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Abstract We show that the restriction of the complementary series representations
of SO(n,1) to SO(m, 1) (m < n) contains complementary series representations
of SO(m, 1) discretely, provided that the continuous parameter is sufficiently close
to the first point of reducibility and the representationiéf the compact part of

the Levi- is a sufficiently small fundamental representation.

We prove, as a consequence, that the cohomological representation of degree
of the groupSO(n, 1) contains discretely, for < m/2, the cohomological repre-
sentation of degregof the subgrougpO(m, 1) if i < m/2.

As a global application, we show thatdf/Q is a semisimple algebraic group
such thatz(R) = SO(n, 1) up to compact factors, and if we assume that forall
the tempered cohomological representations are not limits of complementary series
in the automorphic dual o60(n, 1), then for alln, non-tempered cohomological
representations are isolated in the automorphic du@l. &fhis reduces conjectures
of Bergeron to the case tdmperedcohomological representations.

Key words Complementary series representations, the Selberg eigenvalue conjec-
ture, hyperbolic manifolds.

1. Introduction

A famous Theorem of Selberg [10] says that the non-zero eigenvalues of the Lapla-
cian acting on functions on quotients of the upper half pkabg congruence sub-
groupsof the integral modular group, are bounded away from zero, as the congru-
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ence subgroup varies. In fact, Selberg proved that every non-zero eigeiwailue
the Laplacian on functions dn\h, I' C SL,(Z), satisfies the inequality

A> 2
— 16

Selberg conjectured that in fagt > 1/4. The Selberg estimate has been
considerably improved by various authors: (Luo-Rudnick-Sarnak [9] showed that
A > 21/100; Kim-Shabhidi [7] improved this further).

A Theorem of Clozel [5] generalises this result to any congreunce quotient of
any symmetric space of non-compact typecifs a linear semi-simple group de-
fined overQ, I C GG(Z) a congruence subgroup aid= G(R)/K the symmetric
space ofGG, then nonzero eigenvaluésof the Laplacianacting on the space of
functions o™\ X satisfy:

A > e,

wheree > 0 is a numbeindependentof the congruence subgroilip

Analogous questions on Laplacians acting on differential forms of higher de-
gree (functions may be thought of as differential forms of degree zero) have geo-
metric implications for the cohomology of the locally symmetric space. Concern-
ing the eigenvalues of the Laplacian, Bergeron [2] has made the following conjec-
ture:
Conjecture 1. (Bergeron) LetX be the real hyperbolie-space and’ € SO(n, 1)
a congruence arithmetic subgroup. Then non-zero eigenvaloéshe Laplacian
acting on the spac@’(I'\ X) of differential forms of degreésatisfy:

A> e,

for somee > 0 is anindependentof the congruence subgrodp providedi is
strictly less than the “middle dimension (i< [n/2]).

If n is even, the above conclusion is conjectured to hold even=f [n/2]
= n/2. (Whenn is odd, there is a slightly more technical statement which we
omit).

(The book by Clozel and Bergeron ([1], Chapter 6) in fact gives very precise
conjectural estimates on the lower bounds for the eigenvalues analogous to the
Selberg conjecturg > 1/4; we understand that recent progress on the fundamental
lemma enables the authors to actually prove these estimates).

In the present paper, we show, for example, that if the above conjecture holds
true in themiddle degredor all even integers:, then the conjecture holds for
differential forms of arbitrary degrees (See Theorem 3). Forrgdtere is, again,

a more technical statement (see Theorem 3).

The main Theorem of the present paper is Theorem 1 on the occurrence of dis-
crete components in the restriction of certain complementary series representations
of SO(n,1)t0 SO(m, 1). The statement on Laplacians may be deduced (following
the strategy of Harris and Li [8] and Bergeron-Clozel [1]) from the main theorem,
using the Burger-Sarnak method [4].
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We now describe the main theorem more precisely. iLet [n/2] — 1 and
G = SO(n,1). Let P = M AN be the Langlands decomposition@f K C G
a maximal compact subgroup 6f containingM. Letp,; be the standard repre-
sentation ofd/ and A’ be itsi-th exterior power representation. Denoteddythe
character ofP acting on the top exterior power of the Lie algebraMof Consider
the representation -

mu(i) = Indg(N @ pp(a)”)

for0<u<1-— n2_i1. The representatiom/u(T) denotes theompletionof the space
m, of K-finite vectors with respect to th@-invariant metric onr,(¢), and is called
the complementary series representatiortorresponding to the representatioh
of M and the parameter.

Let H = SO(n — 1,1) be embedded idx such that? N H is a maximal
parabolic subgroup off, A C H, andK N H a maximal compact subgroup &f.

We now assume thatl; < u < 1 — 2. Letw = "=l theno < o/ <
1- ﬁQ. Denote byn’, thei-th exterior power of the standard representation of

MNH~O(n-2).
We obtain analogously the complementary series representation
ow (i) = Indpny (Ny @ PPmH(a)UI)v
of H. The main theorem of the paper is the following.
Theorem 1.If

<u<l 2i
u _
n—1 n—1

then the complementary series representatigr(i) occurs discretely in the re-

——

striction of the complementary series representatigfy) of G = SO(n, 1) to the
subgroupd = SO(n —1,1):

—_—

ow (i) C mu(i)1s0(n-1,1)-

Remark: The corresponding statement is false for the spack -fihite vectors
in both the spaces; this inclusion holds only at the level of completions of the
representations involved.

Denote byA;(n) the unique unitary cohomological representatiodzofrhich
has cohomology (with trivial coefficients) in degrgée As u tends to the limit
1- n2_il, the representations, (i) tend (in the Fell topology on the Unitary dual
@) both to the representatiofy, = A;(n) and toA; 1 = A;+1(n). Using this, and
the proof of Theorem 1, we obtain
Theorem 2. The restriction of the cohomological representatidsin) of SO(n, 1)
to the subgroup? = SO(n — 1, 1) contains discretely, the cohomological repre-
sentation4;(n — 1) of SO(n — 1,1):

Ai(n —1) C Ai(n)|s0(n—1,1)-
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Supose now that is a semi-simple linear algebraic group defined d@eand
Q-simple, such that

G[R) ~ SO(n,1)

up to compact factors (it = 7, we assume in addition thét is not the inner form
of some trialitarianD,4). Then there exists @-simpleQ-subgroupH; C G such
that

Hi(R) ~ SO(n—2,1),

up to compact factors.
Denote byG 4.+ the “automorphic dual” o5O(n, 1), in the sense of Burger-
Sarnak [4]. Supposd; = A;(n) is a limit of representations,, in GAut The

structure of the unitary dual &fO(n, 1) shows that this means thag, = m,,, (z)
; 22+2 we

will concentrate only on the first case, for ease of exposition).

Sincep,, = 7, (i) € G Aut, @ result of Burger-Sarnak [4] (in the reference
[4], the restrictionp,, | refers to the closure of the union of all the irreducibles of
H which occur weakly irp,, restricted toH, in the Fell topology on the unitary
representations aff ), implies that

pm|H C ﬁAut-
Applying Theorem 1 twice, we get
Om = Guy, (i) € pmli C Hau

Taking limits asm tends to infinity, we get;(n — 2) as a limit of representa-
tionso,, in HAut Therefore, the isolation of;(n) in GAut is reduced to that for
SO(n —2,1),---. We can finally assume that;(m) is a tempered representation
of SO(m, 1) Wherem = 24 or 2; + 1. This proves the following Theorem. O

Theorem 3. If for all m, thetemperedcohomological representatioA;(m) (i.e.
wheni = [m/2]) is not a limit of complementary series in the automorphic dual of
SO(m, 1), then for all integers:, and fori < [n/2], the cohomological represen-
tation A;(n) is isolated in the automorphic dual 610(n, 1).

We now sketch a proof of the Main Theorem. Detailed proofs will apprear
elsewhere.

The proof of Theorem 1 is somewhat roundabout and proceeds as follows.

(1) We first prove Theorem 1 when= 0; that is7, = 7,(¢) is an unramified
representation ang%l < u < 1. In this case, we get a model of the representation
7y by restricting the functions (sections of a line bundle)Y®fP to the big Bruhat
cell Nw ~ R"~! and taking their Fourier transforms. Tl& invariant metric is
particularly easy to work with on the Fourier transforms; it is then easy to see that
o €mbeds isometrically ifi,,. Denote this embedding hy.
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(2) When this is interpreted in the spatg of K-finite vectors, we have the
isomorphism of the intertwining mafy; (u):

Ig(u) : my =~ 7y = IndG(pp").

The restriction of the sections @/ P of the line bundle corresponding ta.,,
to the subspacé&/H N P is exactly the representation ./, which is isomorphic,
via the inverse of the intertwining map, namély(v’)~!, to o,,. The existence of
the embedding : 5,/ C 7, implies that the restriction map of sections

TeS : M_y—0_y,

is simply the adjoint/* of the embedding/, and is therefore, continuous for the
metric onm_,, ~ m, and ono_,» ~ o,

(2) TheK-irreducible representations occurringip are parametrised by non-
negative integersn, each ireducibléd/,, occurring with multiplicity one V,, is
isomorphic to the space of homogeneous harmonic polynomials of degme
the spherez /P ~ K/M): 7, = ®m>0Vin.

Similarly, we writes,, as a direct sum of irreduciblég; of K N H (indexed
again by non-negative integersy,, = @®;>oW;. Denote byV,, ; the isotypical
component ofi¥; in the restriction ofV},, to K N H (V,, restricted toK N H is
in fact multiplicity free). We have the restriction map = = Ind% (triv)—o =
Ind /24 (Triv). This maps/,; into ;. Set

1 7)) knn
RNl

We show that the continuity of the magps : =_,—o_, iS equivalent to the
statement that the series

C(m,1,0) =

l(n—2)u’

> C(m,1,0)———- < A, 1)

(n—1)u
m>1 m

whereA is a constant independent of the integer

The equivalence is proved by calculating the value of the intertwining operator
on eachK-type V,, (the operator acts by a scal&y,(u) as a ratio of values of
the classical Gamma function) and obtaining asymptoties &éands to infinity by
using Stirling’s approximation to the classical Gamma function.

Since, by the result quoted above, the restriction map is indeed continuous, the
estimate of equation (1) is indeed true.

(3) We now describe the proof of Theorem 1 in the ramified case. We have
analogously the restriction maps

ru(1) + Ty () =0 (4),

where again’ = % By the multiplicity one statement for irreducible

representations &8O(n — 1, 1) which are quotients of the representatian, (i),
it follows that Theorem 1 is equivalent to the continuity of the restriction map .
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As a K-module, againr, (i) is a direct sum of irreducibles parametrised by
non-negative integers and we can define the numbérs, [, i) analogous to the
definition of C(m,1,0) above. We prove analogously that the continuity of the
restrictionr,,(7) is equivalent to the estimate

(n—2)u’

N
Z C(m7 la Z)W < A7 (2)

m>1

whereA is a constant independent of then H “type” I. The proof of this equiv-
alence uses some precise estimates of the intertwining operators on the analogues
of the space¥/, in 7 (i) ~ Ind{ (A% (and on the analogues B, in o (i) which
is defined similarly tar (i) , but for the groupH).

(4) We prove that the estimate in equation (2) is indeed true, by analysing the
K-types occurring inr (i), and showing as a consequence that

C(m,1,1) <~C(m,1,0),

for some constant independent ofn, [. Since equation (1) is proved to be true, it
follows that equation (2) also is true. This proves Theorem 1 for arbifrary O
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