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Abstract We investigate the completeness and completions of the normed alge-
bras (DM (X), || - ||) for perfect, compact plane sef§. In particular, we con-
struct a radially self-absorbing, compact planesetuch that the normed algebra
(DW(X),]-])) is not complete. This solves a question of Bland and Feinstein.
We also prove that there are several classes of connected, compact plaxiémets
which the completeness 6DV (X), || - ||) is equivalent to the pointwise regularity
of X. For example, this is true for all rectifiably connected, polynomially convex,
compact plane sets with empty interior, for all star-shaped, compact plane sets, and
for all Jordan arcs i€,

In an earlier paper of Bland and Feinstein, the notion ofFaderivative of a
function was introduced, wherg is a suitable set of rectifiable paths, and with it
a new family of Banach algebrdﬁg_})(X) corresponding to the normed algebras
DWW (X). In the present paper, we obtain stronger results concerning the questions
whenD®(X) and D'} (X) are equal, and when the former is dense in the latter.
In particular, we show that equality holds whenexers ‘ F-regular’.

An example of Bishop shows that the completior{ 5" (X), | - ||) need not
be semisimple. We show that the completion(&f() (X), || -||) is semisimple
whenever the union of all the rectifiable Jordan arcXiis dense inX.

We prove that the character space@f)(X) is equal toX for all perfect,
compact plane set&, whether or no{ D™ (X),|| -||) is complete. In particular,
characters on the normed algeb¢&s") (X), || - ||) are automatically continuous.

Key words Normed algebra, differentiable functions, Banach function algebra,
completions, pointwise regularity of compact plane sets.
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1. Introduction

Throughout this paper, by @mpact spacere shall mean a hon-empty, compact,
Hausdorff topological space; bya@mpact plane sete shall mean aon-empty
compact subset of the complex plane. Recall that such a petfisctif it has no
isolated points.

Let X be a perfect, compact plane set, and/)ét (X) be the normed algebra
of all continuously differentiable, complex-valued functionsXnThese algebras
(and others) were discussed by Dales and Davie in [7]. We shall continue the study
of these algebras, concentrating on the problem of giving necessary and sufficient
conditions onX for (DM (X), || -||) to be complete.

We shall see an interesting relationship between the geometry of a compact
plane sefX and the properties of the normed algebi#") (X), || - ||). For example,
it is shown in Corollary 9.5 that, for polynomially convex, geodesically bounded
(and hence connected), compact plane Zgtthe normed algebraD™ (X), || - ||)
is complete if and only if the following condition (condition (9.4)) holds: for each
z € X, there existsB, > 0 such that, for all polynomialg and allw € X, we
have

Ip(2) — p(w)| < B.p|x|z — w].

However, for many such sef$, itis far from easy to determine whether or not this
condition, which involves only polynomials, is satisfied. We conjecture that, for
each connected, compact plane Zetith more than one poin{,D™ (X), | - )

is complete if and only ifX is pointwise regular. We shall prove that this is true

for a variety of somewhat exotic connected, compact plane sets. We shall also
describe some other connected, compact plane sets for which we have not been
able to determine whether or not this is the case.

In [3], the notion of F-derivative was introduced in order to describe the com-
pletions of the spaceM (X), || - ||); hereF is a suitable set of rectifiable paths
lying in a compact plane seX. We shall remove an unnecessary restriction on
the sets of paths considered in [3]. We shall also introduce a generalization of the
standard notion of pointwise regularity for compact plane sets in order to further
strengthen some of the results of [3].

We shall then investigate further the completeness of the spat€$x), || - ||)
for compact plane setk, and discuss their completions. In particular, we shall an-
swer a problem raised in [3] by constructing a radially self-absorbing, compact
plane setX such tha{ DM (X), || - ||) is not complete.

2. Preliminary Concepts and Results

We begin with some standard terminology, notation, definitions and results. For
more details, the reader may wish to consult [6].

We denote the unit intervé, 1] by I and the complex plane y; the real line
isR, RT = [0,00), andR™® = (0, 0); we often identifyC with R.

We denote byC(!)(R?) the algebra of functions frori®? to C which have
continuous first-order partial derivatives &*. We denote byZ the coordinate
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functional onC, z — z, or the restriction of this function to some subsetf
Similarly we write1 for the function constantly equal to

We recall the following standard notation. Let,) be a sequence iR™, and

let (b,,) be a sequence iR**. We write
an = O(by)
if the sequencéa,, /b,,) is bounded, and
an, = o(b,) asmn— oo

if a,,/b, — 0asn — oc.

Let X be a compact space. We denote the algebra of all continuous, complex-
valued functions onX, with the pointwise algebraic operations, 6YX). For
f € C(X), we denote the uniform norm gf on a non-empty subsét of X by
|f|E. Thus(C(X),|-|y) is a commutative Banach algebra; see§f62].

Definition 2.1. Let X be a compact space. Aormed function algebran X
is a normed algebré4, || - ||) such thatA is a subalgebra of' (X), such that4
contains the constants and separates the poimg aihd such that, for alf € A,
we have| f|| > |f|y. A Banach function algebr@an X is a normed function
algebra(A4, || -||) on X such that( A, || - ||) is complete. Auniform algebraon X
is a Banach function algebt& on X such that the norm ofl is equivalent to the
uniform norm| - | ..

Of course, in the case whefd, || - ||) is a Banach algebra and a subalgebra of
C(X), itis automatic thal| f|| > | f| forall f € A.

Let A be a complex algebra. As in [6], the space of all characters! os
denoted by® 4. If A is a normed algebra, the space of continuous charactess on
is U 4; U, is alocally compact space with respect to the relative wetdpology.

In the case wherd is a normed function algebra on a compact spsceve define
ez fr flx), A—C,

for eachx € X. Thene, € ¥ 4, and the map — ¢, X — W4, is a continuous

embedding. As in [634.1], we say tha#! is natural (on X) if this map is surjective.

The following result is due to Honary [12, Theorem].

Proposition 2.2.Let X be a compact space, and e, || - ||) be a normed function
algebra onX, with uniform closureB. ThenA is natural onX if and only if both
of the following conditions hold:

(a) B is natural onX;

(b) lim,, oo || /7]|'/™ = 1 for eachf € A with|f|, = 1. O

We now discuss (complex) differentiability for functions defined on compact
plane sets.

Definition 2.3. Let X be a perfect, compact plane set. A functipre C(X) is
differentiable ata pointa € X if the limit
N O R ()
flay= s

exists.
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We call f’(a) the comple) derivativeof f ata. Using this concept of deriva-
tive, we define the termdifferentiable onX andcontinuously differentiable o
in the obvious way, and we denote the set of continuously differentiable functions
on X by DM (X). For f € DWV(X), set

LA = 1F1x + 1] -

Then(DW(X), || -||) is immediately seen to be a normed function algebraon
We denote the completion 6D™ (X)), || -||) by DO (X).

The normed function algebraD() (X), | - ||) is often incomplete, even for
fairly nice setsX. For example, in [3, Theorem 3.5], Bland and Feinstein gave an
example of a rectifiable Jordan afdas defined below) such th@d()(.J), || - ||) is
incomplete. In the same paper it was shown [3, Theorem 2.3] 1@t (X), || - ||)
is incomplete wheneveX has infinitely many components; this last result was also
proved in [5, (3.1.10)(iii)]. We shall give several further examples and results later
when we investigate necessary and sufficient conditions for the completeness of
these normed algebras.

We now recall the standard definitions of pointwise regularity and uniform reg-
ularity for compact plane sets. We shall suppose that the reader is familiar with
the elementary results and definitions concerning rectifiable paths, including inte-
gration of continuous, complex-valued functions along such paths; for more details
see, for example, Chapter 6 of [1].

Definition 2.4. A pathin C is a continuous functiory : [a,b] — C, wherea
andb are real numbers with < b; ~ is a pathfrom v(a) to v(b) with endpoints
v~ = v(a) andyt = ~(b); in this casey~ andy™ areconnected by. We denote
by v* the imagey([a, b]) of v. A subpathof ~ is any path obtained by restricting
- to a non-degenerate, closed subintervdhob]. A path inC is admissibléf it is
rectifiable and has no constant subpaths. For a subsétC, apath in X is a path
~in C such thaty* C X. We also say that such a pathaigath inX from~~ to
~T, and thaty~ and~™ areconnected inX by ~.

The length of a rectifiable pathwill be denoted by~|. The length of a non-
rectifiable path is defined to be.
Note that we distinguish between a patland its imagey*. This is because it
is possible for two very different paths to have the same image. There is a lack of
consistency in the literature over the usage of the terms ‘path’, ‘curve’, and ‘arc’.
For us, ararc in X is the image of mon-constanpath inX. A rectifiable arc inX
is the image of a non-constant, rectifiable pattXinA Jordan path inX is a path
~ in X such thaty is injective; aJordan arc inX is the image of a Jordan path in
X. We define aradmissible arc inX andrectifiable Jordan arc inX similarly.
Let X be a compact plane set, and etv € X with z # w. Suppose that
andw are connected iX by a pathy. Then there is also a Jordan path¥rfrom z
to w. This does not appear to be immediately obvious; see [8, Problem 6.3.12(a)].
Lety be a non-constant, rectifiable pathGnwith length L. Although~ need
not itself be admissible, nevertheless there is always aypaf, L| — C such that
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~ is admissible;y has the same endpoints and imageyaand~ is parametrized
by arc length. (See, for example, [9, pp. 109-110]). Such apamecessarily
Lipschitzian, with Lipschitz constarit, in the sense that(s) — ¥(t)| < |s — ¢|
whenever) < s < t < L. In particular,5*, and hence alsg*, must have zero
area.

Recall that a path = o + ig (Wherea andj are real-valued) is rectifiable if
and only if botha: and3 are of bounded variation [1, Theorem 6.17]. In this case

/vfz/vf(z)dz

is defined as a Riemann-Stieltjes integral for fale C'(v*) [1, Theorems 7.27
and 7.50 (see also p. 436)].

Definition 2.5. Let X be a compact plane set, and letv € X be points which
are connected by a rectifiable pathXn Then

d(z,w) = inf{|y| : 7 is a rectifiable path from z to win X}.

We callé(z, w) thegeodesic distanceetweern: andw in X. The setX is rectifi-
ably connectedf, for all z andw in X, there is a rectifiable path connecting: to
win X.

Note that every rectifiably connected, compact plane set with more than one
point is perfect.

Suppose thaX is rectifiably connected. Thenis certainly a metric ok, and
it is well-known that the infimum in the definition éfis always attained. Thus, for
each pair of distinct points, w € X, there is a rectifiable pathconnecting: to w
in X such thaty| = é(z,w). In this case it is clear thatis a Jordan path ifX .

A rectifiably connected, compact plane gétis geodesically boundeidl X is
bounded with respect to the metdc In this case thgeodesic diameteof X is
defined to be

sup{d(z,w) : z,w € X}.

Easy examples show that rectifiably connected, compact plane sets need not be
geodesically bounded.

Definition 2.6. Let X be a compact plane set. Foe X, the setX isregular atz
if there is a constant, > 0 such that, for every € X, there is a rectifiable path
v from z tow in X with || < k,|z — w|.

The setX is pointwise regulaif X is regular at every point € X, and X is
uniformly regularif, further, there is one constaht> 0 such that, for alk andw
in X, there is a rectifiable pathfrom z to w in X with || < k|z — w].

Note that every convex, compact plane set is obviously uniformly regular and
every pointwise regular, compact plane set is geodesically bounded.

Dales and Davie [7, Theorem 1.6] showed thaX")(X),||-||) is complete
wheneverX is a finite union of uniformly regular, compact plane sets. However,
as observed in [5] and [13], the proof given in [7] is equally valid for pointwise
regular, compact plane sets. This gives the following result.
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Proposition 2.7. Let X be a finite union of pointwise regular, compact plane sets.
Then(DMW(X), || - ||) is complete. O

One purpose (unfortunately not achieved) of the present paper is to decide
whether or not the converse of Proposition 2.7 holds true.

Note that whenever @onnectedtompact, plane seX is a finite union of point-
wise regular, compact plane sef§,itself is already pointwise regular. The corre-
sponding statement concerning uniform regularity is, however, false.

Definition 2.8. Let (X, d) be a compact metric space with more than one point.
Then a functionf € C'(X) belongs to thé.ipschitz spacelip X, if

p(f) :—sup{w:z,weX,z#w}<oo.

It is standard thalLip X is, in fact, a natural Banach function algebra _&n
with respect to the norrf- || given by

Il = 1flx +p(f) (f €LipX).

For details of these algebras, and of their relaties(, see for example [64.4]
and [19].
Let X be a compact plane sat. We give X the usual Euclidean metric

d(z,w) = |z —w| (z,we X),

and define the Banach function algelbig X accordingly. Now suppose, in addi-
tion, thatX is rectifiably connected. Then it is noted in [7, Lemma 1.5(i)] that

f(2) = f(w)| < 3(z,w) | f| (2w € X, feDV(X)).

Thus, in the case whet¥ is uniformly regular,D(") (X) is a closed subalgebra of
(Lip X, | - |I)

We now recall the definitions of the uniform algebfagX ), R(X), andA(X)
for compact plane sefs, and some standard results concerning these algebras. We
refer the reader to [§4.3], [11, Chapter II] and [7] for further details.

Let X be a compact plane set. Thelynomially convex hubbf X, denoted by
X, is the complement of the unbounded componeri §fX. Theouter boundary
of X is the boundary o . The setX is polynomially conve¥ C\ X is connected.
The spaces of restrictions £ of the polynomial functions and of the rational func-
tions with poles offX are denoted by’ (X ) and Ro(X ), respectively. The clo-
sures of these spaces(@(X), |- | y) are the uniform algebraB(X) andR(X),
respectively. The algebrB(X) is always natural; the character spacdfX ) is
identified with)A(, and soP(X) is natural if and only ifX = )A(, i.e., ifand only if
X is polynomially convex.

For a non-empty, open subgébf C, we writeO(U) for the algebra of analytic
functions onU.
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Let X be a compact plane set. We denote(®yX ) the set of restrictions to
X of functions which are analytic on some neighbourhoo&ofThusg € O(X)
if and only if there are an open neighbourhddf X and a functionf € O(U)
with f’X =4d.

Now let X be a compact plane set with interior. Then A(X) is the uniform
algebra of all continuous functions dh such thatf | U € O(U). By a theorem of
Arens (see [6, Theorem 4.3.14] or [11, Chapter Il, Theorem 14]X) is a natural
uniform algebra onX. It may be thatR(X) C A(X) (see [11, Chapter VIII§8]);
howeverR(X) = A(X) whenevelC \ X has only finitely many components. Let
A be a uniform algebra oX with R(X) C A C A(X). Then we do not know
whether or not4 is necessarily natural; if this were always the case, then some of
our later open questions would be easily resolved.

In the case wher& is polynomially convex, Mergelyan’s theorem [11, Chap-
ter Il, Theorem 9.1] tells us tha?(X) = A(X). In particular, whenX is polyno-
mially convex and has empty interior, we hakéX) = C(X). (This latter fact is
Lavrentiev’s theorem [11, Chapter I, Theorem 8.7].)

We conclude this section by recalling the definition of some related spaces
which were discussed in [3].

Note that it is obvious that whenevar is a compact plane set such that.X
is dense inX, thenX is perfect.

Definition 2.9. Let X be a compact plane set such thatX is dense inX. Set
U = intX. ThenAM(X) is the set of functiong in A(X) such that(f|y)’
extends continuously to the whole &f. In this case we set

Ifll = |flx +|F o (fe AW(X)).

ClearlyDM (X) € AW (X), and(AM(X), || ) is a normed function algebra
on X. Moreover, it is easy to see that()) (X), |- ||) is complete, and hence a
Banach function algebra oK.

In the following sections, we shall discuss the relationships between all of the
algebras so far discussed.

3. Inclusion Relationships between the Algebras
Let X be a perfect, compact plane set. Certainly we have the inclusions

Py(X) C Ro(X) CO(X) C DID(X) C A(X).

In particular,(Z — w1)~* belongs taDM (X) whenevemw € C \ X.

It is an elementary consequence of Runge’s theorem [4, p. 35] that the closures
of Ro(X) andO(X) in (DM(X), | -||) are always the same. Similarly, ¥ is
polynomially convex, then both of thege ||-closures are equal to the closure of
Py(X) in (DW(X), ]| -])). (Part of this was noted on page 106 of [3]).

We do not know whether or not we always habé€')(X) C R(X). Nor do
we know whether or naRy (X) is always dense itD™ (X), || - ||). Since we have
DW(X) C A(X), clearly DM (X) C R(X) wheneverR(X) = A(X).
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We do have the following easy result from [7, Lemma 1.5].

Proposition 3.1.Let X be a uniformly regular, compact plane set. Then the inclu-

sionDM(X) C R(X) holds O
Theorem 3 of [14] appears to claim thaf?) (X) C R(X) for each perfect,

compact plane set, or perhaps for each perfect, compact plate ssth thatX

is pointwise regular. However the proof is based on an invalid use of Whitney’s

extension theorem [16, Chapter I, Theorem 3.2] in an attempt to show that every

function in D()(X) has an extension which lies @) (R?). (Here we are identi-

fying C with R? in the usual way.) The following example, which is a modification

of [3, Example 2.4], shows that functions ") (X') need not have such exten-

sions, even in the case whekeis a pointwise regular Jordan arc.

L / ! 1
0 23 2y 22 2 21 =3

Figure 1: The ard constructed in Theorem 3.2 (not to scale)

Theorem 3.2. There exist a pointwise regular Jordan ascand a functionf in
DW(.7) such that there is no functiofi in C(Y(R?) with F|; = f.

Proof: An example of such an at€is shown in Figure 1, above.
Forn € N, set

Iy =2, =271, 2 =277 273"

and
Wy, =27 427, w, =2"" 273 27,

Note that we have

/ -3 -3 —-n:
2y =2p—2 " =1z, — 27" wy, =2z, +27 "1,
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and
wh =2 427" = w, — 273",

Let J,, be the Jordan arc made up of the four straight lines joining, successively,
Zn, W, W), 21, andz, 1. Itis clear that we may obtain a pointwise regular Jordan
arcJ by gluing together all of the arc$, (n € N), and then adding in the poift

Forn € N, setc, = z,,/n. We nowclaimthat there existg € D™ (X) such
that, for alln € N, f(z,) = ¢, while f(z)) = ¢,+1. This may be achieved by
settingf(0) = 0, and definingf on each/, separately as follows. For € N, let
V,, be the straight line joining,, to w,,. Forz € J,, \ V,,, setf(z) = cp41. For
z =1xp+1y € Vp, setf(z) = a + beos(2"ny), wherea = (¢, + cn41)/2 and
b = (cn — cnt1)/2. Itis now easy to check that satisfies the conditions of the
claim.

Obviously, the restriction tg of any function inC'!) (R?) must be inLip .J.
However, we have

|f () — f(21)] _ S~ Cntl 92n—1 n+2

|2n — 2 9-8n n(n—i—l)_)oo T e

nl
and so these quotients are unbounded. Thissnot inLip J, and it follows thatf

has no extension i6"") (R?), as required. O
Of course, for the ard constructed in Theorem 3.2, we do have

DWWy C P(J)=R(J)=C(J).

Let X be a compact plane set with dense interior. It is obvious that the inclusion
DW(X) € AM(X) is an isometric inclusion afD™) (X), || - ||) in the normed al-
gebra(AM (X), || -||). Thus the completion of DM (X), || -||), namelyD® (X),
is just the|| - ||-closure of DM (X ) in A (X)),

We do not know whether or not we always hat€)(X) C R(X). However,
it is obvious thatA()) (X) C A(X), and so we havel)) (X) C R(X) whenever
R(X) = A(X). We shall see later, in Theorem 8.1, ti2{t) (X ), and hence also
Ro(X), need not be dense [l (X), || - ||).

4. Naturality

We next show thaD()(X) is natural for every perfect, compact plane &etIn
addition, every character ¢ (X), || - ||) is continuous. The elementary proof is
based on the method used by Jarosz in [15] to prove that a certain Banach function
algebraLipy,,; (X, «) is natural.

Theorem 4.1. Let X be a perfect, compact plane set, and lebe the normed
function algebra D™ (X), || - ||). ThenA is natural onX, and® 4 = ¥ 4.

Proof: Letp € ® 4, and setw = ¢(Z). Thenyp(Z — wl) = 0, and soZ — wl is
not invertible inA. SinceRy(X) C A, it follows thatw € X.

We shall show thap = ¢,,. To see this, it is sufficient to prove the inclusion
kere,, C kerp. Takef € A with f(w) = 0. Sincef is differentiable atv, there
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is a positive constar® such that, for alk € X, we have|f(z)| < C|z — w|. It
is now easy to see thgf = (Z — w)g for a (unique) functiory € DM (X) (with
g(w) = ¢'(w) = 0). This gives

(@) = o(f°) = p(Z —w)p(g) = 0,
and sap(f) = 0. The result follows. O
Let X be a perfect, compact plane set with dense interior. We do not know
whether or notd™)(X) is always natural. Lef be a function inAM(X) with
Iflxy = 1. We see that < ||f"|| < 1+ n|f'|x = O(n), and so it follows that
limy, .0 || f™]|/™ = 1. Thus, by Proposition 2.24()(X) is natural if and only if
its uniform closure is natural. Clearly this is the case when&eéf) = A(X).

5. F-derivatives

We noted earlier that, whenevef is a compact plane set with dense interior,
DW(X) is the|| - ||-closure of DMV (X) in AM(X). The condition thaintX be
dense inX is too restrictive for our purposes, and so we now introduce a new class
of compact plane sets.

Definition 5.1. Let X be a compact plane set. Theéhis semi-rectifiableaf the
union of all the rectifiable Jordan arcs ¥is dense inX.

Clearly every semi-rectifiable, compact plane set is perfect.

Although an admissible arc need not be a Jordan arc, it is nevertheless easy to
see that a compact plane set is semi-rectifiable if and only if the union of all the
admissible arcs ilX is dense inX. In view of our earlier comments, this condition
is also equivalent to the condition that the union of all the rectifiable arés loe
dense inX.

We now define another new term, ‘effective’. This is a modification of the term
‘useful’, which was introduced in [3]. In particular, we shall replace the restriction
that the (rectifiable) paths in the family be Jordan paths by the weaker condition that
they be admissible. We discuss the implications of this below. However, we also
restrict attention to the case where the union of the images of the given (rectifiable)
paths is dense iX; this was not included in the definition of the term ‘useful’ in
[3]. Note that this is only possible for semi-rectifiable, compact plane’sets

Definition 5.2. Let X be a compact plane set, and febe a family of paths inX.
ThenF is effectiveif each path inF is admissible, if each subpath of a path7in
belongs taF, and if the union of the images of the pathsArs dense inX.

The next definition is as in [3].

Definition 5.3. Let X be a compact plane set, [Etbe a family of rectifiable paths
in X, and letf,g € C(X). Theng is anF-derivativeof f if, for all v € F, we
have

[o=16) =107
.
We define
D(fl)(X) ={f e C(X) : f has anF-derivative inC'(X)} .
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We are interested mostly in the case whéres effective. In this case it is easy
to show thatF-derivatives are unique.

We now revisit the theory afr-derivatives, as introduced in [3]. It was rela-
tively easy to prove the product rule f@f-derivatives [3, Theorem 4.9] wheh
is useful by using polynomial approximation on each of the Jordan arcs involved.
We shall show in Theorem 5.5 below that the product rule remains valid When
effective.

First we give a lemma concernirg() (X), based on part of [3, Theorem 4.17].

Lemma 5.4Let X be a perfect, compact plane set, and supposefhasta set of
rectifiable paths inX.

() Letf e DU (X). Then the usual derivativg is also anF-derivative off.
(i) Letfi, fo € DD(X). Thenfyf} + fifo is anF-derivative off; fa.

Proof : Since the product rule is valid fab()(X), the result follows from the
fundamental theorem of calculus for rectifiable paths [3, Theorem 3.3]. O

Note that the above lemma applies, in particular, to functior&ifX ). Using
this, together with rational approximation and the method of repeated bisection, we
can now prove our new version of the product rulefoderivatives.

Theorem 5.5.Let X be a semi-rectifiable, compact plane set, and supposeAhat
is an effective family of paths il. Let f; and f3 in Dg)(X ) haveF-derivatives
g1 and go, respectively. Thelfy go + g1 f2 is an F-derivative offy fo.

Proof: Seth = fig2 + g1f» andH = f1fo. Assume, for contradiction, that the
result is false. Then there is a patke F such that

/h#H(W)—H(v‘)-

It is clear that we may suppose th&t = +* and thatF consists ofy and all its
subpaths. Since is rectifiable, the area oK is 0. By the Hartogs—Rosenthal
theorem [11, Corollary 11.8.4]R(X) = C(X). Moreover, by various types of
scaling, we may suppose that = 1 and that each of the four functiorfs, g1, fo,
andgs have uniform norm at most/16. Set

C:

Lh— (H(W)—H(v))‘ >0,

and then set = min{C/2,1/16}. Forj € {1,2}, choose a rational function
with poles off X such thatr; — g;|x <e.

By an obvious repeated bisection method, we find nested decreasing subpaths
~n Of 7y with |v,,| = 27™ and such that

[ n- e - o) 2 & wem.

n
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There exists a (unique) pointin (), .y 7. Choose an open disk centred oru
on which bothr; andr, are analytic. For each = 1,2, choose an analytic anti-
derivative R; of r; on D such thatR;(a) = f;(a), and then choose € N large
enough thaty: is contained inD. Then it follows easily that

g .
1B = filz <5n (1=1,2).

Setr = Riro +r1Re andR = R; R,. By the preceding lemma,

/ r = R(%) — R(%;).

n

However, easy calculations show th&— H|,: < ¢/2""? and|r — k|- < /2,

from which we see that
[r=]
g

|(H () = Hv) = (R(w) = ROw))| < g -

This quickly leads to a contradiction of the choiceypf Hence the result followsl

Let X be a semi-rectifiable, compact plane set, and supposefilimtan ef-
fective family of paths inX. As observed abover-derivatives are unique in this
setting, and so we may denote thederivative of a functionf < Dg_})(X) by f’.
For f e Dg)(X), set

3

< on+1

and

LA = 1f1x + 1 ]x -

Theorem 5.6. Let X be a semi-rectifiable, compact plane set, and suppose that

F is an effective family of paths iN. Then(D(fl)(X), Il - 1|) is @ Banach function
algebra onX containingD") (X) as a subalgebra.

Proof: Let fi, fo € Dg_})(X). By Theorem 5.5, we hav§, f» € Dg)(X) and
(fif2) = fify + fifo. It follows immediately that| i fo|| < ||f1]/]| f2]l, and so
(DM(X), | -|) is a normed algebra.

Let (f,) be a Cauchy sequence @riD?(X), |I-1). Then(f,) and(f) are
Cauchy sequences {i(X), | - |x), and so they converge uniformly ok, say
fn— fandf], — gasn — .

For eachy € F, we have
[o=Jim [ £ =tim(ra0") = £y = £ = £,
Y v

and sof € Dg)(X) with ' = g. Thus(Dg_})(X), |- |I) is complete.
Finally, it follows from Lemma 5.4(i) thaD) (X) € D (X). O
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Note that the inclusion map fro()(X) to Dg)(X) is obviously isometric
here.

Easy examples, such as [3, Example 5.2], showﬂﬁé)[(X) need not be con-
tained inA(X) in this setting.

We do not know whether or ndt)g_})(X) is natural whenevef is effective.
However, as fort ) (X) above,D'Y (X) is natural onX if and only if the uniform

closure ong)(X) is natural onX.

6. The Completion of (DM (X), || - ||)
In this section we shall discuss the completion? (X), of (D (X), || - ).
We first give an example to show that!) (X) need not be semisimple.
Recall that, for each compact spakethe semi-direct produet(X) x C(X)
is a Banach algebra for the product given by

(f1, f2)(g1,92) = (frg1, frge + fagn)  (f1, f2,91,92 € C(X))

and the norm given by

I(F 91 = 1flx +l9lx (f,9 € C(X)).

The radical of this algebra i®)} x C'(X), a nilpotent ideal of indeR. In particular,
C(X) x C(X) is not semisimple.

Proposition 6.1.Let X be a perfect, compact plane set. Then the map
cif e (£ ), DYX) — C(X) x C(X),

is an isometric algebra embedding, apd) (X) may be identified with the closure
in C(X) x C(X) of (DI (X)).
Proof: This is immediate; it was noted in [5, pp. 53-54] O

Example 6.2.[5, Example 3.1.10(ii)] In [2], Bishop gave an example of a Jordan
arc.J in the plane with the property that the image under the above embedading
the set of polynomial functions is densedr{.J) x C(.J). It follows immediately
from this thatD(!)(.J) is equal toC(.J) x C(J). As observed above, this algebra
is not semisimple. O

There are no non-constant, rectifiable paths in Bishop’s/arthis is not too
surprising in view of our next result.

Theorem 6.3. Let X be a semi-rectifiable, compact plane set. TH® (X) is
semisimple.

Proof: Let F be the family of all admissible paths iXi. ThenF is effective. By
Theorem 5.6,D(f1)(X) is a Banach function algebra, and we can regaftl (X)
as the closure oD (X) in D'Y)(X). From this, it is immediate thab () (X) is
semisimple. O
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We do not know whether or ndd(")(X) is always equal tdjg_})(X) under the
conditions of Theorem 6.3, witli equal to the family of all admissible pathsin
Nor do we know, in this setting, whether or not the completene&Bdf (X), || - ||)
implies thatD™ (X) = DY (X). However, if we assume merely thatis effec-
tive, then [3, Example 5.2] shows that it is possible o) (X) to be complete
without havingD (X) = Dg)(X). Nevertheless, in the next section we shall
see that it can be useful to work with effective famili#&swhich are somewhat
smaller than the family of all admissible pathsXn

7. F-Regularity

Several results concerning the relationship betwBéh(X) and Dg_})(X) were
obtained in [3] under a variety of conditions ¢h We wish to simplify the condi-

tions considered, while at the same time strengthening these results. To do this we
introduce the notion of--regularity.

Definition 7.1. Let X be a semi-rectifiable, compact plane set, and supposéthat
is an effective family of paths itX. ThenX is F-regular ata pointz € X if there
is a constank, > 0 such that, for everyw € X, there is a path € F joining z to
w With |y| < k,|z — w|.

The compact plane séf is F-regularif X is F-regular at every point ok .

It is clear thatF-regularity implies pointwise regularity. The main gain in the
following result over [3, Theorem 5.1] is that the earlier requirementihsiould
‘include all short paths’ may now be removed.

Theorem 7.2.Let X be a semi-rectifiable, compact plane set, and supposeAhat
is an effective family of paths i such thatX is F-regular. Then

pW(x) = DY (x).

Proof : The proof is essentially the same as that of [3, Theorem 5.1], with some
very minor modifications. O

Remark 7.3. SinceF-regularity implies pointwise regularity, we already know
under these conditions thatD™") (X),| -||) is complete. The content of The-
orem 7.2 is that we actually have equality betwd&® (X) and D} (X).

We now wish to investigate the connections betw@E® (X), AN (X) (as
discussed earlier), anﬂg)(X) in the case wherant X is dense inX and F is
an appropriate effective family of paths . First we look more closely af-
differentiation and subpaths of a path.

Lemma 7.4.LetI" : [a,b] — C be a rectifiable path, and let, g € C(T'*). LetZ
be the set of all non-degenerate closed subinteryat$ [a, b] such that, for every
subpathry of I'| ;, we have

/ g= 10— FOr).
v
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SetE = |JZ (the union of all the intervals if). ThenZ and E' have the following
properties.

() LetI and.J beinZwithInJ # (. Thenfu J € Z.

(i) EveryJ € T is contained in a unique maximal elementofwith respect to
set inclusioi.

(iif) The maximal elements Bfpartition E.

(iv) Taking interior relative tda, b], the subsefa, b]\ int E has no isolated points,
and hence is perfect whenever# [a, b).

(v) Either E = [a,b] or [a,b] \ E'is uncountable.

Proof: (i) This is essentially immediate from the definitions.

(i) Take J € Z, and letc € intJ. Setd’ = sup{d € [a,b] : [¢,d] € T} and
a = inf{d € [a,b] : [d,c] € Z}. Then itis easy to see that < ¢ < V' and
that[a’, c] and[c, V'] are both inZ, whence (by (i))a’, V'] € Z. Itis now clear that
[a', V] is the desired maximal elementBf

(iii) This is clear from (i) and (ii).
(iv) This follows quickly from the well-known fact that, if an open interval in

R is contained in a countable disjoint union of compact intervals, then it must be
entirely contained in one of the compact intervals.

(v) Assume, for contradiction, thét, b] \ E is countable and non-empty. Then,
because of the nature &f, the sefa, b] \ int £ would also be countable. This con-
tradicts the fact that no non-empty, countable, compact sub&tah be perfect.
The result follows. O

The following example shows thd@ may be dense ifu, b], and yet not equal
to [a, b]. Recall that we denote the unit interyal 1] by I.

Example 7.5.Consider the ‘identity path” : T — C, i.e.,
L(t)=t (tel).

Let f be the standard Cantor function dnand letg be the zero function of,
so thatf,g € C(I). Then it is easy to see that the détfrom the preceding
lemma is simply the union of the closures of the complementary open intervals of
the Cantor set. In particulaFy is dense in, but not equal th, The complement
of F is uncountable, nowhere dense, and has Lebesgue meéasHmvever, by
modifying the Cantor set in a standard way, we may arrange that the complement
of £ be uncountable, nowhere dense, and have positive Lebesgue measure.

In [3, Lemma 5.3] it was shown that, in the case whéras the set of all
rectifiable Jordan paths in a compact plane}éeDSTl)(X) C A(X). However, in-
vestigation of the proof reveals that it is only necessaryHo include sufficiently
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many admissible paths intX. For example, by Theorem 7.2, it is enough if, for
every compact dis® C int X, D is Fp-regular, whereFp denotes the set of paths
in F whose images are containedih Moreover, in this caseF-derivatives of
functions iani)(X) agree with the usual derivatives of these functionsmo .

We are now ready to establish a result connecting the sgaicesy ), AW (X),
andDgi) (X).
Theorem 7.6.Let X be a compact plane set such that X is dense inX. LetF
be the set of all admissible pathsin X such that the complement of ! (int X )
is countable. Thetb(X) is equal toA™M)(X). If X is F-regular, then both of
these spaces are equal V) (X).

Proof: SetU = intX. SinceF includes all admissible paths which are contained
in U, the remarks above show th@l‘fl)(X) C A(X) and thatF-derivatives of
functions in DJQ)(X ) agree with the usual derivatives of these functionslon
Sincel is dense inX, it follows that DY (x) € AW (X).

Now let f € A1 (X), and letg be the (unique) continuous extensionXoof
(fly)'. It follows easily from Lemma 7.4 that is, in fact, anF-derivative of f.
This givesA®) (X) € DY (X). The equalityD) (X) = AW (X) follows.

SinceF is effective, the rest is an immediate consequence of Theorem(7.2.

It is easy to extend the last part of this result to cover finite unions of sets
satisfying appropriate regularity conditions.

8. The Algebra AV (X)

We shall now see that, even K is uniformly regular (and hence geodesically
bounded) and has dense interior, it need not be the casBthaty) = A (X).

Theorem 8.1. There exists a uniformly regular, polynomially convex, compact
plane set such thaht X is dense inX, and yetD)(X) = DM (X) # AD(X).
In particular, Ry(X) is not dense if AW (X), | - |)).

Proof: An example, based on the Cantor set, is shown in Figure 2, below.

M 1 1 1

Figure 2: The Cantor set with squares attached

Let (1,,)72, be an enumeration of the closures of the complementary open in-
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tervals in the standard Cantor middle thirds set, and/sdas length,,. Set

X=100,10U|J{z+iy:z eI, ye0]},

n=1

i.e., X is the set obtained by attaching to the unit interval a closed square with base
equal tol,,, for alln € N. ThenX is easily seen to be a uniformly regular, compact
plane set, and s@D(M)(X), || - ||) is complete.

Letg: [0,1] — [0, 1] be the usual Cantor function, and defihe C'(X) by

flx+iy) =g(z) (x+iye X).

Thenf is locally constant ofnt X, and so it is clear that € AN (X). However,
f is not differentiable o0, 1], and sof € AW (X)\ DM (X).

SinceDW(X) is a proper closed subalgebra 4f!)(X), it follows immedi-
ately thatRo(X) is not dense ifAM (X), || - ||). O

We do not know whether or not there is such an example with the additional
property that the seétht X is connected.

Theorem 8.1 should be compared with the following polynomial approximation
result, which is [3, Theorem 5.8] (see also [5, Proposition 3.2.4]).

Theorem 8.2. Let X be a polynomially convex, geodesically bounded, compact
plane set, and lef be the set of all admissible paths ¥. ThenPy(X) is dense
in the Banach algebraDg_})(X), II-1D- O

Let X be a semi-rectifiable, compact plane set, andrldte the set of all ad-
missible paths inY. Obviously, if Py(X) is dense ir(D(fl)(X), Il 1), thenPy(X)
is also dense itD™M (X), || - ||). ThusPy(X) is dense inD™) (X) for every poly-
nomially convex, geodesically bounded, compact plangsekhis last fact is also
given by the argument in [5, Proposition 3.2.4], where it is noted that, for each
pointwise regular, compact plane et Py(X) is dense in DM (X), || - ||) if and
only if X is polynomially convex. We do not know whether or it X) is dense
in (DMW(X), |- ) for every polynomially convex, perfect, compact planeXet

Our final result of this section shows that, even for uniformly regular, compact
plane sets¥ with dense interiorA()) (X) need not be dense in the uniform algebra
A(X).
Theorem 8.3.There is a compact plane s&% with the following properties:

(i) Xo is uniformly regular,int X, is connected and simply connected, and
int Xy is dense inXg;

(i) DM (Xo) = DD (Xg) = AD(Xy) € R(Xo);

(iii) A (Xo) is not dense ifA(Xo), |- |y, )-
Proof: We consider the compact plane satghat are constructed in [11, Chapter
VIII, §9] to show that we may havB(X) C A(X).

The setsX have the following form. LetA,, : n € N) be a sequence of open
discs in the closed unit dige such that the familf A,, : n € N} of closed discs is
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pairwise disjointand_ ~ , , < oo, wherer,, is the radius ofA,, for eachn € N.
Then
X =D\ J{A, :neN},

and soX is a compact plane set.

We claimthat each such séf is uniformly regular. To see this, takew € X
with z # w, and first joinz andw by a straight line/ in C of length |z — w|.
Suppose that N A,, # () for somen € N. Then the straight linén A,,, of length
tn, Say, is replaced by an arc in the frontierdf, of length at mostrt,,. It is not
hard to show that we obtain a pathin X from z to w such thaty| < 7|z — w|,
and sod(z,w) < 7 |z — w|. ThusX is uniformly regular.

Let J be a Jordan arc i such that/ has positive area and such thameets
the unit circle in exactly one point. The sefs, may then be chosen so that the
sequence of setg\,,) accumulates precisely of in the sense that

A0 a

n=1k=n

It is shown in [11, Chapter VIII, Example 9.2] that this can be done in such a way
that each closed diss,, meetsJ in exactly one point, say,,: we then have that
int X is connected and simply connected, and thatX is dense inX. For any
setX of this form, we haveR(X) # A(X).
Suppose that we have chosen diggsin this way. For eaclw € N, choose a
new open disd,, with
2n € Dp C AU {2},

so thatD,, andA,, osculate at,,. Set
Xo=D\| J{Dn:neN},

so that, for each € N, the boundary circl®A,, is a subset ofnt Xy U {z,}.

Itis clear thatX also satisfies clause (i) of the statement and that we still have
R(Xo) € A(Xp). SinceXj is uniformly regular, it follows from Propositions 2.7
and 3.1 that

Ro(Xo) € DD (X)) = DM (X)) C R(Xo).

Let z,w € Xy, and again joinz andw by a straight line/ in C of length
|z — w|. Suppose thatN A,, # () for somen € N. Then we see by geometrical
considerations that the straight line1 A,,, of lengtht,,, say, may be replaced by a
path in(A,, \ D,,) U {z,w, 2, } of length at mostr + 1)t,,, and sa: andw can be
joined by an admissible pathwith |y| < (7 + 1) |z — w| such thaty is contained
in

int XoU{z,w}U{z, :n €N},
and such that the complementof! (int Xo) is a countable set.

Let F be the family specified in Theorem 7.6. Then we have shownXhas

F-regular, and s®™M) (X)) = AN (Xy), giving (ii).
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It follows from (i) that the uniform closure o) (X,) is R(X,). Clause (iii)
follows because&?(Xy) # A(Xo). O

9. Completeness oD (X)

We now return to the question of the completenesgdf) (X)), || - ).
The following result is [5, Proposition 3.1.4]; it was rediscovered by Honary
and Mahyar in [13].

Theorem 9.1. Let X be a perfect, compact plane set. Th@d™)(X),|-|) is
complete if and only if, for each € X, there exists4, > 0 such that, for all
feDW(X)andallw € X, we have

1f(z) = fw)] < A:(|f1x + [f'1x)|z — w|. (9.1)
O
Note thatX need not be connected here. (However, the condition implies that
X has only finitely many components.)
For pointwise regularX, this condition is certainly satisfied, and indeed the
| f|x term may be omitted from the right-hand side of (9.1). We now show that this
| f|x term may also be omitted under the weaker assumptionta¢ connected.
First we require a lemma concerning functions whose derivatives are constantly

Lemma 9.2. Let X be a connected, compact plane set for whigh) (X), || - ||)
is complete. Tak¢ € DM (X) such thatf’ = 0. Thenf is a constant.

Proof : Assume towards a contradiction that there exjsts D) (X) such that
/" = 0 and such thaf is not a constant; we can suppose thfdt, = 1 and that
1 € f(X). By replacingf by (1 + f)/2 if necessary, we may also suppose that
is the only value of modulus taken byf on X. Set

Y={zeX:|f(z)|=1}={z€X: f(z) =1}.

ThenY is a closed, non-empty subset®f andY =# X becausef is not constant.
Since X is connected, the subsktis not open inX, and so there existy € Y
and a sequendey) in X \ Y such that, — wg ask — oc.

For eachn € N, setg, = 1 — ™, so thatg, € DV (X). For eachn € N, we
haveg,, (wo) = 0, g, = —nf"~1f' = 0, and|g,|y < 2. By Theorem 9.1, there is
a constant' > 0 such that

|gn(zk)| < 2C |2 —wo|  (n,k €N).
For eachk € N, we havelim,,_, g, (zr) = 1 becauséf(z)| < 1, and so
1 <2C |z —wp| (k€N).

Butlimy . |2 — wo| = 0, and so this is the required contradiction.

Note that this result fails without the assumption that! (X), || - ||) is com-
plete. For example, i is a Jordan path which is a subpath of the famous Koch
snowflake curve, then the functigh= v~! has derivativé) on the Jordan arg*.
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We are now ready to eliminate thg| x term from the right-hand side of equa-
tion (9.1) under the assumption th¥tis connected.

For convenience, we introduce the following notation. Détbe a perfect,
compact plane set, and lgf € X. Then we define

M (X) = {f € DD(X) : f(z0) = 0},

so thatM " (X) is a maximal ideal ilDM (X).
Theorem 9.3.Let X be a connected, compact plane set for whith!) (X), || - ||)
is complete. Lety € X. Then there exists a constafif > 0 such that, for all
fe MZ(S)(X), we have

Furthermore, there exists another constaht > 0 such that, for allf € D(l)(X)
and allw € X, we have

|f(20) = f(w)] < Ca|f'] x |20 —w] . (9.2)

Proof: We shall first prove the existence of the constant

Assume towards a contradiction that there is a sequefiges Mz((})(X) such
that|f,|y = 1 for eachn € N, but such thatf, |, — 0 asn — co. We can
suppose thatf, | <1 (n € N). SetS = {f, : n € N}.

Letz € X. By Theorem 9.1, there is a consta&nt > 0 such that

f(2) = fw)] < Co(Iflx + || )|z —w| <2C: w2 (feS weX).

We claimthatS is an equicontinuous family at Indeed, take > 0, and let
U={weX:|w-z <e/2C,}, sothatU is a neighbourhood of € X. For
eachw € U, we have f(w) — f(z)| < € for eachf € S, giving the claim. Thus
is equicontinuous oX. CertainlyS is bounded iNC(X), |- |y).

By Ascaoli’s theorem [6, Theorem A.1.10§, is relatively compact in the space
(C(X),]-|x). By passing to a subsequence, we may suppose that there exists
f € C(X) such thalf,, — f|y — 0asn — oo. Clearly we havef(zp) = 0 and
|f|x = 1. We know that f; |, — 0 asn — oo, and so( f,,) is a Cauchy sequence
in (DW(X),]-])). Since(DMW(X), | -|) is complete, f,) is convergent in this
space. Clearlyim,, .o f, = f in D) (X), and sof’ = 0.

By Lemma 9.2/f is a constant. Buf(zy) = 0, and sof = 0, a contradiction
of the fact that f| , = 1.

This proves the existence of the desired constant

We now setCy; = A, (1 + C1), whereA,, is the constant from (9.1). Equa-
tion (9.2) now follows. O

Theorem 9.3 does not hold in the absence of either of the hypotheses bt
connected or thatD™ (X), || -||) be complete.
The following corollary is now immediate.
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Corollary 9.4. Let X be a connected, compact plane set. ThEW) (X), | - )
is complete if and only if, for each € X, there exists3, > 0 such that, for all
feDW(X)andallw € X, we have

f(2) = fw)] < B: || |2 = w] . (9.3)

O
Let X be a polynomially convex, geodesically bounded, compact plane set.
ThenX is connected, and we know thB§(X) is dense i DM (X), || -||). From
this we immediately obtain the following further corollary.

Corollary 9.5. Let X be a polynomially convex, geodesically bounded, compact
plane set. ThetDM (X)), | -|) is complete if and only if, for each € X, there
existsB, > 0 such that, for allp € Py(X) and allw € X, we have

Ip(z) — p(w)| < B. |p] 12 —w] . (9.4)

O
We conclude this section with some polynomial approximation results. Of
course, if we knew thak” were geodesically bounded whenevéis a connected,
compact plane set for whigtD™) (X), || - ||) is complete, then (i) below would be
immediate.

Corollary 9.6. Let X be a connected, polynomially convex, compact plane set for
which (DM (X), || - ||) is complete.
(i) Takezg € X. Then the map

fef, MYPX) - PX),

is a bicontinuous linear isomorphism.
(i) The algebraPy(X) is dense i DM (X)), || - ||).
Proof: (i) The map
T:f—f, MYPX)— PX),
is linear, and it is clearly continuous. By Lemma 9.2 (or Theorem 9.33, injec-
tive.

Let ¢ € P(X). Then there is a sequence,) of polynomials such that
lgn — glx — 0 asn — oo. For eachn € N, define a polynomiap,, by requiring
thatp/, = ¢, andp,(z0) = 0. By Theorem 9.3(p,,) is a Cauchy sequence in
(C(X),|-]x), and so there exists € C'(X) such thatp,, — f|y — 0 asn — oc.
Clearly (p,) is also a Cauchy sequence(iP™")(X), || - ||), and sof € DM (X)
andp, — fin (DWO(X),|-|). Clearlyf € M (X), andf’ = Tf = g. This
shows thafl" is a surjection.

The continuity of7-! is now immediate from either Theorem 9.3 or the open
mapping theorem.
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(i) Let f € DD(X). Thenf’ € A(X) = P(X), and so there is a sequence
(gn) of polynomials such thdt,, — f’| , — 0 asn — oco. Let(p,) be a sequence
of polynomials such that,, = ¢, andp,(z0) = f(z0) forn € N. SinceT ! is
continuous, we have

pn_f:T_l(Qn_f,) —0

in (DW(X), |- ) asn — oo, giving (ii). O

Now suppose thak is a connected, compact plane set (which need not be
polynomially convex) such thatD™ (X), || - ||) is complete. Take, € X, and
defineM!) (X) andT : DV (X) — A(X) as above, i.e.,

T(f)=f (f e MP(X)).

Then the above argument shows tﬂatMQ)(X)) is a closed linear subspace of
A(X). For example, in the case wheke= T, the range of the map is the space
of functionsg € C(T) such thatf; g(z) dz = 0.

Let X be a polynomially convex, perfect, compact plane set such that the
normed algebréD™ (X), || - ||) is complete. TheX has only finitely many com-
ponents, and the above polynomial approximation result holds on each component
separately. It follows easily that(X) is dense il DM (X), || - ||). However, as we
observed earlier, for polynomially convex, perfect, compact planeXetd, (X )
andO(X) have the same closure () (X), || - ||). Thus we obtain the following
further corollary.

Corollary 9.7. Let X be a polynomially convex, perfect, compact plane set for
which(DW(X), | - |) is complete. The®y(X) is dense i DM (X),[|-|)). O

10. Sufficient Conditions for the Incompleteness of DM (X), || - ||)

Let X be a connected, compact plane XetWe shall identify a variety of geomet-
ric conditions onX which are sufficient fot D" (X), || - ||) to be incomplete. We
begin by defining a functio®x : X — [0, 0] in order to make applications of
Theorem 9.3 more efficient. Ferc X, we set

Qx(2) =sup { LI e 3\ o), e DO, 171 <1
Thus, forzy € X, condition (9.2) holds at if and only if Q x (z9) < oo, in which
case we may tak€s = Qx(2o).

We may now rephrase Corollary 9.4 in termapf as follows.

Theorem 10.1.Let X be a connected, compact plane set. ThBAV (X), || - ||) is
complete if and only if, for alt € X, we havel x (z) < cc. O

Let X be a connected, compact plane set. By Proposition2%) (X), || - ||)
is complete wheneveX is pointwise regular. We shall now try to establish the con-
verse of this result; we have no counter-example to the possibility that the converse
always holds. The following partial result eliminates a large class of compact plane
sets, including all rectifiable Jordan arcs, as possible counter-examples.
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Theorem 10.2. Let X be a polynomially convex, rectifiably connected, compact
plane set with empty interior. Suppose thétis not pointwise regular. Then
(DW(X),]| 1) is incomplete.
Proof : Since X is not pointwise regular, there exists € X such thatX is not
regular atzo. We shall show thaf) x (zp) = oco.

Let C' > 0. Then there exista) € X with 6(z9, w) > Clzp — w|. Lety be a
geodesic fronyy tow in X. Itis easy to see, using the definition of arc length and
Tietze’s extension theorem, that there is a functfoa C'(X) with |f|x < 1 and

such that
/f’ > Clzg — w|.
.

As the polynomials are dense @’ X'), we may suppose thgtis, in fact, a poly-

nomial. Letp be the unique polynomial satisfyingzy,) = 0 and such that’ = f.

Then|p(zo) —p(w)| > Clzo—w|, and|p’|x < 1. This shows thaf) x (z9) > C. As

the choice of”' > 0 was arbitrary() x (z0) = oo, as claimed. ThusD™ (X), | - )

is incomplete. O
Although the preceding proof does not apply, nevertheless it is true that the

normed algebr&aD(V)(.J), || - ||) is incomplete whenevef is a non-rectifiable Jor-

dan arc. The proof requires two lemmas.

Lemma 10.3.Let zp, wg € C with 2y # wy, lety be a Jordan path fromy to wq
in C, and letB € R*. Then there exist§ € DU (y*) with0 < ||, < 3, with
f'(20) = f'(wo) = 0, with f(29) = B, with f(wy) € R, and with

f(wo) > f(Zo) + %’wo — ZQ| .

Proof: Setn = |z — wp|/100. Let z; be the first point ofy with |z; — 20| = 7,
and letw; be the last point ofy with |w; — wy| = 7. We may splity into three
Jordan pathsy; from zg to z1, 72 from z; to wy, and~s from w; to wy. Note that
|z — 21| < 2npon~y, while |z — w;| < 2nonvys.

Defineg(z) = z — 2o for z € 7,. Forz in ~1, define

(z —21)?

For z € 3, define
(z —wy)?

Q(Z):Z—Zo—m-

Finally, setf(z) = B + €%(g(z) — g(20)), whered € R is chosen so that we
havee®(g(wo) — g(20)) € R*. Itis then easy to check thgt has the desired
properties. O

Lemma 10.4.Let 2y, wp € C, let A > 0, and suppose that is a Jordan path from
zp to wg in C whose lengti{which may be infiniteis greater thanA. Then there



176 H. G. DALES AND J. F. FEINSTEIN

existsf € DM (y*) with 0 < [f’],~ < 3, with f'(29) = 0, with f'(wo) = 0, and
with | f(z0) — f(wo)| > A/2.

Proof: Choose finitely many intermediate points @strictly between:g andwy,
sayzi, 22, 23, - - - , Zn—1 IN Order alongy, such that, setting,, = wg, we have

n
Z |Zk — Zk—l‘ > A.
k=1

We now apply the previous lemma successively tortlseibpaths joining_;
toz,fork =1,2,...,n, starting withB = 0 for the first arc, and arranging for the
function values to match at the endpoints. We patch together the resulting functions
in the obvious way to obtain the desired functifin O

Theorem 10.5. Let J be a non-rectifiable Jordan arc. Then the normed algebra
(DM (), || - ||) is incomplete.
Proof : By the definition of non-rectifiable Jordan arc, we have- ~* for some
non-rectifiable Jordan path: [ag, by] — C. It follows easily by compactness and
symmetry that we may suppose that there exista @n[ag, bp) such that, for all
b € (a, bo], the restrictiony|, ; is also non-rectifiable.
Setzy = y(a). We shall show thaf) x (zg) = oo.
Let C > 0. Chooseb € (a,by) such thatC|y(a) — ~v(b)| < 1, and then set
wgy = y(b), so that
1
|20 — wol
SetA = 6, and apply the previous lemma to the restrictigp, ;. Extend the
resulting functionf to be constant on([ag, a]) and ony([b, bo]). We then see that
f e DM(J), that|f(z0) — f(wo)| > A/2 = 3, and that

0 <I[f'l7 <3 <|f(20) — f(wo)].

> (.

But then
> |f(Zo) - f(w0)|

— [ f'ls]20 — wol

As the choice olC' > 0 was arbitraryQx(z0) = oo, and so(D™M (X), || -||) is
incomplete. O

We do not know whether or ngtD™) (X), | - ||) is incomplete for each poly-
nomially convex, compact plane s&twhich has empty interior and which is not
pointwise regular.

We shall now introduce some useful test functions which will enable us to give
lower bounds forQ x (z9) whenever a compact plane s€thas a suitable ‘dent’
nearz.

We denote byD, the standard cut plane obtained by deleting the non-positive
real axis fromC. Forz € Dy, we denote the principal argumentoby Argz (so
that—n < Argz < «), and we define

Qx(20) > C.

Logz = log |z| +iArgz (2 € Dy)
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(so thatLog is theprincipal logarithmdefined onDy). Forz € Dy anda € C, we
definez® by z* = exp(alLogz), and we define the function

Z%: z+— 2% Dyg— C.

We now give some elementary facts about the funcéién
Lemma 10.6.Letz € Dy. Then|z'| = e™™8 % and soe™™ < |Z!| < e™. If z is
in the second quadrant, we haj#| < e~™/2, while, if z is in the third quadrant,
then|zi| > e™/2, m
Corollary 10.7. Let z,w € Dy, and suppose thatis in the second quadrant and
thatw is in the third quadran{or vice versy. Then

|Zi_wi| > e7r/2 _6771'/2 >1.
g

We shall be particularly interested in the properties of the analytic function
F = Z*on Dy. Note thatF’(z) = (1 +1i)z' (z € Dp).
Lemma 10.8.The following estimates hold for all€ Dy:

() e7"lz| < [F(2)] < e[z

(i) vV2e ™ <|F'(2)] < V2e. O

Lemma 10.9.Letz, w € Dy. Suppose that is in the second quadrant and that
is in the third quadrant. Then

[F(z) = F(w)| = [2| — €|z —w].
Proof: Writing
F(z)— F(w) =2z —w'w = (2! —wh)z +w'(z —w),
we obtain (using our preceding estimates) the inequalities
|F(2) = F(w)| > [2' = w'||2] = [w']|z — w| > |2] = e[z — w],

as required. O
Note. In this setting, if|z — w|/|z| is very small, thefF(z) — F(w)| is much
bigger thanz — w|.

As an immediate consequence of the above lemmas, we obtain the following
result concerning the functio x whenX C Dy.

Proposition 10.10. There exist universal constan@Q,Cé > ( satisfying the
following. LetX be a connected, compact plane set wiihC D,. Suppose that
z,w € X, and thatz is in the second quadrant andis in the third quadrant. Then

2]

Qx(2) > Co —Ch.

|z — w 0
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These same universal constattg, Cy, will be fixed for the rest of this paper.
We shall use them repeatedly below.

As Q) x is clearly invariant under reflections, rotations and translations, we ob-
tain the following further corollary.

Corollary 10.11. Leta € C, let L be a closed half-line it joining the pointa to
oo, and letH be the closed half-plane containidgand bisected by it. LeX be a
connected, compact plane set withn L = (), and suppose that w € X N H are
such that the straight line joining to w meetsL. Then

O
We shall now consider the case of a compact plane set with a sequence of dents.
The context will be as follows. LeX be a connected, compact plane set. Let
(wy,) be a convergent sequenceXnwith limit z. Let (a,,) be a bounded sequence
in C\ X, and suppose that, for eaghe N, there is a closed half-ling,, C C\ X
joining a,, to co. Let H,, be the closed half-plane containifg and bisected by it.
Suppose further that, for eaehe N, w,, andzg are inX N H,, and the straight line
joining zg to w,, meetsL,,.

Theorem 10.12.With notation as above, suppose that
|z0 — wn| = 0(]z0 — an|) as n— 0.

Then(DMW(X), || - ||) is incomplete.

Proof: We shall show thaf) x (zy) = co. By Corollary 10.11, for each € N, we

have

|20 — an|

Qx(ZO)ZCQ’ —Cé

2 — Wy |

Lettingn — oo, we obtain@ x (zy) = oo, and sa(DM(X), || - ||) is incompleter
We now describe some classes of sets to which the above theorem applies.
We start from the closed unit squase = 1 x I in R2. Let (r,) and (s,)

be sequences in the open intery@d) 1) such that(s,) is strictly decreasing and

converges td. For eachn € N, set

Rn = [07 Tn)v X(32n7 52n—1) .

SetX = S\ U,2; R.. The setX, regarded as a subset ©f is illustrated in
Figure 3, below.

Clearly X is a polynomially convex, geodesically bounded, compact plane set,
int X is connected and dense}, and X is regular at all points oX \ {0}.

With the assistance of Theorem 10.12, we see easily that the following condi-
tions onX are equivalent:

(a) X isregularab;
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1

s1i

82i

T2

sgi

S41

ssi

sgi

Figure 3: A square with rectangles deleted

(b) X is pointwise regular;
(©) (DD(X),||-|) is complete;

(d) 7 = O(s20-1)-

In particular, these sets provide many examples of compact plang& seish
thatint X is connected and dense i, and yet(D™)(X), | -|) is incomplete,
thus answering a question raised in [3].

It is fairly easy to generalize Theorem 10.12 somewhat by replacing the half-
lines L,, by suitable curves joining,, to oo, and imposing appropriate conditions
on the positions oty andw,, relative to these curves. All that is required is that
suitable versions of Corollary 10.11 be valid for these curves, without losing con-
trol of the constants involved. (There are problems, for example, with sequences
of curves which spiral round increasingly often.) Although such a generalization
would allow us to prove the incompletenesg BXY) (X), || - ||) for some additional
compact plane set¥, there are clearly limitations to this method, and we shall not
pursue it further here.

Let X be a compact plane set. Recall ttais star-shapedwvith a star-centre
a € X if, for all z € X, the straight line joining: to z lies entirely within X.

The compact plane séf is radially self-absorbingf, for all » > 1, X C int(rX),
wherer X = {rz : z € X'}. Such radially self-absorbing sets are discussed in [10].
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Radially self-absorbing sets are always star-shaped, polynomially convex, and
geodesically bounded, and they have dense interior.

Using Theorem 10.12, we now construct a radially self-absorbingsaiich
that(D™M (X), || -||) is incomplete; this answers a question raised in [3].

Example 10.13.Setzy = 1. For eachm € N, set

e A = T g Gntann
n 4\/ﬁ7 n 4/’_'/27 n 2 )

and _ . _
Wy =€z, = (1-2rp)e? | a, = (1 —ry)en.

Note that|zg — w,| = O(1/n?), while

1
— > — eN).
20—l 2 = (nEN)
Thus|zp — wy,| = o(|z0 — an|) @asn — .
For eachn € N, let U,, be the acute open sector Gfwith vertex atz,, and
boundary lines passing through, andw,,+1. Let X be the compact set obtained
by deleting from the closed unit disc the union of all the open seétprs

Figure 4: A ‘bad’ radially self-absorbing set

The setX is illustrated in Figure 4, above. Cleatly is radially self-absorbing
and satisfies the conditions of Theorem 10.12. THd) (X), | - ||) is incompletex
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We shall next prove our conjecture for star-shaped sets.

Theorem 10.14.Let X be a star-shaped, compact plane &t Then the normed
algebra(D™M (X), | -||) is complete if and only iX is pointwise regular.

Proof: We need to consider only the case wh&rés not pointwise regular, and to
prove thatt DM (X), || - ||) is incomplete in this case.

Let a be a star-centre fak. Given thatX is not pointwise regular, there must
existzy € X such thatX is not regular aty. Clearly X is regular atz, and so
2o # a. Choose a sequence of poiiits,) € X converging tay and such that, for
alln € N, §(z0, wy,) > 100n|29—wy,|. Clearly, none of the points,, lie on the line
segment joining: to zyp. We may further suppose thiat) — w,| < |20 — a|/100n
for all n € N. For fixedn € N, consider the following path,, in C from 2 to w;,:
~n, Starts aty, travels along a straight line towarddor distance3n|zy — wy,|, then
travels through a small angle around a circle centred ontil it meets the straight
line joining a to w,,, and finally travels along this straight linedg,. It is clear that
|7n] < 0(20,wy), and so the path,, is not contained inX. Thus there must be a
pointa,, on the short circular arc which is not iXi. Let L,, be the closed half-line
joining a,, to co obtained as a continuation of the straight line froto a,,.

It is now easy to check that the conditions of Theorem 10.12 are satisfied, and
so(DW(X), |- ||) is incomplete. m

Note that most of the results above concern polynomially convex sets; we now
consider sets which are not polynomially convex.

Let X be a compact plane set such thaxD (X), || - ||) is complete. Then an
elementary argument shows ti@™®) (X), || - ) is also complete.

The converse is false. For example, (gt) be a sequence if0, 1) such that
(yn) is strictly decreasing and convergetdSetA = {0, 1}, set

B ={0}U{yn:n €N},

and set
= (A x[0,1])u ([0,1] x B) ,

so thatX is the union of the boundary of a square with a suitable sequence of line
segments running across it. The $éf regarded as a subset ©f is shown in
Figure 5, below.

Although none of our theorems apply, it is not hard to show directly that
(DW(X),] 1)) is incomplete. HoweverX (which is a square) is convex, and
hence is uniformly regular. ThuD™® (X), || - ||) is complete.

We shall now see that the method used in Theorem 10.5 to prove that the
normed algebrdD™)(.J), || - ||) is incomplete for every non-rectifiable Jordan arc
J can be developed to apply to some more general sets.

Let X be a compact space, and l&be a uniform algebra oX. Recall that a
pointz € X is apeak pointfor A if there exists a functiorf € A with f(z) =1
and such thatf(w)| < 1 forallw € X \ {z}. Similarly, a non-empty, closed



182 H. G. DALES AND J. F. FEINSTEIN

y1i

yal

ysi
Yal

0

Figure 5: A square crossed by lines

subsetr of X is apeak sefor A if there exists a functiorf € A with f(E) = {1}
and such thajtf (w)| < 1 forallw € X \ E.

Let X be a compact plane set. Although it is not noted explicitly in [11], it is
an immediate consequence [11, Chapter VIII, Corollary 4.4] that every point of the
outer boundary ofX is a peak point fonD()A(). Furthermore, it then follows from
[11, Chapter II, Corollary 12.8] that every non-empty, finite subset of the outer

~

boundary ofX is a peak set foP(X). (See also [18, Lemma 1.6.18]).

Lemma 10.15. Let Y be a compact plane set, and letand w be points in the
outer boundary ot’. Suppose further that there is a rectifiable akgoining = to
winY. Taken > 0. Then there is a polynomial with p’(z) = p'(w) = 0, with
p(z) = n, with |p|y < 3, and withp(w) € R such thapp(w) — p(z) > |z — w|/2.
Proof: SetX = Y. ThenJ = ~* for some rectifiable path joining z to w
in X. Sincez andw are in the outer boundary df, {z,w} is a peak set for
P(X). Chooseg € P(X) with g(z) = g(w) = 1 and with|g(u)| < 1 for all
u € X \ {z,w}. By the dominated convergence theorem,

n—oo

lim [ |g|"=0.
J
Thus, by replacing by a suitable poweg™ if necessary, we may suppose that

/‘g‘<|z—w|
J 2

Sinceg € P(X), itis easy to check that there exists a polynomialith |¢| x < 2,
with ¢(z) = g(w) = 1 and with

/|q|<]z—w|
J 2
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Take a polynomiat with ' = ¢, and sets = r — Z, so thats’ = ¢ — 1. Then

|s'|x < 3,and
s(z)—s(w):—/s':w—z—/q,
J J

so that|s(z) — s(w)| > |z — w]|/2. Certainly we have’(z) = s'(w) = 0. Choose
a real numbe® such thate”(s(w) — s(z)) > 0, and letp be the polynomial
n+ e (s — s(z)). Itis clear that the polynomial has the desired properties. O

Using Lemma 10.15, we now prove a result for sets of the type shown in Fig-
ure 6, below. This result may also be used to prove our earlier incompleteness
results concerning Jordan arcs.

V4 v2

U1

Bs
By

By Vs

F

Figure 6: A set of the type discussed in Theorem 10.16

Theorem 10.16.Let X be a connected, compact plane set,Hebe a non-empty,
closed subset ok, and letzy € F. Suppose that, for each € N, there are
a compact plane seB,, C X \ F and a pointv,, € B, such that the following
conditions hold:

() X=FuUul,2, Bn;
(i) Bp N B, =0 whenevern,n € Nwith |m —n| > 1;
(i) B, N Byt = {v,}foralln e N;

(iv) the sequence of set®,) accumulates only on a subset Bf in the sense
that

o0 o0
N UBecF;
n=

1 k=n

(v) for eachn € N, v, may be joined t®,,, 1 by some rectifiable arc ilB/n\_H;

(Vi) supnen(Dkzn [Vr+1 — vkl /[20 = vn]) = 00.
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Then(DW(X), || - ||) is incomplete.

Proof: We first note that clause (iv) implies th&tU | J;,, By is closed for each
n € N. Working in D) (X)), we show thaty., = occ.
GivenC > 0, choosen, M € N with n < M and such that

M v —

E Bkl 7 PkL S 60
P |Un_2'0‘

=n

SetY = UL, .1 Br-

We now apply Lemma 10.15 successively to the 9&ts, B,12,..., By
(making appropriate choices @), and patch the resulting functions together to
give a functionf € DM (Y) with | /|y < 3 and with

M

Foarsn) = o) > 5 D lonar — il

k=n

We then extend to a function inC'(X), also denoted by, such thatf is constant
on each of the set8 U ;2,1 Br andU}_; B. Then we havef € DU (X),
If'|x < 3,and|f(z0) — f(vn)| > 3C|z0 — vp]. ThusQ,, > C.
As C'is arbitrary,Q., = oo, and sa(DM(X), || - ||) is incomplete. O
We now wish to discuss a class of sets which our results do not cover.

7

0

Figure 7: A Jordan arc repeatedly crossing a triangle

Let Y be a triangle in the plane, with one vertextatand with a horizontal
edge above this vertex. We may then form a Jordan/airt Y joining the top
right corner ofY to 0 as follows. The arc/ consists of an infinite sequence of
line segments accumulating @t These line segments alternate between crossing
Y horizontally, and then following one of the non-horizontal edges. Finally, we
add in the poin® at the end. Such an arkis shown in Figure 7, above.
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By our earlier results, we know thab™ (.7), || - ||) is complete if and only if/
is pointwise regular. Using Theorem 10.16, we may show that our conjecture also
holds for setsX formed from.J by slightly ‘fattening’ the horizontal line segments
in the manner shown in Figure 8, below.

N 4

N\

N /

/
?

0

Figure 8: A set obtained by ‘fattening’ horizontal line segments

However, none of our results apply to a seformed by similarly fatteningll
of the line segments forming, to form a set of the type shown in Figure 9, below.
We call a set of this form &uperman set

N

/

0

Figure 9: A ‘fattened’ Jordan arc repeatedly crossing a triangle

It is possible to show, using Theorem 10.16 and an inductive argument, that
there are examples of compact plane sétf this latter type such that the normed
space(D(X), ||-||) is incomplete. However, we do not know whether or not
there is a seX of this type such thak is not pointwise regular, and yeb™) (X),

Il -]|) is complete.
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11. Open questions

We conclude with a set of open questions concerning perfect, compact plane
setsX.

1. Suppose thafX is connected, and thatD™") (X), || -||) is complete. Is it
necessarily true that’ must be pointwise regular? Is this true if we assume,
in addition, thatX is a Superman set?

2. Is it always true thaD()(X) C R(X) whenever the normed space? Does
this hold, at least, wheneveéf is pointwise regular?

3. Is Ry(X) always dense in the normed spade’) (X), |- [)? Is Py(X)
dense in DM (X), || - ||) wheneverX is polynomially convex?

4. Suppose that X is dense inX. Is it always true tha(X) € R(X)?
Is AV(X) always natural?

5.1s DS)(X) natural whenevef is an effective family of paths ifX ?

6. Suppose thaX is semi-rectifiable, and thaf is the set of all admissible

paths inX. Is DW(X) always equal toD}_l)(X)? Suppose further that
(DW(X), || -1)) is complete. Does it follow that

7. Is there a uniformly regular, polynomially convex, compact plane set such
thatint X is connected and dense ), and yet

DI (X) = DW(X) £ AW (X)?

8. (Local behaviour of the functiod)x.) Let X be a connected, compact
plane set, and let, € X. Suppose that, has a connected, compact
neighbourhoodV in X such that) x(z9) = co. Is it necessarily true that
Qx(zp) = 00?
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