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Abstract We investigate the completeness and completions of the normed alge-
bras(D(1)(X), ‖ · ‖) for perfect, compact plane setsX. In particular, we con-
struct a radially self-absorbing, compact plane setX such that the normed algebra
(D(1)(X), ‖ · ‖) is not complete. This solves a question of Bland and Feinstein.
We also prove that there are several classes of connected, compact plane setsX for
which the completeness of(D(1)(X), ‖ · ‖) is equivalent to the pointwise regularity
of X. For example, this is true for all rectifiably connected, polynomially convex,
compact plane sets with empty interior, for all star-shaped, compact plane sets, and
for all Jordan arcs inC.

In an earlier paper of Bland and Feinstein, the notion of anF-derivative of a
function was introduced, whereF is a suitable set of rectifiable paths, and with it
a new family of Banach algebrasD(1)

F (X) corresponding to the normed algebras
D(1)(X). In the present paper, we obtain stronger results concerning the questions

whenD(1)(X) andD
(1)
F (X) are equal, and when the former is dense in the latter.

In particular, we show that equality holds wheneverX is ‘F-regular’.
An example of Bishop shows that the completion of(D(1)(X), ‖ · ‖) need not

be semisimple. We show that the completion of(D(1)(X), ‖ · ‖) is semisimple
whenever the union of all the rectifiable Jordan arcs inX is dense inX.

We prove that the character space ofD(1)(X) is equal toX for all perfect,
compact plane setsX, whether or not(D(1)(X), ‖ · ‖) is complete. In particular,
characters on the normed algebras(D(1)(X), ‖ · ‖) are automatically continuous.

Key words Normed algebra, differentiable functions, Banach function algebra,
completions, pointwise regularity of compact plane sets.
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1. Introduction

Throughout this paper, by acompact spacewe shall mean a non-empty, compact,
Hausdorff topological space; by acompact plane setwe shall mean anon-empty,
compact subset of the complex plane. Recall that such a set isperfectif it has no
isolated points.

Let X be a perfect, compact plane set, and letD(1)(X) be the normed algebra
of all continuously differentiable, complex-valued functions onX. These algebras
(and others) were discussed by Dales and Davie in [7]. We shall continue the study
of these algebras, concentrating on the problem of giving necessary and sufficient
conditions onX for (D(1)(X), ‖ · ‖) to be complete.

We shall see an interesting relationship between the geometry of a compact
plane setX and the properties of the normed algebra(D(1)(X), ‖ · ‖). For example,
it is shown in Corollary 9.5 that, for polynomially convex, geodesically bounded
(and hence connected), compact plane setsX, the normed algebra(D(1)(X), ‖ · ‖)
is complete if and only if the following condition (condition (9.4)) holds: for each
z ∈ X, there existsBz > 0 such that, for all polynomialsp and allw ∈ X, we
have

|p(z)− p(w)| ≤ Bz|p′|X |z − w| .
However, for many such setsX, it is far from easy to determine whether or not this
condition, which involves only polynomials, is satisfied. We conjecture that, for
each connected, compact plane setX with more than one point,(D(1)(X), ‖ · ‖)
is complete if and only ifX is pointwise regular. We shall prove that this is true
for a variety of somewhat exotic connected, compact plane sets. We shall also
describe some other connected, compact plane sets for which we have not been
able to determine whether or not this is the case.

In [3], the notion ofF-derivative was introduced in order to describe the com-
pletions of the spaces(D(1)(X), ‖ · ‖); hereF is a suitable set of rectifiable paths
lying in a compact plane setX. We shall remove an unnecessary restriction on
the sets of paths considered in [3]. We shall also introduce a generalization of the
standard notion of pointwise regularity for compact plane sets in order to further
strengthen some of the results of [3].

We shall then investigate further the completeness of the spaces(D(1)(X), ‖ · ‖)
for compact plane setsX, and discuss their completions. In particular, we shall an-
swer a problem raised in [3] by constructing a radially self-absorbing, compact
plane setX such that(D(1)(X), ‖ · ‖) is not complete.

2. Preliminary Concepts and Results

We begin with some standard terminology, notation, definitions and results. For
more details, the reader may wish to consult [6].

We denote the unit interval[0, 1] by I and the complex plane byC; the real line
isR, R+ = [0,∞), andR+• = (0,∞); we often identifyC with R2.

We denote byC(1)(R2) the algebra of functions fromR2 to C which have
continuous first-order partial derivatives onR2. We denote byZ the coordinate
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functional onC, z 7→ z, or the restriction of this function to some subset ofC.
Similarly we write1 for the function constantly equal to1.

We recall the following standard notation. Let(an) be a sequence inR+, and
let (bn) be a sequence inR+•. We write

an = O(bn)

if the sequence(an/bn) is bounded, and

an = o(bn) as n →∞
if an/bn → 0 asn →∞.

Let X be a compact space. We denote the algebra of all continuous, complex-
valued functions onX, with the pointwise algebraic operations, byC(X). For
f ∈ C(X), we denote the uniform norm off on a non-empty subsetE of X by
|f |E . Thus(C(X), | · |X) is a commutative Banach algebra; see [6,§4.2].

Definition 2.1. Let X be a compact space. Anormed function algebraon X
is a normed algebra(A, ‖ · ‖) such thatA is a subalgebra ofC(X), such thatA
contains the constants and separates the points ofX, and such that, for allf ∈ A,
we have‖f‖ ≥ |f |X . A Banach function algebraon X is a normed function
algebra(A, ‖ · ‖) on X such that(A, ‖ · ‖) is complete. Auniform algebraon X
is a Banach function algebraA on X such that the norm ofA is equivalent to the
uniform norm| · |X .

Of course, in the case where(A, ‖ · ‖) is a Banach algebra and a subalgebra of
C(X), it is automatic that‖f‖ ≥ |f |X for all f ∈ A.

Let A be a complex algebra. As in [6], the space of all characters onA is
denoted byΦA. If A is a normed algebra, the space of continuous characters onA
is ΨA; ΨA is a locally compact space with respect to the relative weak-∗ topology.
In the case whereA is a normed function algebra on a compact spaceX, we define

εx : f 7→ f(x) , A → C ,

for eachx ∈ X. Thenεx ∈ ΨA, and the mapx 7→ εx, X → ΨA, is a continuous
embedding. As in [6,§4.1], we say thatA is natural(onX) if this map is surjective.

The following result is due to Honary [12, Theorem].

Proposition 2.2.LetX be a compact space, and let(A, ‖ · ‖) be a normed function
algebra onX, with uniform closureB. ThenA is natural onX if and only if both
of the following conditions hold:

(a)B is natural onX;

(b) limn→∞ ‖fn‖1/n = 1 for eachf ∈ A with |f |X = 1. 2

We now discuss (complex) differentiability for functions defined on compact
plane sets.

Definition 2.3. Let X be a perfect, compact plane set. A functionf ∈ C(X) is
differentiable ata pointa ∈ X if the limit

f ′(a) = lim
z→a, z∈X

f(z)− f(a)
z − a

exists.
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We callf ′(a) the (complex) derivativeof f at a. Using this concept of deriva-
tive, we define the termsdifferentiable onX andcontinuously differentiable onX
in the obvious way, and we denote the set of continuously differentiable functions
onX by D(1)(X). Forf ∈ D(1)(X), set

‖f‖ = |f |X + |f ′|X .

Then(D(1)(X), ‖ · ‖) is immediately seen to be a normed function algebra onX.
We denote the completion of(D(1)(X), ‖ · ‖) by D̃(1)(X).

The normed function algebra(D(1)(X), ‖ · ‖) is often incomplete, even for
fairly nice setsX. For example, in [3, Theorem 3.5], Bland and Feinstein gave an
example of a rectifiable Jordan arcJ (as defined below) such that(D(1)(J), ‖ · ‖) is
incomplete. In the same paper it was shown [3, Theorem 2.3] that(D(1)(X), ‖ · ‖)
is incomplete wheneverX has infinitely many components; this last result was also
proved in [5, (3.1.10)(iii)]. We shall give several further examples and results later
when we investigate necessary and sufficient conditions for the completeness of
these normed algebras.

We now recall the standard definitions of pointwise regularity and uniform reg-
ularity for compact plane sets. We shall suppose that the reader is familiar with
the elementary results and definitions concerning rectifiable paths, including inte-
gration of continuous, complex-valued functions along such paths; for more details
see, for example, Chapter 6 of [1].

Definition 2.4. A path in C is a continuous functionγ : [a, b] → C, wherea
andb are real numbers witha < b ; γ is a pathfrom γ(a) to γ(b) with endpoints
γ− = γ(a) andγ+ = γ(b); in this case,γ− andγ+ areconnected byγ. We denote
by γ∗ the imageγ([a, b]) of γ. A subpathof γ is any path obtained by restricting
γ to a non-degenerate, closed subinterval of[a, b]. A path inC is admissibleif it is
rectifiable and has no constant subpaths. For a subsetX of C, apath inX is a path
γ in C such thatγ∗ ⊆ X. We also say that such a path isa path inX from γ− to
γ+, and thatγ− andγ+ areconnected inX byγ.

The length of a rectifiable pathγ will be denoted by|γ|. The length of a non-
rectifiable path is defined to be∞.

Note that we distinguish between a pathγ and its imageγ∗. This is because it
is possible for two very different paths to have the same image. There is a lack of
consistency in the literature over the usage of the terms ‘path’, ‘curve’, and ‘arc’.
For us, anarc in X is the image of anon-constantpath inX. A rectifiable arc inX
is the image of a non-constant, rectifiable path inX. A Jordan path inX is a path
γ in X such thatγ is injective; aJordan arc inX is the image of a Jordan path in
X. We define anadmissible arc inX andrectifiable Jordan arc inX similarly.

Let X be a compact plane set, and letz, w ∈ X with z 6= w. Suppose thatz
andw are connected inX by a pathγ. Then there is also a Jordan path inX from z
to w. This does not appear to be immediately obvious; see [8, Problem 6.3.12(a)].

Let γ be a non-constant, rectifiable path inC, with lengthL. Althoughγ need
not itself be admissible, nevertheless there is always a pathγ̃ : [0, L] → C such that
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γ̃ is admissible,̃γ has the same endpoints and image asγ, andγ̃ is parametrized
by arc length. (See, for example, [9, pp. 109–110]). Such a pathγ̃ is necessarily
Lipschitzian, with Lipschitz constant1, in the sense that|γ̃(s) − γ̃(t)| ≤ |s − t|
whenever0 ≤ s < t ≤ L. In particular,γ̃∗, and hence alsoγ∗, must have zero
area.

Recall that a pathγ = α + iβ (whereα andβ are real-valued) is rectifiable if
and only if bothα andβ are of bounded variation [1, Theorem 6.17]. In this case

∫

γ
f =

∫

γ
f(z) dz

is defined as a Riemann–Stieltjes integral for allf ∈ C(γ∗) [1, Theorems 7.27
and 7.50 (see also p. 436)].

Definition 2.5. Let X be a compact plane set, and letz, w ∈ X be points which
are connected by a rectifiable path inX. Then

δ(z, w) = inf{|γ| : γ is a rectifiable path from z to w in X}.
We callδ(z, w) thegeodesic distancebetweenz andw in X. The setX is rectifi-
ably connectedif, for all z andw in X, there is a rectifiable pathγ connectingz to
w in X.

Note that every rectifiably connected, compact plane set with more than one
point is perfect.

Suppose thatX is rectifiably connected. Thenδ is certainly a metric onX, and
it is well-known that the infimum in the definition ofδ is always attained. Thus, for
each pair of distinct pointsz, w ∈ X, there is a rectifiable pathγ connectingz to w
in X such that|γ| = δ(z, w). In this case it is clear thatγ is a Jordan path inX.

A rectifiably connected, compact plane setX is geodesically boundedif X is
bounded with respect to the metricδ. In this case thegeodesic diameterof X is
defined to be

sup{δ(z, w) : z, w ∈ X} .

Easy examples show that rectifiably connected, compact plane sets need not be
geodesically bounded.

Definition 2.6. Let X be a compact plane set. Forz ∈ X, the setX is regular atz
if there is a constantkz > 0 such that, for everyw ∈ X, there is a rectifiable path
γ from z to w in X with |γ| ≤ kz|z − w|.

The setX is pointwise regularif X is regular at every pointz ∈ X, andX is
uniformly regularif, further, there is one constantk > 0 such that, for allz andw
in X, there is a rectifiable pathγ from z to w in X with |γ| ≤ k|z − w|.

Note that every convex, compact plane set is obviously uniformly regular and
every pointwise regular, compact plane set is geodesically bounded.

Dales and Davie [7, Theorem 1.6] showed that(D(1)(X), ‖ · ‖) is complete
wheneverX is a finite union of uniformly regular, compact plane sets. However,
as observed in [5] and [13], the proof given in [7] is equally valid for pointwise
regular, compact plane sets. This gives the following result.
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Proposition 2.7. Let X be a finite union of pointwise regular, compact plane sets.
Then(D(1)(X), ‖ · ‖) is complete. 2

One purpose (unfortunately not achieved) of the present paper is to decide
whether or not the converse of Proposition 2.7 holds true.

Note that whenever aconnectedcompact, plane setX is a finite union of point-
wise regular, compact plane sets,X itself is already pointwise regular. The corre-
sponding statement concerning uniform regularity is, however, false.

Definition 2.8. Let (X, d) be a compact metric space with more than one point.
Then a functionf ∈ C(X) belongs to theLipschitz space, Lip X, if

p(f) := sup
{ |f(z)− f(w)|

d(z, w)
: z, w ∈ X, z 6= w

}
< ∞ .

It is standard thatLipX is, in fact, a natural Banach function algebra onX
with respect to the norm‖ · ‖ given by

‖f‖ = |f |X + p(f) (f ∈ LipX) .

For details of these algebras, and of their relativeslipX, see for example [6,§4.4]
and [19].

Let X be a compact plane setX. We giveX the usual Euclidean metric

d(z, w) = |z − w| (z, w ∈ X) ,

and define the Banach function algebraLipX accordingly. Now suppose, in addi-
tion, thatX is rectifiably connected. Then it is noted in [7, Lemma 1.5(i)] that

|f(z)− f(w)| ≤ δ(z, w)
∣∣f ′∣∣

X
(z, w ∈ X, f ∈ D(1)(X)) .

Thus, in the case whereX is uniformly regular,D(1)(X) is a closed subalgebra of
(LipX, ‖ · ‖).

We now recall the definitions of the uniform algebrasP (X), R(X), andA(X)
for compact plane setsX, and some standard results concerning these algebras. We
refer the reader to [6,§4.3], [11, Chapter II] and [7] for further details.

Let X be a compact plane set. Thepolynomially convex hullof X, denoted by
X̂, is the complement of the unbounded component ofC \X. Theouter boundary
of X is the boundary of̂X. The setX is polynomially convexif C\X is connected.
The spaces of restrictions toX of the polynomial functions and of the rational func-
tions with poles offX are denoted byP0(X) andR0(X), respectively. The clo-
sures of these spaces in(C(X), | · |X) are the uniform algebrasP (X) andR(X),
respectively. The algebraR(X) is always natural; the character space ofP (X) is
identified withX̂, and soP (X) is natural if and only ifX = X̂, i.e., if and only if
X is polynomially convex.

For a non-empty, open subsetU ofC, we writeO(U) for the algebra of analytic
functions onU .
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Let X be a compact plane set. We denote byO(X) the set of restrictions to
X of functions which are analytic on some neighbourhood ofX. Thusg ∈ O(X)
if and only if there are an open neighbourhoodU of X and a functionf ∈ O(U)
with f |X = g.

Now let X be a compact plane set with interiorU . ThenA(X) is the uniform
algebra of all continuous functions onX such thatf | U ∈ O(U). By a theorem of
Arens (see [6, Theorem 4.3.14] or [11, Chapter II, Theorem 1.9]),A(X) is a natural
uniform algebra onX. It may be thatR(X) ( A(X) (see [11, Chapter VIII,§8]);
howeverR(X) = A(X) wheneverC \X has only finitely many components. Let
A be a uniform algebra onX with R(X) ⊆ A ⊆ A(X). Then we do not know
whether or notA is necessarily natural; if this were always the case, then some of
our later open questions would be easily resolved.

In the case whereX is polynomially convex, Mergelyan’s theorem [11, Chap-
ter II, Theorem 9.1] tells us thatP (X) = A(X). In particular, whenX is polyno-
mially convex and has empty interior, we haveP (X) = C(X). (This latter fact is
Lavrentiev’s theorem [11, Chapter II, Theorem 8.7].)

We conclude this section by recalling the definition of some related spaces
which were discussed in [3].

Note that it is obvious that wheneverX is a compact plane set such thatintX
is dense inX, thenX is perfect.

Definition 2.9. Let X be a compact plane set such thatintX is dense inX. Set
U = intX. ThenA(1)(X) is the set of functionsf in A(X) such that(f |U )′

extends continuously to the whole ofX. In this case we set

‖f‖ = |f |X + |f ′|U (f ∈ A(1)(X)) .

ClearlyD(1)(X) ⊆ A(1)(X), and(A(1)(X), ‖ · ‖) is a normed function algebra
on X. Moreover, it is easy to see that(A(1)(X), ‖ · ‖) is complete, and hence a
Banach function algebra onX.

In the following sections, we shall discuss the relationships between all of the
algebras so far discussed.

3. Inclusion Relationships between the Algebras

Let X be a perfect, compact plane set. Certainly we have the inclusions

P0(X) ⊆ R0(X) ⊆ O(X) ⊆ D(1)(X) ⊆ A(X) .

In particular,(Z − w1)−1 belongs toD(1)(X) wheneverw ∈ C \X.
It is an elementary consequence of Runge’s theorem [4, p. 35] that the closures

of R0(X) andO(X) in (D(1)(X), ‖ · ‖) are always the same. Similarly, ifX is
polynomially convex, then both of these‖ · ‖-closures are equal to the closure of
P0(X) in (D(1)(X), ‖ · ‖). (Part of this was noted on page 106 of [3]).

We do not know whether or not we always haveD(1)(X) ⊆ R(X). Nor do
we know whether or notR0(X) is always dense in(D(1)(X), ‖ · ‖). Since we have
D(1)(X) ⊆ A(X), clearlyD(1)(X) ⊆ R(X) wheneverR(X) = A(X).
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We do have the following easy result from [7, Lemma 1.5].

Proposition 3.1.LetX be a uniformly regular, compact plane set. Then the inclu-
sionD(1)(X) ⊆ R(X) holds. 2

Theorem 3 of [14] appears to claim thatD(1)(X) ⊆ R(X) for each perfect,
compact plane set, or perhaps for each perfect, compact plane setX such thatX
is pointwise regular. However the proof is based on an invalid use of Whitney’s
extension theorem [16, Chapter I, Theorem 3.2] in an attempt to show that every
function inD(1)(X) has an extension which lies inC(1)(R2). (Here we are identi-
fying C with R2 in the usual way.) The following example, which is a modification
of [3, Example 2.4], shows that functions inD(1)(X) need not have such exten-
sions, even in the case whereX is a pointwise regular Jordan arc.

Figure 1: The arcJ constructed in Theorem 3.2 (not to scale)

Theorem 3.2. There exist a pointwise regular Jordan arcJ and a functionf in
D(1)(J) such that there is no functionF in C(1)(R2) with F |J = f .

Proof : An example of such an arcJ is shown in Figure 1, above.
Forn ∈ N, set

zn = xn = 2−n , z′n = 2−n − 2−3n ,

and
wn = 2−n + 2−n i , w′n = 2−n − 2−3n + 2−n i .

Note that we have

z′n = zn − 2−3n = xn − 2−3n , wn = zn + 2−n i ,
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and
w′n = z′n + 2−n i = wn − 2−3n .

Let Jn be the Jordan arc made up of the four straight lines joining, successively,
zn, wn, w′n, z′n, andzn+1. It is clear that we may obtain a pointwise regular Jordan
arcJ by gluing together all of the arcsJn (n ∈ N), and then adding in the point0.

For n ∈ N, setcn = xn/n. We nowclaim that there existsf ∈ D(1)(X) such
that, for alln ∈ N, f(zn) = cn while f(z′n) = cn+1. This may be achieved by
settingf(0) = 0, and definingf on eachJn separately as follows. Forn ∈ N, let
Vn be the straight line joiningzn to wn. For z ∈ Jn \ Vn, setf(z) = cn+1. For
z = xn + iy ∈ Vn, setf(z) = a + b cos(2nπy), wherea = (cn + cn+1)/2 and
b = (cn − cn+1)/2. It is now easy to check thatf satisfies the conditions of the
claim.

Obviously, the restriction toJ of any function inC(1)(R2) must be inLip J .
However, we have

|f(zn)− f(z′n)|
|zn − z′n|

=
cn − cn+1

2−3n
= 22n−1 n + 2

n(n + 1)
→∞ as n →∞ ,

and so these quotients are unbounded. Thusf is not inLip J , and it follows thatf
has no extension inC(1)(R2), as required. 2

Of course, for the arcJ constructed in Theorem 3.2, we do have

D(1)(J) ⊆ P (J) = R(J) = C(J) .

LetX be a compact plane set with dense interior. It is obvious that the inclusion
D(1)(X) ⊆ A(1)(X) is an isometric inclusion of(D(1)(X), ‖ · ‖) in the normed al-
gebra(A(1)(X), ‖ · ‖). Thus the completion of(D(1)(X), ‖ · ‖), namelyD̃(1)(X),
is just the‖ · ‖-closure ofD(1)(X) in A(1)(X).

We do not know whether or not we always haveA(1)(X) ⊆ R(X). However,
it is obvious thatA(1)(X) ⊆ A(X), and so we haveA(1)(X) ⊆ R(X) whenever
R(X) = A(X). We shall see later, in Theorem 8.1, thatD(1)(X), and hence also
R0(X), need not be dense in(A(1)(X), ‖ · ‖).

4. Naturality

We next show thatD(1)(X) is natural for every perfect, compact plane setX. In
addition, every character on(D(1)(X), ‖ · ‖) is continuous. The elementary proof is
based on the method used by Jarosz in [15] to prove that a certain Banach function
algebraLipHol(X,α) is natural.

Theorem 4.1. Let X be a perfect, compact plane set, and letA be the normed
function algebra(D(1)(X), ‖ · ‖). ThenA is natural onX, andΦA = ΨA.

Proof : Let ϕ ∈ ΦA, and setw = ϕ(Z). Thenϕ(Z − w1) = 0, and soZ − w1 is
not invertible inA. SinceR0(X) ⊆ A, it follows thatw ∈ X.

We shall show thatϕ = εw. To see this, it is sufficient to prove the inclusion
ker εw ⊆ kerϕ. Takef ∈ A with f(w) = 0. Sincef is differentiable atw, there
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is a positive constantC such that, for allz ∈ X, we have|f(z)| ≤ C|z − w|. It
is now easy to see thatf3 = (Z − w)g for a (unique) functiong ∈ D(1)(X) (with
g(w) = g′(w) = 0). This gives

(ϕ(f))3 = ϕ(f3) = ϕ(Z − w)ϕ(g) = 0 ,

and soϕ(f) = 0. The result follows. 2

Let X be a perfect, compact plane set with dense interior. We do not know
whether or notA(1)(X) is always natural. Letf be a function inA(1)(X) with
|f |X = 1. We see that1 ≤ ‖fn‖ ≤ 1 + n|f ′|X = O(n), and so it follows that

limn→∞ ‖fn‖1/n = 1. Thus, by Proposition 2.2,A(1)(X) is natural if and only if
its uniform closure is natural. Clearly this is the case wheneverR(X) = A(X).

5. F-derivatives

We noted earlier that, wheneverX is a compact plane set with dense interior,
D̃(1)(X) is the‖ · ‖-closure ofD(1)(X) in A(1)(X). The condition thatintX be
dense inX is too restrictive for our purposes, and so we now introduce a new class
of compact plane sets.

Definition 5.1. Let X be a compact plane set. ThenX is semi-rectifiableif the
union of all the rectifiable Jordan arcs inX is dense inX.

Clearly every semi-rectifiable, compact plane set is perfect.
Although an admissible arc need not be a Jordan arc, it is nevertheless easy to

see that a compact plane set is semi-rectifiable if and only if the union of all the
admissible arcs inX is dense inX. In view of our earlier comments, this condition
is also equivalent to the condition that the union of all the rectifiable arcs inX be
dense inX.

We now define another new term, ‘effective’. This is a modification of the term
‘useful’, which was introduced in [3]. In particular, we shall replace the restriction
that the (rectifiable) paths in the family be Jordan paths by the weaker condition that
they be admissible. We discuss the implications of this below. However, we also
restrict attention to the case where the union of the images of the given (rectifiable)
paths is dense inX; this was not included in the definition of the term ‘useful’ in
[3]. Note that this is only possible for semi-rectifiable, compact plane setsX.

Definition 5.2. Let X be a compact plane set, and letF be a family of paths inX.
ThenF is effectiveif each path inF is admissible, if each subpath of a path inF
belongs toF , and if the union of the images of the paths inF is dense inX.

The next definition is as in [3].

Definition 5.3. Let X be a compact plane set, letF be a family of rectifiable paths
in X, and letf, g ∈ C(X). Theng is anF-derivativeof f if, for all γ ∈ F , we
have ∫

γ
g = f(γ+)− f(γ−) .

We define

D
(1)
F (X) = {f ∈ C(X) : f has anF-derivative inC(X)} .
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We are interested mostly in the case whereF is effective. In this case it is easy
to show thatF-derivatives are unique.

We now revisit the theory ofF-derivatives, as introduced in [3]. It was rela-
tively easy to prove the product rule forF-derivatives [3, Theorem 4.9] whenF
is useful by using polynomial approximation on each of the Jordan arcs involved.
We shall show in Theorem 5.5 below that the product rule remains valid whenF is
effective.

First we give a lemma concerningD(1)(X), based on part of [3, Theorem 4.17].

Lemma 5.4Let X be a perfect, compact plane set, and suppose thatF is a set of
rectifiable paths inX.

(i) Letf ∈ D(1)(X). Then the usual derivativef ′ is also anF-derivative off .

(ii) Letf1, f2 ∈ D(1)(X). Thenf1f
′
2 + f ′1f2 is anF-derivative off1f2.

Proof : Since the product rule is valid forD(1)(X), the result follows from the
fundamental theorem of calculus for rectifiable paths [3, Theorem 3.3]. 2

Note that the above lemma applies, in particular, to functions inR0(X). Using
this, together with rational approximation and the method of repeated bisection, we
can now prove our new version of the product rule forF-derivatives.

Theorem 5.5.LetX be a semi-rectifiable, compact plane set, and suppose thatF
is an effective family of paths inX. Letf1 and f2 in D

(1)
F (X) haveF-derivatives

g1 andg2, respectively. Thenf1g2 + g1f2 is anF-derivative off1f2.

Proof : Seth = f1g2 + g1f2 andH = f1f2. Assume, for contradiction, that the
result is false. Then there is a pathγ ∈ F such that

∫

γ
h 6= H(γ+)−H(γ−) .

It is clear that we may suppose thatX = γ∗ and thatF consists ofγ and all its
subpaths. Sinceγ is rectifiable, the area ofX is 0. By the Hartogs–Rosenthal
theorem [11, Corollary II.8.4],R(X) = C(X). Moreover, by various types of
scaling, we may suppose that|γ| = 1 and that each of the four functionsf1, g1, f2,
andg2 have uniform norm at most1/16. Set

C =
∣∣∣∣
∫

γ
h− (

H(γ+)−H(γ−)
)∣∣∣∣ > 0 ,

and then setε = min{C/2, 1/16}. For j ∈ {1, 2}, choose a rational functionrj

with poles offX such that|rj − gj |X < ε.
By an obvious repeated bisection method, we find nested decreasing subpaths

γn of γ with |γn| = 2−n and such that
∣∣∣∣
∫

γn

h− (
H(γ+

n )−H(γ−n )
)∣∣∣∣ ≥

C

2n
(n ∈ N) .
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There exists a (unique) pointa in
⋂

n∈N γ∗n. Choose an open diskD centred ona
on which bothr1 andr2 are analytic. For eachj = 1, 2, choose an analytic anti-
derivativeRj of rj on D such thatRj(a) = fj(a), and then choosen ∈ N large
enough thatγ∗n is contained inD. Then it follows easily that

|Rj − fj |γ∗n <
ε

2n
(j = 1, 2) .

Setr = R1r2 + r1R2 andR = R1R2. By the preceding lemma,

∫

γn

r = R(γ+
n )−R(γ−n ) .

However, easy calculations show that|R −H|γ∗n < ε/2n+2 and|r − h|γ∗n < ε/2,
from which we see that ∣∣∣∣

∫

γn

h−
∫

γn

r

∣∣∣∣ <
ε

2n+1

and ∣∣(H(γ+
n )−H(γ−n )− (R(γ+

n )−R(γ−n ))
∣∣ <

ε

2n+1
.

This quickly leads to a contradiction of the choice ofγn. Hence the result follows.2

Let X be a semi-rectifiable, compact plane set, and suppose thatF is an ef-
fective family of paths inX. As observed above,F-derivatives are unique in this
setting, and so we may denote theF-derivative of a functionf ∈ D

(1)
F (X) by f ′.

Forf ∈ D
(1)
F (X), set

‖f‖ = |f |X + |f ′|X .

Theorem 5.6. Let X be a semi-rectifiable, compact plane set, and suppose that
F is an effective family of paths inX. Then(D(1)

F (X), ‖ · ‖) is a Banach function
algebra onX containingD(1)(X) as a subalgebra.

Proof : Let f1, f2 ∈ D
(1)
F (X). By Theorem 5.5, we havef1f2 ∈ D

(1)
F (X) and

(f1f2)′ = f1f
′
2 + f ′1f2. It follows immediately that‖f1f2‖ ≤ ‖f1‖‖f2‖, and so

(D(1)
F (X), ‖ · ‖) is a normed algebra.

Let (fn) be a Cauchy sequence in(D(1)
F (X), ‖ · ‖). Then(fn) and (f ′n) are

Cauchy sequences in(C(X), | · |X), and so they converge uniformly onX, say
fn → f andf ′n → g asn →∞.

For eachγ ∈ F , we have
∫

γ
g = lim

n→∞

∫

γ
f ′n = lim

n
(fn(γ+)− fn(γ−)) = f(γ+)− f(γ−) ,

and sof ∈ D
(1)
F (X) with f ′ = g. Thus(D(1)

F (X), ‖ · ‖) is complete.

Finally, it follows from Lemma 5.4(i) thatD(1)(X) ⊆ D
(1)
F (X). 2
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Note that the inclusion map fromD(1)(X) to D
(1)
F (X) is obviously isometric

here.
Easy examples, such as [3, Example 5.2], show thatD

(1)
F (X) need not be con-

tained inA(X) in this setting.

We do not know whether or notD(1)
F (X) is natural wheneverF is effective.

However, as forA(1)(X) above,D(1)
F (X) is natural onX if and only if the uniform

closure ofD(1)
F (X) is natural onX.

6. The Completion of(D(1)(X), ‖ · ‖)
In this section we shall discuss the completion,D̃(1)(X), of (D(1)(X), ‖ · ‖).

We first give an example to show thatD̃(1)(X) need not be semisimple.
Recall that, for each compact spaceX, the semi-direct productC(X)nC(X)

is a Banach algebra for the product given by

(f1, f2)(g1, g2) = (f1g1, f1g2 + f2g1) (f1, f2, g1, g2 ∈ C(X))

and the norm given by

‖(f, g)‖ = |f |X + |g|X (f, g ∈ C(X)) .

The radical of this algebra is{0}nC(X), a nilpotent ideal of index2. In particular,
C(X)n C(X) is not semisimple.

Proposition 6.1.LetX be a perfect, compact plane set. Then the map

ι : f 7→ (f, f ′) , D(1)(X) → C(X)n C(X) ,

is an isometric algebra embedding, and̃D(1)(X) may be identified with the closure
in C(X)n C(X) of ι(D(1)(X)).

Proof : This is immediate; it was noted in [5, pp. 53–54] 2

Example 6.2. [5, Example 3.1.10(ii)] In [2], Bishop gave an example of a Jordan
arcJ in the plane with the property that the image under the above embeddingι of
the set of polynomial functions is dense inC(J) n C(J). It follows immediately
from this thatD̃(1)(J) is equal toC(J) n C(J). As observed above, this algebra
is not semisimple. 2

There are no non-constant, rectifiable paths in Bishop’s arcJ . This is not too
surprising in view of our next result.

Theorem 6.3. Let X be a semi-rectifiable, compact plane set. ThenD̃(1)(X) is
semisimple.

Proof : Let F be the family of all admissible paths inX. ThenF is effective. By
Theorem 5.6,D(1)

F (X) is a Banach function algebra, and we can regardD̃(1)(X)
as the closure ofD(1)(X) in D

(1)
F (X). From this, it is immediate that̃D(1)(X) is

semisimple. 2
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We do not know whether or not̃D(1)(X) is always equal toD(1)
F (X) under the

conditions of Theorem 6.3, withF equal to the family of all admissible paths inX.
Nor do we know, in this setting, whether or not the completeness of(D(1)(X), ‖ · ‖)
implies thatD(1)(X) = D

(1)
F (X). However, if we assume merely thatF is effec-

tive, then [3, Example 5.2] shows that it is possible forD(1)(X) to be complete

without havingD(1)(X) = D
(1)
F (X). Nevertheless, in the next section we shall

see that it can be useful to work with effective familiesF which are somewhat
smaller than the family of all admissible paths inX.

7. F-Regularity

Several results concerning the relationship betweenD(1)(X) andD
(1)
F (X) were

obtained in [3] under a variety of conditions onF . We wish to simplify the condi-
tions considered, while at the same time strengthening these results. To do this we
introduce the notion ofF-regularity.

Definition 7.1. Let X be a semi-rectifiable, compact plane set, and suppose thatF
is an effective family of paths inX. ThenX isF-regular ata pointz ∈ X if there
is a constantkz > 0 such that, for everyw ∈ X, there is a pathγ ∈ F joining z to
w with |γ| ≤ kz|z − w|.

The compact plane setX isF-regular if X isF-regular at every point ofX.
It is clear thatF-regularity implies pointwise regularity. The main gain in the

following result over [3, Theorem 5.1] is that the earlier requirement thatF should
‘include all short paths’ may now be removed.

Theorem 7.2.LetX be a semi-rectifiable, compact plane set, and suppose thatF
is an effective family of paths inX such thatX isF-regular. Then

D(1)(X) = D
(1)
F (X) .

Proof : The proof is essentially the same as that of [3, Theorem 5.1], with some
very minor modifications. 2

Remark 7.3. SinceF-regularity implies pointwise regularity, we already know
under these conditions that(D(1)(X), ‖ · ‖) is complete. The content of The-

orem 7.2 is that we actually have equality betweenD(1)(X) andD
(1)
F (X).

We now wish to investigate the connections betweenD(1)(X), A(1)(X) (as

discussed earlier), andD(1)
F (X) in the case whereintX is dense inX andF is

an appropriate effective family of paths inX. First we look more closely atF-
differentiation and subpaths of a path.

Lemma 7.4. Let Γ : [a, b] → C be a rectifiable path, and letf, g ∈ C(Γ∗). LetI
be the set of all non-degenerate closed subintervalsJ of [a, b] such that, for every
subpathγ of Γ|J , we have

∫

γ
g = f(γ+)− f(γ−) .
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SetE =
⋃ I (the union of all the intervals inI). ThenI andE have the following

properties.

(i) Let I andJ be inI with I ∩ J 6= ∅. ThenI ∪ J ∈ I.

(ii) EveryJ ∈ I is contained in a unique maximal element ofI (with respect to
set inclusion).

(iii) The maximal elements ofI partition E.

(iv) Taking interior relative to[a, b], the subset[a, b]\intE has no isolated points,
and hence is perfect wheneverE 6= [a, b].

(v) EitherE = [a, b] or [a, b] \E is uncountable.

Proof : (i) This is essentially immediate from the definitions.

(ii) Take J ∈ I, and letc ∈ intJ . Setb′ = sup{d ∈ [a, b] : [c, d] ∈ I} and
a′ = inf{d ∈ [a, b] : [d, c] ∈ I}. Then it is easy to see thata′ < c < b′ and
that [a′, c] and[c, b′] are both inI, whence (by (i))[a′, b′] ∈ I. It is now clear that
[a′, b′] is the desired maximal element ofI.

(iii) This is clear from (i) and (ii).

(iv) This follows quickly from the well-known fact that, if an open interval in
R is contained in a countable disjoint union of compact intervals, then it must be
entirely contained in one of the compact intervals.

(v) Assume, for contradiction, that[a, b]\E is countable and non-empty. Then,
because of the nature ofE, the set[a, b] \ intE would also be countable. This con-
tradicts the fact that no non-empty, countable, compact subset ofR can be perfect.
The result follows. 2

The following example shows thatE may be dense in[a, b], and yet not equal
to [a, b]. Recall that we denote the unit interval[0, 1] by I.
Example 7.5.Consider the ‘identity path’Γ : I→ C, i.e.,

Γ(t) = t (t ∈ I) .

Let f be the standard Cantor function onI, and letg be the zero function onI,
so thatf, g ∈ C(I). Then it is easy to see that the setE from the preceding
lemma is simply the union of the closures of the complementary open intervals of
the Cantor set. In particular,E is dense in, but not equal to,I. The complement
of E is uncountable, nowhere dense, and has Lebesgue measure0. However, by
modifying the Cantor set in a standard way, we may arrange that the complement
of E be uncountable, nowhere dense, and have positive Lebesgue measure.2

In [3, Lemma 5.3] it was shown that, in the case whereF is the set of all
rectifiable Jordan paths in a compact plane setX, D

(1)
F (X) ⊆ A(X). However, in-

vestigation of the proof reveals that it is only necessary forF to include sufficiently
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many admissible paths inintX. For example, by Theorem 7.2, it is enough if, for
every compact discD ⊆ intX, D isFD-regular, whereFD denotes the set of paths
in F whose images are contained inD. Moreover, in this case,F-derivatives of
functions inD

(1)
F (X) agree with the usual derivatives of these functions onintX.

We are now ready to establish a result connecting the spacesD(1)(X), A(1)(X),
andD

(1)
F (X).

Theorem 7.6.Let X be a compact plane set such thatintX is dense inX. LetF
be the set of all admissible pathsγ in X such that the complement ofγ−1(intX)
is countable. ThenD(1)

F (X) is equal toA(1)(X). If X is F-regular, then both of
these spaces are equal toD(1)(X).

Proof : SetU = intX. SinceF includes all admissible paths which are contained
in U , the remarks above show thatD

(1)
F (X) ⊆ A(X) and thatF-derivatives of

functions inD
(1)
F (X) agree with the usual derivatives of these functions onU .

SinceU is dense inX, it follows thatD(1)
F (X) ⊆ A(1)(X).

Now let f ∈ A(1)(X), and letg be the (unique) continuous extension toX of
(f |U )′. It follows easily from Lemma 7.4 thatg is, in fact, anF-derivative off .

This givesA(1)(X) ⊆ D
(1)
F (X). The equalityD(1)

F (X) = A(1)(X) follows.
SinceF is effective, the rest is an immediate consequence of Theorem 7.2.2

It is easy to extend the last part of this result to cover finite unions of sets
satisfying appropriate regularity conditions.

8. The AlgebraA(1)(X)

We shall now see that, even ifX is uniformly regular (and hence geodesically
bounded) and has dense interior, it need not be the case thatD(1)(X) = A(1)(X).

Theorem 8.1. There exists a uniformly regular, polynomially convex, compact
plane set such thatintX is dense inX, and yetD̃(1)(X) = D(1)(X) 6= A(1)(X).
In particular, R0(X) is not dense in(A(1)(X), ‖ · ‖).
Proof : An example, based on the Cantor set, is shown in Figure 2, below.

Figure 2: The Cantor set with squares attached

Let (In)∞n=1 be an enumeration of the closures of the complementary open in-
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tervals in the standard Cantor middle thirds set, and sayIn has lengthln. Set

X = [0, 1] ∪
∞⋃

n=1

{x + iy : x ∈ In, y ∈ [0, ln]} ,

i.e.,X is the set obtained by attaching to the unit interval a closed square with base
equal toIn, for all n ∈ N. ThenX is easily seen to be a uniformly regular, compact
plane set, and so(D(1)(X), ‖ · ‖) is complete.

Let g : [0, 1] → [0, 1] be the usual Cantor function, and definef ∈ C(X) by

f(x + iy) = g(x) (x + iy ∈ X) .

Thenf is locally constant onintX, and so it is clear thatf ∈ A(1)(X). However,
f is not differentiable on[0, 1], and sof ∈ A(1)(X) \D(1)(X).

SinceD(1)(X) is a proper closed subalgebra ofA(1)(X), it follows immedi-
ately thatR0(X) is not dense in(A(1)(X), ‖ · ‖). 2

We do not know whether or not there is such an example with the additional
property that the setintX is connected.

Theorem 8.1 should be compared with the following polynomial approximation
result, which is [3, Theorem 5.8] (see also [5, Proposition 3.2.4]).

Theorem 8.2. Let X be a polynomially convex, geodesically bounded, compact
plane set, and letF be the set of all admissible paths inX. ThenP0(X) is dense

in the Banach algebra(D(1)
F (X), ‖ · ‖). 2

Let X be a semi-rectifiable, compact plane set, and letF be the set of all ad-
missible paths inX. Obviously, ifP0(X) is dense in(D(1)

F (X), ‖ · ‖), thenP0(X)
is also dense in(D(1)(X), ‖ · ‖). ThusP0(X) is dense inD(1)(X) for every poly-
nomially convex, geodesically bounded, compact plane setX. This last fact is also
given by the argument in [5, Proposition 3.2.4], where it is noted that, for each
pointwise regular, compact plane setX, P0(X) is dense in(D(1)(X), ‖ · ‖) if and
only if X is polynomially convex. We do not know whether or notP0(X) is dense
in (D(1)(X), ‖ · ‖) for every polynomially convex, perfect, compact plane setX.

Our final result of this section shows that, even for uniformly regular, compact
plane setsX with dense interior,A(1)(X) need not be dense in the uniform algebra
A(X).
Theorem 8.3.There is a compact plane setX0 with the following properties:

(i) X0 is uniformly regular,intX0 is connected and simply connected, and
intX0 is dense inX0;

(ii) D̃(1)(X0) = D(1)(X0) = A(1)(X0) ⊆ R(X0);
(iii) A(1)(X0) is not dense in(A(X0), | · |X0

).
Proof : We consider the compact plane setsX that are constructed in [11, Chapter
VIII, §9] to show that we may haveR(X) ( A(X).

The setsX have the following form. Let(∆n : n ∈ N) be a sequence of open
discs in the closed unit discD such that the family

{
∆n : n ∈ N}

of closed discs is
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pairwise disjoint and
∑∞

n=1 rn < ∞, wherern is the radius of∆n for eachn ∈ N.
Then

X = D \
⋃
{∆n : n ∈ N} ,

and soX is a compact plane set.
Weclaim that each such setX is uniformly regular. To see this, takez, w ∈ X

with z 6= w, and first joinz andw by a straight linè in C of length |z − w|.
Suppose that̀∩∆n 6= ∅ for somen ∈ N. Then the straight linè∩∆n, of length
tn, say, is replaced by an arc in the frontier of∆n of length at mostπtn. It is not
hard to show that we obtain a pathγ in X from z to w such that|γ| ≤ π |z − w|,
and soδ(z, w) ≤ π |z − w|. ThusX is uniformly regular.

Let J be a Jordan arc inD such thatJ has positive area and such thatJ meets
the unit circle in exactly one point. The sets∆n may then be chosen so that the
sequence of sets(∆n) accumulates precisely onJ , in the sense that

∞⋂

n=1

∞⋃

k=n

∆k = J .

It is shown in [11, Chapter VIII, Example 9.2] that this can be done in such a way
that each closed disc∆n meetsJ in exactly one point, sayzn: we then have that
int X is connected and simply connected, and thatint X is dense inX. For any
setX of this form, we haveR(X) 6= A(X).

Suppose that we have chosen discs∆n in this way. For eachn ∈ N, choose a
new open discDn with

zn ∈ Dn ⊆ ∆n ∪ {zn} ,

so thatDn and∆n osculate atzn. Set

X0 = D \
⋃
{Dn : n ∈ N} ,

so that, for eachn ∈ N, the boundary circle∂∆n is a subset ofint X0 ∪ {zn}.
It is clear thatX0 also satisfies clause (i) of the statement and that we still have

R(X0) ( A(X0). SinceX0 is uniformly regular, it follows from Propositions 2.7
and 3.1 that

R0(X0) ⊆ D̃(1)(X0) = D(1)(X0) ⊆ R(X0) .

Let z, w ∈ X0, and again joinz and w by a straight linè in C of length
|z − w|. Suppose that̀ ∩ ∆n 6= ∅ for somen ∈ N. Then we see by geometrical
considerations that the straight line` ∩∆n, of lengthtn, say, may be replaced by a
path in(∆n \Dn)∪ {z, w, zn} of length at most(π + 1)tn, and soz andw can be
joined by an admissible pathγ with |γ| ≤ (π + 1) |z − w| such thatγ is contained
in

int X0 ∪ {z, w} ∪ {zn : n ∈ N} ,

and such that the complement ofγ−1(int X0) is a countable set.
LetF be the family specified in Theorem 7.6. Then we have shown thatX0 is

F-regular, and soD(1)(X0) = A(1)(X0), giving (ii).
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It follows from (ii) that the uniform closure ofA(1)(X0) is R(X0). Clause (iii)
follows becauseR(X0) 6= A(X0). 2

9. Completeness ofD(1)(X)
We now return to the question of the completeness of(D(1)(X), ‖ · ‖).

The following result is [5, Proposition 3.1.4]; it was rediscovered by Honary
and Mahyar in [13].

Theorem 9.1. Let X be a perfect, compact plane set. Then(D(1)(X), ‖ · ‖) is
complete if and only if, for eachz ∈ X, there existsAz > 0 such that, for all
f ∈ D(1)(X) and allw ∈ X, we have

|f(z)− f(w)| ≤ Az(|f |X + |f ′|X)|z − w| . (9.1)

2

Note thatX need not be connected here. (However, the condition implies that
X has only finitely many components.)

For pointwise regularX, this condition is certainly satisfied, and indeed the
|f |X term may be omitted from the right-hand side of (9.1). We now show that this
|f |X term may also be omitted under the weaker assumption thatX be connected.
First we require a lemma concerning functions whose derivatives are constantly0.

Lemma 9.2. Let X be a connected, compact plane set for which(D(1)(X), ‖ · ‖)
is complete. Takef ∈ D(1)(X) such thatf ′ = 0. Thenf is a constant.

Proof : Assume towards a contradiction that there existsf ∈ D(1)(X) such that
f ′ = 0 and such thatf is not a constant; we can suppose that|f |X = 1 and that
1 ∈ f(X). By replacingf by (1 + f)/2 if necessary, we may also suppose that1
is the only value of modulus1 taken byf onX. Set

Y = {z ∈ X : |f(z)| = 1} = {z ∈ X : f(z) = 1} .

ThenY is a closed, non-empty subset ofX, andY 6= X becausef is not constant.
SinceX is connected, the subsetY is not open inX, and so there existw0 ∈ Y
and a sequence(zk) in X \ Y such thatzk → w0 ask →∞.

For eachn ∈ N, setgn = 1 − fn, so thatgn ∈ D(1)(X). For eachn ∈ N, we
havegn(w0) = 0, g′n = −nfn−1f ′ = 0, and|gn|X ≤ 2. By Theorem 9.1, there is
a constantC > 0 such that

|gn(zk)| ≤ 2C |zk − w0| (n, k ∈ N) .

For eachk ∈ N, we havelimn→∞ gn(zk) = 1 because|f(zk)| < 1, and so

1 ≤ 2C |zk − w0| (k ∈ N) .

But limk→∞ |zk − w0| = 0, and so this is the required contradiction.
Note that this result fails without the assumption that(D(1)(X), ‖ · ‖) is com-

plete. For example, ifγ is a Jordan path which is a subpath of the famous Koch
snowflake curve, then the functionf = γ−1 has derivative0 on the Jordan arcγ∗.
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We are now ready to eliminate the|f |X term from the right-hand side of equa-
tion (9.1) under the assumption thatX is connected.

For convenience, we introduce the following notation. LetX be a perfect,
compact plane set, and letz0 ∈ X. Then we define

M (1)
z0

(X) = {f ∈ D(1)(X) : f(z0) = 0} ,

so thatM (1)
z0 (X) is a maximal ideal inD(1)(X).

Theorem 9.3.LetX be a connected, compact plane set for which(D(1)(X), ‖ · ‖)
is complete. Letz0 ∈ X. Then there exists a constantC1 > 0 such that, for all
f ∈ M

(1)
z0 (X), we have

|f |X ≤ C1

∣∣f ′∣∣
X

.

Furthermore, there exists another constantC2 > 0 such that, for allf ∈ D(1)(X)
and allw ∈ X, we have

|f(z0)− f(w)| ≤ C2

∣∣f ′∣∣
X
|z0 − w| . (9.2)

Proof : We shall first prove the existence of the constantC1.

Assume towards a contradiction that there is a sequence(fn) ∈ M
(1)
z0 (X) such

that |fn|X = 1 for eachn ∈ N, but such that|f ′n|X → 0 asn → ∞. We can
suppose that|f ′n|X ≤ 1 (n ∈ N). SetS = {fn : n ∈ N}.

Let z ∈ X. By Theorem 9.1, there is a constantCz > 0 such that

|f(z)− f(w)| ≤ Cz(|f |X +
∣∣f ′

∣∣
X

) |z − w| ≤ 2Cz |w − z| (f ∈ S, w ∈ X) .

We claim thatS is an equicontinuous family atz. Indeed, takeε > 0, and let
U = {w ∈ X : |w − z| < ε/2Cz}, so thatU is a neighbourhood ofz ∈ X. For
eachw ∈ U , we have|f(w)− f(z)| < ε for eachf ∈ S, giving the claim. ThusS
is equicontinuous onX. CertainlyS is bounded in(C(X), | · |X).

By Ascoli’s theorem [6, Theorem A.1.10],S is relatively compact in the space
(C(X), | · |X). By passing to a subsequence, we may suppose that there exists
f ∈ C(X) such that|fn − f |X → 0 asn → ∞. Clearly we havef(z0) = 0 and
|f |X = 1. We know that|f ′n|X → 0 asn →∞, and so(fn) is a Cauchy sequence
in (D(1)(X), ‖ · ‖). Since(D(1)(X), ‖ · ‖) is complete,(fn) is convergent in this
space. Clearlylimn→∞ fn = f in D(1)(X), and sof ′ = 0.

By Lemma 9.2,f is a constant. Butf(z0) = 0, and sof = 0, a contradiction
of the fact that|f |X = 1.

This proves the existence of the desired constantC1.
We now setC2 = Az0(1 + C1), whereAz0 is the constant from (9.1). Equa-

tion (9.2) now follows. 2

Theorem 9.3 does not hold in the absence of either of the hypotheses thatX be
connected or that(D(1)(X), ‖ · ‖) be complete.

The following corollary is now immediate.
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Corollary 9.4. Let X be a connected, compact plane set. Then(D(1)(X), ‖ · ‖)
is complete if and only if, for eachz ∈ X, there existsBz > 0 such that, for all
f ∈ D(1)(X) and allw ∈ X, we have

|f(z)− f(w)| ≤ Bz

∣∣f ′∣∣
X
|z − w| . (9.3)

2

Let X be a polynomially convex, geodesically bounded, compact plane set.
ThenX is connected, and we know thatP0(X) is dense in(D(1)(X), ‖ · ‖). From
this we immediately obtain the following further corollary.

Corollary 9.5. Let X be a polynomially convex, geodesically bounded, compact
plane set. Then(D(1)(X), ‖ · ‖) is complete if and only if, for eachz ∈ X, there
existsBz > 0 such that, for allp ∈ P0(X) and allw ∈ X, we have

|p(z)− p(w)| ≤ Bz

∣∣p′∣∣
X
|z − w| . (9.4)

2

We conclude this section with some polynomial approximation results. Of
course, if we knew thatX were geodesically bounded wheneverX is a connected,
compact plane set for which(D(1)(X), ‖ · ‖) is complete, then (ii) below would be
immediate.

Corollary 9.6. Let X be a connected, polynomially convex, compact plane set for
which(D(1)(X), ‖ · ‖) is complete.

(i) Takez0 ∈ X. Then the map

f 7→ f ′ , M (1)
z0

(X) → P (X) ,

is a bicontinuous linear isomorphism.

(ii) The algebraP0(X) is dense in(D(1)(X), ‖ · ‖).
Proof : (i) The map

T : f 7→ f ′, M (1)
z0

(X) → P (X) ,

is linear, and it is clearly continuous. By Lemma 9.2 (or Theorem 9.3),T is injec-
tive.

Let g ∈ P (X). Then there is a sequence(qn) of polynomials such that
|qn − g|X → 0 asn → ∞. For eachn ∈ N, define a polynomialpn by requiring
that p′n = qn andpn(z0) = 0. By Theorem 9.3,(pn) is a Cauchy sequence in
(C(X), | · |X), and so there existsf ∈ C(X) such that|pn − f |X → 0 asn →∞.
Clearly (pn) is also a Cauchy sequence in(D(1)(X), ‖ · ‖), and sof ∈ D(1)(X)
andpn → f in (D(1)(X), ‖ · ‖). Clearlyf ∈ M

(1)
z0 (X), andf ′ = Tf = g. This

shows thatT is a surjection.
The continuity ofT−1 is now immediate from either Theorem 9.3 or the open

mapping theorem.
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(ii) Let f ∈ D(1)(X). Thenf ′ ∈ A(X) = P (X), and so there is a sequence
(qn) of polynomials such that|qn − f ′|X → 0 asn → ∞. Let (pn) be a sequence
of polynomials such thatp′n = qn andpn(z0) = f(z0) for n ∈ N. SinceT−1 is
continuous, we have

pn − f = T−1(qn − f ′) → 0

in (D(1)(X), ‖ · ‖) asn →∞, giving (ii). 2

Now suppose thatX is a connected, compact plane set (which need not be
polynomially convex) such that(D(1)(X), ‖ · ‖) is complete. Takez0 ∈ X, and

defineM
(1)
z0 (X) andT : D(1)(X) → A(X) as above, i.e.,

T (f) = f ′ (f ∈ M (1)
z0

(X)) .

Then the above argument shows thatT (M (1)
z0 (X)) is a closed linear subspace of

A(X). For example, in the case whereX = T, the range of the mapT is the space
of functionsg ∈ C(T) such that

∫
T g(z) dz = 0.

Let X be a polynomially convex, perfect, compact plane set such that the
normed algebra(D(1)(X), ‖ · ‖) is complete. ThenX has only finitely many com-
ponents, and the above polynomial approximation result holds on each component
separately. It follows easily thatO(X) is dense in(D(1)(X), ‖ · ‖). However, as we
observed earlier, for polynomially convex, perfect, compact plane setsX, P0(X)
andO(X) have the same closure in(D(1)(X), ‖ · ‖). Thus we obtain the following
further corollary.

Corollary 9.7. Let X be a polynomially convex, perfect, compact plane set for
which(D(1)(X), ‖ · ‖) is complete. ThenP0(X) is dense in(D(1)(X), ‖ · ‖). 2

10. Sufficient Conditions for the Incompleteness of(D(1)(X), ‖ · ‖)
Let X be a connected, compact plane setX. We shall identify a variety of geomet-
ric conditions onX which are sufficient for(D(1)(X), ‖ · ‖) to be incomplete. We
begin by defining a functionQX : X → [0,∞] in order to make applications of
Theorem 9.3 more efficient. Forz ∈ X, we set

QX(z) = sup
{ |f(z)− f(w)|

|z − w| : w ∈ X \ {z}, f ∈ D(1)(X), |f ′|X ≤ 1
}

.

Thus, forz0 ∈ X, condition (9.2) holds atz0 if and only if QX(z0) < ∞, in which
case we may takeC2 = QX(z0).

We may now rephrase Corollary 9.4 in terms ofQX as follows.

Theorem 10.1.LetX be a connected, compact plane set. Then(D(1)(X), ‖ · ‖) is
complete if and only if, for allz ∈ X, we haveQX(z) < ∞. 2

Let X be a connected, compact plane set. By Proposition 2.7,(D(1)(X), ‖ · ‖)
is complete wheneverX is pointwise regular. We shall now try to establish the con-
verse of this result; we have no counter-example to the possibility that the converse
always holds. The following partial result eliminates a large class of compact plane
sets, including all rectifiable Jordan arcs, as possible counter-examples.
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Theorem 10.2. Let X be a polynomially convex, rectifiably connected, compact
plane set with empty interior. Suppose thatX is not pointwise regular. Then
(D(1)(X), ‖ · ‖) is incomplete.

Proof : SinceX is not pointwise regular, there existsz0 ∈ X such thatX is not
regular atz0. We shall show thatQX(z0) = ∞.

Let C > 0. Then there existsw ∈ X with δ(z0, w) > C|z0 − w|. Let γ be a
geodesic fromz0 to w in X. It is easy to see, using the definition of arc length and
Tietze’s extension theorem, that there is a functionf ∈ C(X) with |f |X < 1 and
such that ∣∣∣∣

∫

γ
f

∣∣∣∣ > C|z0 − w| .

As the polynomials are dense inC(X), we may suppose thatf is, in fact, a poly-
nomial. Letp be the unique polynomial satisfyingp(z0) = 0 and such thatp′ = f .
Then|p(z0)−p(w)| > C|z0−w|, and|p′|X < 1. This shows thatQX(z0) > C. As
the choice ofC > 0 was arbitrary,QX(z0) = ∞, as claimed. Thus(D(1)(X), ‖ · ‖)
is incomplete. 2

Although the preceding proof does not apply, nevertheless it is true that the
normed algebra(D(1)(J), ‖ · ‖) is incomplete wheneverJ is a non-rectifiable Jor-
dan arc. The proof requires two lemmas.

Lemma 10.3.Let z0, w0 ∈ C with z0 6= w0, let γ be a Jordan path fromz0 to w0

in C, and letB ∈ R+. Then there existsf ∈ D(1)(γ∗) with 0 < |f ′|γ∗ ≤ 3, with
f ′(z0) = f ′(w0) = 0, with f(z0) = B, with f(w0) ∈ R+, and with

f(w0) > f(z0) +
1
2
|w0 − z0| .

Proof : Setη = |z0 − w0|/100. Let z1 be the first point ofγ with |z1 − z0| = η,
and letw1 be the last point ofγ with |w1 − w0| = η. We may splitγ into three
Jordan paths:γ1 from z0 to z1, γ2 from z1 to w1, andγ3 from w1 to w0. Note that
|z − z1| ≤ 2η onγ1, while |z − w1| ≤ 2η onγ3.

Defineg(z) = z − z0 for z ∈ γ2. Forz in γ1, define

g(z) = z − z0 − (z − z1)2

2(z0 − z1)
.

Forz ∈ γ3, define

g(z) = z − z0 − (z − w1)2

2(w0 − w1)
.

Finally, setf(z) = B + eiθ(g(z) − g(z0)), whereθ ∈ R is chosen so that we
haveeiθ(g(w0) − g(z0)) ∈ R+. It is then easy to check thatf has the desired
properties. 2

Lemma 10.4.Letz0, w0 ∈ C, let A > 0, and suppose thatγ is a Jordan path from
z0 to w0 in C whose length(which may be infinite) is greater thanA. Then there
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existsf ∈ D(1)(γ∗) with 0 < |f ′|γ∗ ≤ 3, with f ′(z0) = 0, with f ′(w0) = 0, and
with |f(z0)− f(w0)| > A/2.

Proof : Choose finitely many intermediate points onγ strictly betweenz0 andw0,
sayz1, z2, z3, . . . , zn−1 in order alongγ, such that, settingzn = w0, we have

n∑

k=1

|zk − zk−1| > A .

We now apply the previous lemma successively to then subpaths joiningzk−1

to zk for k = 1, 2, . . . , n, starting withB = 0 for the first arc, and arranging for the
function values to match at the endpoints. We patch together the resulting functions
in the obvious way to obtain the desired functionf . 2

Theorem 10.5. Let J be a non-rectifiable Jordan arc. Then the normed algebra
(D(1)(J), ‖ · ‖) is incomplete.

Proof : By the definition of non-rectifiable Jordan arc, we haveJ = γ∗ for some
non-rectifiable Jordan pathγ : [a0, b0] → C. It follows easily by compactness and
symmetry that we may suppose that there exists ana ∈ [a0, b0) such that, for all
b ∈ (a, b0], the restrictionγ|[a,b] is also non-rectifiable.

Setz0 = γ(a). We shall show thatQX(z0) = ∞.
Let C > 0. Chooseb ∈ (a, b0) such thatC|γ(a) − γ(b)| < 1, and then set

w0 = γ(b), so that
1

|z0 − w0| > C .

SetA = 6, and apply the previous lemma to the restrictionγ|[a,b]. Extend the
resulting functionf to be constant onγ([a0, a]) and onγ([b, b0]). We then see that
f ∈ D(1)(J), that|f(z0)− f(w0)| > A/2 = 3, and that

0 < |f ′|J ≤ 3 < |f(z0)− f(w0)| .
But then

QX(z0) ≥ |f(z0)− f(w0)|
|f ′|J |z0 − w0| > C .

As the choice ofC > 0 was arbitrary,QX(z0) = ∞, and so(D(1)(X), ‖ · ‖) is
incomplete. 2

We do not know whether or not(D(1)(X), ‖ · ‖) is incomplete for each poly-
nomially convex, compact plane setX which has empty interior and which is not
pointwise regular.

We shall now introduce some useful test functions which will enable us to give
lower bounds forQX(z0) whenever a compact plane setX has a suitable ‘dent’
nearz0.

We denote byD0 the standard cut plane obtained by deleting the non-positive
real axis fromC. Forz ∈ D0, we denote the principal argument ofz by Argz (so
that−π < Argz < π), and we define

Logz = log |z|+ iArgz (z ∈ D0)
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(so thatLog is theprincipal logarithmdefined onD0). Forz ∈ D0 andα ∈ C, we
definezα by zα = exp(αLogz), and we define the function

Zα : z 7→ zα, D0 → C .

We now give some elementary facts about the functionZ i.

Lemma 10.6. Let z ∈ D0. Then|zi| = e−Arg z, and soe−π < |zi| < eπ. If z is
in the second quadrant, we have|zi| ≤ e−π/2, while, if z is in the third quadrant,
then|zi| ≥ eπ/2. 2

Corollary 10.7. Let z, w ∈ D0, and suppose thatz is in the second quadrant and
thatw is in the third quadrant(or vice versa). Then

|zi − wi| ≥ eπ/2 − e−π/2 ≥ 1 .
2

We shall be particularly interested in the properties of the analytic function
F = Z1+i onD0. Note thatF ′(z) = (1 + i)zi (z ∈ D0).
Lemma 10.8.The following estimates hold for allz ∈ D0:

(i) e−π|z| ≤ |F (z)| ≤ eπ|z|;

(ii)
√

2 e−π ≤ |F ′(z)| ≤ √
2 eπ. 2

Lemma 10.9.Let z, w ∈ D0. Suppose thatz is in the second quadrant and thatw
is in the third quadrant. Then

|F (z)− F (w)| ≥ |z| − eπ|z − w| .

Proof : Writing

F (z)− F (w) = ziz − wiw = (zi − wi)z + wi(z − w) ,

we obtain (using our preceding estimates) the inequalities

|F (z)− F (w)| ≥ |zi − wi||z| − |wi||z − w| ≥ |z| − eπ|z − w| ,

as required. 2

Note. In this setting, if|z − w|/|z| is very small, then|F (z) − F (w)| is much
bigger than|z − w|.

As an immediate consequence of the above lemmas, we obtain the following
result concerning the functionQX whenX ⊆ D0.

Proposition 10.10. There exist universal constantsCQ, C ′
Q > 0 satisfying the

following. LetX be a connected, compact plane set withX ⊆ D0. Suppose that
z, w ∈ X, and thatz is in the second quadrant andw is in the third quadrant. Then

QX(z) ≥ CQ
|z|

|z − w| − C ′
Q .

2
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These same universal constantsCQ, C ′
Q will be fixed for the rest of this paper.

We shall use them repeatedly below.
As QX is clearly invariant under reflections, rotations and translations, we ob-

tain the following further corollary.

Corollary 10.11. Leta ∈ C, let L be a closed half-line inC joining the pointa to
∞, and letH be the closed half-plane containingL and bisected by it. LetX be a
connected, compact plane set withX ∩L = ∅, and suppose thatz, w ∈ X ∩H are
such that the straight line joiningz to w meetsL. Then

QX(z) ≥ CQ
|z − a|
|z − w| − C ′

Q .

2

We shall now consider the case of a compact plane set with a sequence of dents.
The context will be as follows. LetX be a connected, compact plane set. Let

(wn) be a convergent sequence inX with limit z0. Let (an) be a bounded sequence
in C \X, and suppose that, for eachn ∈ N, there is a closed half-lineLn ⊆ C \X
joining an to∞. Let Hn be the closed half-plane containingLn and bisected by it.
Suppose further that, for eachn ∈ N, wn andz0 are inX ∩Hn and the straight line
joining z0 to wn meetsLn.

Theorem 10.12.With notation as above, suppose that

|z0 − wn| = o(|z0 − an|) as n →∞ .

Then(D(1)(X), ‖ · ‖) is incomplete.

Proof : We shall show thatQX(z0) = ∞. By Corollary 10.11, for eachn ∈ N, we
have

QX(z0) ≥ CQ
|z0 − an|
|z0 − wn| − C ′

Q .

Lettingn →∞, we obtainQX(z0) = ∞, and so(D(1)(X), ‖ · ‖) is incomplete.2
We now describe some classes of sets to which the above theorem applies.
We start from the closed unit squareS = I × I in R2. Let (rn) and (sn)

be sequences in the open interval(0, 1) such that(sn) is strictly decreasing and
converges to0. For eachn ∈ N, set

Rn = [0, rn),×(s2n, s2n−1) .

SetX = S \ ⋃∞
n=1 Rn. The setX, regarded as a subset ofC, is illustrated in

Figure 3, below.
ClearlyX is a polynomially convex, geodesically bounded, compact plane set,

intX is connected and dense inX, andX is regular at all points ofX \ {0}.
With the assistance of Theorem 10.12, we see easily that the following condi-

tions onX are equivalent:

(a) X is regular at0 ;
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Figure 3: A square with rectangles deleted

(b) X is pointwise regular;

(c) (D(1)(X), ‖ · ‖) is complete;

(d) rn = O(s2n−1).

In particular, these sets provide many examples of compact plane setsX such
that int X is connected and dense inX, and yet(D(1)(X), ‖ · ‖) is incomplete,
thus answering a question raised in [3].

It is fairly easy to generalize Theorem 10.12 somewhat by replacing the half-
linesLn by suitable curves joiningan to∞, and imposing appropriate conditions
on the positions ofz0 andwn relative to these curves. All that is required is that
suitable versions of Corollary 10.11 be valid for these curves, without losing con-
trol of the constants involved. (There are problems, for example, with sequences
of curves which spiral round increasingly often.) Although such a generalization
would allow us to prove the incompleteness of(D(1)(X), ‖ · ‖) for some additional
compact plane setsX, there are clearly limitations to this method, and we shall not
pursue it further here.

Let X be a compact plane set. Recall thatX is star-shapedwith a star-centre
a ∈ X if, for all z ∈ X, the straight line joininga to z lies entirely withinX.
The compact plane setX is radially self-absorbingif, for all r > 1, X ⊆ int(rX),
whererX = {rz : z ∈ X}. Such radially self-absorbing sets are discussed in [10].
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Radially self-absorbing sets are always star-shaped, polynomially convex, and
geodesically bounded, and they have dense interior.

Using Theorem 10.12, we now construct a radially self-absorbing setX such
that(D(1)(X), ‖ · ‖) is incomplete; this answers a question raised in [3].

Example 10.13.Setz0 = 1. For eachn ∈ N, set

rn =
1

4
√

n
, αn =

π

4n2
, βn =

αn + αn+1

2
,

and
wn = eiαn , zn = (1− 2rn)eiβn , an = (1− rn)eiβn .

Note that|z0 − wn| = O(1/n2), while

|z0 − an| ≥ 1
4
√

n
(n ∈ N) .

Thus|z0 − wn| = o(|z0 − an|) asn →∞.
For eachn ∈ N, let Un be the acute open sector ofC with vertex atzn and

boundary lines passing throughwn andwn+1. Let X be the compact set obtained
by deleting from the closed unit disc the union of all the open sectorsUn.

Figure 4: A ‘bad’ radially self-absorbing set

The setX is illustrated in Figure 4, above. ClearlyX is radially self-absorbing
and satisfies the conditions of Theorem 10.12. Thus(D(1)(X), ‖ · ‖) is incomplete.2
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We shall next prove our conjecture for star-shaped sets.

Theorem 10.14.Let X be a star-shaped, compact plane setX. Then the normed
algebra(D(1)(X), ‖ · ‖) is complete if and only ifX is pointwise regular.

Proof : We need to consider only the case whereX is not pointwise regular, and to
prove that(D(1)(X), ‖ · ‖) is incomplete in this case.

Let a be a star-centre forX. Given thatX is not pointwise regular, there must
exist z0 ∈ X such thatX is not regular atz0. ClearlyX is regular ata, and so
z0 6= a. Choose a sequence of points(wn) ∈ X converging toz0 and such that, for
all n ∈ N, δ(z0, wn) > 100n|z0−wn|. Clearly, none of the pointswn lie on the line
segment joininga to z0. We may further suppose that|z0 − wn| < |z0 − a|/100n
for all n ∈ N. For fixedn ∈ N, consider the following pathγn in C from z0 to wn:
γn starts atz0, travels along a straight line towardsa for distance3n|z0−wn|, then
travels through a small angle around a circle centred ona until it meets the straight
line joininga to wn, and finally travels along this straight line town. It is clear that
|γn| < δ(z0, wn), and so the pathγn is not contained inX. Thus there must be a
pointan on the short circular arc which is not inX. Let Ln be the closed half-line
joining an to∞ obtained as a continuation of the straight line froma to an.

It is now easy to check that the conditions of Theorem 10.12 are satisfied, and
so(D(1)(X), ‖ · ‖) is incomplete. 2

Note that most of the results above concern polynomially convex sets; we now
consider sets which are not polynomially convex.

Let X be a compact plane set such that(D(1)(X), ‖ · ‖) is complete. Then an
elementary argument shows that(D(1)(X̂), ‖ · ‖) is also complete.

The converse is false. For example, let(yn) be a sequence in(0, 1) such that
(yn) is strictly decreasing and converges to0. SetA = {0, 1}, set

B = {0} ∪ {yn : n ∈ N} ,

and set
X = (A× [0, 1]) ∪ ([0, 1]×B) ,

so thatX is the union of the boundary of a square with a suitable sequence of line
segments running across it. The setX, regarded as a subset ofC, is shown in
Figure 5, below.

Although none of our theorems apply, it is not hard to show directly that
(D(1)(X), ‖ · ‖) is incomplete. However,̂X (which is a square) is convex, and
hence is uniformly regular. Thus(D(1)(X̂), ‖ · ‖) is complete.

We shall now see that the method used in Theorem 10.5 to prove that the
normed algebra(D(1)(J), ‖ · ‖) is incomplete for every non-rectifiable Jordan arc
J can be developed to apply to some more general sets.

Let X be a compact space, and letA be a uniform algebra onX. Recall that a
point z ∈ X is apeak pointfor A if there exists a functionf ∈ A with f(z) = 1
and such that|f(w)| < 1 for all w ∈ X \ {z}. Similarly, a non-empty, closed



182 H. G. DALES AND J. F. FEINSTEIN

Figure 5: A square crossed by lines

subsetE of X is apeak setfor A if there exists a functionf ∈ A with f(E) = {1}
and such that|f(w)| < 1 for all w ∈ X \E.

Let X be a compact plane set. Although it is not noted explicitly in [11], it is
an immediate consequence [11, Chapter VIII, Corollary 4.4] that every point of the
outer boundary ofX is a peak point forP (X̂). Furthermore, it then follows from
[11, Chapter II, Corollary 12.8] that every non-empty, finite subset of the outer
boundary ofX is a peak set forP (X̂). (See also [18, Lemma 1.6.18]).

Lemma 10.15. Let Y be a compact plane set, and letz and w be points in the
outer boundary ofY . Suppose further that there is a rectifiable arcJ joining z to
w in Ŷ . Takeη ≥ 0. Then there is a polynomialp with p′(z) = p′(w) = 0, with
p(z) = η, with |p′|Y < 3, and withp(w) ∈ R such thatp(w)− p(z) > |z − w|/2.

Proof : SetX = Ŷ . ThenJ = γ∗ for some rectifiable pathγ joining z to w
in X. Sincez and w are in the outer boundary ofY , {z, w} is a peak set for
P (X). Chooseg ∈ P (X) with g(z) = g(w) = 1 and with |g(u)| < 1 for all
u ∈ X \ {z, w}. By the dominated convergence theorem,

lim
n→∞

∫

J
|g|n = 0 .

Thus, by replacingg by a suitable powergn if necessary, we may suppose that
∫

J
|g| < |z − w|

2
.

Sinceg ∈ P (X), it is easy to check that there exists a polynomialq with |q|X < 2,
with q(z) = q(w) = 1 and with

∫

J
|q| < |z − w|

2
.
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Take a polynomialr with r′ = q, and sets = r − Z, so thats′ = q − 1. Then
|s′|X < 3, and

s(z)− s(w) = −
∫

J
s′ = w − z −

∫

J
q ,

so that|s(z)− s(w)| > |z − w|/2. Certainly we haves′(z) = s′(w) = 0. Choose
a real numberθ such thateiθ(s(w) − s(z)) > 0, and letp be the polynomial
η + eiθ(s− s(z)). It is clear that the polynomialp has the desired properties.2

Using Lemma 10.15, we now prove a result for sets of the type shown in Fig-
ure 6, below. This result may also be used to prove our earlier incompleteness
results concerning Jordan arcs.

Figure 6: A set of the type discussed in Theorem 10.16

Theorem 10.16.Let X be a connected, compact plane set, letF be a non-empty,
closed subset ofX, and letz0 ∈ F . Suppose that, for eachn ∈ N, there are
a compact plane setBn ⊆ X \ F and a pointvn ∈ Bn such that the following
conditions hold:

(i) X = F ∪⋃∞
n=1 Bn ;

(ii) Bm ∩Bn = ∅ wheneverm,n ∈ N with |m− n| > 1;

(iii) Bn ∩Bn+1 = {vn} for all n ∈ N;

(iv) the sequence of sets(Bn) accumulates only on a subset ofF , in the sense
that

∞⋂

n=1

∞⋃

k=n

Bk ⊆ F ;

(v) for eachn ∈ N, vn may be joined tovn+1 by some rectifiable arc in̂Bn+1;

(vi) supn∈N(
∑∞

k=n |vk+1 − vk|/|z0 − vn|) = ∞ .
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Then(D(1)(X), ‖ · ‖) is incomplete.

Proof : We first note that clause (iv) implies thatF ∪⋃∞
k=n Bk is closed for each

n ∈ N. Working inD(1)(X), we show thatQz0 = ∞.
GivenC > 0, choosen,M ∈ N with n < M and such that

M∑

k=n

|vk+1 − vk|
|vn − z0| > 6C .

SetY =
⋃M

k=n+1 Bk.
We now apply Lemma 10.15 successively to the setsBn+1, Bn+2, . . . , BM

(making appropriate choices ofη), and patch the resulting functions together to
give a functionf ∈ D(1)(Y ) with |f ′|Y < 3 and with

|f(vM+1)− f(vn)| > 1
2

M∑

k=n

|vk+1 − vk| .

We then extendf to a function inC(X), also denoted byf , such thatf is constant
on each of the setsF ∪⋃∞

k=M+1 Bk and
⋃n

k=1 Bk. Then we havef ∈ D(1)(X),
|f ′|X < 3, and|f(z0)− f(vn)| > 3C|z0 − vn|. ThusQz0 > C.

As C is arbitrary,Qz0 = ∞, and so(D(1)(X), ‖ · ‖) is incomplete. 2

We now wish to discuss a class of sets which our results do not cover.

Figure 7: A Jordan arc repeatedly crossing a triangle

Let Y be a triangle in the plane, with one vertex at0, and with a horizontal
edge above this vertex. We may then form a Jordan arcJ in Y joining the top
right corner ofY to 0 as follows. The arcJ consists of an infinite sequence of
line segments accumulating at0. These line segments alternate between crossing
Y horizontally, and then following one of the non-horizontal edges. Finally, we
add in the point0 at the end. Such an arcJ is shown in Figure 7, above.



NORMED ALGEBRAS OF DIFFERENTIABLE FUNCTIONS 185

By our earlier results, we know that(D(1)(J), ‖ · ‖) is complete if and only ifJ
is pointwise regular. Using Theorem 10.16, we may show that our conjecture also
holds for setsX formed fromJ by slightly ‘fattening’ the horizontal line segments
in the manner shown in Figure 8, below.

Figure 8: A set obtained by ‘fattening’ horizontal line segments

However, none of our results apply to a setX formed by similarly fatteningall
of the line segments formingJ , to form a set of the type shown in Figure 9, below.
We call a set of this form aSuperman set.

Figure 9: A ‘fattened’ Jordan arc repeatedly crossing a triangle

It is possible to show, using Theorem 10.16 and an inductive argument, that
there are examples of compact plane setsX of this latter type such that the normed
space(D(1)(X), ‖ · ‖) is incomplete. However, we do not know whether or not
there is a setX of this type such thatX is not pointwise regular, and yet(D(1)(X),
‖ · ‖) is complete.
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11. Open questions

We conclude with a set of open questions concerning perfect, compact plane
setsX.

1. Suppose thatX is connected, and that(D(1)(X), ‖ · ‖) is complete. Is it
necessarily true thatX must be pointwise regular? Is this true if we assume,
in addition, thatX is a Superman set?

2. Is it always true thatD(1)(X) ⊆ R(X) whenever the normed space? Does
this hold, at least, wheneverX is pointwise regular?

3. Is R0(X) always dense in the normed space(D(1)(X), ‖ · ‖)? Is P0(X)
dense in(D(1)(X), ‖ · ‖) wheneverX is polynomially convex?

4. Suppose thatint X is dense inX. Is it always true thatA(1)(X) ⊆ R(X)?
Is A(1)(X) always natural?

5. Is D
(1)
F (X) natural wheneverF is an effective family of paths inX?

6. Suppose thatX is semi-rectifiable, and thatF is the set of all admissible
paths inX. Is D̃(1)(X) always equal toD(1)

F (X)? Suppose further that
(D(1)(X), ‖ · ‖) is complete. Does it follow that

D(1)(X) = D
(1)
F (X) ?

7. Is there a uniformly regular, polynomially convex, compact plane set such
thatint X is connected and dense inX, and yet

D̃(1)(X) = D(1)(X) 6= A(1)(X) ?

8. (Local behaviour of the functionQX .) Let X be a connected, compact
plane set, and letz0 ∈ X. Suppose thatz0 has a connected, compact
neighbourhoodN in X such thatQN (z0) = ∞. Is it necessarily true that
QX(z0) = ∞?
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