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1. Introduction

Let G be a locally compact second countable group. A probability measore

G is said to banfinitely divisibleif for everyn € N, p admits an th convolution

root, namely there exists a probability measufeon G such thatu,! = u (the
exponent stands for theth convolution power), and is said to beembeddabléf

there exists a continuous one-parameter convolution semigrogp-o such that

u1 = p. Evidently an embeddable probability measure is infinitely divisible. Un-
der what conditions, say on the group or on the measure, the converse holds has
been a topic of much investigation in literature. It is conjectured in particular that

if G is connected Lie group then every infinitely divisible probability measure on

G is embeddable, and a similar statement should also be true for other classes of
groups, though indeed it does not hold for all groups (see [7, 8] for various de-
tails). The above mentioned conjecture for connected Lie groups was established
in [5] for a large class of Lie groups, called cladgroups, including all (con-
nected) linear Lie groups, all simply connected Lie groups and all semisimple Lie
groups. A more transparent approach to the problem was introduced in [6]. The
focus of the proof in [6] nevertheless remained on algebraic groups, from which
the results were deduced by extension to the dag®ups. Here we isolate some

of the underlying ideas, depending essentially only on properties of nilpotent Lie
groups, without reference to algebraic groups, and present a generalisation which
technically has a broader scope for application. Theorem 2.2 below, which is stated
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after recalling some preliminaries, is the main technical result in this respect and
Corollary 2.4 describes a general application of it to the problem of embeddability
of infinitely divisible probability measures. We shall indicate how together with
some special features of the almost algebraic and more generally thé giasgps
Corollary 2.4 implies the embedding theorem of [6].

2. Preliminaries

Let G be a locally compact second countable group. We denofe(ky) the space
of all probability measures off equipped with the usual weak* topology and the
convolution product (see [7] for various generalities). For any closed si$hset
G, P(S) will denote the subspace consisting of probability measures with the
support contained i§. Foru € P(G) we denote byupp u the support ofs, and
by G () the smallest closed subgroup containsngp x. We denote byV (u) the
normaliser ofG (i) in G and byZ () the centraliser o&(1) in G. We note that
Z () is a normal subgroup a¥(u). For any closed subgroufi of G we denote
by H° the connected component of the identityAn

Forn € N we denote byR,, (1) the set of allnth roots of . on G; namely
R, () = {p € P(G) | p" = p}. We recall that for any roop of x the support
of p is contained inN (u); this holds more generally for all two-sided factors of
u (see [3], Proposition 1.1, or [1], Lemma 5.1). Furthermorey i R, (u) for
n € N, then there exists € N(u) such thatp € P(G(u)x), and for any such:
we haver™ € G(u) (this is straightforward to deduce from the fact that the image
of n in the quotientN (x)/G () is the point mass at identity; for details see [5],
Proposition 2.7, or [1], Lemma 5.2). Fpre R, (u) we define an automorphism
a, of Z(p) by a,(g) = xzgz~! forall g € Z(u), wherez € N(u) is an element
such thap € P(G(u)z); we note that the automorphism) depends only op and
not on the specific choice of and that7 is the identity automorphism. We recall
the following simple fact which plays a crucial role in the arguments in the sequel,
as also in much of the earlier work on the embedding theorem; a proof is recalled
for convenience of the reader.
Lemma 2.1. Let the notation be as above. Letc R, (u), n € N. Then, for all

n

z € Z(w), pz = ap(z)pand(pz)" = ozp(z)a%(z) ap(2)pe

Proof: Letz € N(u) be such thap € P(G(u)x). Thenpz = (pz~Y)zz =
(pr ™ Va,(2)r = a,p(2)(pr~)z = a,(2)p. By repeated application of this we see
that (p2)" = ay(2)a2(2) -+ Al (2)p" = ay(2)ad(z) - ol (z)p. O

Now let N be a compactly generated nilpotent Lie subgroupZofi). We
say thatp € R,(u) is compatiblewith N if N is «,-invariant and moreover
a,(gN®) = gN° for all g € N, namely the factor of, on N/NV is trivial.

LetT denote the unique maximal torusNf. ThenT is contained in the center
of N andN"/T is simply connected. Fgrwhich is compatible withV we denote
by M (p, N) the subgroudg € N° | a,(g) € gT'}; equivalentlyM (p, N) is the
closed subgroup aV® containing” and such thai/(p, N)/T is the set of fixed
points of the factor action aofr, on N°/T. SinceN/T is a simply connected
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nilpotent Lie group, the subgroul (p, V) is a closed connected Lie subgroup.
We now state our main results:

Theorem 2.2.LetG be a locally compact second countable group and P(G).
Let N be a closed compactly generated nilpotent Lie subgroup(pf). Letn € N
and{v; } be a sequence iR, (1) such that eachy; is compatible withV and there
exists a sequencgr;} in N such that{v;z;} is relatively compact. Then there
exists a sequendg; } in N such that{ z;;z; '} is relatively compact.

Theorem 2.3.LetG, pand N be as in Theorem 2.2. Letn € N, and let{);} be

a sequence i,.,(x). Suppose that there exist sequeniggs and{z;} in N such
that{y; \;y; '} and{z;\z; '} are relatively compact, and/ (\;, N) = M (A, N)

for all 4. Then{zi/\izi‘l} is relatively compact.

From these general results we shall deduce the following embedding theorem.
Given a sequencé);} in P(G) we say that it igelatively compact moduldv,
whereN is a closed subgroup @, if there exists a sequende; } in NV such that
{\ix;} is relatively compact.

We recall that, € P(G) is said to beationally embeddablé there exists a
homomorphism : Q; — P(G), whereQ. is the semigroup of positive rational
numbers, such thafl) = u.

Corollary 2.4. LetG be a locally compact second countable group and P(G)

be infinitely divisible. LetV be a compactly generated nilpotent Lie subgroup of
Z(u). For eachk € N let v, be ak!th root of u which is compatible withV.
Suppose that there exist an infinite subsebdf N such that for alln € X the
sequence{u,’f/”!} of n!th roots is relatively compact modulg. Then there exists
sequence$k; } in Nand{¢;} in N° andr € N, such that;; — co asj — oo and

for n € ¥ withn > r the sequencégjul,jjf!/"!gj‘l | 7 € N,k; > nl} is relatively
compact. Consequently, is rationally embeddable iP(G), and if G is a Lie
group thenu is embeddable in a continuous one-parameter convolution semigroup

contained inP(G).

3. Some Results on Nilpotent Lie Groups

In this section we prove some properties of nilpotent Lie groups needed in the proof
of Theorem 2.2. Under certain further restrictions the results were proved earlier
(see below for references). We begin by noting the following simple fact; it may be
considered standard, but a short proof is included for the convenience of the reader.

Lemma 3.1. Let N be a compactly generated nilpotent Lie group. Tiémas a
unique maximal compact subgroup.

Proof: Passing to quotient modulo the maximal central torud/8fin proving the
lemma we may assume th&t is simply connected. Then all compact subgroups
of N are finite and we have to show that there is a unique maximal oneZ bet
the center ofV. ThenN?/N° N Z is also simply connected, and by an inductive
hypothesis we may assume th§fZ has a unique maximal finite subgroup, say
M/Z whereM is a closed subgroup d¥ containingZ. ReplacingV by M we
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may assume tha¥/Z is finite. We now proceed by induction on the order of
N/Z. As N/Z is nilpotent, its center is nontrivial. Let be a subgroup ofV
containingZ and such thatd/Z is a nontrivial cyclic subgroup contained in the
center of N/Z. ThenA is a closed normal abelian subgroup/éf We note also
that Z is compactly generated, and hence salisAlso, A does not contain any
torus of positive dimension, and hence it has a unique maximum finite subgroup,
say®. As A is normal inN the uniqueness property @ implies that® is normal

in N. Letq : N — N/® be the quotient homomorphism. Nad/® is contained

in the center ofN/® and since the order aV/A is less than the order aV/Z

by an inductive hypothesis we may assume fkia® has a uniqgue maximal finite
subgroup, say’. Theng!(F) is the unique maximal finite subgroup f. This
proves the lemma. O

Remark 3.2. The argument above shows also that i& N is such that: NV is of
finite order inN/N° thenz N° contains an element of finite order M. Hence the
maximal compact subgroup intersects all connected components of

Lemma 3.3.Let N be a compactly generated nilpotent Lie group such fkiftis
simply connected. Lat € N and N’ be the subgroup oV generated byV° and

x. If N'/NV is infinite thenN’ can be realised as a codimension-one Lie subgroup
of a simply connected Lie grouy. If N'/N is finite thenN’ is a direct product of

a finite subgroug of N with N°.

Proof : Let Aut/N? be the group of all Lie automorphisms 8f°, ando be the
automorphism ofV® induced by the conjugation action of ThenAutN is an
algebraic group (viewed as the group of Lie automorphisms of the Lie algebra of
NY), ando is a unipotent element inut N°. Now suppose tha¥’ /N is infinite.

If o is trivial, then the desired assertion is readily seen to hold if we chbbse
be NV x R. Now suppose is nontrivial. Then there exists a (nontrivial) unipotent
one-parameter subgroyp;} in AutN° such thatr; = 0. We defineM to be
the semidirect product of the grougs;} and N corresponding to the action of
{o:} on N° by automorphisms. Then clearly is a simply connected nilpotent
Lie group and the subgroup generated¥y ando is a codimensiorl subgroup
Lie isomorphic toN’. This proves the first assertion.

Now suppose thal’ /N is finite. In this case is of finite order, and since it
is unipotent it is trivial. Thus: centralisesV®. Letn be the order ofr. Thenz”
is contained in the center &f°. The latter is a vector group and therefore contains
an element such that:™ = 2". Thenzz~! is an element of ordet centralising
NO and we see tha¥’ is the direct product of the subgroup cyclic generated by
2z~ with N, This proves (ii). 0

Through the rest of the section we denote¥dby compactly generated nilpotent
Lie group. We denote byxut N the group of all Lie automorphisms of, equipped
with its usual topology as a Lie group, and Byit’ N the subgroup ofAut NV
consisting of those automorphisms whose factor actiolVgiv? is trivial. We
denote bye the identity element oV and by! the identity automorphism aVv.
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We shall denote by’ the unique maximal compact subgroupXéfand byT
the maximal central torus iv?. By their uniqueness proper€y and7” are normal
subgroups ofV.

Proposition 3.4.Letn € Nanda € Aut’ N be such that™ = I. Letx € N be
such thata(z)a?(z) - - -a™(z) € C. Then there existg € N° such thatn(z) €

ya(y)C.

Proof : In proving the proposition we may without loss of generality assdime
to be trivial. ThenN' is simply connected. Also, by Remark 3X2/N" has no
finite subgroup. As the factor action afon N/NV is trivial, the condition onz
implies that(x N°)" is the identity element ifV/N°, and since the latter has no
finite subgroup it follows that N° = N° and hencer € N°. The Proposition
then follows from Lemma 5.4 of [8], which is the special case of the proposition
for simply connected nilpotent Lie groups. O

Proposition 3.5.Letn € N, and{«a;} be a sequence iAut’ N such thata” = I
for all i € N. Let{x;} be a sequence iV such that{a;(z;)a?(x;) - - - a?(x;)} is
relatively compact. Then there exists a sequefige in N, such that{y; '=;} is
relatively compact, and.; (v;)a?(y;) - - - a2 (y;) € T for all i.

Proof: In proving the proposition we may without loss of generality assuméilthat

is trivial, namely thatV? is simply connected. Sincly;} is contained inAut’ N

the condition onz;’s implies that{(z; N°)"} is a finite subset ofV/N°. By the

root compactness of compactly generated nilpotent groups (see [7], Chapter III)
this implies that{z; N°} is finite. Passing to subsequences we may assume that
there exists: € N such that;; N° = =N for all 4.

Let N’ be the Lie subgroup generated Bi andz. From the definition of
Aut’ N it follows that N’ is invariant under the action okut’ N. Now sup-
pose first thatN’ /N? is infinite. Let M be the simply connected nilpotent Lie
group as in Lemma 3.3, containiny’ as a codimension 1 (normal) subgroup;
then M /N is isomorphic toR and M /N’ is the circle group. Now for all let
w; = ai(a:i)a%(azi) ---al(x;) and letd; be the uniquer th root ofw; in M. We
note that(d;N°)" = w; N° = (2;N°)" = (zN°)" and sinceM /N? is isomorphic
to R we haved; € 2N°, and in particulap; € N’ C N for all .

For all ¢ let y; = xiegl; by the above observatiop € N°. Clearly, for
all i we havea;(w;) = a;(r;) lw;a;i(x;), and by the uniqueness afth roots
in M it follows that a;(6;) = «;(x;) " *0;04(;). Therefore, for alli, a;(y;) =
ai(mi)ai(ei)*l = Ozz(l'z)(Oéz(xz)flgl_laz(.%‘z)) = Gz_laz(:rz) Furthermore, for all
j > 1 we get, arguing by induction over thata? (y;) = of () ~' - - - aigay) ™
0;  ai(wi) - o (). Hence ai(y:)a?(yi) -+~ af(yi) = 6, "ai(wi)ad(w;)---
al(x;) = e foralli. Also (y; 'z;)™ = 0! = w;, SO by hypothesis we get that
{(y;lxi)"} is relatively compact. By the root compactness of compactly gener-
ated nilpotent Lie groups it follows th@i‘lxi} is relatively compact. This proves

the proposition in the case at hand.
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Now suppose tha’/N" is finite. Then by Lemma 3.3/ is a direct product
of N with a finite subgroup, say’. Being the unique finite normal subgroup of
N’, F is invariant under the action gfutN’, and considering the action modulo
N° we see also thak is fixed pointwise by alk;. Replacing the originat such
thatz; N° = 2N, within the NV coset, we may assume thatc F. Let {z;} be
the sequence iV® such thatr; = xz; for all i. Thena(z;)a?(z;) - -l (z;) =
T i(2)a2(2) - - - a(z) and hencg{a;(z;)a?(z;) - - - a(2)} is relatively com-
pact. SinceV' is simply connected, by the argument as above we deduce from this
that there exists a sequengg} in N° such thaty; *z;} is relatively compact, and
ai(yi)ad (yi) - aM(y;) = eforalli. Asy; 'z; = y; 'z we see thafy; 'z;} is
relatively compact. This proves the proposition. O

Proposition 3.6.Letn € N and{«;} be a relatively compact sequenceAmt’ N
such thata? = T for all i. Let{xz;} be a sequence itV such that{a;(z;)=; '}
is relatively compact. Then there exist sequenge$ and {y;} in N such that
x; = ¢y, for all i, {¢;} is relatively compact, and;(y;) € y;T for all 4.

Proof: In proving the proposition without loss of generality we may assuméelthat

is trivial or equivalently thafV® is a simply connected nilpotent Lie group. For the
case of (connected) simply connect€dhe proposition is same as Proposition 3.3

in [6]. In [6] the assertion is first proved for the case of vector groups, using which
it is then deduced for all connected simply connected nilpotent groups. Here we
shall assume the case of vector groups and deduce the general result as above. We
proceed by induction on the dimensiongf. If the dimension ig) then theN is
discrete and\ut’ N consists only of the identity automorphism and the assertion
follows trivially. Now suppose the assertion holds in all lower dimensional cases
than the one under consideration. Ebe the subgroup consisting of all elements
of N contained in the center d¥. SinceN is nilpotentZ is a vector subgroup

of positive dimension. Using an obvious inductive hypothesis and considering the
sequence of factors ef; on N/Z we may assume that there exist sequedges
and{h;} in N such that:; = g;h; for all 7, {g; } is relatively compact, and;(h;) €

hiZ for all i. Thena;(hi)h; ' = a;(g;) tai(z;)z;  g; ! for all i, and as{g;},
{ai(w;)x; '} and {o;} are relatively compact this shows thd; (h;)h; '} is a
relatively compact sequence M1 Passing to subsequences we may assume that
either{h;} is contained inZ, or consists entirely of elements outsidelf {h;} is
contained inZ then the assertion follows from the special case of the proposition
for vector groups (which we recalled from [6] above). Now suppose {hat
consists of elements outside For eachi let Z; be the subgroup generated By
andh;; then, asv;(h;) € h;Z, we see tha¥; is a;-invariant. Furthermore, since

Z is contained in the center @f, eachZ; is abelian and hence a direct product of
the vector subgrougg and the discrete subgroup generated:pywWe shall deduce
from this that for eachi there exists a; € Z such thath,z; is fixed by«;: If h;

is of finite order then clearly;(h;) = h;. Supposé; is of infinite order. Then
there exists a vector grodg with Z; as a subgroup o¥; of codimensionl, and

«; 1S the restriction of a linear transformation ©f, of finite order. SinceZ is
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ay-invariant, and of codimensioh it follows that there exists a one-dimensional
subspace complementirgin V; and fixed pointwise byy;. This shows that there
existsz; € Z such thato;(h;z;) = hiz; (in the multiplicative notation of the
group). Thena;(h;)h; ' = ai(z; 1)z for all i, and we get thafa;(z; )z} is
relatively compact. Again from the special case of vector groups it follows that
there exist sequencds;;} and {b;} in Z such thatz; ' = a;b; for all 4, {a;}
is relatively compact and.(b;) = b; for all i. Thenx; = g;h; = gi(hizi)zfl =
gi(hizi)aib; = (gia;)(h;z;b;), for all i, so the desired assertion holds with= g;a;
andy; = h;z;b; for all 7. This completes the proof of the proposition. O

The following is an extension of Theorem 3.2 of [6].

Theorem 3.7.Let G, p and N be as in the statement of Theorem 2.2. het N,
p € P(G) be anth root of x compatible withV. Letz € N be such thafpz)" =
cp for somec € C. Then there exigj € N, h € C such thatpz = ypy~'h.

Proof: By Lemma 2.1, we havépz)" = a,(2)az(2) - - - (2)p. Since(pz)" =

cp we get thatc_lap(z)a?)(z) ~ap(z)p = p. We recall that{g € N | gu =
w} is a compact subgroup d¥ and hence it is contained ifi. Hence we get
that a,(z)a’(z) -~ af(z) € C. Therefore by Proposition 3.4, there existe
NYandh' € C such thata,(z) = ya,(y~')h'. Letz € N(u) be such that
p € P(xG(n)) = P(G(p)x). Sincep is compatible with/V, x normalisesN,
and hence als@. Then we haverzz™! = yzy~ 'z~ 'h’ and sozz = yaxy 'h,
whereh = z7 W'z € C. Thereforepz = (pz~Y)rz = (pz~ 1) (yzy )b =

y(pz~Yay~'h = ypy~'h, which proves the theorem. |

4. Proofs of the Main Results
We now prove the theorems using the results proved in the preceding sections.

Proof of Theorem 2:2Letn € N, {v;} and{z;} be as in the hypothesis. Since
{viz;} is relatively compact, so is the sequer¢e;x;)"}. For eachi let o; denote
the restriction of the automorphism, to IV, in the notation as above. By Lemma
2.1 we have(v;z;)" = i(x;)a(x;) - oM (xi)p, for all i. As {(vz;)"} is rel-
atively compact, this shows thétv; (z;)a?(z;) - - - al'(z;)} is relatively compact.
Hence by Proposition 3.5 there exists sequengé in N and{t;} in T such that
ai(xh)ad(xh) - a(x}) = t; for all 4, and{z; '2} is relatively compact. Then
(i)™ = ay(@h)a?(zl) - - P (xh)u = tip for all i. Also, asy;z; = vz (x; ' o))
for all i and{v;z;} and{z; '2/} are relatively compact, we get thf;z}} is rel-
atively compact. Agv;z})"” = t;u, by Theorem 3.7 there exist sequen¢eg in
N and{c¢;} in C such that;z} = zil/izl-_lci, for all ;. Since{v;z,} and{c;} are
relatively compact, we also get tht;v; 2, 1 is relatively compact. This proves
the theorem. O

Proof of Theorem 2.3 Let r,n € N and{\;} be a sequence iR,,(x), as in
the hypothesis, such that'(\;, N) = M (A, N) for all i, and{y;} and{z;} be
sequences itv% such that{yiAiylfl} and{zi)\;zzfl} are relatively compact. For

allilety; = \". Then{yiuiyi‘l} and{ziz/izi‘l} are relatively compact. Therefore
there exists a compact subgétsuch that, for alk, v;(y; ' Kv;) = viviy; 1 (K) >
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%, and a|SO/i(zi_1Kzi) > 1. (see [9], Proposition 7.2.3). In particular, for athe
sety* Ky, Nz 'Kz Nsuppy; is nonempty, let:; be an element from the subset.
Thenzx; € supp v;, for all 4, and{yzxzy } and{z;z;z; 1} are relatively compact.

Now, for eachi let g; = y;2; ! anda; be the automorphlsm av? defined
by i(€) = (zixiz; V) e (zimizy ) for all ¢ € NO. As {zx;z; '} is relatively
compact, it follows thaf«;} is a relatively compact sequence of automorphisms
of N. Furthermore, we see thaf® = I, the identity automorphism for every
i. Also, for alli, we havea;(g;)g; ' = (ziziz; M) " yizy M (ziiz; ) (yizy )™t =
(ziwiz; ) Nyiwiy; 1), As the latter form a relatively compact sequence,
{ai(gi)gi_l} is relatively compact. Therefore by Proposition 3.6, appliedvtb
in place of NV, eachgi can be written as;b;, with a;,b; € N9, {al} relatively
compact, andy; (b;)b; e T for all 3. Thus(zz;z; 1)~ 'b; (zza:z Yo' € T, and
by conjugating byr;z; * we get that(z; 'b;z;)zi(z; 'b; 'z;)z; b € T. Therefore
27 iz € M(vi, N), wh|ch by hypothesis coincides WlM( N). Now, for any
7, yl)\ly;l = giZiAiZiilgiil = aibiziAizflb;la;l and Sinc@;lbizi € M()\“N)
there exists a sequenée } in T such that; 'b;z;\;2; 'b; 12 = A\it;, and hence
aibiziAizflbjlafl = aiziAizflaflti. Since{yi)\iyi’l}, {al} and{ti} are rela-
tively compact, the preceding conclusion shows thah,z; '} is relatively com-
pact; this proves the theorem. O

Proof of Corollary 2.4: Let the notation be as in the hypothesis. For ang N
andp € R,(u) we denote byi(p) the dimension of\/ (p, N). Fork,n € N,
k> mnletd(k,n) = d(u,f!/"!). We define inductively a sequen¢é, } in N and a
decreasing sequengé’,, } of subsets oN as follows: letd; be the dimension of
N andE; = N. Consider the seftd(k, 2) | £ > 2}. Since it involves only finitely
many integers, we can choageand such thad(k, 2) = ds for infinitely manyk in
E,, and definey = {k € Ey | k > 2,d(k,2) = da}. After definingd, ..., d,—1
andEy,..., E,_, for somen € N we conside{d(k,n) | &k > nl,k € E,_1}
and choosel,, to be such thafk € E,,_; | d(k,n) = d,} is infinite and define
E,={ke€E,1|k>nldk,n)=d,}.

Since for everg > n, Vk:/ is anth root ofz/k V=D it follows that{d,} is
a decreasing sequencelih Hence there exists, l € N such thatd,, = d for all
n > [. LetX be the subset df as in the hypothesisand Bt = {j € ¥ | j > [}.

For eachn € Y’ consider the sequence ofth roots{ K /n! }k 2 By the
Elun
condition in the hypothesis for each € X' there existry.,,, k¥ € E,, in N
such that{ Kt/n! T | k€ En} is relatively compact and in turn by Theorem 2.2
there existzy.,, k € E,, in N° such that{zk nu’,j/ . 1} is relatively com-

pact. For alln € X' we haved(v k/") = d(v k/l) and hence it follows that
M(z/,j'/”',]\f) = M( ,’j'/l',N). Therefore by Theorem 2.3, with, = z;,;, we get
that{zku,lj Yt 1 | k e En} is relatively compact for alh € X'. For allj € N let
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kj € E; besuchthat; — ocoand(; = zy;. Then{gju,g!/"!gl | jeNK; > n!}

is relatively compact for alh € ¥'. This proves the first assertion in the Corollary.
Passing to a subsequence, after a process of diagonalisation, we may now as-

sume that for alh € %, { jy,’:jf!/”!gl} converges ag — 0o, saygjy:j!/”!gj—l —

pn. Then foreach € Y, p, is an! th root ofx and for anym, n € X' withm > n

m!/n!

we havep,,’ = pn.

We now define a map: Q+ — P(G), whereQ. is the semigroup of positive
rationals, as follows: fo% € Q. letn € ¥ be such thay < n!, and define

(P = p'P/%: \we note that on account of the relation betweendkis, P
q

is well-defined by this, independent of the choice of thmn question. It is also
straightforward to see thatis a homomorphism of) into P(G). Thusitis a
rational embedding of(1), which isu. It is known (see [4]) that on a Lie group a
probability measure admitting a rational embedding is embeddable in a continuous
one-parameter convolution semigroup. This proves the Corollary. O

5. Epilogue

The results presented here suggest a strategy for attacking the embedding problem:
Let G be a Lie group angd € P(G) be infinitely divisible. As seen in the proof of
Corollary 2.4, by the results of [4], to prove embeddability:df a continuous one-
parameter semigroup it suffices to show that it is rationally embeddable, namely
that there exists a homomorphismQ,; — P(G) such that(1) = u. By infinite
divisibility for every k there exists &! th rootvy, and if we can find a sequen¢e; }

in Z(u) such thatzku,’j!/”!z,gl converges, ak tends to infinity along a sequence of
natural numbers, for infinitely many natural numbershen the argument as in the
corollary shows that is rationally embeddable.

The above sketch suggests looking for such a sequence in a nilpotent Lie sub-
group N of Z(u), and for this, one would be called upon to ensure that

{y,’j!/”! | k> n!} is relatively compact moduld@v for infinitely manyn. It may

be mentioned that something similar is involved in the proofs of the embedding
theorems in [6] and less directly in some earlier papers, though the present formu-
lation is slightly new.

Now let G be an almost algebraic group apde P(G). In this case it has
been known [3] that'(1)/Z (1) is compact. Additionally, it was shown in [5] (see
also [6]) that if . is infinitely divisible in G then there exists an almost algebraic
subgroupH of G containingsupp i such thatu is infinitely divisible on H and
Z(u) N H, which is the analogue of (1) within H, contains a simply connected
nilpotent subgrougV such thatZ(u) /N is compact. In the light of these facts we

get that u,’j!/”! | K > n!t, as above, is indeed relatively compact modiiléor all

n € N and hence the theorem follows in this case. (This argument is somewhat
different from that in [6] where reduction to rational embeddability as above was
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not used, and the notion of strong root compactness is used instead, but it is similar
in spirit; see [1] for a discussion on the alternative approach).

Following certain technical stratagems as in [6] one can also extend the above
argument to all clas€ groups, namely connected Lie groups which admit a finite
dimensional representation with discrete kernel. We will not go into the details of
this here. The technique is also used in [2] for a class of groups which are not
of classC, together with other various other ideas, to conclude embeddability of
infinitely divisible measures.

It would be of interest to prove analogues of Theorems 2.2 and 2.3 for other
classes of locally compact groups in the place of compactly generated nilpotent Lie
groups. This may provide a unified approach to proving embedding theorems in a
wider class of locally compact groups.
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