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Abstract Coherent continuations of a representation; of a semisimple Lie alge-

bra arises by tensoring, with a finite dimensional representation F and projecting

it to the eigenspace of a particular infinitesimal character. Some relations exist be-
tween the spaces of harmonic spinors (involving Kostant’s cubic Dirac operator and
the usual Dirac operator) with coefficients in the three modules. For the usual Dirac
operator we illustrate with the example of cohomological representations by using
their construction as generalized Enright-Varadarajan modules. In [9] we consid-
ered only discrete series, which arises as generalized Enright-Varadarajan modules
in the particular case when the parabolic subalgebra is a Borel subalgebra.
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1. Introduction

These notes form an expanded version of the second author’s talk in a Conference
on ‘Representations of Lie Groups and Applicatioh&ld during December 15-
18th, 2008 at the Institut Henri PoinéarParis. It is a report with a few additions

of our joint work [9].

Let G be a connected non-compact semisimple real Lie group with finite center
and K a maximal compact subgroup. We assuthto be linear and also assume,
although it is not essential, that bathand K have the same complex rank. Denote
the Lie algebras by, andg, respectively. We write

go = 0 © po, po = £
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for the corresponding orthogonal decomposition (Cartan decompositignith
respect to the Killing form. Lefl denote the Cartan involution. Note that the killing
form is positive definite orpy. Complexifications ofyg, €y are denoted by, ¢,
respectively.We may define the Clifford algebrapond the corresponding spin
representatiory of .

Given a Harish Chandra module, ®) of (g, K), there is a Dirac operator
D H®S — H®S defined by

Dr =Y m(X;) ®(X;)
J
where{ X} is an orthonormal basis ¢f, and~ is the Clifford multiplication onS.

J.-S. Huang and P. Patid [5] proved a remarkable result which marked a
revival of interest in the role of the Dirac operator in representation theory. Focus
on its role was a driving force starting from the 70&xy[1, 12, 15, 8, 16, 10, 11] to
mention a few - not to mention numerous authors who used Dirac inequality to treat
guestions of unitarizability, notably, [17, 18, 19, 20, 21]. This result of Huang and
Panai¢ was a proof of a conjecture of Vogan, relating the infinitesimal character
of an irreducible Harish Chandra moduteand an irreducible-type occurring
in the kernel of the formal Dirac operat®,, more precisely, not the kernel but
Ker(D)/(Ker(D) N Im(D)), the kernel modulo its intersection with the image of
D which is called Dirac cohomology. Kostant who had introduced the cubic Dirac
operator ([4, 6]) for a wide range of homogeneous spé&ted more general than
the Riemannian symmetric spac® K, realized the potential of the Huang and
Panai¢ result and obtained an analogous result ([7]) for the cubic Dirac operator.

In [9] we were motivated to view in a coherent way how the spaces of (rep-
resentation theoretic) harmonic spinors vary when the representation parameters
change in a coherent way.

We illustrate in the following context: let'(v) be the finite dimensional rep-
resentation ofy with highest weight/, with respect to some positive system. Let
{m(1)}.en be a coherent family of (virtual) representations(b{see [2]). Typ-
ically in a positive cone contained in the parameter spacéhis arises via the
Zuckerman translation functor

F)* ® w(u +v) — ()

of tensoring with an irreducible finite-dimensional module and projecting to the
central eigenspace corresponding to a shifted infinitesimal character.Fieye
denotes the contragredient representatiof @f).

Denote byW,, W, andWs the kernels of the Dirac operators associated with
Tutv, F(v)* andm, respectively.

The problem is to understand ho#/, W, andW; are related. For the case
of discrete series representations we illustrated this in [9, (Theorem 4.2)]. More
precisely, wherG has a compact Cartan subgroup, it is known that discrete se-
ries representations @f arise as a particular case of Enright-Varadaragjan)-
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modules ([3, 14]), wherds still denotes a maximal compact subgroup of max-
imal rank of G. Now assume thatr(u), H(p)) and (w(p + v), H(p + v)) are
two discrete series representationghfregarded agg, K )-modules, where: is
dominant integral regular andis dominant integral with respect to some positive
system ing. Standard inclusions of Verma modules fpgive rise to an inclusion
H(pn) — H(u+v)®F (v)which in turn gives rise to an includiqp : H(p)®S —
H(p +v) ® F(v) ® S. This commutes with thé -action on both sides. More-
over, we have & -homomorphismg : (H(p+v)® S)® (F(v)® S) ® S* —
H(p+v)® F(r)®S), by contracting the second factSrand the fifth factorS*.
The statement of [9, Theorem 4.2] is:

Theorem. p(Ker(Dy(,))) € B(Ker(Dy(y.)) @ Ker(Dp(y) @ S*).

In other words, one can relate Dirac spinors for an irreducible representation,
a finite dimensional irreducible representation and a third representation which is
related to the first two via a Zuckerman translation. We have used the Enright-
Varadarajan construction in the proof of this result for a description of the discrete
series representations. In this article, we extend those results to the case of gener-
alized Enright-Varadarajan modules [13] associated to arbitratable parabolic
subalgebras. We have also described the Dirac cohomology of these modules in-
cluding the non-unitary ones.

2. 0-Stable Parabolic Subalgebraq and Generalized Enright-Varadarajan
Modules

Recall that we assume th@thas finite center and has a compact Cartan subgroup.
As we have already mentioned, discrete series representations arise as a particu-
lar case of Enright-Varadarajan modules ([3, 14]). Recall that the Harish-Chandra
parameter of a discrete class representation is non-singular and integral (when the
group in question is the real form of a complex semi-simple Lie group). More gen-
erally, many of the cohomologically induced representatiégs\) arise as gener-
alized Enright-Varadarajan modules associated flestable parabolic subalgebra
[13]; the exact intersection of the two series of modules has not been written and it
would be interesting to describe the intersections. Both the constructions describe
the action of the centralizer &fin the enveloping algebra gfon a certain canon-

ical £-type, which ought to facilitate this identification in view of a very useful
powerful technical result of Harish-Chandra. Among the cohomologically induced
representationdy () the ones which havegy, £)-cohomology when tensored with

a finite dimensionap-module have non-singular integral infinitesimal character.
We now describe briefly the construction of generalized Enright-Varadarajan mod-
ules which have a non-singular integral infinitesimal characterq lbet ad-stable
parabolic subalgebra @f. Lett C q be a#-stable Borel subalgebra gf Fix a
f-stable Cartan subalgebraf g such that C v andb := ¢ N ¢ is a Cartan subal-
gebra oft. (Our equal rank assumption in fact implies that= ¢). Let P be the
correspondindé-stable) system of positive roots. Define a Borel subalgebod

t by ty = v N ¢. The corresponding positive system of rootg efith respect tdb
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is denotedr,. We shall denote by anddy the half-sums of? and P respectively.
Letq = [+ u be a Levi decomposition af so thatc C [. We can writeP as a
disjoint unionP = P U Py, so thatu is the sum of the root spaces corresponding
to roots in F,. Let . be a non-singular integral weight which is dominant with
respect toP. Let o be the unique element of the Weyl groly of g such that
o(P) = B U —PF,. Letoy be the unique element of the Weyl grouy of ¢ such
thatoy () = Pirk U —Funk- Consider the Verma modulg, p,(,,)—s for g with
highest weight () — ¢ with respect ta” and the Verma modul®, p (.5 for ¢
with F-highest weightr (1) — 0. Evidently, Vi p_»(,,)—s can be canonically iden-
tified with thel/(t)-module generated by the highest weight vectoVpp ;(,,)—s-
There is a uniquéX-dominant integral weighy such thatly p_;(.)—s € Vk,A.-
One hasox(n + &) — & = o(p) — 6. Thee-modulelf p ,, and theg-module
Vg, Po(u)—s €an both be simultaneously imbedded ig-moduleWy, ,, compatible
with the imbeddind/ p +(.)—s € Vk A» @nd having nice properties. Some of the
important properties of the inclusiof§ p,(,y—s € Wq, andV g, € Wy, are
the following (see [13]):

(i) Wy, has a unique irreducible quotiegimodule Dy, which is¢-finite,

(i) the irreducible finite dimension&tmodule F ,, with - highest weight;
occurs with multiplicity one inDg .,

(ii) if xp_, denotes the algebra homomorphism frofty)* into C defining the
scalar by whichu € 1/(g)* acts on the highest weight vector af p () s
then the same homomorphism gives the actiol @)* on £y ,, C Dg,..

Let /(-) denote the length function i} as a minimal product of simple re-
flections. Choose a reduced expressiQn= s - so -+ - s,,,. There is a chain of
imbeddings oft-Verma moduled’; C Vo C --- C V,,41 Which can be fit inside
the imbeddind’; = Vi p_ oy (n+00—o S Ve By = Vint1-

(iv) The above mentionggtmodule imbeddindy p 5 (,)—s € Wy, can be spread
to a chain ofg-module imbedding$l/; C W, C .- C W,,41 enlarging the
chain of¢-module imbeddingd; C Vo C -+ C V,,11. In other words,
Wy = ‘/97}370-(“),5, Wit = Wq# and we havéd/; C W;, Vi.

We denote by, the maximal propeg-submodule ol p ;(,,)—s5- Sinceo(p)
is non-singular, integral and dominant with respecttaJ — P, it is known that
Wy = 27 V4,P,s,0(u)—s- (S€€ [24]). The sum is over the simple rootsf

We can now state some additional properties of this chagmbdules con-
structed in [13]. Letp; be the simple root of defined so thas; = s4,,i =
1,2,--- ,m. Letm; be the 3-dimensional simple Lie algebra generated by the root
vectors oft corresponding t@;,i = 1,2,--- ,m.

(v) EachW; isU (ny)-free; herey is the sum of all rootspaces b€orresponding
to roots inF.
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(VI) Wi—l—l/Wi is ml--finite.

In [22, 23] Enright introduced a notion called the ‘completion functor’; this
takes place purely at the level of the three dimensional simple Lie algébrgn-
right devised the completion functor as a natural extension of the idea of building
W,;11 from W; and to refine the construction of the chain in [3] to make it more
transparent. He showed how the functorial properties of the completion functor im-
ply thatW;, 1 which is constructed disregarding thestructure ofi¥; but viewing
it as nothing more than am;-module does indeed possess a canorjaabdule
structure extending thg-modulelW; and compatible wih then;-module structure
of W;1. The following property of the inclusiol’; C W, is built in the defini-
tion of the completion functor:

‘Completion Property’ . Identify m; with sis. Consider thels-Verma module
inclusionV_,,_s C V,,. Then anysls-homomorphismV_,,_, — W; can be
extended uniquely t&, — W;. 1.

3. Statement of the Result

WhenG has a compact Cartan subgroup, which we assume to hold, in the special
case wherg = t, (i.e., the parabolic subalgebra is a Borel subalgebra) it is a result
due to Wallach ([14]) that thég, K')-module Dy ,, is isomorphic to the space of
t-finite vectors in a discrete class representatiotyatheny is dominant regular

with respect to the positive system whose root spaces together with the Cartan sub-
algebra span. Using analogous arguments as in Wallach [14] and noting that a
description of the action of the centralizer toin the enveloping algebra gf on

a canonicat-type is available for the construction of the modulgg,, as well as
Aq(X), asimilar identification can be shown to exist between the more gebgial

(for ; non-singular integral) associated té-atable parabolic subalgebyand the
cohomologically induced representatiasg (A) (having(g, £)-cohomology when
tensored with a suitable finite-dimensional module) associated to a rélatatlle
parabolic subalgebrg. The sole requirement that we should get the same canon-
ical ¢-type from the two constructions tells us hgvandg’ should be related and
simultaneously also hoyv and \ are related.

(3.1). Let v be P-dominant integral and’(v) the finite dimensional irreducible
representation fog with highest weight.. Sou + v is P-dominant and regular
and we have the irreduciblg, K)-modulesDq , and Dy .+, as above. We have a
canonical(g, K )-module inclusionp : Dq , — Dq .+, ® F(v)* which is a con-
sequence of the inclusion of Verma modulesgo¥y p ;(.)—s — Vg,po(utv)—s @
F(v)*. Inturn this gives rise to & -module inclusionps : Dq, ® S — Dgq 4, ®
F(v)* @ S. Moreover, we have amap: (Dq u4v ® S) @ (F(r)* @ S) @ S* —
Dq,u+v ® F(v)* ® S by contracting the second factSrand the fifth factorS™.

Now, we can state our result. Denote Wy, W, and Wy the kernels of the
Dirac operators associated withy, 1., F'(v)* and Dq , respectively. Denote by
Wi, (respWs) the subspace ofV}, (respWy), spanned by-types of B-highest¢
such that + oy is Wy-conjugate tq: + v, (respg).
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() Remark : For unitary representationd® = W. Folklore has it that probably
even for the non-unitary ones in the coherent continuation considered here, this
equality may have been noted somewhere in the literature; we have not come across
this explictly.

Our method gives a complete description (see Prop. 3.12 and remarks preced-
ing it) of W3 (hence, also ofV; by replacingu by 1 + v) without restricting to the
unitary case, which is used in the proof of the following result.

Theorem 1.We haveips(Ws) C (W1 @ Wa ® S*).

Proof: The method involves relating; andVs to the kernel of the Dirac operator
acting onVy p (y4)—5 @ S andVy p 5(,)—s ® S. (See 3.4, 3.5 and 3.7 below).

It is easy to describe the kernel of the Dirac operator acting’om*  S.
Using the formula for the square of the Dirac operator [12, Proposition 3.1], [17,
Lemma 2.5] and [12, Lemma 8.1] this kernel is thi&)-span ofr @ s wherez is
a B-highest weight vector of'(v)* with P-dominant weighto(—v) in the Weyl
group orbit of—v ands is a P-highest weight vector of an irreducible component
of S of weight—d, — w4.

Next, we describe (see 3.2, 3.3 and 3.6) some elements in the kernel of the Dirac
operatorDq .4, acting onDgq 1, ® S as in [9]. (Similar remarks foDg, ® S
will hold.) Later we use “Vogan’s Conjecture” (now a ‘Theorem’ due to Huang
and Pan#ic) which reads off the infinitesimal character of an irreducilgleX)-
module by looking at thé-highest weight of an irreducibletype in the kernel
of the Dirac operator for that module to complement this description and conclude
that there is nothing besides the elements in the kernel described this way.

(3.2). Lety’ be aB-highest weight vector of weight' in Vo, Po(utv)—5 @S
annihilated by the Dirac operator. Assume tat dy is oy ( Fx)-dominant and non-
singular. Lety be alx-dominant integral weight such that+ & € Wi (7' + ).
Then there is &-highest weight vectog of Wy .+, ® S of weight~ such that
U -y C U(E) - §. The existence of such a vector results by successively us-
ing the completion property (section 2) following through the chain of modules
Wi,i = 1,...,m+ 1. Suppose tha¥’ = y1,...,¥%i,...,Yms1 = ¥ are the suc-
cessive vectors obtained this way. THét)-modules generated by them gives a
chain of¢-Verma modules. Since the Dirac operator annihilatég(y'), property
(vi) (section 2) implies that/(m;)(y2) has finite image under the Dirac operator.
Property (v) (‘no torsion’) implies that this image has to be zero. Thus the Dirac
operator annihilate® (¢)(y2). By induction, one concludes thatgoes to zero un-
der the Dirac operator. Hence, also the imagé j in Dg .1, ® S'is in the kernel
of the Dirac operator. We apply these observations by making the simplest choice
fory'. Namely,y’ = x®s, wherez is the P-highest weight vector ofy p ;(,41)—s
of weighto (1 + v) — ¢ ands is the P-highest weight vector of of weightd — d.

(3.3). Lety be aFR-highest weight vector of weight' in Vg po(u)—s ® S
annihilated by the Dirac operator. Assume tat dy is oy ( Fx)-dominant and non-
singular. Lety be aP-dominant integral weight such thatt- ok € Wy - (7' + ).
Then there is aB-highest weight vectof of Wq,, ® S of weighty such that
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U(€) -y CU(E)-y. One can show that (hence, also its imaggin Dg , ® S) is in
the kernel of the Dirac operator. Apply these observations by chogsiagr ® s,
wherez is the P-highest weight vector of weight(u:) — § of Vg p 5,5 @ands is
the F-highest weight vector a$ of weightd — &. Note that if¢ is the B-highest
weight of this choice of/, then¢ + o = o (i) € Wy(p).

The statement analogous to Theorem 1 relatifgp, ;(,4.)—s © S) @ (F*(v) ®
S) ® S* and(Vy po(u)—s @ S), namely the fact that

(3.4). ps(¥) € B(y' ® Wa @ S*) is evident.

(3.5). Properties (v) and (vi) of the chaw; C W, C --- C W, and
the fact that the mapgs and 3 are restrictions of corresponding maps obtained
by changingi¥; to W,,, 11 imply (using 3.4) statements analogous to 3.4 relating
(Woptr ®8) ® (F*(v) ® S) @ S* and(Wy,, ® S) and these in turn can finally
be related tq Dq 1, ® S) ® (F*(v) ® S) ® S* and(Dg,, ® S).

We recall the last two properties of the chairgahoduledV;,i = 1,2, --- ,;m+
1 before the completion property -

(v) EachWV; isU (ny)-free; hereny is the sum of all rootspaces btorrespond-
ing to roots inkF.

(VI) Wi+1/Wi is m;-finite.

Having fixed a reduced expressioR = s; - s2- - s, define submodules
Wi, Wa,-- W, W andWx as in [13, 4.3] and [13, 4.5]. Let'; C V, C
-+ C Vi € Vg1 be achain of Verma modules fér Assume thal/; 1 /V;
is m;-finite. Letv,, 1 be a highest weight vector &f,,,; of weight s, 1 which
is B-dominant integral. Now assume thdt,, .; C W,,.1 So that for eachi =
1,---,m+1, V; CW;NV,,.1. We have the following important property which
tells us how to detect whethéf,, | is nonzero modVx by inspecting whether
V1 is nonzero modV,.

(vii) If Vi1 # 0 mod Wy, thenV; # 0 mod W,

For many of the properties of the chain of modules listed so far, only-the
module structure is relevant and the properties continue to hold when the chain
is replaced with a new one obtained by tensoring the original chain by a finite
dimensional-module. The completion property and properties (v),(vi) and (vii)
remain true even when the chainggmodulesi?; C --- C W,,,41 is replaced by
a new chain oft-modulesWW; ® F C --- C W,,41 ® F whereF' is any finite
dimensional-module. We will be interested in applying these properties to the
chainW; ® S C --- C W,,41 ® S, whereS§ is the spin module.

(3.6). Using (vii) we wish to construct more non-zero elements in the Dirac
kernel essentially via constructions similar to 3.2 and 3.3. Recalbitfatu P,) =
o(P) = P,U—P,. Write P' = P,U —P,. Let P, be a positive system in the root
systemA| = P,U— P, such thatP~x = P,~«. PutP = P\UP,. Note thatP, = P.
PutP’ = P,U—P,. Note thatP, = P} = oy(F) = PirkU—Pyrk. Chooser € Wy
such that (P) = P'. The crucial observation is that the irreducible quotients (as
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g-modules) ofVy p 5 (,)—s and ngﬁ(m_g are isomorphic. Both are isomorphic
to U(g) @ui(q) Mo(n)—s» WhereW, ;)5 is the finite-dimensional irreducible
module whose highest weight with respectRois (i) — 0 = o(p — §) — 24y.
(see [24]). Then the highest weight Bf ,(,)_s with respect toP iso(u) — o
which equalsz(u — 0) — 26y. We have a surjectio p, 5(.)—5 — Wi o(u)—s-
By lemma 9 in [3] theP~x highest weight vectofy of weighta(u — §) — 24y

in W) ,(,)—s can be pulled back to &k highest weight vector; of V| p, ,(,)—s-
We identify Vi p, 5()—s = {v € Vg pow-s | Xa-v = 0,Ya € B}. Then,
Xo 1 =0,Va € F.

Note thats — dy is the highest weight of an irreducibtetype in the spin mod-
ule S. Let S5_6, be a corresponding highest weight vector. By following the con-
struction outlined in 3.3 taking’ = v ® s;_; we gety € Wy, © S and its
image inDgq, ® S in the kernel of the Dirac operat@,, on Dy, ® S, one for
each choice ofP, as above. Note that if is the F-highest weight ofi, then
£+ 0k = o(p) € Wy(p). Thus all the elements constructed in this way/ii§
in fact belong to the subspad#’s. Further replacing. by i + v we get similar
elements in the kernel of the Dirac operator (which in fact ligAh) Dg 4., on
Dq,+v ® S asin 3.2, one for each choice B.

Since we are dealing with both ,,, ® S and Dy, © S we denote the vectors
7',y corresponding to the two cases with a subscript, in other wordg, by, 7,, .,
andy;ﬁ @H respectively. Similar to 3.4 and 3.5, it is evident that

(B.7)-¢5(),) € BT}, @ Wa @ S*)andps(y,) € BT, @ Wa ® S*)
Remark : For notational convenience, we denote the Dirac operatd¥’gp @ S

also byDy,,,. We do not need a separate notation for the Dirac operatbron S
as this is the restriction dg,,.

(3.8). Next, we will show that there are no elementsWy other than what
is in the linear span of the ones indicated above and furthermoré/thanaps
bijectively onto the Dirac cohomology db, ., using Vogan’s conjecture (see [5
pp.185,186], [25, Chap. 3]) relating Dirac cohomology and infinitesimal character.

Letz € Dq,, ® S and suppose thatis a non-zerd%-highest weight vector of
weight& in Wj, i.e., that§ + dx € Wy - n. By lemma 9 in [3] theF-highest weight
vectorz € Dq, ® S of weight{ can be pulled back to &-highest weight vector
z € Wy, ® S of weight¢. We observe that # 0 mod W, while, Dg ,zZ = 0 mod
Wx ® S. Consider the chain dfmodulesW; @ S C Wo® S--- CW; ® S C
o C W41 ®S. The intersection ofV; @ S(= Vo, Po(u)—s ® S) and thet-Verma
module generated bycontains the-Verma modulé p o, (¢+5,)—s Which is non-
zero modi¥y ® S. (See remark following property (vii)). We fix a non-zero highest
weight vectorz of Vi p o, (¢450)—s Of weighto (€ + dx) — dk.

We know that the weights of thg-Verma moduleV; p ,(,,)—s are of the form
o(u) — 6 — > ep Mo, Wherem,, are non-negative integers. L&%, P, have
the same meaning as in 3.6. For any siitthe weights of thgy-Verma module

Vy B.o(u)_s are of the formz(u) — 6 — 3° 5 mac, wherem,, are non-negative
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integers. The weights of the spin mod@da t-module) are of the form — §— <

A > for certain subsetd C P disjoint from B and< A >= ZaeA «. For the
same reason, for the positive systemsonsidered above (in particuld?y = F)
the weights of the spin modulg are also of the forna — 6y— < A > for certain
subsetsd C P disjoint from R. Both Vg p ()5 andVy 5 5, 5 have the same
irreducible quotient, namely/(g) ©/(q) Wi,o(.)—s @andz has a non-zero image in
this quotient.

() Remark : The following fact is clear from the above observations. For each
P, as above recall the vectgf described in the second paragraph of (3.6). Then,
(W1/Wy) ® S = the line spanned by the image 9f & subspace spanned by
weight vectors corresponding to weights different from that’ofMoreover, the
Dirac operato@Dyy, /y;,, annhilates the first summand and the imag®gf, /v, is
contained in the second summand.

(3.9). Let 3 be the weight of. Let P|, P, have the same meaning as in 3.6.
Then the obsevations in the paragraph preceding above remark imp|y #hat
is of the forma () — >° cp maa— < A >, wherem, (a € P) are non-negative
integers andd C P is a subset disjoint fronf. Furthermoreg + d = oy (£ + ).

(3.10). Since¢ + & € Wy - p it follows that 3 + & € Wy - . Sinceg + & is
dominant regular with respect #&, oy (£ + dk) (=0 + d) is dominant with respect
to ox(F). Sinceoy(F) = Pk U —Pynk, We note that? + ¢ is dominant regular
with respect taP~x U —Pyk.

(3.11). Let us now make a particular choice of the positive sysfrn (3.6).
ChooseP, C P, U —P, such that3 + & is dominant regular with respect 9.
Define two positive systemB and( as follows: as earlietP = P, U P, Q =
{a € (PU—-P) |+ d(c) > 0}. Again, following earlier notation, lef € 1
be the unique element such tlt?) = P,U—P,. From what we have said above,
we note

P U —Pyk U ?| - E(P) NnQ. (**)

The basic point isz (1) is dominant regular with respect & P), 8 + d is
dominant regular with respect{pand they are in the sam&jy orbit. This situation
forcesg + & = () + a negative integral combination @f P) N —Q. From ()
it is clear thate(P) N —@Q is disjoint from B, U —F U B U —A; this implies
a(P)Nn—-Q C —PF,. So,8+ & = a(u) + a non-negative integral combination
of roots in P,. Comparing this with 3.9, the non-negative integral combination in
the last sentence is null and the quantityy s ms,a— < A >in 3.9 is also
null (for the particularP; as in (3.11). In particular upto a non-zero scalar multiple
the vectorz in the second paragraph of (3.8) and the vector denotegl bythe
second paragraph of (3.6) (for the particular choicépfn (3.11)) coincide mod
Wy ® S. Hence the element € Dy, ® S in the Dirac kernel we started with
in the beginning of the second paragraph of (3.8) coincides upto a non-zero scalar
multiple with the element in the kernel of the Dirac operaly,, on Dq, ® S
constructed as indicated in (3.6) starting wijth
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(t1) Remark : It should be noted that the same arguments prove (using refjark (
above (3.9) and property (vii)) that¢ Dq ,(Dg,, ® S). ThusWs maps injectively
into the Dirac cohomology ab,,,,. But by Vogan’s conjecture ([5], [25, Chap. 3])
every element of the Dirac cohomology bf; , has a representative Ws.

() Remark : Let Vi be a finite-dimensional-type with F-highest weighte
occurring inDgq,, ® S such that + & is in the Wy-orbit of .. From the formula
for the square of the Dirac operator [12, Proposition 3.1] and [17, Lemma 2.5] itis
seen thaDy ,(Dq ;. (Vke)) = 0. If Dy, (Vi) # 0 it would contradict {1). Hence
we conclude thaDy , (Vi ) = 0. Bearing in mind that ouby , are not necessarily
unitary this phenomenon is noticeable.

This ends the discussion begun in 3.8 and culminates in the following result.

Proposition 3.12. Let v be af-stable Borel subalgebra af corresponding to a
positive systen®. Letq be af-stable parabolic subalgebra @fcontainingt. Fix

a Levi decomposition = [ @ u. Letu be a non-singular integral weight dominant
with respect toP. Let Dq, be the generalized Enright-Varadarajan module as
in [13]. Let A be the positive system of roots fircorresponding to thé&-Borel
subalgebra: N £. Leto be the unique element of the Weyl grdiip of g such that
o(P) = B U —P,. Letoy be the unique element of the Weyl grdiip of ¢ such
thatoy(F) = Pk U —Pyrk-

(i) The Dirac cohomology

Ker(Dq,.)/ (Im(Dq ) N Ker(Dg,p))

of Dy, as at-module has a decomposition

D Coitron-s)-

KE(Wi/Wink)

Here the sum is over in the Weyl group of such thatx<(P) O Px. The
representation )b is the irreducible finite-dimensional representa-

-1
oy ko (
tion of & with P-highest Weightfk_lm(u) — 0x. Each summand occurs with
multiplicity one.

(i) Let Wy, be the subspace of vectors Iy, ® S spanned by irreducible
finite-dimensionat-submodule$; . with P-highest weight such that -+
is Wy-conjugate tou. On this space the casimir operaté) of ¢ acts as
multiplication by the scalaff.||* — ||6k||>. Moreover,

Wo,u N Ker(Dgp) = We, N Kef(Dé,u) = Wau

and this space maps bijectively onto the Dirac cohomalogy
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