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Abstract We consider Hamilton-Jacobi equation+ H (u, u,) = 0 in the quarter
plane and study initial boundary value problems with Neumann boundary condition
on the linex = 0. We assume that — H (u, p) is convex, positively homogeneous

of degree one. In general, this problem need not admit a continuous viscosity
solution whens — H(s,p) is non increasing. In this paper, explicit formula for

a viscosity solution of the initial boundary value problem is given for the cases
s — H(s, p) is non decreasing as well as— H (s, p) is non increasing.

Key words Hamilton-Jacobi equation, viscosity solution, Neumann boundary con-
dition.

1. Introduction

LetI C IR be an open interval and |ét = I x (0,00). Let H € C(IR x IR),
ug € Whe(I) and\ € C(9I x (0,00)). Consider the following initial boundary
value problem for the Hamilton Jacobi equation:

ur + H(u, ug) = 0 in Q
u(z,0) = wo(x) for zel (1.2)
g—g = A on OI x (0,00).

_ . oOH
In the case of a pure initial value problem i.e+~ IR, when— > 0, then the

existence and unigueness of viscosity solution of (1.1) is Welilstudied by Crandall
and Lions [4, 7, 13]. In the case of a initial boundary value problem (1.1), then it

is not always possible to prescribe boundary condition on the boundary and hope
to have a solution and hence these boundary conditions has to be understood in a
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relaxed sense. Lions [13, 14] has discussed this problem in detail and showed the
existence and uniqueness of the solution.

WhenH ((s,p) = H(p), H is super linear growth and convexnin fact one
can derive the explicit formula for the solution of (1.1). In the case of a pure initial
value problem i.e./J = IR, Hopf [8] has obtained an explicit formula for a vis-
cosity solution as a minimization over controlled paths of a certain functional with
controlled paths being straight lines. In the case of a quarter plané ke R,
problem was studied by Joseph and Gowda [10] and obtained an explicit formula
for a viscosity solution of (1.1) similar to Hopf’'s formula. Here the controlled
paths being certain piecewise linear curves having atmost three linear curves. Using
explicit formula, Lax-Olenik in the case of pure initialvalue problem and Joseph-
Gowda [10] in the case of a quarter plane, entropy solutienu, of the following
scalar conservation law has been derived.

9(z,0) = %“(’(x) for zel (1.2)
A
9 = A on 01 x (0,00).

The problem (1.2) has also been studied by Lefloch [12] where a formula was
derived which contains a solution of a variational inequality which may not be solv-
able explicitly. Furthermore using the numerical scheme, Joseph and Gowda [11]
obtained a similar formula for a solution of (1.1) in the quarter plane when
H(p) = |pl.

Now what happens wheH depends orf‘v” andp — H(u,p) is convex?.

In general, obtaining an explicit formula for a solution is quite difficult. For the

. 0H .
pure initiavalue problem, under the assumpngn > 0,p — H(u,p) is convex,
u

positively homogeneous of degree one, Barron, Jensen and Liu [6] have obtained
an explicit formula for a viscosity solution.

If — is non positive, this problem is not well studied in the literature. In

generalq'fhis problem admits discontinuous solution. In [1, 2, 3] explicit formulas
for viscosity solution is given in the case of pure initial value problem under the
assumptions either — H (u, p) is convex and positively homogeneous of degree
greater than one gr — H (u, p) is convex, positively homogeneous of degree one
and finitely many oscillations in.

Now the question is, under the same assumptions as above, does there exists
an explicit formula for a solution of initial boundary value problem (1.1)?. In this
paper, for the case — H (u, p) is convex, positively homogeneous of degree one

and eithe— > 0 or < 0 explicit formula for a viscosity solution is obtained for

initial bounduary value problem. In section 2, we state our main results. In section
3, the necessary preliminaries are given. In section 4, we prove the result for the
caseu — H(u,p) is non decreasing. In section 5, proof of the result for the case
u — H(u,p) is non increasing is given.
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2. Main Results
Hereafter we assume thag € W'>°(IR+), A € C(IR") andH satisfies:

(Ho) : p — H(u,p) is convex, positively homogeneous of degree one/dd, p)
> 0 forall p # 0. Assume thay is a diffeomorphism fromiR? onto IR where

v do
77(u)—/0 m (2.1)

Difinition 2.1. (Admissible curves). Let < s < t andj3 € C([s,t], R;). Thenp
is called an admissible curve if the following holds.

1. ¢ consists of atmost three linear curves (Fig. 1a., Fig. 1b.).
2. Lets =t3 <ty <t; <tg=tbesuchthatfoi =1,2,3, 8 =By,

be the linear parts gf. Theng, = 0.

tA

tA

(X.tp)
/ (X'J[O>
O)

B2

(O.t)
Bs

“y

=V

(0.8)
B(s)s)

Bs).9)
Fig. 1a. With B, is nonempty Fig. 1b. With {3, is empty
Represent an admisible cunge= {31, 82, 83} andj3 = (1, 2, 33), whereS;

Cfg% and|6| = max; <i<3 {lﬂz|} LetAM >0, z € R+, 0 < s < tand define

c(z,s,t) = {8 € C([s,t], Ry); B(t) = x, B is an admissible curve}  (2.2)
erm(z,s,t) = {ﬁ € c(x,s,t); |8 < M} , (2.3)
c(x,t) = c(x,0,t), epr(z,t) = epr(z,0,1). (2.4)

Fora,b € IR, denotea\/b = max(a,b). The main results are divided into two

parts.
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Part 2.1. Assume tha#{ satisfies the following assumption.
(Hy) wuw— H(u,p)is non decreasing for eagh
Associated tdd, let h be its quasi convex dual defined by

h(q) = inf{y; H(y,p) 2 pg Vlp| <1} . (2.5)
For(z,t) € Ry x IRy and 0 < s <t, 3= (B1,052,33) € c(x,s,t), define
p3(8) = n(h(Bs)), (2.6)
p1(8) = n(h()), 2.7)
/ - / M (0)do, (2.8)
B {B=0}
with p;(8) = —ooif 5; = ¢. Then we have the following :

Theorem 2.1.Let(z,t) € IRy x IR, and define

ate.) = ot Latn(BON Y m®) - [N PV o). @9

Then for anyl’ > 0, u € WH*° (IR x [0, T]) andu is a viscosity solution of (1.1)
with I = IR . Furthermore minimizer in (2.9) exist.

Part 2.2. Assume that{ satisfies the following assumption.
(H2) w+ H(u,p)isnon increasing for each fixed
Associated tdH, let h be the quasi concave dual defined by

h(q) = sup{v; H(v,p) > pqV |p| < 1} . (2.10)

LetM >0, 0 < s < tand(x,t) € Ry x IR, . For a functiony on IR, x IR,
define

AW, z5,t) = {B€cla,s,)9(3(s), ) < h(Ba),

) (2.11)
n((3(s),5)) — [y A+ < n(h(B) }

AW,w5,0) = {8 el 0:0(5(6),9) < (), 012)
n(W(B(s). ) = [, < n(h(d)}

Ay (0,2, 5,t) = {8 A, x,s,t): 6] <M

Ap(9,z,5t) = {8€AW,x,5,): |6 <M,

A9, z,t) = A(W,,0,t), A0, x,t) = A9, x,0,1), 513

{ Ay (W,z,t) = Ay(9,2,0,t), Ay (9, 2,t) = Apr(9,2,0, 1), (2.13)

with h(3;) = ooif B; = ¢. Then we have the following.
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Theorem 2.2.Define

u(e,t) = inf ! {n(uO(ﬁ(O))) - /6 X6 € A(qux,w} L e

u(z,t) = infy~ ! {n(uo(ﬁ(()))) - /ﬁ)ﬁ,ﬁ € A(uo,:r,t)} . (2.15)

Let/ = IR,. Thenu is a lower semicontinuous functiomjs an upper semicontin-
uous functiony* = wmwandu, = wu. Furthermoreu andw are viscosity solutions

of (1.1).

Remark 2.1. The assumption on being diffeomorphism fromR onto IR is not
required. With a slight modification, all theorems are still valid except for the fact
that, in general, minimiser may not exist.

3. Preliminaries

In this section we recall some definitions and some known facts from [5, 6, 9 and
14].

Definition 3.1. LetQ2 C IR" be a domain and’ be a locally bounded function.

For 2 € Q define

V¥x) = lim,_osup{V(2): |z —z| <r}
Vi(z) = lim,oinf{V(2): |z —2| <r}.

Then it follows easily that™ andV, are upper and lower semicontinuous functions
respectively. Als¥, < V*.

Definition 3.2. Let U be a locally bounded function if® . x IR, .
1. U is said to be asubsolutionof (1.1) if for any (xg,ty) € Ry x Ry, €
CY (IR, x IRy ) such thatzg, to) is a local maximum fot* — ¢ with U*(z¢, ty) =
©(xo,t0). Then at(xo,to) eitherp;, + H(p,pz) < 0orif zp = 0 andp; +
H(p,pz) > 0thengg(zo,to) > A(to). Further moréim;_.o U*(x,t) < ug(x).
2. U is said to be auper solutiorof (1.1) if for any (xo,tg) € IRy x IRy, ¢ €
CY(IRy x IRy) such tha(zo, to) is a local minimum fot, — o with U, (z¢, ty) =
o(xzo, tp). Then at(xg,to), eitherp; + H(p,p,) > 0orif o = 0 andp; +
H(p,pz) <0, thenp,(zo,to) < A(to). Further moréim;_.o Uy (z,t) > ug(x).
3. U is said to be aiscosity solutiorof (1.1) if U is both sub and super solution
of (1.1).

Now recall some properties of quasiconvex (concave) duéal.of
Lemma 3.2. Let H satiefieg Hy) of section 2. Then
(a) Suppose: — H (u, p) is non decreasing and be its quasi convex dual defined
by (2.5). Therh satisfies
(A1) hisalowersemicontinuous function. Forapy g2 € IR, t € [0, 1], h(tqi+
(1 —1)g2) <max{h(q), h(q2)},
(A2)  h(0) = —o0,lim|g_ h(g) = oo,
(As) H(s,p) =sup{pg;h(q) < s}.



204 ADIMURTHI AND G. D. VEERAPPA GOWDA

(b) Suppose — H (u,p) is non increasing andl be its quasi concave dual defined
by (2.10). Then
(A4) hisanuppersemicontinuous function. Foranyg: € IR, t € [0,1], h(tq1+
(1 —1)g2) = min{h(q1), hig2)},
(A5)  h(0) = +o0,lim|g o h(g) = —o0,
(Ag) H(s,p) =sup{pg; s < h(q)}.
Proofs of(A;) to (As) follow from Theorem 2.1 and Lemma 2.2 of [6]A4)
to (Ag) follow from (A;) to (A3) applied to the Hamiltoniadl (s, p) = H(—s, p).

4. Proofs of Theorems

In this section we prove the Theorem 2.1 which proves explicit formula for the
solution given by (2.9) is a viscosity solution wher- H (s, p) is non decreasing.
In order to prove Theorem 2.1, first we prove the following Lemmas.

Lemma 4.1.(Existence of a minimizer) L&t >0, 0<s <t < T, z € IR,. Let
U Ry x IRy — IR be afunction such thatl|y = supg, (o [9(z,1)] < oo
Define

)= int LioEe0) Vo) - [ 5[ Vae. ey

Then
(1) |[V|r < oo and there exish/ = M (¢, A\, T') > 0 such that

o) = int L003(6).5) \/ a5) - / Ve, @2

Cr(z,8,t

(2) Supposer — ¥(z,0) is lower semicontinuous for each then there exist a
minimizerg of (4.2).

Proof : Sincen(+oo) = oo andh(0) = —oo , by takings(6) = = for 0 € [s, t]
to obtainn(V(z,1)) < n(d(z,s)) — [3AT < n(d(z,s)). HenceV (z,t) < [J|r.
Also foranyg € c(z, s, t)

{nwms),s))\/ps(m— /ﬁ A*}\/m(m > (), )
- /ﬁ N> (= |9lr) - T,

and hencgV|r < oc. Sinceh(p) — oo as|p| — oo and hence can choose a
M > 0 such that wheneveps| > M then eitherp; (3) > n(|V|r) or p3(5) >
n(|197r) +n(|V|r) + T|AT|r. In this case

(0(B(5), 5)\/3(8) — /ﬂ AN () > (Vi)

and hence there exigtl > 0 such thaw| < M and (4.2) holds. This proves (1).
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Let {3} be a minimizing sequence for (4.2). Sing#,| < M and hence
there exist a subsequence still denoted{ By} converging to3 in W, Since
x +— ¥(z,0) andp — h(p) are lower semicontinuous functions, it follows that

(G V() = ;XN 2V (@, 0)
- 11mk—>oo{77(19( e(5)8)Vps(B) = J5, AT} Vo (30)
> (@(B(s). )Vps(B) = [ AV pi(B),

and hence’ is a minimizer. This proves the Lemma. O

Lemma 4.2. (Dynamic programming principle) Let be as in (2.9). Let € IR,
and0 < s < t, then

n(u(e,t) = inf  (n(u(B(s),5))\/ps(8) — /ﬁ AN 1(8). (4.3)

pec(x,s,t)

Proof : Letn(d(x,t)) denote the right hand side of (4.3). L@t= (51, 82, 03) €
c(z,t) defined on the partitiof = t3 < t, < t; <t =t. Let ) = 3| €
¢(B(s),s) and g?) = Blis,g € c(x,5,1).

Suppose; < s < t, thenps(®?) = —co, p1(BP) = p1(B), ps(BY) =
ps(3) andp (1)) = p1(3). Hence

n(0(x, ) (u(ﬁ(”( ) s)Vp1(82))
(n(uo (B (0))Vp3(BD) = [0 AV p1 (8¢
(n(uo (3 ( )))\/ps( ) — f AOVp(B).

If ty < s < t1,thenps(5?) = —o0, p1(8P) = p1(B), p1(BY)) = —o0, p3(B1))
= p3(8), [y AT + [y AT = [3AT. Hence

n(0(z, 1)) (n(u(62)(s),5)) — f5(2) AV i (8@)
(1(uo (B (0 )))\/p3 (BY) = L300 AT = [ ANV (B?)
(n(uo(B(0)))V fgﬁ Vou(B).

I 0 < s < ta,thenpi (B2) = p1(3), p3(BV) = p3(B), p1(BY) = —o0, p3(B?)
= p3(B). Hence

n(9(x,t))

I IA A
IR VAVAN

A IA

(n(uo )(0)))Vp3(ﬂ(”)Vp3 = [ AV (B?)
(n(uo(B(0)Vps(8) = [5AT) Vm ).

Now taking infimum ovels to obtainn(¥(z,t)) < n(u(x,t)) and hencel(x,t) <
u(x,t). From Lemma 4.1)9|r < oo for anyT > 0. Hence for every > 0, there
existg € c(x, s,t) anda € ¢(5(s), s) such that

)
n(d(z,1)) (n(u(B(s),$))Vps(8) = [3 ATV p1(8) =
n(u(B(s),5)) (n(uo(a(0))Vps(a) = [, A)Vpr(e).

(77(“(5 (5) s)\Vp3(B f (2) )\Jr \/Pl( )
(B
(B

I v
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(O.t) /
B,
(01y) B
o, B(s).5)
(O,s1)
o,
(0.s0) %5
(@(0).0) x
Fig. 2a.
1A
(%)
. Bs).9)
(O,31)
o,
(0,5,) o
(®(0).0) %

Fig. 3a. With 3, is empty

Supposelts, t1] # ¢, [s2,51] # ¢ (Fig.
0,73 = a3 (Fig. 2b.). Therpi(v) = p1(B), p3(v) = p3(a)

Y1 = B1,72l[s0,0] =
and [ AT + [ AT < [ A*. Hence
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! “/ (o)
(0)

Y

<y

(10).0)

Fig. 2b. With y,= B,= o, and v, is the
line joining the points (0, t,) and (0, s,)

T A
(X.to)

Y

%

¥

»

(¥0).0) X
Fig. 3b. With g, is the line joining the points
(X: to) and (0, S1), Y, =0, and y; = o

2a.), then defing = (v1,72,73) by

n((z,t) = (mu(B(s),s)Vps(B8) — [5AF) \/Pl
> (n(u(B(s),s)) — [ )V ( ) —
> (n(uo(a(0)))Vps(a) = [, AT = [, )‘+ \/p1 B) -
> (n(uo(v(0)Vps(v) = [, AF) \/Pl (7) —
> 77(“(957t))—6

Suppose{t%’utl] = ¢,[s2,51] # ¢ (Fig.
78(0 — 81) for 0 ¢ [Sl,t],’)/z = Q9,7 = Qa3 (Flg 3b) Since’yl is a
1

71(0) = r_

3a.), then define = (y1,72,73) by

convex combination off andd; and hence: () < p1(8)Vp1(a) if 5> 0. Also
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p1(7) < p1(e) if 3 < 0. Therefore

fa WVei(e Vn( () —

n@(z,t)) > n(u(B(s), ))\/77( (8))
= (n(uo(a(0)))Vps(a) —
> (n(uo(v(0) Vp:w) LAV pi(y
> n(u(z,t)) —

Similarly, if [ta, 1] # ¢, [s2,s1] = ¢ and[te, t1] = [s2,s1] = ¢ it follows that
n(¥(z,t)) > n(u(x,t)) — e. Sincee is arbitrary, it follows that}(z,t) > u(z,t)
and hence the Lemma. O
Lemma 4.3. (Lipschitz continuity) Let. be as in (2.9). Them is a Lipschitz
continuous function oz, x [0, T for everyT > 0.

Proof : Let0 < 29 < z1 and0 < t < T. From ( 2) of Lemma 4.1, there exist a
B = (b1, 52, 03) € c(x1,t) defined on the partitiof = ¢35 <ty < t; <tg =t

such that
n(u(z, 1)) = (n(uo(BO))\/p3(8) — /B XN/ 1 (8)

Suppose? is a line segment witl$ < 0. Then definey(d) = x5 — x1 + 3(0) €
c(z2,t). Hence

n(u(z2,1)) —n(u(z1,t)) < ((uo(v(0)))Vpes(y) — [, AT)
—n(uo(B(0 )))\/ps +ng+
< In(uo(v(0))) — n(uo(B(0)))|
< M Msly(0) — B(0)] = My Ma|zy — 2]

whereM; and M, are Lipschitz constants foron [—|ug| o, |u0|c] @ndug respec-
tively.

Supposesd is not like above. Let; =t — (mg/ﬁl) and definey € c(z2,t) as
follows :

(i) Let B2 # ¢, then
0 —1)B +az 0€ 1]
7(9) = 0 0 c [tg,tl]
B3(6) 0 € [0,t2].
(ii) Let By = ¢, then

[ (Ot +ao it 0 e 0,1
0) = { 0 i 96[0,151\/0].

Clearly4y = f1, 45 = A5, {8 =0} C {y =0} and|5(0) — B(0)| < |21 — x2|.
Hence

n(u(er, ) —n(u(z, b)) 0)Vps(y f AIVpi(7)
0))) \/ps f AV ei(B)

) — U(uo(ﬂ(o)))\
— B(0)| < My Ms|zy — 23]

IA
§
E

IAIN
=
S
=
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In order to get the opposite inequality, [&t= (51, 52, 03) € car(2,t) defined on
the partition0 = t3 < t5 < t; <ty = t such that

(u >>>vp3 — [ XV (B)

n(u(@2,1)) (0
0)))Vps(8 fg AT

= (n(uo(B
> n(uo(B(

Now choose @y > 0 such that
n(h(po)) < n(—luolec) — TN |7 (4.4)

Case (i) : 51 < po.

Lett; =t — 1 and definey € ¢(x1,t) by
Po

0—1 - - -
. tfa:l if 4, >0, Oel[f,t]orif & <0,6¢c]0,{
—t . 3
’}/(9) = 0 if t1>t,0¢€¢ [tl,tl]
,8(9) if t~1 > t1, 0 c [O,tl] or if 1?1 S [tg,tl], 0 c [0,2?1]
((9 — El)ﬁg if 1?1 S [O,tg], 0 e [0,1?1].

Clearly4, = po, 43 = B3 if &1 > 0. Hence from (4.4)

n(uo(7(0)))Ves(v) = [L AT = n(=|uoleo) = T|AT |7
> n(h( 0)) = p1(7),
and hence
n(u(z1,t)) (n(uo(~(0))) \/p3 = LANVi(v)

(4.5)

I IA

1(uo((0)))Vps(vy f N

Let#; > t1, thenB(0) = v(0), [3AT < [ AT, p3(B8) = ps(7). Therefore from
(4.5),

Y

1(uo(5(0)))Vps(5)
= Js AT = n(uo(y(0))Ves(7) + [, A
> 0> —|zy — 2]

n(u(xz,t)) = n(u(z,t))

Lett~1 € [tg,tﬂ, thenﬁ(O) = ’Y(O), pg(ﬁ) = pg(’y). Now

X
=2 < t — t1. Therefore
Po

n(u(w, 1)) — n(u(z, 1))

x .
2 — 3 < po, hence
t—t

v

_fﬁ At +f’y AT =— ;11 At > —‘)\+|T(t1 —7?1)
M r(z1 —a2)

— At =t ) >
Po Po
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3 ) . t .
Lett; € [0,t9] , thent — ty < m—;, B3 = A3, v(0) = —t103 = éﬁ(o). Since

B € car(x2,t) implies thatﬁt(0> = | 03] < M. Hence
2
=501 = 2 i) < M-+ 2
< Mty —t+ %) < Z(m — x2),
fo—ty = bt —t+t—ty< —%th—fl - xlp_oxz.
n(u(z2,t)) —n(w(z1,t)) = n(uo(B(0)))Ves(B) = [3 AT = n(uo(v(0)))Vpes(v)
> =M M|B(0) —v(0)] — [At|p(t — to)
> (MMM + )
Po
Let?, < 0. Thent < “X 3(0) < Mty < M(ts — 1) < “X(21 — 29),7(0) =
B Po Po
t_—t%l 1 < x1 —2x2, t] —12 < Z(wl — xQ). Hence
n(u(@2, 1) = n(u(@1,t)) > n(uo(B(0))Vps(B) — [3 AT = n(uo(v(0))Vps(7)
> —In(uo(5(0))) — n(uo(v(0)))| — [AF|r(t1 — t2)
> —MyM(|6(0)] + [7(0)]) — |A+\T<“"1p‘0‘”2)
> (MMM, + [\p) =22

Case (i) : 51 > po.

Thenpy < 31 = —=— and hence—— < —. Let; = (1 — 1)t + ¢y,
t—1t 45 Po 9 o

thent < t; and definey € c(x1,t) by

1 if 6 € [t}\/O,t]

’7(9) = 0 if § [tz,t}] and L:l > to
B(O)  if 0 € 0,t5] and F >t
(0 —t1)3s if0<t <ty.

Clearlyf'yl = 51, "}/3 = 53 if "}/3 7é 0 andt1 — t~1 = (ﬂ — 1)<t — tl) = (1'1 —

1)
t—t T —x ~ . . . .
x2)) s L < 1p0 2. Letiy € [ta,t1], thenB(0) = v(0), Bi =41, B3 =7s.
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Hence
n(u(xz,t)) —n(u(z,t))

v

(n(uo(5(0)))Vps(8 fg/\+ Vei(B)
—(((())Vps — LAV ()

_fftf At > AT |p(t — tl) > —[A* |T](,jl — 2) |

Y

5 . . ~ t .
Let0 < t1 < o, thenﬁl = Y1, O3 = 3, 7(0) = —t103 = tiﬁ((]) Since
2

B € cp(ze,t) and hence@ = |35 < M. Hence
2

3(0) = 0) = 202~ 1) < Mt~ 1) = 201 — )
Hence
Bz ) — n(uen ) > ((uo(BO))Ves(8) — [, X Wan()
— (o (YONVps() = [, AWV (v
> In(uo(5(0))) — m<<pﬂwvwm—m
> M ML|A(0) — A(0)] - "Ha—a)
> —[MyMyM + |XT|p }
Letf; < 0, thenf = 41, ~(0) = t_—t}?lxl < a1 — w2, B(0) < Mty <

~ M
M(tl — tl) < f(fbl — .%‘2). Hence
2

n(u(xz, t)) —n(u(z,t)) n(uo(B(0))) = [5 A7 = n(uo(v(0)))
=My M (B(0) +7(0)) = [AT |ty — t2)

T —x
— (MMM + po + | AT |7) ! 2

vV IV IV

Combining all the above inequalities to obtain a constaf(tl’) such that for
r1, 29 € Ry, 0<t<T,

(s, 1) — ulaa, t)] < M(T)|er - . (4.6)

From (4.6),x — u(x,t) is continuous and hence from (2) of Lemma 4.1, for any
0<s<t<Tandz € IR,,there exists @ € cys(z, s,t) such that

(1) = (n(u(B(s), )\ ps(8) — /ﬁ XN (8). @.7)
Since|| < M and hencés(s
n(u(z,t)) — n(u(z, s))

) — x| < M(t — s). Therefore

> n(u(B(s),5)) = n(u(z,s)) = [AT|r(t = s)
> =M M(T)|B(s) — x| — [\F|r(t = s)

> —[MMM(T) + A7)t — ).
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Now let~(6) = x for 6 € [s,t]. Then

wu(a,t) < nlule,s) — [ A < nfute, ).
il
Hence there exists a constawt(T") such thatu(z, t) — u(z, s)| < M(T)(t — s).
This together with (4.6) proves the Lemma. O

Proof of Theorem 2.1: From Lemma 4.3y € W1 (IR x [0, 7)) for anyT > 0.

Sub soulution: Suppose: is not a subsolution, then there exist, o) € IRy x
Ry, p > 0,0 € CYIR, x IR,) such thatu — ¢ has a local maximum at
(20,t0), w(zo,t0) = @(x0,%0) and at(zo, to), @i+H (@, pz) > 4pande,(zo,to)
< A(tg) if zyp = 0. By continuity, there exist & > 0 such that atxg, ty), ¢: +
H(p—9,9z) > 3pandyg(xo, to) < A(to) if zo = 0. Hence from(As) there exist
ap suchthat atzo, to), ¢t +pes = 211, h(p) < @(z0,t0) =0, a(x0,to) < A(to)

if o = 0. Hence there exist a balt centred atx, ty) such that inB

Ot +poe > 1, h(p) <@, wa <X ifxg=0. (4.8)

Supposexy > 0. By shrinking B if necessary, we can assume thatc IR, x
IR,. Now choosesy such that ford € [so,to], (8(0),0) € B whereg(0) =
p(0 — to) + xo € c(x0, S0,t0). Then from (4.3) and (4.8) we have

n(u(B(s0),50))Vp3(B)Vp1(5)
n(u(B(s0), 50)\Vh(p))
n(e(B(s0), s0)Vh(p))
n(e(B(s0); s0)) -

This implies thatp(zg, to) < ¢(8(so), so). On the other hand, from (4.8)

ol o) — @(Blso),30) = [0 o(5(0), 0)df

= f;ﬁ’(% + ppg)df > p(to — so),

n(e(zo,t0)) = n(u(xo, o))

INIA I IA

which is a contradiction.

Supposery = 0. If p < 0, like in the above proof, choos¥ ) = p(f — ty) €
c(z0, S0, to) such thaB3(d) € BN(IR x IR, ) and the contradiction follows. There-
fore assume that > 0. Supposey, (o, to) < 0, then2u < (¢: + pws)(xo, to) <
oi(zo,to) and hence inB, u < ;. This implies that ifsy < to such that
(z0,50) € B, thenu(ty — so) < ¢(xo,to) — ¢(zo, o). But from (4.3), taking
B(0) = 0 for § € [so,tp] to obtainy(xg,ty) < ¢(xo,s¢) Which is a contradic-
tion. Now lety,(zo,%0) > 0 and hence\(ty) > 0. By shrinking B if necessary,
we can assume that > 0. Choosesy,t, such that{0} x [sg,tg] C B. Let
B(0) = xo for 6 € [so,to], then from (4.3m(p(z0,t0)) = n(u(xo,to)) <
n(¢(z0,50)) — [ AT and hence

n(p(wo,to)) — n(e(zo, s0))
t() — S0
1 to
< —limg, gy / M= A (to) = —A(to),
to — So

50

(' (@)et)(wo,t0) = limg, g,
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thatis, (o1 + A(to) H (¢, 1)) (w0, t0) < 0and hence < (¢:+ H(p, ¢x)) (w0, t0) =
(pe+eH(p, 1)) (o, t0) < (pr+AH(p,1))(x0,t0) < 0, which is a contradiction.
This proves that is a subsolution.

Super Solution : Supposeu is not a super solution, then there exist, ty) €
R, x Ry,u > 0,0 € C'(IRy x IR,) such thatu — ¢ has local minimum at
(2o, to), u(wo, to) = @(xo, to) and(pr+H (¢, ¢z)) (w0, to) < —4p,  pa(x0,t0) >
A(to) if z9 = 0. Hence in a BalB centred atxg, to), o1+ H (p, 0z) < =3, 9z >
A if zo = 0 holds. Hence forniAg), in B,

h(p) < ¢ implies that ¢; + pp, < —3u (4.9)
o > X ifzg=0. ’

From (2) of Lemma 4.1 and 4.3, for eagh< ty, choose a minimizing curve
ﬁs S CM(.%'(), S,to). Foré e [So,to], ‘ﬂ;(@)—l’o’ < (to—s)’ﬁ‘s‘ < M(to—s), hence
chooses; < o such that for any; < s < ty, (08s(0),0) € Bfor 0 € [s,to].
Claim : There exist an € [s1, o] such that for almost all € [so, o]

(01 + Bso ) (Bso (0),0) < —pu. (4.10)

Suppose not, then there exist a sequenice> ty, 60 € [sk,to] With 5, =

Bs,, Dk = Br(01) such that-u < (o + prws)(Br(0x), 61) holds. By going to a
sub sequence assume that— py. Hence by lower semi continuity

n(e(xo,to0)) = n(u(wo,to)) = limg—oo(M(w(Br(sk): sk))Vp3(Bk)
— J5, ATV p1(Br)
> limg oo [N(@(Bk(sk): 5%))V p3(Bk)
— S5, AV P1(B)]
> n(e(xo,to)Vh(p)) ,

and hencep(x,ty) > h(p). Hence from (4.9) we haveu < limy_.o(p¢ +
Pr@z)(Br(0k), 0r) = (w1 + ppz)(zo,t0) < —3u, which is a contradiction and
hence the claim.

Letxy > 0. Then by shrinking3 if necessary such thé& C IR, x IR,. Hence
Bs, is a line segment. Hence

77(“(/880 (80), So)vh(ﬁ‘ﬁo))
77(90(550 (80)7 So)vh(ﬂso))ﬂ

hencep(zo,t0) > ©(Bs,(s0), So)- Integrating (4.10) frons, to ¢, to obtaing(xg, tg)—
©(Bs0(50), s0) < —p(to — so) which is a contradiction.

Letzy = 0 andA(tp) < 0. Shrinking B if necessary, assume that< 0in B
and hence\* = 0 in B. Hence by (4.3) it follows thap(zo, to) > ©(8s,(s0), S0)
and a contradiction is obtained from integrating (4.10) frgnto ¢.

Letzyp = 0 andA(tg) > 0. Theng,(xg,tg) > A(to) > 0. Shrinking B if

necessary, can assume that> 0in BN (R4 x IRy). Hencep(x, s) > ¢(0, s).

n(e(zo,to)) = n(u(xo, to))

AV
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Therefore
n((z0,t0)) = n(w(@o, to)) = n(u(Bs(s),s))Vps(Bs) — [5, A7
> n(p(Bs(s),s)) — fﬂs AT
> n(p(0,)) = [ AT

Hence

(7’]’(90)(,015)(1130,150) = lims¢
> =X (tg) = —A(to) -

Thatis0 < (¢t + A(to) H(p, 1))(wo, t0) < (¢t + aH(p,1))(w0,t0) = (p¢ +
H(p,¢:))(xo,t0) < —4u which is a contradiction. This proves the theoremtd
5. Proof of Theorem 2.2.

In order to prove Theorem 2.2, we need the following Lemmas.

Lemma 5.1. LetT > 0 and ¢ be a real valued function defined dR; x R,
such that|d|r = sup {|J(z,t)|;2 € R,0<t<T} < co. Letz € R, and
0<s<t<T. Define

p(V(z,t)) = inf {mwmga»—AAﬂﬁeAwwﬁ¢ﬁ,(an

§(V(w1) = inf {MMM@»»—/

AT B €AY, x, 8,t) } . (5.2)
B

Then there exist a constatf = M (T, |9|7, |\« ) such thatV | + [V 7| < oo,

2V (1)) =iﬁ{mwmwa»—éxﬂﬁeAMww@¢ﬁ,(5@

WV (1) = inf{n(ﬂ(ﬁ(s),s))—/B)\Jr;ﬂeAM(ﬁ,x,s,t)}. (5.4)

(1) If z — 9(x,0) is lower semicontinous for eadh then a minimized <
Ay (9,2, 8, t) existin (5.3).

(2) If z — 9(z,0) is continuous, then there exist a sequefiges Ay (9, z, s,t)
converging ta? € A,, (9, z, s, t) in W1 such that

mvwﬁnznwwwxﬁw—éAf (5.5)

Proof: From (A45), h(0) = +o00,h(q) — —o0, as|q| — oo. Let 3(0) = x VO €
[s,t], thenh(3) = h(0) = co. Hencel € A(0,z,s,t) N A(9,z,s,t). There-
fore n(V(z,t)) < n(9(B(s),s)) — [3 AT < n(|9|r) and similarlyn(V (z,t)) <
n(|9]r). Nowforanys € A(9,z,s,t),n(9(B(s),s))— [ AT = n(=[d|r)=T|A"|

and hence by taking infimum ovet, n(V(z,t)) > n(—|9|r) — T|A\*|p. This
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proves|V|r < oo and similarly|[V|r < oco. Sinceh(q) — —oo aslq| — oo, we
can choose &/ > 0 such that orig| > M, h(q) < —|9|r. Hence if3 € c(x, s, t)
such that3| > M, then eithef(3;) < —|9|7 or h((3) < —|9|7. In either case
B & AW, z,s,t)andB ¢ A(Y,x, s, t). This proves (5.3) and (5.4).

Let {8k} < Ay (9,z,s,t) be a minimizing sequence in (5.3). Extract a
subsequence converging ® € cy (9, z,s,t) in WL, From (44) h is an
upper semicontinuous and — ¥(x,0) is lower semicontinous, it follows that
B e Ay(9,z,s,t) andn(V(z,t)) = n(I(B(s),s)) — [ AT. This proves (1). Ap-
ply the similar argument foV' (z, t) to conclude (5.5). The only difference is that
in this case3 need not be iM (9, x, s, ). This proves the Lemma. O

Lemma 5.2 : Letu be asin (2.14). Lel’ > 0, s € R, 0 < s <t < T.
Thenlu|lr < oo, z — u(x,0) is lower semicontinuous and there exist &h =
M (|u|r, |\T|7, T) such that

uent) < o o(u3(s),5) - /ﬂ N E Ayl s},

n(u(z,)) < in {n<u*<ﬁ<s>,s>> - /ﬂ g e AM<u*,x,s,t>} . (56)

Proof : Since|ug|r < oo then from Lemma 5.1fu| < oo. Let (zy, ty) —
(z0,t9) asm — oo. Sinceuy is continuous, from (1) of Lemma 5.1 there exist a
My > 0 and a minimizes,, € Ay, (vo, Tm,tm) Of (2.15). Hence by going to a
subsequence, Ig13,,} converges t@ € A, (uo, zo, to) in Wt Hence

n(u(zo, t0)) < n(uo(B(0))) — [5 AT
= timy o {(u0(8(0)) — [, A}

and this proves is lower semicontinuous. Next defirig by
s(e) =it {nu(B(s).9) - [ A€ Awnsf )
B

Step 1:91(z,t) > u(z,t).

Since|u|r < oo andx — u(x, ) is lower semicontinuous, hence from (1) of
Lemma 5.1, there exist = (a1, a2, a3) € A(u,x, s,t) defined on the partition
s=1t3 <ty <t <typ=tandp = (b1, F2,3) € Aug,(s),s) defined on the
partition0 = s3 < so < s1 < 59 = s such thaty(¥1(x,t)) = n(u(als),s)) —

Jo X n(u(a(s), s)) = n(us(B(0))) — [, A*. Hence

n(01(z,£)) = 1(un(5(0))) — / A - /ﬁ A%), (5.8)
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Supposeltz, t1] # ,[s2,s1] # ¢ . Definey = (y1,72,73) € c(z,t) by
1 = a1, %l =0, 73 = B3 Thenug(y(0)) = uo(8(0 )) < h(Bs) =
h(%3) n(uo(v(0))) = [, AT = n(uo(B(0))) — [, AT < n(uo(B(0))) — [3AT —
LT =n(u(als), s) = [, AT < n(h(aa)) = n(h($)). Hence’y € A(UO7$at)
and from (4.18) we have

n(01(z,8)) = n(uo(1(0))) — / A /ﬁ X > p(un(7(0)))
— /)\Jr >
8l

Supposdts, t1] # ¢, [s2,s1] = ¢. Theng is a line segment angﬁlﬂ AT = 0.

Henceu(a(s), s) = uo(5(0)) andug(5(0)) < h(eﬁ) Now definey = (y1,7v2,73) €
C(l‘,t) by 1 = a1,72 = a2,73(0) = t2t; B(0) for 6 € [0,t2]. Suppose

3 < f3, then by constructioh(az) < h(y3) and henceio(y(0)) = uo(5(0)) =
(s),5) < h(ds) < h(y3) andn(uo(v(0))) — [, AT = n(u(a(s),s)) — [, AT <
1)) = n(h(71)). Hencey € A(ug,z,t). If 3 < a3 < 0, then clearly
< h(¥3) and hencey(v(0)) — [, AT = n(u(a(s), s)) — [, AT < n(h(d1)) =
)) Hencey e A(ug,x t). This implies that)(¥1(z,t)) = n(ue(B(0))) —
N = n(up(v(0) f AT > n(u(x,t)). Hencedy (z,t) > u(x,t).
Supposeéts, t1] = qb, [s2, 51] = ¢, thena and are line segments witfi A™ =
JsAT =0, Oi(z,t) = u(als),s) = uo(8(0)) < min(h(&), h(B)). Let(0) =
ga: + (1 - g)ﬁ(o) for 6 € [0,t], clearlyy € ¢(z,t) and by quasi concavity
of h, min(h(&), h(5)) < h(7) and hencey € A(ug,z,t) with [ AT = 0.
Hencen (1 (z,t)) = n(uo(8(0))) = n(uo(7(0))) = n(u(z,t)). This implies that
W1 (z,t) > u(z,t). SUPPOSELe, t1] = @, [s2,s1] # qg Thend (z,t) = u(a(s), s).
Definey = (11,72,73) € elr.t) by n(0) = ;=raif 0 € [s1.fl7m =
Ba,73 = 3. Henceuo(y(0)) = uo(B(0)) < h(S3) = h(53). Now u(a(s),s) <
h(a) and n(u(a(s),s) — fﬁ AT < n(h(B1)). Hencen(u(a(s),s)) — fﬁ AT <
min(n(h(31)),n(h(&))) < n(h(%)) sinces is a convex combination af andf; .

Hencey € A(uo,z,t) andn(d:(z,t)) = n(uo(8(0))) — [3 AT = n(uo(+(0))) —
f7 AT > n(u(x,t)). Hencedy (z,t) > u(x, t) and this proves the step-1.

Henced; > wu.

@(
n(h(a
h(B)
77(h(
S

Step 2.Let (xy, tm) — (x,t) such that*(x,t) = limy,— 0o U(Tm, tm). LEtS =

(B1, B2, B3) € A(u*,x,t,s) defined on the partition = ¢35 < to < t; < tg =t.

Now for eachm , defineg™ = (5\™, g™ g™ by g™ (9) = te — t; Ty if
m — U1

0 € [t1,t] andB™ | 1, = B. ThenB™ € c(apm, s, t,) andB™ — gin Whee.

Hence by upper semicontinuity ef* andh it follows that there exist amg > 0
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such that for alln > mg, B € A(u, T, tm, s). Hence by the Step 1,

u (z,t) = limp—oo W(@m, tm) < hmmaOO V1 (Tmy tn)
< limpp—oen ! fﬁm }
< hmm_>Oo n- fﬁm
< B(s)

Hence by taking infimum over a§ and from (2) of Lemma 5.1 to obtain (5.6).
This proves the Lemma. O
Lemma 5.3. Letw be as in (2.15). Lefl’ > 0,2 € R,,0 < s <t < T.
Thenl|u|r < oo,z — u(z,0) is upper semicontinuous and there exist/ah=
M ([a|r, |\t|7, T) such that

Dz, 1)) > inf {n<u<ﬁ<s>, ) - /ﬁ X1 € Api(T, e, s,t>} ,

n(ts(x,t)) > inf {n(u*(ﬁ(s),s)) - /ﬂ)ﬁ;ﬁ € AM(U*,x,s,t)} )

Proof : Since |up|r < oo and hence Lemma 5.1 implies thatr < oo. Let
(T, tm) — (x,t) @asm — oo. Sincewy is continuous, from (2) of Lemma 5.1,
there existM; > 0 and a sequencé®) ¢ Ay, (ug, z,t) such that3®) — 3 in
WL andp(a(z,t) = n(uo(B(0))) — [;A*. Let B® = (8", 5, (")) be
defined on the partitios = t5;, < tor, < ti < tor = t. Form large, defings™F
as follows :

Case (i): = > 0. If [to, t1:] = ¢, then3*) is a line segment. Defing™* ¢
c(xm, t,m) the line segment parallel t8(%). In this cases™* — ) asm —
co in Whe° and g™+ = %) for all largem. If [tog, tix] # o, let g7k =
(ﬁfl’k,ﬂgl’k,ﬂgn’k) such thatﬂ{””"’ is the line segment starting &t,,,t,,) and
parallel tog{*). Let (0,#,,,x) be the end point of™. Thensgm* — B*) in
wlee gk — 30 forj = 1,2, 3 and [ AT — [ AT asm — oo gk =

iN [tor, t1m k] if 1k > tor @NdB™F = ) in [0, tor]. If £y g € [tor, t1x], then
gk = 35 in [0,y il If timi < tor thensy* is the line segment parallel to
BN [0, 1 i).

Case (ii): x = 0. Choosepy > 0 such thati(pg) > n(|uo|r). If z, = 0, define
Bk € ¢(xpy, ty,) as follows. 1f3*) is a line segment, thef™* is the line seg-
ment parallel to3*. If 5*) is not a line segment, then if,, > 0, 37" (4) =

0 — ta Ty fOr 0 € [top, t] and g™F = ) in [0,t9]. If 2, = 0, then

bt — to

ﬁé”’k(e) = 0in [tog, t,y] and gmF = B*) in [0, ¢5]. Now for m large and
tm > 0,07 = ———— < po and hence( Ry > (o) > njuolr) >
m — L2k
n(uo(B™F(0))). Also 7F — 3) in oo,
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Now by construction, upper semicontinuity fofnd by continuity ofu, it fol-
lows easily that there exist;, > 0 such that for alln > my,, ™% € A(ug, T, tm).
Hence

oo (W(Tm, tm)) < limg oo limy, oo {n(uo(ﬁmk fﬁmk)‘ }
= limg oo n(uo(BM(0))) — [ AT
— (uo(A(0))) - fw
= n(u(z,t)).

This proves that — u(z,t) is upper semicontinuous.
Claim 1: Lety = (v1,72,73) € A(uo,z,t) defined on the partitiof = t3 <
ty <t <top =tanda = 4|y andf = v[p. Thena € A(w,z,s,t) and
B € A(uy, a(s), s).

Sincey € A(ug, z,t), hence

wo(1(0)) < h3s),  n(un(+(0))) — / X< (). (5.9)

.
Case (i): [to, t1] # ¢.

Lets € (t1,t) theny, = & = f1, 43 = (s, J,AT = [53AT. Hence from
(4.29) n(uo(8(0))) — [5A+ < n(h(B1)), uo(8(0)) < h(G) and hences e
A(ug, a(s), 5). n(@(B(s), ) < n(uo(B(0))) = AT < n(h(5r)) = n(h(&)),
implies thatu(a(s),s) = u(B(s),s) < h(d1). Hencea € A(u,z,s,t). Let
S € [tg,tl], thenf'yl = 0'11,”);3 = ﬂg,fa)\+ +fﬁ/\+ = f’y/\+’ ﬂl = (Z),Oég = (;5
Hence from (4.19)0(58(0)) < h(3s) implies that3 € A(ug,a(s),s). Hence
n(t(a(s),s)) = [, AT < n(uo(B(0))) = [5 AT = [, AT =n(uo(v(0))) — [, AT <
h(c1). Hencea € A(u,z,s,t). Lets € [0,t3). Thenjy = du, 43 = é3 =
B, B1 = B2 = ¢. Hence from (4.19)3 € A(uog, a(s), s) and hencey(i(a(s), s)) <
n(uo(3(0)). This implies thaty(u(a(s), s)) — [, AT < n(uo(8(0))) — [, AT =
1(uo(7(0))) — [, A* <n(h($1)) = n(h(d1)). Hencea € AT, z,s,1).

Case (ii): [t2,t1] = ¢.

Thena, 3,~ are line segments. if = 0 thend = 3 = 0. Hencen € Z(uo,_a:, s, t),
B € A(u, a(s), s) sinceh(0) = co. Suppose < 0,then A\t =0,a=p0=7%<
0 anduo(6(0)) = uo(v(0)) < h(%) = h(B). Hencel € A(ug, a(s), s) and this
implies thatn(u(a(s),s)) < n(uo(3(0))). Thereforeu(a(s),s) < uo(8(0)) <
h(B) = h(&). Henceo € A(T, z, s, t).

Supposey > 0, thend = § = %f AT = 0 andn(ue(5(0)
n(h(B)). Hences € A(ug, a(s), s) andn(u(a(s), s)) < n(uo(S(
Hencea € A(u, x, s, t). This proves the claim.

From the claim it follows that the set

D = {(aaﬂ);a:’Y|[s,t]>ﬁ:7|[0,s}7’7ez(uﬂaxat)}

=Sz
5/\
/‘\
i/-\
= =2
Q. ~—
~

C {(a,ﬂ);a € A(u,x,s,t),3 € Z(uo,a(s),s)} .
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Hence if we definé?, (x, t) as follows, then from (5.4)

77(791(‘737 t)) =

IN

inf {n(u(a(s),s)) — [, A\T;a € A(w,z,5,t)}

inf, {infs {n(uo(3(0))) = [, 1*; 8 € Alug, a(s), )}
— [ Atia e A(u,z,s,t) }

inf {n(uo(8(0))) — [, A* = [;X* (. B) € D}

inf {n(uo(+(0))) — [, A*57 € Z(uo,w,w}

n(@(w,t)).
(5.10)

Hence the first inequality of the Lemma.
Let (zg,tx) — (=z,t) such thatu,(x,t) = limg_o u(zk, ). Lete > 0,

from (5.10) choosg*)

€ Ay (u, g, s, ) andkg > 0 such that for alk > kg

N (z,t)) > n(a(zg, tr)) — €/2 (5.11)

Nk ) > n@E® (s), ) - / X e/ (5.12)

B(k)

Extract a subsequence still denoted®¥ converging tos in W1, Then

. (0(s), 5)

),

limy, u*(ﬁ( (5),5)
5),5)

limk ( (

T oo h(B57).

h(fs),

limy, {77(5*(5( (5),8) = Jaum AT }
limy, o {n(w (5k ),s)) — fg(k))‘ }
limg 007 (P 6:"))

n(h(Br))-

(VAN VAN VAN VANRN VANN VAN VAN VAN

Hences € A(u., z, s,t) and from (5.11) and (5.12)

(s (,1))

vV IV IV IV IV

hmk—>oo 77( ( L, k)) /

hmk—wo( (u( (k (5>> S)) fﬂk )\+ — €
hmk—>oo( (s (B(k)(s)a s)) fgk )‘+
(@ (B(s),8)) = [3AT) =
inf {n(u* (7(s),8)) — fv ;Y € AM(H*,x,s,t)} _

Sincee is arbitrary and hence the Lemma follows. O
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Lemma 5.4. Letu andw be as in (2.14) and (2.15) respectivly. Theh= © and
Uy = U.

Proof: Proof is divided into three steps.

Step 1 : Leta > 1 and{qx} be a bounded sequence. THen,_ ., h(ag;) <

Suppose not, then let for a subsequence still denotgdysuch that

ar = qo,  lim h(agy) = lim h(gy) = 1.
Choosépi| = |pr| = 1 such that for allp| = 1

(@) H(h(qk),px) = @b, H(R(qx),p) > ap
(@) H(h(agr),pr) = oqepr, H(h(agy),p) > agqep

Again going to a subsequence, can assumeghatr py, pr — Po ask — oo.

Then by continuity offf, gopo = H(n,po) = limy—cc H(h(agx),po) > aqopo.

SinceH (n,po) > 0, it follows thata: < 1 which is a contradiction. This proves

step 1.

Step 2: Let7 > ¢. Thenu(zx,t) > u(x, 7).

Let 5 = (81, B2, 03) € A(uo, z,t) defined on the partltloﬁ =t3<ty<t; <

to = t be aminimiser for. Thenn(u(z,t)) = n(uo(B( fﬁ AT n(uo(B(0)))—

J5 AT < n(h(B1)) anduo(5(0)) < h(fs). Lety = (%,72,%) € A(ug,,7) be

defined as follows.

Case (i): Supposeiy(5(0)) < h(83). Theny € A(ug, z, ) is given by
)

nO) = x+(0- )%tl if 6 lt,7]
72(0) = () if 0 ¢t 1]
v3(0) = B3(0) if 6 €][0,to].
This impliesug(v(0)) = uo(6(0)) < h(33 43), (0(7(0)))_L>\+ =
r T—1
st v <o o 2e)) = (7))

n (h (i)) by Step 1. Hence € A(ug, z, 7) andu(z,t) > u(z, 7).
T 1

)) = h(33). Then

(0
a (0 (FR2)) = e = w50 - 3
< n(h(B1))

<o(:(-7))
LetA—{u;u<t1,n<h <_im)>> — [ < n(h <Tft1>>}.hisan

upper semicontinuous function impliesis open and hence there existssuch

Case (ii): Suppose((3
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thatVy € [ta, ta + €0), 1 <h (—ﬂf)» — [ < <h (T fh))' Let

W € (to, ta + o). Define nowy by

7)) = x+(977)7ft1 if 0elftr,7]
v(0) = 0 if 6¢€[ut]
v3(0) = ﬁ(o)+_i(0)9 if 6el0,u.

Thenu(+(0)) = uo(A(0)) = h (—5(‘”) —h <_ﬁ<0>“> <h <_ﬁ<0>> _

to
h(43) by Step 1. Hence

n(uo(1(0)) — / A= / o

5(0) t
< ( ( > / /\+ < h’)/3
H I

This impliesy € A(ug, z, 7). Henceu(z,t) > u(z, 7).
Step 3: Let B, (z,t) be a ball centered &tr, t) with radiusr. Lett > 0 and let
tr < t andty — t. Then from step (2)

u*(x,t) lim, o supp_ u(z)

On the other hand < w and hence/*(z,t) < u(z,t), implies thatu*(z,t) =
u(x,t). Similarly @, = u. This proves the Lemma. O

Lemma 5.5.(Dynamic programming principle) Letandz be defined as in (2.16)
and (2.17) respectively. Then

w(e,t) = infyl {n<u<ﬁ<s>,s>> - [ s AM<u,:c,s,t>} ,

u(x,t) = infn1{n(u(ﬂ(s),s))—/ﬁ/\ﬂﬁeAM(u,x,s,t)}.

Proof: Proof follows from Lemma 5.2, Lemma 5.3 and Lemma 5.4. O
Proof of Theorem 2.2: Let0 < ¢t < T andz € IR,. From (1) and (2) of
Lemma 4.4, there exist/(T) >0, o gl e C’M(T)(aj,t) such thaty(u(z, t))
= 1(uo(5)(0 fg ® Aﬂ 77( ( t)) = n(uo(a®(0)))— [, A*. Now|(z, )~
(a®), g0 = |f ®(9)) df) < M(T)t. This implies that
limg o (u(z, 1), u(z, )) (UO( ); uo()).



A NON-AUTONOMOUS HAMILTON-JACOBI EQUATION 221

Sub solution: Suppose: is not a sub solution. Then there exish, to) € (IR x
Ry),u> 0,0 € CYIRy x IRy) such that*(zg,ty) = ¢(7o,t0), u* — ¢ has
local maximum atxo, to) and at(zo, to), ¢ + H(p, pz) > 4pandp,(zo,to) <
A(to) if zop = 0. By continuity, there exist > 0 such that afxo, to), vr + H (¢ +
0, 0z) = 3, pu(x0,t0) < A(to) If 2o = 0. Hence from(Ag) there exist @ such
that at(zo,t0), ot + Pz > 2u, p(zo,t0) + 0 < h(p) andp,(zo,t0) < A(to)
if 2o = 0. Hence there exist a balB around(xg, ty) such that for all(z,t) €
BN (R4 x Ry),

@t + PPz > p, © < h(p), v < Nif 29 = 0. (5.13)

Supposery > 0. Then by shrinkingB if necessary, can assume that c
R x R..LetB3(0) = p(6 —toy) + o and chooseo < to suchtha(3(0),0) € B
for & € [so, to]. Sinceu” < ¢ < h(p) = h(f) and [; AT = 0, it follows from (5.6)
that p(zo,t0) = w*(z0,%0) < w*(B(s0),50) < ©(B(s0),50). On the other hand
from (5.13)

o0, t0) — 9(B(s0), 50) = f;(?;;soww) ) o

= [ (1 + pes)(B(0),0) db
> p(to — so) >0,

which is a contradiction.

Supposeryg = 0. If p < 0, let 3(0) = p(6 — to) + zo and choose, < ty
such that(3(6),0) € BN (IRy x IR.) for 6 € [so, to]. Since{3 = 0} = {zo} and
hencef, \* = 0. Sinceu" < ¢ < h(p) = h(f3) and hence as in earlier situation
we obtain a contradiction.

Let p > 0. Supposep.(zo,to) < 0, then2u < (¢; + ppz)(ro,to) <
©¢(wo,to). By shrinking B if necessary it follows thap, > pin BN (IR, x IRy)
and hencep(xg, tg) > w(xo, s0) + u(to — so) for s < to sufficiently close ta,.
Letp; < Owith ¢ < h(p1)in BN (R4 x Ry) andB(6) = p1(0 — to) + xo, then
JsAT = 0andu* < ¢ < h(p1). Hence from (4.16)¢(zo, t0) = u*(z0,t0) <
u*(B(s0),50) < ©(B(s0),50). Letting p1 — 0 to obtainy(zo,to) < ¢(o, s0)
which is a contradiction. Supposg (zo,to) > 0thenA(tp) > 0. Let 5(0) = xg
for 6 € [so, to]. Sinceh(3) = h(0) = oo, hencef € A(u*, zo, so, to) and hence
from (4.16)

n(p(zo,t0)) = n(u (ﬂfo,to)) n(u*(xo, 50)) — [10 AT
< n(e(zo,50)) fg

This implies that

n(e(zo,t0)) — n(e(wo, $0))
to — So

' (¢(zo,t0))pe(zo, to) = limg,—,
—At(to) = —A(to)-

VAN
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Sincen/(u) = it follows from the above inequality that &k, t), 4 <

1
H(u,1)
O+ H(p,0z) = ot + 0 H(p, 1) < (o + AH(p,1))(z0,t0) < 0, which is a
contradiction. This proves thatis a subsolution.

Super solution: Supposeu is not a super solution. Then there exist, ty) €
(Ry x IRy), > 0,0 € CYIR, x IRy) such thati,(zo,to) = (0, t0), Usx — ¢
has local minima afz, to) and at(zo, to), ot + H(e, 0z) < —4u, oz (x0,t0) >

A(to) if zop = 0. Hence in a ballB around(zo, to), ¢ + H (e, vz) < —3p and
e > \if zop = 0. Hence from(A4g), for (x,t) € BN (R4 x IR,),

if p(x,t) < h(p), then ¢y + pp, < —3u and @, >\ if z9=0. (5.14)

From (1) of Lemma 5.1, let for each< tg, 55 be a minimizer for

n(i(z. 1)) = inf {n<u*<ﬂ<s>,s>> - /ﬂ X e AM<u*,x,s,t>} . (5.15)

then from Lemma 5.3 we have

n(p(wo,to))

IV IVl
3
—
*

v
—~
>
\'Cn
=
|
o
)
>~
+

n(e(xo,to)) — n(e(xo, s)) = n(e(Bs(s), s)) — ne(xo, s)) —/ﬂ AT (5.16)

Letzo > 0. Without loss of generality assume thiatC (IR x IR, ) and there
existasy < tosuchthatss(6),0) € Bforalls € [so, o], 6 € [s, to]. Furthermore
Bs(0) = ps(0 — to) + zo and{Gs = 0} = ¢. As s — ty, let p; — py. Divide
(to — s) in (5.16) and lettings — t¢, to obtainn’ (¢ (o, t0)) (¢t + Powz)(xo, to) >
0, 80(560,?50) = limSHto SO(ﬂS(S)as) < 1im54,t0 E*(ﬂs(s)ys) < lims~>t0 h(ps) <
h(po). This contradicts (5.14).

Letxy =0. If 55 = :L‘o+p5(9—t0), thenp, < 0. Letps; — pg ass — tg. Divide
by (to—s) and lettings — t¢ in (5.16) to obtaim’ (¢ (xo, to)) (¢t +pows ) (To, to) >
—)\+(t0) andg&(xo,to) < h(po). If )\(to) < 0, then (th —I—po(px)(x(),to) >0
which contradicts (5.14). IA(to) > 0, theny,(xo,to) > A(to) > 0 henced <
(H (2, D)A(to) + (21 + pows)) (w0, to) < (H(p,@x) + 1) (w0, o) < —4u which
is a contradiction.

Suppose&d; is not a line segment, let, = (¢, Fa2s, O35) defined on the parti-
tion s = s3 < s9 < 51 = s9 = to. Let O35(0) = ps(0 — s1) for 6 € [s, s2]
with ©(3(s), s) < h(f3s) = h(ps) andp, < 0. Letp, — py ass — to. Sup-
pose(ty) > 0, theny,(zo,tp) > 0 and hence iB N (IR; x Ry), ¢, > 0.
This implies thatp(5s(s), s) > ¢(xo, s). Hence from Lemma 5.3j(¢(x0, t9)) =
(@ (0. t0)) > 1((Bs(5), 8)) — [ AT > 5(i2(wo, 8)) — [ A Divide byt — s
and lettings — t( to obtainn’(p(zo, to))ei(xo,to) = —AT(tg) = —A(to). That
is0 < (got + )\(tU)H(Qp, 1))(:130, to), but (@t + ngH(QO, 1))(%0, to) < —4/J which
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is a contradiction. Supposg(ty) < 0, thenA\™ = 0 hence from Lemma 5.3,
SO(:EOatO) = ﬂ*(IOatO) > ﬂ*(ﬁs(S),S) > @(55(8),8). Hence 0 < hms—>t0
t - s )
P00 = SO:5) oo, Supposes, < 0, thend < (o) (o, fo) <
0 —
(o, to) < (pr + H(p, pz))(xo, to) < —4p, which is a contradiction. If, >
0, then p(xo,t0) > ©(Bs(s),s) > p(xo,s) and hencep,(xo,t9) > 0. But
oe(zo,to) < (ot + H(p,z))(z0,t0) < —4u which is a contradiction. This
proves thatz is a super solution. Sincg* = w andu, = u and henceu,u are
viscosity solutions of (1.1). This completes the proof of Theorem 2.2. O
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