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1. Introduction

Let G be a locally compact second countable group. A probability measureµ on
G is said to beinfinitely divisibleif for every n ∈ N, µ admits an th convolution
root, namely there exists a probability measureµn on G such thatµn

n = µ (the
exponent stands for then th convolution power), andµ is said to beembeddableif
there exists a continuous one-parameter convolution semigroup{µt}t≥0 such that
µ1 = µ. Evidently an embeddable probability measure is infinitely divisible. Un-
der what conditions, say on the group or on the measure, the converse holds has
been a topic of much investigation in literature. It is conjectured in particular that
if G is connected Lie group then every infinitely divisible probability measure on
G is embeddable, and a similar statement should also be true for other classes of
groups, though indeed it does not hold for all groups (see [7, 8] for various de-
tails). The above mentioned conjecture for connected Lie groups was established
in [5] for a large class of Lie groups, called classC groups, including all (con-
nected) linear Lie groups, all simply connected Lie groups and all semisimple Lie
groups. A more transparent approach to the problem was introduced in [6]. The
focus of the proof in [6] nevertheless remained on algebraic groups, from which
the results were deduced by extension to the classC groups. Here we isolate some
of the underlying ideas, depending essentially only on properties of nilpotent Lie
groups, without reference to algebraic groups, and present a generalisation which
technically has a broader scope for application. Theorem 2.2 below, which is stated



242 S. G. DANI

after recalling some preliminaries, is the main technical result in this respect and
Corollary 2.4 describes a general application of it to the problem of embeddability
of infinitely divisible probability measures. We shall indicate how together with
some special features of the almost algebraic and more generally the classC groups
Corollary 2.4 implies the embedding theorem of [6].

2. Preliminaries

Let G be a locally compact second countable group. We denote byP (G) the space
of all probability measures onG equipped with the usual weak* topology and the
convolution product (see [7] for various generalities). For any closed subsetS of
G, P (S) will denote the subspace consisting of probability measures onG with the
support contained inS. Forµ ∈ P (G) we denote bysuppµ the support ofµ, and
by G(µ) the smallest closed subgroup containingsuppµ. We denote byN(µ) the
normaliser ofG(µ) in G and byZ(µ) the centraliser ofG(µ) in G. We note that
Z(µ) is a normal subgroup ofN(µ). For any closed subgroupH of G we denote
by H0 the connected component of the identity inH.

For n ∈ N we denote byRn(µ) the set of alln th roots ofµ on G; namely
Rn(µ) = {ρ ∈ P (G) | ρn = µ}. We recall that for any rootρ of µ the support
of ρ is contained inN(µ); this holds more generally for all two-sided factors of
µ (see [3], Proposition 1.1, or [1], Lemma 5.1). Furthermore, ifρ ∈ Rn(µ) for
n ∈ N, then there existsx ∈ N(µ) such thatρ ∈ P (G(µ)x), and for any suchx
we havexn ∈ G(µ) (this is straightforward to deduce from the fact that the image
of µ in the quotientN(µ)/G(µ) is the point mass at identity; for details see [5],
Proposition 2.7, or [1], Lemma 5.2). Forρ ∈ Rn(µ) we define an automorphism
αρ of Z(µ) by αρ(g) = xgx−1 for all g ∈ Z(µ), wherex ∈ N(µ) is an element
such thatρ ∈ P (G(µ)x); we note that the automorphismαρ depends only onρ and
not on the specific choice ofx, and thatαn

ρ is the identity automorphism. We recall
the following simple fact which plays a crucial role in the arguments in the sequel,
as also in much of the earlier work on the embedding theorem; a proof is recalled
for convenience of the reader.

Lemma 2.1. Let the notation be as above. Letρ ∈ Rn(µ), n ∈ N. Then, for all
z ∈ Z(µ), ρz = αρ(z)ρ and(ρz)n = αρ(z)α2

ρ(z) · · ·αn
ρ (z)µ.

Proof : Let x ∈ N(µ) be such thatρ ∈ P (G(µ)x). Thenρz = (ρx−1)xz =
(ρx−1)αρ(z)x = αρ(z)(ρx−1)x = αρ(z)ρ. By repeated application of this we see
that(ρz)n = αρ(z)α2

ρ(z) · · ·αn
ρ (z)ρn = αρ(z)α2

ρ(z) · · ·αn
ρ (z)µ. 2

Now let N be a compactly generated nilpotent Lie subgroup ofZ(µ). We
say thatρ ∈ Rn(µ) is compatiblewith N if N is αρ-invariant and moreover
αρ(gN0) = gN0 for all g ∈ N , namely the factor ofαρ onN/N0 is trivial.

LetT denote the unique maximal torus inN0. ThenT is contained in the center
of N0 andN0/T is simply connected. Forρ which is compatible withN we denote
by M(ρ,N) the subgroup{g ∈ N0 | αρ(g) ∈ gT}; equivalentlyM(ρ, N) is the
closed subgroup ofN0 containingT and such thatM(ρ,N)/T is the set of fixed
points of the factor action ofαρ on N0/T . SinceN0/T is a simply connected
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nilpotent Lie group, the subgroupM(ρ,N) is a closed connected Lie subgroup.
We now state our main results:

Theorem 2.2.LetG be a locally compact second countable group andµ ∈ P (G).
LetN be a closed compactly generated nilpotent Lie subgroup ofZ(µ). Letn ∈ N
and{νi} be a sequence inRn(µ) such that eachνi is compatible withN and there
exists a sequence{xi} in N such that{νixi} is relatively compact. Then there
exists a sequence{zi} in N0 such that{ziνiz

−1
i } is relatively compact.

Theorem 2.3.LetG, µ andN be as in Theorem 2.2. Letr, n ∈ N, and let{λi} be
a sequence inRrn(µ). Suppose that there exist sequences{yi} and{zi} in N0 such
that{yiλiy

−1
i } and{ziλ

r
i z
−1
i } are relatively compact, andM(λi, N) = M(λr

i , N)
for all i. Then{ziλiz

−1
i } is relatively compact.

From these general results we shall deduce the following embedding theorem.
Given a sequence{λi} in P (G) we say that it isrelatively compact moduloN ,
whereN is a closed subgroup ofG, if there exists a sequence{xi} in N such that
{λixi} is relatively compact.

We recall thatµ ∈ P (G) is said to berationally embeddableif there exists a
homomorphismι : Q+ → P (G), whereQ+ is the semigroup of positive rational
numbers, such thatι(1) = µ.

Corollary 2.4. LetG be a locally compact second countable group andµ ∈ P (G)
be infinitely divisible. LetN be a compactly generated nilpotent Lie subgroup of
Z(µ). For eachk ∈ N let νk be ak! th root of µ which is compatible withN .
Suppose that there exist an infinite subsetΣ of N such that for alln ∈ Σ the
sequence{νk!/n!

k } of n! th roots is relatively compact moduloN . Then there exists
sequences{kj} in N and{ζj} in N0, andr ∈ N, such thatkj →∞ asj →∞ and

for n ∈ Σ with n ≥ r the sequence{ζjν
kj !/n!
kj

ζ−1
j | j ∈ N, kj ≥ n!} is relatively

compact. Consequently,µ is rationally embeddable inP (G), and if G is a Lie
group thenµ is embeddable in a continuous one-parameter convolution semigroup
contained inP (G).

3. Some Results on Nilpotent Lie Groups

In this section we prove some properties of nilpotent Lie groups needed in the proof
of Theorem 2.2. Under certain further restrictions the results were proved earlier
(see below for references). We begin by noting the following simple fact; it may be
considered standard, but a short proof is included for the convenience of the reader.

Lemma 3.1. Let N be a compactly generated nilpotent Lie group. ThenN has a
unique maximal compact subgroup.

Proof : Passing to quotient modulo the maximal central torus ofN0 in proving the
lemma we may assume thatN0 is simply connected. Then all compact subgroups
of N are finite and we have to show that there is a unique maximal one. LetZ be
the center ofN . ThenN0/N0 ∩ Z is also simply connected, and by an inductive
hypothesis we may assume thatN/Z has a unique maximal finite subgroup, say
M/Z whereM is a closed subgroup ofN containingZ. ReplacingN by M we
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may assume thatN/Z is finite. We now proceed by induction on the order of
N/Z. As N/Z is nilpotent, its center is nontrivial. LetA be a subgroup ofN
containingZ and such thatA/Z is a nontrivial cyclic subgroup contained in the
center ofN/Z. ThenA is a closed normal abelian subgroup ofN . We note also
that Z is compactly generated, and hence so isA. Also, A does not contain any
torus of positive dimension, and hence it has a unique maximum finite subgroup,
sayΦ. As A is normal inN the uniqueness property ofΦ implies thatΦ is normal
in N . Let q : N → N/Φ be the quotient homomorphism. NowA/Φ is contained
in the center ofN/Φ and since the order ofN/A is less than the order ofN/Z
by an inductive hypothesis we may assume thatN/Φ has a unique maximal finite
subgroup, sayF . Thenq−1(F ) is the unique maximal finite subgroup ofN . This
proves the lemma. 2

Remark 3.2. The argument above shows also that ifx ∈ N is such thatxN0 is of
finite order inN/N0 thenxN0 contains an element of finite order inN . Hence the
maximal compact subgroup intersects all connected components ofN .

Lemma 3.3. Let N be a compactly generated nilpotent Lie group such thatN0 is
simply connected. Letx ∈ N andN ′ be the subgroup ofN generated byN0 and
x. If N ′/N0 is infinite thenN ′ can be realised as a codimension-one Lie subgroup
of a simply connected Lie groupM . If N ′/N is finite thenN ′ is a direct product of
a finite subgroupF of N with N0.

Proof : Let AutN0 be the group of all Lie automorphisms ofN0, andσ be the
automorphism ofN0 induced by the conjugation action ofx. ThenAutN0 is an
algebraic group (viewed as the group of Lie automorphisms of the Lie algebra of
N0), andσ is a unipotent element inAutN0. Now suppose thatN ′/N0 is infinite.
If σ is trivial, then the desired assertion is readily seen to hold if we chooseM to
beN0×R. Now supposeσ is nontrivial. Then there exists a (nontrivial) unipotent
one-parameter subgroup{σt} in AutN0 such thatσ1 = σ. We defineM to be
the semidirect product of the groups{σt} andN0 corresponding to the action of
{σt} on N0 by automorphisms. Then clearlyM is a simply connected nilpotent
Lie group and the subgroup generated byN0 andσ is a codimension1 subgroup
Lie isomorphic toN ′. This proves the first assertion.

Now suppose thatN ′/N0 is finite. In this caseσ is of finite order, and since it
is unipotent it is trivial. Thusx centralisesN0. Let n be the order ofσ. Thenxn

is contained in the center ofN0. The latter is a vector group and therefore contains
an elementz such thatxn = zn. Thenxz−1 is an element of ordern centralising
N0, and we see thatN ′ is the direct product of the subgroup cyclic generated by
xz−1 with N0. This proves (ii). 2

Through the rest of the section we denote byN a compactly generated nilpotent
Lie group. We denote byAutN the group of all Lie automorphisms ofN , equipped
with its usual topology as a Lie group, and byAut′N the subgroup ofAutN
consisting of those automorphisms whose factor action onN/N0 is trivial. We
denote bye the identity element ofN and byI the identity automorphism ofN .
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We shall denote byC the unique maximal compact subgroup ofN and byT
the maximal central torus inN0. By their uniqueness propertyC andT are normal
subgroups ofN .

Proposition 3.4. Let n ∈ N andα ∈ Aut′N be such thatαn = I. Letx ∈ N be
such thatα(x)α2(x) · · ·αn(x) ∈ C. Then there existsy ∈ N0 such thatα(x) ∈
y−1α(y)C.

Proof : In proving the proposition we may without loss of generality assumeC
to be trivial. ThenN0 is simply connected. Also, by Remark 3.2N/N0 has no
finite subgroup. As the factor action ofα on N/N0 is trivial, the condition onx
implies that(xN0)n is the identity element inN/N0, and since the latter has no
finite subgroup it follows thatxN0 = N0 and hencex ∈ N0. The Proposition
then follows from Lemma 5.4 of [8], which is the special case of the proposition
for simply connected nilpotent Lie groups. 2

Proposition 3.5. Let n ∈ N, and{αi} be a sequence inAut′N such thatαn
i = I

for all i ∈ N. Let{xi} be a sequence inN such that{αi(xi)α2
i (xi) · · ·αn

i (xi)} is
relatively compact. Then there exists a sequence{yi} in N , such that{y−1

i xi} is
relatively compact, andαi(yi)α2

i (yi) · · ·αn
i (yi) ∈ T for all i.

Proof : In proving the proposition we may without loss of generality assume thatT
is trivial, namely thatN0 is simply connected. Since{αi} is contained inAut′N
the condition onxi’s implies that{(xiN

0)n} is a finite subset ofN/N0. By the
root compactness of compactly generated nilpotent groups (see [7], Chapter III)
this implies that{xiN

0} is finite. Passing to subsequences we may assume that
there existsx ∈ N such thatxiN

0 = xN0 for all i.

Let N ′ be the Lie subgroup generated byN0 andx. From the definition of
Aut′N it follows that N ′ is invariant under the action ofAut′N . Now sup-
pose first thatN ′/N0 is infinite. Let M be the simply connected nilpotent Lie
group as in Lemma 3.3, containingN ′ as a codimension 1 (normal) subgroup;
thenM/N0 is isomorphic toR andM/N ′ is the circle group. Now for alli let
ωi = αi(xi)α2

i (xi) · · ·αn
i (xi) and letθi be the uniquen th root ofωi in M . We

note that(θiN
0)n = ωiN

0 = (xiN
0)n = (xN0)n and sinceM/N0 is isomorphic

toR we haveθi ∈ xN0, and in particularθi ∈ N ′ ⊂ N for all i.

For all i let yi = xiθ
−1
i ; by the above observationyi ∈ N0. Clearly, for

all i we haveαi(ωi) = αi(xi)−1ωiαi(xi), and by the uniqueness ofn th roots
in M it follows that αi(θi) = αi(xi)−1θiαi(xi). Therefore, for alli, αi(yi) =
αi(xi)αi(θi)−1 = αi(xi)(αi(xi)−1θ−1

i αi(xi)) = θ−1
i αi(xi). Furthermore, for all

j ≥ 1 we get, arguing by induction overj, thatαj
i (yi) = αj−1

i (xi)−1 · · ·αi(xi)−1

θ−1
i αi(xi) · · ·αj

i (xi). Hence αi(yi)α2
i (yi) · · ·αn

i (yi) = θ−n
i αi(xi)α2

i (xi) · · ·
αn

i (xi) = e for all i. Also (y−1
i xi)n = θn

i = ωi, so by hypothesis we get that
{(y−1

i xi)n} is relatively compact. By the root compactness of compactly gener-
ated nilpotent Lie groups it follows that{y−1

i xi} is relatively compact. This proves
the proposition in the case at hand.
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Now suppose thatN ′/N0 is finite. Then by Lemma 3.3N ′ is a direct product
of N0 with a finite subgroup, sayF . Being the unique finite normal subgroup of
N ′, F is invariant under the action ofAutN ′, and considering the action modulo
N0 we see also thatF is fixed pointwise by allαi. Replacing the originalx such
thatxiN

0 = xN0, within theN0 coset, we may assume thatx ∈ F . Let {zi} be
the sequence inN0 such thatxi = xzi for all i. Thenαi(xi)α2

i (xi) · · ·αn
i (xi) =

xnαi(zi)α2
i (zi) · · ·αn

i (zi) and hence{αi(zi)α2
i (zi) · · ·αn

i (zi)} is relatively com-
pact. SinceN0 is simply connected, by the argument as above we deduce from this
that there exists a sequence{yi} in N0 such that{y−1

i zi} is relatively compact, and
αi(yi)α2

i (yi) · · ·αn
i (yi) = e for all i. As y−1

i xi = y−1
i zix we see that{y−1

i xi} is
relatively compact. This proves the proposition. 2

Proposition 3.6.Letn ∈ N and{αi} be a relatively compact sequence inAut′N
such thatαn

i = I for all i. Let {xi} be a sequence inN such that{αi(xi)x−1
i }

is relatively compact. Then there exist sequences{ci} and {yi} in N such that
xi = ciyi for all i, {ci} is relatively compact, andαi(yi) ∈ yiT for all i.

Proof : In proving the proposition without loss of generality we may assume thatT
is trivial or equivalently thatN0 is a simply connected nilpotent Lie group. For the
case of (connected) simply connectedN the proposition is same as Proposition 3.3
in [6]. In [6] the assertion is first proved for the case of vector groups, using which
it is then deduced for all connected simply connected nilpotent groups. Here we
shall assume the case of vector groups and deduce the general result as above. We
proceed by induction on the dimension ofN0. If the dimension is0 then theN is
discrete andAut′N consists only of the identity automorphism and the assertion
follows trivially. Now suppose the assertion holds in all lower dimensional cases
than the one under consideration. LetZ be the subgroup consisting of all elements
of N0 contained in the center ofN . SinceN is nilpotentZ is a vector subgroup
of positive dimension. Using an obvious inductive hypothesis and considering the
sequence of factors ofαi on N/Z we may assume that there exist sequences{gi}
and{hi} in N such thatxi = gihi for all i, {gi} is relatively compact, andαi(hi) ∈
hiZ for all i. Thenαi(hi)h−1

i = αi(gi)−1αi(xi)x−1
i g−1

i for all i, and as{gi},
{αi(xi)x−1

i } and {αi} are relatively compact this shows that{αi(hi)h−1
i } is a

relatively compact sequence inZ. Passing to subsequences we may assume that
either{hi} is contained inZ, or consists entirely of elements outsideZ. If {hi} is
contained inZ then the assertion follows from the special case of the proposition
for vector groups (which we recalled from [6] above). Now suppose that{hi}
consists of elements outsideZ. For eachi let Zi be the subgroup generated byZ
andhi; then, asαi(hi) ∈ hiZ, we see thatZi is αi-invariant. Furthermore, since
Z is contained in the center ofN , eachZi is abelian and hence a direct product of
the vector subgroupZ and the discrete subgroup generated byhi. We shall deduce
from this that for eachi there exists azi ∈ Z such thathizi is fixed byαi: If hi

is of finite order then clearlyαi(hi) = hi. Supposehi is of infinite order. Then
there exists a vector groupVi with Zi as a subgroup ofVi of codimension1, and
αi is the restriction of a linear transformation ofVi, of finite order. SinceZ is
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αi-invariant, and of codimension1, it follows that there exists a one-dimensional
subspace complementingZ in Vi and fixed pointwise byαi. This shows that there
existszi ∈ Z such thatαi(hizi) = hizi (in the multiplicative notation of the
group). Thenαi(hi)h−1

i = αi(z−1
i )zi for all i, and we get that{αi(z−1

i )zi} is
relatively compact. Again from the special case of vector groups it follows that
there exist sequences{ai} and {bi} in Z such thatz−1

i = aibi for all i, {ai}
is relatively compact andα(bi) = bi for all i. Thenxi = gihi = gi(hizi)z−1

i =
gi(hizi)aibi = (giai)(hizibi), for all i, so the desired assertion holds withci = giai

andyi = hizibi for all i. This completes the proof of the proposition. 2

The following is an extension of Theorem 3.2 of [6].

Theorem 3.7.Let G, µ andN be as in the statement of Theorem 2.2. Letn ∈ N,
ρ ∈ P (G) be an th root ofµ compatible withN . Letz ∈ N be such that(ρz)n =
cµ for somec ∈ C. Then there existy ∈ N0, h ∈ C such thatρz = yρy−1h.

Proof : By Lemma 2.1, we have(ρz)n = αρ(z)α2
ρ(z) · · ·αn

ρ (z)µ. Since(ρz)n =
cµ we get thatc−1αρ(z)α2

ρ(z) · · ·αn
ρ (z)µ = µ. We recall that{g ∈ N | gµ =

µ} is a compact subgroup ofN and hence it is contained inC. Hence we get
that αρ(z)α2

ρ(z) · · ·αn
ρ (z) ∈ C. Therefore by Proposition 3.4, there existy ∈

N0 and h′ ∈ C such thatαρ(z) = yαρ(y−1)h′. Let x ∈ N(µ) be such that
ρ ∈ P (xG(µ)) = P (G(µ)x). Sinceρ is compatible withN , x normalisesN ,
and hence alsoC. Then we havexzx−1 = yxy−1x−1h′ and soxz = yxy−1h,
whereh = x−1h′x ∈ C. Thereforeρz = (ρx−1)xz = (ρx−1)(yxy−1)h =
y(ρx−1)xy−1h = yρy−1h, which proves the theorem. 2

4. Proofs of the Main Results

We now prove the theorems using the results proved in the preceding sections.

Proof of Theorem 2.2: Let n ∈ N, {νi} and{xi} be as in the hypothesis. Since
{νixi} is relatively compact, so is the sequence{(νixi)n}. For eachi let αi denote
the restriction of the automorphismανi to N , in the notation as above. By Lemma
2.1 we have(νixi)n = αi(xi)α2

i (xi) · · ·αn
i (xi)µ, for all i. As {(νixi)n} is rel-

atively compact, this shows that{αi(xi)α2
i (xi) · · ·αn

i (xi)} is relatively compact.
Hence by Proposition 3.5 there exists sequence{x′i} in N and{ti} in T such that
αi(x′i)α

2
i (x

′
i) · · ·αn

i (x′i) = ti for all i, and{x−1
i x′i} is relatively compact. Then

(νix
′
i)

n = αi(x′i)α
2
i (x

′
i) · · ·αn

i (x′i)µ = tiµ for all i. Also, asνix
′
i = νixi(x−1

i x′i)
for all i and{νixi} and{x−1

i x′i} are relatively compact, we get that{νix
′
i} is rel-

atively compact. As(νix
′
i)

n = tiµ, by Theorem 3.7 there exist sequences{zi} in
N0 and{ci} in C such thatνix

′
i = ziνiz

−1
i ci, for all i. Since{νix

′
i} and{ci} are

relatively compact, we also get that{ziνiz
−1
i } is relatively compact. This proves

the theorem. 2

Proof of Theorem 2.3: Let r, n ∈ N and{λi} be a sequence inRrn(µ), as in
the hypothesis, such thatM(λi, N) = M(λr

i , N) for all i, and{yi} and{zi} be
sequences inN0 such that{yiλiy

−1
i } and{ziλ

r
i z
−1
i } are relatively compact. For

all i let νi = λr. Then{yiνiy
−1
i } and{ziνiz

−1
i } are relatively compact. Therefore

there exists a compact subsetK such that, for alli, νi(y−1
i Kyi) = yiνiy

−1
i (K) >
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1
2 , and alsoνi(z−1

i Kzi) > 1
2 . (see [9], Proposition 7.2.3). In particular, for alli the

sety−1
i Kyi ∩ z−1

i Kzi ∩ supp νi is nonempty; letxi be an element from the subset.
Thenxi ∈ supp νi, for all i, and{yixiy

−1
i } and{zixiz

−1
i } are relatively compact.

Now, for eachi let gi = yiz
−1
i , andαi be the automorphism ofN0 defined

by αi(ξ) = (zixiz
−1
i )−1ξ(zixiz

−1
i ), for all ξ ∈ N0. As {zixiz

−1
i } is relatively

compact, it follows that{αi} is a relatively compact sequence of automorphisms
of N . Furthermore, we see thatαn

i = I, the identity automorphism, for every
i. Also, for all i, we haveαi(gi)g−1

i = (zixiz
−1
i )−1yiz

−1
i (zixiz

−1
i )(yiz

−1
i )−1 =

(zixiz
−1
i )−1(yixiy

−1
i ). As the latter form a relatively compact sequence,

{αi(gi)g−1
i } is relatively compact. Therefore by Proposition 3.6, applied toN0

in place ofN , eachgi can be written asaibi, with ai, bi ∈ N0, {ai} relatively
compact, andαi(bi)b−1

i ∈ T for all i. Thus(zixiz
−1
i )−1bi(zixiz

−1
i )b−1

i ∈ T , and
by conjugating byxiz

−1
i we get that(z−1

i bizi)xi(z−1
i b−1

i zi)x−1
i ∈ T . Therefore

z−1
i bizi ∈ M(νi, N), which by hypothesis coincides withM(λi, N). Now, for any

i, yiλiy
−1
i = giziλiz

−1
i g−1

i = aibiziλiz
−1
i b−1

i a−1
i and sincez−1

i bizi ∈ M(λi, N)
there exists a sequence{ti} in T such thatz−1

i biziλiz
−1
i b−1

i zi = λiti, and hence
aibiziλiz

−1
i b−1

i a−1
i = aiziλiz

−1
i a−1

i ti. Since{yiλiy
−1
i }, {ai} and{ti} are rela-

tively compact, the preceding conclusion shows that{ziλiz
−1
i } is relatively com-

pact; this proves the theorem. 2

Proof of Corollary 2.4: Let the notation be as in the hypothesis. For anyn ∈ N
andρ ∈ Rn(µ) we denote byd(ρ) the dimension ofM(ρ,N). For k, n ∈ N,

k ≥ n let d(k, n) = d(νk!/n!
k ). We define inductively a sequence{dn} in N and a

decreasing sequence{En} of subsets ofN as follows: letd1 be the dimension of
N andE1 = N. Consider the set{d(k, 2) | k ≥ 2}. Since it involves only finitely
many integers, we can choosed2 and such thatd(k, 2) = d2 for infinitely manyk in
E1, and defineE2 = {k ∈ E1 | k ≥ 2, d(k, 2) = d2}. After definingd1, . . . , dn−1

andE1, . . . , En−1 for somen ∈ N we consider{d(k, n) | k ≥ n!, k ∈ En−1}
and choosedn to be such that{k ∈ En−1 | d(k, n) = dn} is infinite and define
En = {k ∈ En−1 | k ≥ n!, d(k, n) = dn}.

Since for everyk ≥ n, ν
k!/n!
k is an th root ofνk!/(n−1)!

k it follows that{dn} is
a decreasing sequence inN. Hence there existsd, l ∈ N such thatdn = d for all
n ≥ l. Let Σ be the subset ofN as in the hypothesis and letΣ′ = {j ∈ Σ | j ≥ l}.

For eachn ∈ Σ′ consider the sequence ofn! th roots
{

ν
k!/n!
k

}
k∈En

. By the

condition in the hypothesis for eachn ∈ Σ′ there existxk;n, k ∈ En, in N

such that
{

ν
k!/n!
k xk;n | k ∈ En

}
is relatively compact and in turn by Theorem 2.2

there existzk;n, k ∈ En, in N0 such that
{

zk;nν
k!/n!
k zk;n

−1
}

is relatively com-

pact. For alln ∈ Σ′ we haved(νk!/n!
k ) = d(νk!/l!

k ) and hence it follows that

M(νk!/n!
k , N) = M(νk!/l!

k , N). Therefore by Theorem 2.3, withzk = zk;l we get

that
{

zkν
k!/n!
k z−1

k | k ∈ En

}
is relatively compact for alln ∈ Σ′. For allj ∈ N let
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kj ∈ Ej be such thatkj →∞ andζj = zkj . Then
{

ζjν
kj !/n!
kj

ζ−1
j | j ∈ N, kj ≥ n!

}

is relatively compact for alln ∈ Σ′. This proves the first assertion in the Corollary.

Passing to a subsequence, after a process of diagonalisation, we may now as-

sume that for alln ∈ Σ′,
{

ζjν
kj !/n!
kj

ζ−1
j

}
converges asj →∞, sayζjν

kj !/n!
kj

ζ−1
j →

ρn. Then for eachn ∈ Σ′, ρn is an! th root ofµ and for anym, n ∈ Σ′ with m ≥ n

we haveρm!/n!
m = ρn.

We now define a mapι : Q+ → P (G), whereQ+ is the semigroup of positive
rationals, as follows: forpq ∈ Q+ let n ∈ Σ′ be such thatq ≤ n!, and define

ι

(
p

q

)
= ρ

n!p/q
n ; we note that on account of the relation between theρn’s, ι

(
p

q

)

is well-defined by this, independent of the choice of then in question. It is also
straightforward to see thatι is a homomorphism ofQ+ into P (G). Thus it is a
rational embedding ofι(1), which isµ. It is known (see [4]) that on a Lie group a
probability measure admitting a rational embedding is embeddable in a continuous
one-parameter convolution semigroup. This proves the Corollary. 2

5. Epilogue

The results presented here suggest a strategy for attacking the embedding problem:
Let G be a Lie group andµ ∈ P (G) be infinitely divisible. As seen in the proof of
Corollary 2.4, by the results of [4], to prove embeddability ofµ in a continuous one-
parameter semigroup it suffices to show that it is rationally embeddable, namely
that there exists a homomorphismι : Q+ → P (G) such thatι(1) = µ. By infinite
divisibility for everyk there exists ak! th rootνk, and if we can find a sequence{zk}
in Z(µ) such thatzkν

k!/n!
k z−1

k converges, ask tends to infinity along a sequence of
natural numbers, for infinitely many natural numbersn, then the argument as in the
corollary shows thatµ is rationally embeddable.

The above sketch suggests looking for such a sequence in a nilpotent Lie sub-
group N of Z(µ), and for this, one would be called upon to ensure that{

ν
k!/n!
k | k ≥ n!

}
is relatively compact moduloN for infinitely manyn. It may

be mentioned that something similar is involved in the proofs of the embedding
theorems in [6] and less directly in some earlier papers, though the present formu-
lation is slightly new.

Now let G be an almost algebraic group andµ ∈ P (G). In this case it has
been known [3] thatF (µ)/Z(µ) is compact. Additionally, it was shown in [5] (see
also [6]) that ifµ is infinitely divisible inG then there exists an almost algebraic
subgroupH of G containingsuppµ such thatµ is infinitely divisible onH and
Z(µ) ∩H, which is the analogue ofZ(µ) within H, contains a simply connected
nilpotent subgroupN such thatZ(µ)/N is compact. In the light of these facts we

get that
{

ν
k!/n!
k | k ≥ n!

}
, as above, is indeed relatively compact moduloN for all

n ∈ N and hence the theorem follows in this case. (This argument is somewhat
different from that in [6] where reduction to rational embeddability as above was
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not used, and the notion of strong root compactness is used instead, but it is similar
in spirit; see [1] for a discussion on the alternative approach).

Following certain technical stratagems as in [6] one can also extend the above
argument to all classC groups, namely connected Lie groups which admit a finite
dimensional representation with discrete kernel. We will not go into the details of
this here. The technique is also used in [2] for a class of groups which are not
of classC, together with other various other ideas, to conclude embeddability of
infinitely divisible measures.

It would be of interest to prove analogues of Theorems 2.2 and 2.3 for other
classes of locally compact groups in the place of compactly generated nilpotent Lie
groups. This may provide a unified approach to proving embedding theorems in a
wider class of locally compact groups.
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