊆ Wi ⊗ S ⊆
· · · ⊆ Wm+1⊗S. The intersection ofW1⊗S(= Vg,P,σ(µ)−δ⊗S) and thek-Verma
module generated byz contains thek-Verma moduleVk,Pk,σk(ξ+δk)−δk

which is non-
zero modW0⊗S. (See remark following property (vii)). We fix a non-zero highest
weight vector̃z of Vk,Pk,σk(ξ+δk)−δk

of weightσk(ξ + δk)− δk.
We know that the weights of theg-Verma moduleVg,P,σ(µ)−δ are of the form

σ(µ) − δ − ∑
α∈P mαα, wheremα are non-negative integers. LetP l, P , σ have

the same meaning as in 3.6. For any suchP the weights of theg-Verma module
Vg,P ,σ(µ)−δ are of the formσ(µ) − δ − ∑

α∈P mαα, wheremα are non-negative
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integers. The weights of the spin moduleS (a k-module) are of the formδ− δk− <
A > for certain subsetsA ⊆ P disjoint fromPk and< A >=

∑
α∈A α. For the

same reason, for the positive systemsP considered above (in particular,P k = Pk)
the weights of the spin moduleS are also of the formδ − δk− < A > for certain
subsetsA ⊆ P disjoint fromPk. BothVg,P,σ(µ)−δ andVg,P ,σ(µ)−δ have the same
irreducible quotient, namely,U(g) ⊗U(q) Wl,σ(µ)−δ andz̃ has a non-zero image in
this quotient.

(†) Remark : The following fact is clear from the above observations. For each
P l as above recall the vectory′ described in the second paragraph of (3.6). Then,
(W1/W0) ⊗ S = the line spanned by the image ofy′ ⊕ subspace spanned by
weight vectors corresponding to weights different from that ofy′. Moreover, the
Dirac operatorDW1/W0

annhilates the first summand and the image ofDW1/W0
is

contained in the second summand.

(3.9). Let β be the weight of̃z. Let P l, P , σ have the same meaning as in 3.6.
Then the obsevations in the paragraph preceding above remark imply thatβ + δk

is of the formσ(µ) −∑
α∈P mαα− < A >, wheremα(α ∈ P ) are non-negative

integers andA ⊆ P is a subset disjoint fromPk. Furthermore,β + δk = σk(ξ + δk).

(3.10). Sinceξ + δk ∈ Wg · µ it follows thatβ + δk ∈ Wg · µ. Sinceξ + δk is
dominant regular with respect toPk, σk(ξ + δk) (=β + δk) is dominant with respect
to σk(Pk). Sinceσk(Pk) = Pl∩k ∪ −Pu∩k, we note thatβ + δk is dominant regular
with respect toPl∩k ∪ −Pu∩k.

(3.11). Let us now make a particular choice of the positive systemP l in (3.6).
ChooseP l ⊆ Pl ∪ −Pl such thatβ + δk is dominant regular with respect toP l.
Define two positive systemsP andQ as follows: as earlier,P = P l ∪ Pu, Q =
{α ∈ (P ∪ −P ) | β + δk(α) > 0}. Again, following earlier notation, letσ ∈ Wg

be the unique element such thatσ(P ) = P l∪−Pu. From what we have said above,
we note

Pl∩k ∪ −Pu∩k ∪ P l ⊆ σ(P ) ∩Q. (∗∗)
The basic point is:σ(µ) is dominant regular with respect toσ(P ), β + δk is

dominant regular with respect toQ and they are in the sameWg orbit. This situation
forcesβ + δk = σ(µ) + a negative integral combination ofσ(P ) ∩−Q. From (∗∗)
it is clear thatσ(P ) ∩ −Q is disjoint fromPk ∪ −Pk ∪ Pl ∪ −Pl; this implies
σ(P ) ∩ −Q ⊆ −Pu. So,β + δk = σ(µ) + a non-negative integral combination
of roots inPu. Comparing this with 3.9, the non-negative integral combination in
the last sentence is null and the quantity−∑

α∈P mαα− < A > in 3.9 is also
null (for the particularP l as in (3.11). In particular upto a non-zero scalar multiple
the vectorz̃ in the second paragraph of (3.8) and the vector denoted byy′ in the
second paragraph of (3.6) (for the particular choice ofP l in (3.11)) coincide mod
W0 ⊗ S. Hence the elementz ∈ Dq,µ ⊗ S in the Dirac kernel we started with
in the beginning of the second paragraph of (3.8) coincides upto a non-zero scalar
multiple with the element in the kernel of the Dirac operatorDq,µ on Dq,µ ⊗ S
constructed as indicated in (3.6) starting withy′.
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(††) Remark : It should be noted that the same arguments prove (using remark (†)
above (3.9) and property (vii)) thatz /∈ Dq,µ(Dq,µ⊗S). ThusW3 maps injectively
into the Dirac cohomology ofDq,µ. But by Vogan’s conjecture ([5], [25, Chap. 3])
every element of the Dirac cohomology ofDq,µ has a representative inW3.

(‡) Remark : Let Vk,ε be a finite-dimensionalk-type with Pk-highest weightε
occurring inDq,µ ⊗ S such thatε + δk is in theWg-orbit of µ. From the formula
for the square of the Dirac operator [12, Proposition 3.1] and [17, Lemma 2.5] it is
seen thatDq,µ(Dq,µ(Vk,ε)) = 0. If Dq,µ(Vk,ε) 6= 0 it would contradict (††). Hence
we conclude thatDq,µ(Vk,ε) = 0. Bearing in mind that ourDq,µ are not necessarily
unitary this phenomenon is noticeable.

This ends the discussion begun in 3.8 and culminates in the following result.

Proposition 3.12. Let r be aθ-stable Borel subalgebra ofg corresponding to a
positive systemP . Letq be aθ-stable parabolic subalgebra ofg containingr. Fix
a Levi decompositionq = l⊕ u. Letµ be a non-singular integral weight dominant
with respect toP . Let Dq,µ be the generalized Enright-Varadarajan module as
in [13]. Let Pk be the positive system of roots ink corresponding to thek-Borel
subalgebrar ∩ k. Letσ be the unique element of the Weyl groupWg of g such that
σ(P ) = Pl ∪ −Pu. Let σk be the unique element of the Weyl groupWk of k such
thatσk(Pk) = Pl∩k ∪ −Pu∩k.

(i) The Dirac cohomology

Ker(Dq,µ)/ (Im(Dq,µ) ∩Ker(Dq,µ))

of Dq,µ as ak-module has a decomposition
⊕

κ∈(Wl/Wl∩k)

(τσ−1
k κσ(µ)−δk

).

Here the sum is overκ in the Weyl group ofl such thatκ(Pl) ⊇ Pl∩k. The
representationτσ−1

k κσ(µ)−δk
is the irreducible finite-dimensional representa-

tion of k with Pk-highest weightσ−1
k κσ(µ)− δk. Each summand occurs with

multiplicity one.

(ii) Let Wq,µ be the subspace of vectors inDq,µ ⊗ S spanned by irreducible
finite-dimensionalk-submodulesVk,ε with Pk-highest weightε such thatε+δk

is Wg-conjugate toµ. On this space the casimir operatorΩk of k acts as
multiplication by the scalar‖µ‖2 − ‖δk‖2. Moreover,

Wq,µ ∩Ker(Dq,µ) = Wq,µ ∩Ker(D2
q,µ) = Wq,µ

and this space maps bijectively onto the Dirac cohomology.
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