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Abstract Let F be a CM elliptic curve defined ovép and of conductotV. We
establish an asymptotic formula, uniform & and with improved error term, for

the counting function of primegsfor which the reduction mog of E is cyclic. Our

result resembles the classical Siegel-Walfisz theorem regarding the distribution of
primes in arithmetic progressions.
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1. Introduction

Let £ be an elliptic curve defined ov&r and of conductotN. For a prime of good
reductionp, let E be the reduction of modp. Let E(IF,,) be the group of rational
points of £ with coordinates ifF,,. Let

C(z,E) :=#{p<z: pt N, E(F,) is cyclic}.

The GRH in this paper stands for the assumption of the Generalized Riemann Hy-
pothesis for the Dedekind zeta functions of the extensigf®[m])/Q, where
E[m] is the group ofn-torsion points of' andm = 1 or m is square free.

SinceF|[2] is isomorphic tdZ /27 & 7./27 and prime tg-torsions have trivial
intersection with the kernel of reduction mpanap, itis clear that if)( E[2]) = Q
thenC(x, E) = 0 or 1. Serre [12] proved that, under the assumption of the GRH,
if Q(F[2]) # Qthen

C(a, EB) = ¢ li(z) + 0 <IOZx> ,
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where the densityr > 0. Hereli(z) = [, dt/logt, and we recall thaf (z) =
o(g(z)) meandim, . f(z)/g9(z) = 0 similarly f(x) = Oa(g(z)) (or equiva-
lently f(z) <4 g(x)) means that the functioff (x)/g(z)| is bounded by a con-
stant depending oA asx — oc.

In fact the proof of Theorem 2 of Murty [10] shows that, under GRH,

C(z, E) = cg li(z) + O (W) |
where
Z E[k‘] Q)

k=1

Herey(.) is the Mdbius function.

One can show that the above series representiinig absolutely convergent
(see [10, Proof of Theorem 2]). Moreover, for olddwe haveE[2k] = E[2] ®
E[k]. If the elements of2[2] are defined ove®, then it follows thatQ(E[2k]) =
Q(E[k]). So for odd squarefrele the terms corresponding kcand2k in the series
add to zero. Thus, the series definingis seen to be equal to zero in this case.

The error term in the above formula has been improved significantly by Cojo-
caru and Murty in [3] under various assumptions on the Akdrfunctions associ-
ated to the extensior3(£[m|)/Q. Moreover the dependence of the error term on
the conductor o has been made explicit.

There are also several unconditional results on this problem. Firstly, one can
show that the constanf; (defined by the above series) is positive if and only if
Q(E[2]) # Q (see [3, Section 6] for a proof). More preciselyJf E[2]) # Q, in
the CM caser > 1/4, and in the non-CM casg; > 1/loglog N.

Secondly Gupta and Murty [5] proved that the number of primes x for
which E(F,) is cyclic is>> z/(log z)2.

Stronger unconditional results are known for elliptic curves with complex mul-
tiplication. In [10], Murty removed the dependence on GRH in Serre’s theorem
for CM elliptic curves though he did not provide an error term. Cojocaru [2] es-
tablished an unconditional asymptotic formula for cyclicity of CM curves with an
error term

On - .
(log z) logloglog
More precisely, she proved

. T loglog x
Cz,E) =cgli(x) + O , 1.1
( ) E ( ) <(10g$) loglog 10g$ log log:p ) ( )

where the implied constant is absolute.
In this paper we improve the error term in the above asymptotic formula. Our
result is uniform iniV, so it is applicable to all CM elliptic curves of conductir
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in a certain range. To show the dependence on the condioi® use the notation
C(z, N, E) for our counting function.
We prove the following:

Theorem 1.1. Let E denote a CM elliptic curve defined ov&r of conductorNV
and with complex multiplication by the full ring of integeis, of an imaginary
quadratic fieldK. Let A, B > 0 and N < (log )4, then we have

C(z,N,E) =cgli(z)+ Oap (a()ga;)li,) )

uniformly in N, where
— (k)
(g = —_—
y kZ [Q(E[K]) : Q]
and the implied constant depends only4mand 5.

We view this theorem as an elliptic analogue of the classical Siegel-Walfisz
theorem for distribution of prime numbers in an arithmetic progression. Indeed,
let us denote byr(x,q,a) the number of primes< z that are congruent te
(mod ¢). The Siegel-Walfisz theorem implies that for adyB > 0, uniformly
for ¢ < (logz)? we have

1 x
m(x,q,a) = li(z) + OaB <>
( ) v(q) (@) (log )"
In fact, the Siegel-Walfisz theorem gives a stronger result. Giverdany0 there
exists a constan®’ = C(A) so that uniformly forg < (log z)*, we have

m(r,q,a) = L i(z z exp(—C(log x)'/?
(2,4, a) w(q)l()+0( p(—C(logz)/7)).

We do not know how to obtain this stronger version in our setting.
As an application of our theorem, we have a new proof of positivityzfn
the case that the CM cun/é has an irrationa2-torsion point.

Corollary 1.2. cg # 0 <= Q(E[2]) # Q.

Proof: As we said above ifQ(E[2]) = Q thenC(z,N,E) = 0 or 1, and so
(g = 0.
On the other hand IQ(E[2]) # Q andcg = 0, our theorem states that

_r
(logz)3’

however from [5, Theorem 1], we know that

C(z,N,E) <

T
(logz)?”

This is a contradiction. Seg # 0. O

C(z,N,E) >
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Let P(N, E) denote the smallest primefor which E(F,) is cyclic. In [3],
Cojocaru and Murty, as an elliptic curve analogue of Linnik’s problem, considered
the problem of finding upper bounds f&X N, E'). They proved, under GRH, that
if £ has an irrationat-torsion point then

P(N,E) = O, ((log N)4+€)
for non-CM elliptic curves, and
P(N,E) = O, ((log N)2+6>

for CM elliptic curves.
As a direct corollary of our theorem we have the following unconditional result
for CM elliptic curves.

Corollary 1.3. Lete > 0 and Suppose th&(E[2]) # Q. Then
P(N, E) = Oc(exp (N°)).

Proof : We assume thal < ¢ < 1 and in Theorem 1.1 led = 1/e. Then for
x > exp (N€) we have

. T
C(LU,N, E) =CE ll(fE) + Oe <(logl’)1/€> .
Now sincecry > 1/4 (see [3, Section 6]) we have théat(xz, N, E) > 0 for
large values ofr (depending only or). So E(F,) is cyclic for primes of size
O (exp (N°)). O
Observe that (1.1) gives the weaker unconditional result

P(N,E) =0 (exp (N?)),

for CM curves.

The main tools used in Cojocaru’s proof of (1.1) are an unconditional version of
the Chebotarev density theorem and the sieve of Eratosthenes. The method of our
proof is a simplified version of the method used in [10] which employs the results
that are consequence of the large sieve inequality in algebraic number fields. The
improvement in the range a¥, in Theorem 1.1, is a consequence of applying a
sharp upper bound for the possible exceptional zero of the Dedekind zeta function
of the extensiorQ(FE[2])/Q (see the proof of Lemma 2.3). The improvement of
the error term in Theorem 1.1 is achieved by employing a version of the Bombieri-
Vinogradov theorem in number fields due to Huxley (see Lemma 2.9).

In the next section we prove some lemmas that will be needed in the proof of
our main result. Section 3 gives a proof of Theorem 1.1.

Notation 1.4. Unless otherwise stateg,and ¢ are rational primes, and: is a
squarefree integek is an imaginary quadratic field with the ring of integ&rg,
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N(a) denote the norm of an idealof O, p is a prime ideal 0Dk, andm =

mO . E'is an elliptic curve defined ové€p and of conductoN, andE[m] denotes
the group ofm-torsion points off. Moreover for a prime of good reduction £

denotes the reduction & modp, and E(F,,) is the group of rational points df

with cooordinates ifif,. Finally d,,, denotes the discriminant @(E[m])/Q and
ny, = [Q(E[m]) : Q] denotes the degree of the extens@E[m])/Q.

2. Preliminaries

Lemma 2.1Letp # ¢ be primes, ang { N. ThenE(F,) contains a subgroup

isomorphic toZ/qZ ® 7./ qZ <= p splits completely ifQ(E[q]).

Proof: See [10, Lemma 2]. O
Our next lemma provides a criterion for the cyclicity B(F,,).

Lemma 2.2Suppose that f N. ThenE(F,) is cyclic if and only ifp does not split
completely inQ(E[q]) for any primeg.

Proof: If E(F,) is cyclic thenE(F,) does not contain a subgroup isomorphic to
Z7/q7 @ 7./qZ for any primeq. So by Lemma 2.1p does not split completely in
Q(F]q]) for anyq # p. Moreover, sincé)((,) € Q(E[p]), p ramifies inQ(E[p])
as it ramifies inQ(¢,). This shows thap does not split completely iQ(E[p]).

Conversely, ifp does not split completely i@( E[q]) for any primeg. Then, by
Lemma 2.1,E(F,) does not contain a subgroup isomorphi&&Z & Z/qZ for
any primeg # p. Moreover thep-primary part of(FF,) is a subgroup of[p] (the
group ofp-torsion points ofE) which itself is isomorphic to a subgroup Bf/pZ.
So E(F,) does not contain a subgroup isomorphi@ityZ & Z/qZ for any prime
q, and thus it is cyclic. O

SinceQ(E[q1q2]) = Q(E[q1])Q(E[gz]) for primesq; # g2, it is plain to de-
duce from the above lemma that for a prime of good redugtjdi(F,,) is cyclic if
and only ifp does not split completely i@ (E[m]) for any square freer.

For square freen, let

P(z,m) = #{p < x; pt N, psplit completely in Q(E[m])}.

We also define
P(z,1) =#{p <z p{ N}

From Lemma 2.1, we deduce that if a prime of good redugtisplits completely
in Q(E[m]) thenm? | #E(F,) (Note that ifp splits completely ifQ(E[m]) then
(p,m) =1asQ(¢n) C Q(E[m])). From Hasse’s bound we know thgtF(F,) <
(vp+1)% soifm? | #E(F,) we havem < ,/p+ 1 < 2,/p. This shows that

m > 2y/x = P(z,m) = 0.
Letn,, = [Q(E[m]) : Q] andd,, be the discriminant o@(E[m])/Q. In the next

lemma we employ an unconditional version of the Chebotarev density theorem to
give an asymptotic formula faP(z, 2).
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Lemma 2.3. Let E denote an elliptic curve defined ov&rof conductorN. Let
A, B > 0 and suppose that satisfiesV < (logz)4. Then

1
P(z,2) = n—2h(1‘) +O0aB < ° B) + O (logN),

(log )
uniformly in V.

Proof: First of all note that sincé&al(Q(E[2])/Q) is a subgroup oLy (Z/27Z),
we haven, = 1, 2, 3, 0r6. So by [8, Theorem 1.3], fatly| < exp((log z)'/?/1/60)
we have

1 1

P(z,2) = n—li(x) - n—li(xﬁ) +0 (x exp(—c1/log x/ng)) +O(log N), (2.1)
2 2

whereg is the possible exceptional zero of the Dedekind zeta functi@{ 8f2])/Q

andc; and the implied constants are absolute. We know that fokany) there is

an absolute positive constattt) such that

(o)
|da€’

(see [4, Page 426] for a proof). Takiaeg= 1/12A4 in the above bound fos, and
applying itin (2.1) will imply the result as long &&,| < (log 2)%4. Observing that
|do| < (12N)6 (see [2, Section 3.1]) will establish the result fér< (log z)4. O
Lemma 2.4.1f m > 3 is square free angh { 6N is a prime that splits completely
in Q(E[m]), thenp is an ordinary prime.

Proof: We prove this by contradiction. Suppagse 6.V is a supersingular prime.
So#E(F,) = p+ 1 sincep # 2,3 (see [13, Page 145, Exercise 5.10.(b)]). Now
sincep splits completely inQ(E[m]) andm > 3 is square free, there is a prime
q # 2 such thap splits completely ifQ(E[q]). So by Lemma 2.14? | #E(F,) =

p + 1. On the other hand since the cyclotomic fi€d(,) C Q(E[q]) thenp also
splits completely iQ(¢,), and saz | p — 1. Thusg | (p+ 1) — (p — 1) = 2 which

is a contradiction, since # 2. Sop is not supersingular. O

p<1

From now on we assume that/Q has CM byO . In this case it is known
that K has class numbdr, and moreover we know that jf is an ordinary prime
thenp splits inO x ([9, Page 182, Theorem 12]). So Lemma 2.4 establishes a close
connection between the primes that split completel@{®[m]) and the primes
that split completely ink.

For an ordinary prime, let , and, be the roots of the polynomiat? —
ap,X + p € Z[X], wherea, = p + 1 — #E(F,). From the theory of complex
multiplication we know thatr, € Ox and moreover we may assume that it rep-
resents the Frobenius endomorphismibf Note thatN (w,) = m,7, = p and
T+ 7y =p+1—#E(F,).

Next observe that ip f N is an ordinary prime then

p splits completely in Q(E[m|) <= m, =1 mod mOk.
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(See Lemma 2.2 of [2] for a proof.)
The next lemma establishes a trivial upper boundHar, m).

Lemma 2.5.For square freen, 3 < m < 2y/z, we have

x
P(x,m) < —,
m

where the implied constant is absolute.
Proof: For square freex > 3, we have

P(x,m) < #{mpeOk: N(mp)=p<uz, p{N, mp=1mod mOg} +2
< #HaeDk: Na) <z, a=1mod mOg} + 2

By [10, Lemma 5] the last expression
X X
< —5+2<K —,
m m

where the implied constant dependsfgn SinceE/Q has CM byO k thenK is
one of the nine imaginary quadratic fields of class number 1, and so the implied
constant above can be replaced by an absolute constant. O

The following lemma plays a crucial role in the proof of Theorem 1.1.

Lemma 2.6.1f m > 3 thenQ(E[m]) = K(E[m]).

Proof: See [10, Lemma 6]. O

Using the above lemma we can relate the rational primes that split completely
in Q(E[m]) to the prime ideals 0D that splits completely iK' (E[m]). To do
this, we first recall some basic facts from algebraic number theory.

For a totally imaginary field<, we define an equivalence relation on the set of
ideals ofD i as follows. We say two ideatsandb are equivalent, written ~ b, if
there existsy, 5 € Dk such that«)a = (3)b, where(a) (resp.(3)) denotes the
ideal generated by (resp.3). This relation gives ué equivalence classes, where
h is called the class number &f (or O ). We also say that two ideadsandb are
equivalentmod g, denoteds ~ b mod g, if they are relatively prime tq and there
existsa, 5 € Ok, such thaty = 8 = 1 mod g, and(«a)a = (5)b. Again this is an
equivalence relation and we hakéy) classes where

HereT'(q) is the number of residue classes of elementd gfmod q that contain
a unit, andp(q) is the number field analogue of the Euler function.Alfis an
imaginary quadratic field thefi(q) < 6. In the sequelN(a) denotes the norm of
anideala € Og.

For(a,q) =1, let

i (x;q,a) = #{p : primeideal; N(p) <z, and p ~ amod q}.
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From now on we denotexO ¢ by m, andf denotes an ideal oD ; whose prime
divisors are exactly primes of bad reductionfobver K.

The following lemma gives a description, in terms of ideal classes jmoof
prime ideals oD x that split completely ik (E[m]).
Lemma 2.7.Let £/Q have CM by, andm > 1 be an integer. Then there is an
idealf of D andt(m) ideal classes mofin with the following property:

If p is a prime ideal ofD i with p { fm, then,p splits completely in K(E[m))
if andonlyif p ~my, or mg, or---, or my(,,) mod jm.

Moreover, t(m) [K(E[m]) : K] = h(fm), wheret(m) < c o(f) [y
(1 + N(l—l . Here ¢ is an absolute constant and(f) is the number field
analogue of the Euler function.
Proof : For the first assertion see [10, Lemma 4], or [1, Lemma 3.3]. Next let
(K(E[m])/K be the Artin symbol (see [14, Page 116] for the definitiory) of

p
the extensiornk' (E[m])/K. We know thatp splits completely ink (E[m)) if and
. (K(E[m])/KY\
only if — Y )" 1.

Set
¢(z; K(E[m])/K) = {p: primeideal of K;
N(p) < 2 phim, and (5

Then from the first assertion we have

t(m)

$(a; K(Elm))/K) =Y me(; fm,my).
=1

Now the second statement follows by employing the Chebotarev density theorem,
the prime ideal theorem, and comparing the main terms of the two sides of the
above identity.

Finally we have

h(fm)
[K(E[m]) : K]
heo(fm)
T(fm)[K(E[m]) : K]
ho(f) p(m)

T () My (1= ) HEEID = KT
SinceT'(fm) > 1 andh = 1, the result follows if we can show thatm) /[ K (E[m])

: K] is absolutely bounded (i.e. independentof E, andm). To show this letE,
be a fixed elliptic curve defined ov& with CM by 9 . Then for any other elliptic

t(m) =
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curve E defined over) and with CM by, there is an extensioh of K such
that[L : K] < 6 andE is isomorphic toE, over L. ThusL(E[m]) = L(Ey[m])
and

[K(Eo[m]) : K] < [L(Eo[m]) : K] = [L(E[m]) : K]
= [L(E[m]) : K(E[m])][K(E[m]) : K]
< 6[K(E[m]) : K].
So we have
p(m) _ p(m) [K(Eo[m]) : K] _ p(m)
[K(E[m]): K] [K(Eo[m]) : K] [K(E[m]): K] = [K(Eo[m]): K]’

By a theorem of Deuring (see [11, Section 4.5]) we knowi{at) /[K (Ep[m]) : K]

is bounded by a constant which depends onlyignSinceE) is fixed for givenk,
and K is one of the nine imaginary quadratic field of class nuniheve conclude
thatp(m)/[K(E[m]) : K] is absolutely bounded. This completes the proof of the
assertion regardingm). O

Remark 2.8. In the previous lemmg can be taken as the conductor of the
Grossencharacter associatedit¢see [10, Page 163]). Then we haVe= N (f)|dk]|
wheredy is the discriminant of the quadratic imaginary fiéid

The following extension of the Bombieri-Vinogradov theoremiais due to
Huxley.

Lemma 2.9.For each positive constari, there is a positive constagt = C(B)
such that

Z max ! i (x;q,a) li(z) < —
Ay K\T5(, - B
o GBS T )| < Toga)

where) = :c%(log x)~¢. The implied constant depends only Bnand on the
field K.

Proof: See [7], Theorem 1. O
We are ready to prove the main result of this paper.

3. Proof of Theorem 1.1.
Proof: First of all note that in light of Lemma 2.2, we have

C(z,N,E) = #{p<uz; ptN, pdoesnot split completely in
Q(E|q]) for any prime ¢}.

Recall that for square free, we set

P(z,m) = #{p < z; pt N, psplits completely in Q(E[m])}.
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So by an application of the inclusion-exclusion argument described in [10, Section 3]

we have
2z

C(z,N,E) =Y pu(m)P(z,m).
m=1
The upper index can be chosen23gzr sinceP(z, m) = 0 for m > 2/z (see the
discussion after Lemma 2.2).

In the following computatiorf is the ideal given in Lemma 2.74,B > 0
are arbitrary positive numbers, antl= C(A, B) is the corresponding number to
A+ B+ 1linLemma 2.9. Also we denofeg x by L.

Next by employing Lemma 2.5, we have

2/z .
C(z,N,E) = > w(m)P(x,m)+0 > ooy}

1/4 1/4
<m< 271 —_—x
lsms N(®)£C/2 m= N(H)LC/2

= Z p(m)P(z,m) + O (N(f)x3/4(log x)C/Z) .
z1/4
lsms N(HC/2
Now we apply the prime number theorem and Lemma 2.3 to evaluate the terms
P(z,1) andP(z,2). We have, uniformly fotV < (log )4,

C(z,N,E) = P(z,1) - P(z,2)
+ Z p(m)P(z,m)+ O (N(f)x3/4(1og x)cm)

1/4
<m<—2
EASUAS N(F)cC/2

<1 - [Q%E[;D@]> li(z) + Oap <(l()g:”x)jg) +O(log N)

+ Z p(m)P(z,m). (3.2)

3§mg#£/é/2
Here we used the fact that(f) < IV (see Remark 2.8).

For square freer > 3, we note that the primes that split completelfi(F [m)])
are closely related to the prime ideals©f; that split completely inX (E[m]).
Observe that by Lemma 2.6, for > 3 we haveQ(E[m]) = K(E[m]), and by
Lemma 2.4 a prime that splits completely@{£[m]) it will split completely in
O also. Thus, if we let

P(a,m) = #{p: N(p) <, p{fm, psplits completely in K (E[m])},

we have

21/2

P(z,m) =

P(z,m) + O ( ) + O(log N). (3.2)

N

log x
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Justification for this identity is the following. Sinee > 3, then any prime (#
2, 3) in the set thai’(x, m) counts is an ordinary prime and 89 5 = pp in O k.
So such a prime splits completely inQ(E[m]) = K(E[m]) if and only if both
p andp split completely inK (E[m]). Howeverp splits completely inK (E[m])
if and only if p splits completely inX (E[m]), this explains the coefficiert/2 of
P(x,m) in the above identity. Also we use the fact that the number of prime ideals
p of O with degree2 overQ andN (p) < z is O(z'/?/log z).

Now an application of (3.2) yields

1 li(x)
> umP@m) = 5 3 ) s

3<m<¢ 3<m<¢
- _N(f)llc/2 — _N(f)[:C/Z
1 ~
5 > um) (Pm)-
i 3/4
o) ) +0 = 1+C/2
[K(E[m]) : K] (log x)
+0 (10 vt (3.3)
# M log2) 72 ) '
Observe that by Lemma 2.7, we have
. t(m) .
~ li(x) li(x)
P . S A — i) — .
)~ REm)) - K]~ 2 (e =
So
- li(x) ‘
Plz,m) — — L
2 em
SIS N eaTE
t(m) .
li(z
< Z WK(:Eafmami) - h((fm)) s
N(fm)SHié2 =1
which is
< o[ (14 or—) 3 (559, a) — 0)
= oel N(p) -1 s [ = Ry
Pif N@<ZL

(3.4)

by Lemma 2.7. We know thaf = N(f)|dx| (see Remark 2.8). Sp(f) < N(f) <
N and

(055 1) <2 T x)

plf
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N(a)

<2 >

N(a)<N(f)

< log N(f) <k log N.

Putting these together, and applying Lemma 2.9 in (3.4) yields

3< <Zzl/4 ‘P( ™ [K(E[m]) : K]

SN eoT

<k,a,B Nlog N (3.5)

T
(log x)A+B+1"

Note that7'(q) < 6. Again since there are only nine imaginary quadratic fiétds
of class numbet, we can assume that the implied constant does not depefd on

Now from (3.1), (3.3), and (3.5), and fov < (log ), we have

= —,u(m) i(x o)
Cla ) = 5 21/4 QEm) Q)+ O (Nl s

= N(H)LC/2

— %ix x
L 2 [@(E[m])z@f(”OA’B<<1ogm>B)'
,mﬁm

_r
(IOg .I')A+B+1

Since by [3, Proposition 3.8], we hawg, > ¢(m)? > m?/(loglogm)?, we can
write

)2t

p(m) (loglogm)? (log
%;/4 W < 212/4 m2 < 21/8

m> N(H)cC/2 N cC/?

m>

Here we used the inequality /o (m) < loglog m (see [6, Theorem 328]). So we
have

Ny mm) 5
O N B) = D i) rqg @)+ Oas (s

for N < (log z)4. O
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