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Abstract It is well known that if f (=) is @ monic irreducible polynomial of degree

d with coefficients in a complete valued fiel&, | |), then any monic polynomial

of degreed over K which is sufficiently close tgf (=) with respect td | is also ir-
reducible ovetk. In 2004, Zaharescu proved a similar result applicable to separa-
ble, irreducible polynomials over valued fields which are not necessarily complete.
In this paper, the authors extend Zaharescu’s result to all irreducible polynomials
without assuming separability.
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1. Introduction

A classical result concerning irreducible polynomials over a valued fielghich

is complete with respect to a non-archimedean absolute Vagays that iff (z) =

x? + a;2?1 + ... + a4 belonging toK [z] is irreducible overk’, then there exists

a positive real numbersuch that any polynomial(z) = z% 4 byzd=t + ... 4+ by
belonging toK [z] with |b; —a;| < efor 1 < j < d, is also irreducible oveK (see

[1, Chapter 2, Theorem 11]). An analogous result holds for separable, irreducible
polynomials over henselian valued fields of arbitrary rank (cf. [2, Theorems 2.4.7,
4.1.7], [4, Chapter 5 (G)]). Examples are known which show that the above result
fails to hold whenk is not complete. In 2004, Zaharescu [5] proved a similar result
for polynomials with coefficients in valued fields that are not necessarily complete
but where the lack of completeness is compensated by the presence of a secondary
valuation which satisfies a certain property in connection with the given primary
valuation. Precisely stated, he proved the following theorem.
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Theorem A. Let K be a field of characteristic zero equipped with two non-archi-
medean valuations; and v, having value group$'; andI'; respectively. Le#A

be a subring ofK™ with field of fractionsK which is integrally closed ik and

A be the integral closure ofl in the algebraic closurek of K. Let®;, and o,

be valuations or’ whose restrictions td( coincide withv; and v, respectively.
Assume that for ang € A\ A and )\ € I'y, there exists an elemeit € I'; such
that

By (u—B) < A\ forallu e Awithvy(u) > Ao 1)

Let f(x) = 2% + a129~! + ... + ag € A[z] be an irreducible polynomial ovek .
Then givem\, € T's, there exists\; € I'; such that for anyy, bo, ..., bg € A for
which

vl(bi—a¢)>)\1, 1<i<d, (2)

and

Ug(bi) 2 )\2, 1 < ) < d, (3)

the polynomialy(z) = % 4 byz?1 + ... 4 b, is irreducible overk .

In this paper, the above result has been extended to irreducible polynomials
with coefficients in arbitrary valued fields without any condition on the character-
istic of K. We prove the following theorem.

Theorem 1.1.Let K be a field equipped with two non-archimedean valuations
anduws of arbitrary rank. LetA, IM(, fl, v1 and v, be as in Theorem A. Assume that
foranyg e Z\ A and Ay € I'y, there exists an element € I'; such that (1)
holds. Then for any polynomigi(z) = 2¢ + a;z% ! + ... + ag € Alx] which is
irreducible overK and any)\, € T'y, there corresponda; € I'y depending upon
f and Xz such that for any, bo, ..., by € A satisfying (2) and (3), the polynomial
g(z) = 29 4+ byxd=1 + ... + by is irreducible overk.

As an application of Theorem 1.1, we shall deduce the following result.

Theorem 1.2.Let Ky be a field complete with respect to a real valuatign Let
f(z,y) = 2% + Pi(y)z®" 4 ... + Py(y) be an irreducible polynomial in two
variables overKj. Letv§ denote the Gaussian extensiomgfto Ky (y) defined
byng: a;y') = miin{vo(ai)| a; € Ko}. Then given any integer M, there exists

N > 0 (depending upon f and M) such that whenegg(y), 1 < i < d, are
polynomials overk, satisfying (i) degre€);(y) < M, (ii) v§(Qi(y)—P;(y)) > N,
theng(z,y) = 2% 4+ Q1(y)z? ' + ... + Qq(y) is irreducible overky.

An example has been given in Section 3 to show that the above theorem is not
true in general if the polynomial®;(y) fail to satisfy condition (i) stated above
even if each; (y) is sufficiently close taP;(y) with respect ta.
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2. Preliminary Results

Let v be a valuation of arbitrary rank of a field. v* will denote the Gaussian val-
uation of the fieldK (z) of rational functions in an indeterminatewhich extends
the valuatiorv of K. We need the following theorem of Ershov proved in [3]. For
reader’s convenience, it is proved here.

Theorem B. Letwv be a valuation of arbitrary rank of an algebraically closed field

K with value groupl’. Lete > 0 be an element df. Let f(x), g(x) belonging to
K|[z] be monic polynomials of degréesuch that” (f —g) > dle—(d+1)w*(f). If
d

f(&) = [ [ (& — as) is a factorization off (z) over K, then we have a factorization
=1
d

[[(z = 8i) of g(x) such thato(a; — B;) > efor1 < i < d.
i=1

We first prove the following lemma needed for the proof of Theorem B.
Lemma C. Let K, v andT" be as in Theorem B anfl(z), g(z) € K[z] be monic
polynomials of degre€ such that®(f — g) > de — 2dv*( f) for some positive
in I". Then for each rootx of f(x), there corresponds a rogt of g(x) such that
via—0) > e—=0v"(f), v*(fo—go) > ¢, wWherefy = f/(x — ), go = g/(z—[).
Proof : Write f(z) = 29+ a1 +... +ag, g(x) = 2¢ +bjz? 1 4. .. +bgand
denotev”(f) by —v(c), ¢ € K. As f(z) is monic,v(c) > 0. Observe that for any
root o of f(z), ca is a root of the polynomiat? + aycz?! + ... + agc? having
coefficients in the valuation ring efand hence(ca)) > 0, which shows that

v(@) = —v(c) = v*(f). (4)

Let « be a root off (x). Then it follows from the triangle law that

v(9(a) = vlg(@) = £(a)) > min {o(bi — a;) + (d - Jo(a)}: (5)

In view of the hypothesis®(f — g) > de — 2dv™(f) and (4), we see that

v(by —a;i) + (d—i)v(a) > de—2dv*(f)+ (d —i)v(a)
> de —2dv*(f) + (d —i)v*(f) = de — dv™(f).

It is clear from the above inequality and (5) thdiy(a)) > de — dv*(f), which
immediately shows that for at least one rgoof g(z)

v(a —B) > e—v*(f). (6)
To estimatey*( fo — go), write fo — go = ﬁ - ﬁ + ﬁ - #. Clearly

f f

r—a x—0

v*( ) = v (f)+v(a=p)—v*((z—a)(x—F)) = v*(f)+v(a=p),
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which in view of (6) gives

vx(xfa_a:iﬂ>>e' @)

Further by virtue of the hypothesis, we have

v* (xfﬁ - ? 5) = 0% (f—g)—v"(x—B) = v*(f —g) > de—2dv*(f) > e.
)
O

It is immediate from (7) and (8) thaf’( fo — go) > € as desired.

Proof of Theorem B The theorem will be proved by induction on the degiesf

f(z). Whend =1, f =z — a1, g = x — f1 andv(B1 — a1) = v*(f — g) >

e — 20"(f) > e. Consider now the case wheh= 2. Then by the hypothesis,
vt (f —g) > 2le = 3W(f) = 2(e —v"(f)) — 4" (f).

Applying Lemma C (withe replaced by — v*(f)), we see that there exists a root

(1 of g(x) satisfying

v(ar = B1) > (e—v*(f)) — v (f) = e~ 20°(f) > €

andv®(fo — go) > ¢ — v*(f) > ewherefy = f/(x — 1), go = g/(x — (1). On
writing fo = * — aa, go = = — (2, the last inequality shows thatas — 32) =
v®(fo — go) > € proving the theorem in the cade= 2.

Assume now thaf (z), g(x) have degred > 3. Thend! > d(d — 1) > 2d. In
view of the hypothesis;”(f —g) > dle— (d+1)W*(f) = d[(d—1)le—dlw*(f)] —
dW*(f) = d[(d—1)le—dWw*(f)]—2dv*(f). By Lemma C (applied witl replaced
by (d — 1)!e — dlv™(f)) given aroot; of f(z), there exists a rogt; of g(x) such
that

v(ag — B1) > (d—1Dle —dWw*(f) —v™(f) > ¢
and
v*(fo—go0) > (d— 1Dle — dw*(f) = (d — 1)le — dv™(fp),
where fo = f/(z — 1), go = g/(x — B1). The theorem now follows by the
induction hypothesis applied 16, go.

Notations. Let (K,v) be as in Theorem B. The constailt — (d + 1)lv*(f)
occurring in this theorem will be denoted by and will be referred to as Ershov’s
constant with respect to associated to a polynomiglz) € K[x] corresponding
to e belonging to the value group of For any polynomialf (z) € K|[x], we shall
denote byw; the constant defined by

wy = max{v(a),v(a — )| a # o/, a, o run over the roots of (z)},

which will be referred to as the Generalized Krasner’s constant associgteutto
respect ta. Note that in cas¢(x) has a single roat, thenw; = v(a).



AN EXTENSION OF A RESULT OF ZAHARESCU ON IRREDUCIBLE POLYNOMIALS 71

3. Proof of Theorems 1.1 and 1.2.
Letp’ > 1 denote the multiplicity of each root gf(x), p being the characteristic of

K or 1. Letay, ag, ..., aq be the roots off (x) in K not necessarily distinct. For
any non-empty proper subsgtof {1,2,...,d havingr elements, we shall denote

the elementary symmetric sums by

051 = ZOZ]' y 082 = Z Qi .oy, OG5y = Haj.
J€ES i,jES Jjes
1<J
Also fs(x) will stand for the polynomiaﬂ(z -« ), l.e.
jes
fs(@)=a" —os1 2"+ . 4 (=1) 05,

Since f(x) is irreducible overk and A is integrally closed, at least one of the
coefficients offs(z) belongs tod \ A. For any such S, we shall denote jythe
smallest positive integer for whiaky ;, belongs tod \ A. Set

d =min{vi () |1 <i<d} and A = max{0;() |1 <i < d}.

Defined’= min {0, (d—1)d} and uf = g—;+(ptpjd)wf, wherew; is the Generalized
Krasner's constant associated ftawith respect tor;. We shall denote by, the
Ershov’s constant with respect fg associated tgf(x) corresponding to a fixed
positive element > w; belonging to the value grouﬁl of ;. We divide the
proof into two steps.
Step | In this step, we show that withy > ey, if g(z) = 2% + bizd=L + ... + by
belonging toA|z] is any polynomial satisfying (2), then there exists a factorization
d

[[ (@ — 6:) of g(x) over K such that

i=1 A
G0 — o) = 55+ ppfor1 <i < d. 9)
p
Since\; > €7, by Theorem B the root8;, 6, ..., 04 of g(x) can be arranged so
that
171(9@-@1‘) >(,<Jf for 1 <1 <d. (10)

We are going to prove that (10) implies (9). Fix ohand denot#;, a; by 0, «
respectively. Sincery > 0(«), it is immediate from (10) and the strong triangle
law thato, (6) = 01(«) > d. To prove (9), consider first the case whgfx) has at
least two distinct roots. For any roat # « of f(z), in view of (10) and the strong
triangle law, it follows that
91(0 — ) = min{01(0 — ), 01 (a0 — ')} = 01 (a0 — ). (11)
Keeping in mind that; (a; — b;) > A\ andv,(#) = 01(«) > §, we obtain

o1(f(0)) = 01(f(0) —g(0)) > 1r6njigd{@1(aj —bj) + (d—j)v1(0)}

> Al =+ mln{(d — ])(5} = )\1 —+ 5.
J
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Therefore on substituting(6) = H(0 — /)", wherea’ runs over distinct roots

/

of f(x), the above inequality shoc\yfvs that
o1(£(0)) =p'01(0 — ) +p' Z 90 —a) =\ +46.
a'#a

Using (11), the above inequality can be rewritten as

50— a)+ Y dila—a) = (A +5)/p,
o' #a

which in view of 7 (o« — ) < wy implies that

. M+ pt —d A1
01(0 — ) > s +< p wfzﬁ—k,uf.

This proves (9) wherf(z) has at least two distinct roots.

Consider now the case wheiz) has a single roat repeateg’ times. In this
situationw; = o1(«a). For any rootd of g(x), arguing as in the first case, we see
that

01(£(0) = 9(0)) > min{v1(a; — bj) + (d = )0 (0)} > M + 5.

As f(6) = (6 — a)¥", the above inequality gives (0§ — o) > 2L = 24 + s as
desired. This completes the proof of Step I.

Step Il In this step, we prove the irreducibility gfz) giving the final choice of; .
Fix an element\, in I's. Define\,= min{\a/d, A2 }. Let g(z) = 2% + byazd=t +
... + bg belonging toA[z] be any monic polynomial satisfying (2) and (3) with
A1 > e5. We first show that for each roétof g(x),

2(0) = A, (12)
On writing 8% = —(b1609=1 + ... + by) and using the triangle law, we have
452(6) > in fonlby) + (d—)(0)}) > Do+ min {(d—1)52(0)}
= Ao+ (d—1i)v2(0)(say)

which impliestq(6) > \2/i > N, proving (12).
Recall that for any non-empty proper subseof {1,2,...,d, the coefficient
0s,s Of fs(x) = H(ac — ;) belongs to4 \ A. On applying (1) with3 replaced
jES
by 05,5 ands by jsX, there exists an elemeit ¢ belonging tal'; such that

U1(u—0sj5) < Ais (13)
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forall u € A with va(u) = jg .

Suppose thag(z) is reducible overk. It will be shown that this will give an
upper bound (depending upon and f(z)) on A;. Write g(x) = G(z)H (x), with
G(z), H(x) monic, non-constant polynomials belongingidz] N Afz] = Alz].
DenoteG () by 2™ + ciz™ ! + ... + ¢p. Itis immediate from (12) that

UQ(CZ') = Z)\IQ, 1<i<m. (14)
Recall that by Step 1,0, ..., 0, is an arrangement of roots gfx) satisfy-
ing (10). WriteG(z) = H(m — 0;) whereS is a proper subset dfl, 2, ..., d}.
jES
Considerfs(z) = H(x — o). One of the coefficients ofs(z) is
j€S
(190555 = (=15 > o, ...,
i15ijg €S
i1 <. <ij

Js
and the corresponding coefficient@{x), sayuy is given by:
(—1)j5u0 = (—1)js Z Hileiz e Hijs .

i1,mrijg €S

i< <ijg

We are going to prove that
01 (up — USJS) > % +up—A—ps,
whereA = l%%{ﬁl(ai)} andpg is an element of ; depending uporf andsS, to
7

be specified later. For any subgeét, is, ..., it} of {1,2,...,d}, we can write

01‘197;2 ... 0; = Qil ... Hik—l(eik — Oéik) + Hil ... eik_2

(Qik_l — aik_1)aik + ...+ (9“ — ail)ai2 ce QG (15)

T Qg Qy - QG

where 6;;'s and «;;’'s may not all be distinct. Recall that; (0;,) = 01().
Using (9), it follows that

01(0;, - - 0, (05, — i) = V(0 gy - . ) — O1(ei,,) + 01(0;, — i)
~ A
> 01 (0 iy -+ y) — A+ p% + g
Arguing similarly for other summands on the right hand side of (15), we see that

. - A1
Ul(eilei2 .. sz — Q; Oy - Oélk) > Ul(ailah . Ozlk) — A+ E —|—,uf.

It immediately follows from the above inequality and the triangle law that

. A1 .
Olto = 0s55) 2 Tty At W

1aeees ijges {@l(allalg e aijS)}7
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i.e.,
~ A1
01 (uo — 0s,jg) = E-l—uf—A—i-pg. (16)
wherepg = m_ines{z?l(ailoéi2 . )}isin I';. Recall that by virtue of (14),
D] 5eees st
11 <.. <ijS

the coefficientuy of x™~7s in G(z) satisfiesva(ug) > jsA,. Therefore it follows
from (13) that

01(up — 05,j5) < A1,s. (17)

The inequalities (16) and (17) imply that < p'(A,s + A — py — ps).
Thus it follows that if we start with an elementy > e; and A\ > p'(A —
wr) + pt méz}x{)\LS — ps} where S runs over all non-empty proper subsets of

{1,2,...,d}, then each polynomiaj(x) satisfying (2) and (3) must be irreducible
overK. 0

Proof of Theorem 1.2 Denote K((y) by K and the Gaussian valuatiarf of
K by v;. Let vy stand for the valuation of defined for any polynomiah(y)
by va(h(y)) = —deg h(y). Let 91 andv, be any prolongations af, v to the
algebraic closuréds of K. SetA = Kj[y] and denote byl the integral closure of
AinK.

In view of Theorem 1.1, the desired result is proved once we verify that for any
ged \ A and any integeiq, there exists an integev; satisfying (1). Suppose
to the contrary (1) is not satisfied for soies A \ A and some integeX,. Then
there exists a sequen¢e,, } in A such that

01(up — B) > n, vo(u,) > Ao forn > 1. (18)

The first inequality above shows thét,, } will be a Cauchy sequence i with

respect tov; and the second says that the sequefrtg u, } is bounded, say by
D

D. Write u, = Y _ iy’ Note that{c,, }, is a Cauchy sequence with respect to
i=0
vp and hence converges to an elemgrdf the complete field<,. Therefore{u,, }
D

converges to an elemeE c;yt of A with respect tov;. But the first inequality
i=0
of (18) implies thafu,,} converges t@ which does not belong td. This contra-
diction shows that the hypothesis of Theorem 1.1 is satisfied. O
The following example shows that condition (i) of Theorem 1.2 cannot be dis-
pensed with.

Example 3.1. Let K be a field of characteristic zero which is complete with re-
spect to a non-trivial real valuatia. Fix an elementvin K satisfyingug(a) > 0
if the characteristic of the residue field af is zero andvg(«) > 2uvp(p) if p > 0
is the characteristic of the residue field @f. Set f(z,y) = 2?2 — (1 + ay)
and for anym > 1, defineg,,(z,y) = 2% — (An(y))? where A,,(y) = 1 +
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m

Z( 11{:2 )akyk € Koly] and< 1]/; ) _ GG - 1)-];-'(5 kD Note
k=1 :

that A,,(y) are the partial sums of Taylor series expansion/df+ ay. Hence
(An(y))? — (1 + ay) as a polynomial iny has only terms of degree m. Fork >

m, the coefficient, of 4 in (A,(y))? — (1+ay)is 3 ( 172 ) ( 1/2 )ak.

)
itj=k J

i,7=0

If the characteristic of the residue fieldwfis zero, then clearlyy(cx) > kvo(a) —

oo; when this characteristic i > 0, then keeping in mind the fact thag(:!) <
2

i Tv0(p), it can be easily seen thag(ck) > kvo(a) - pﬁ Tvo(p) - vo(2F)

klvo(a) — 2ug(p)] which tends to infinity ag approaches infinity in view of the
choice ofa. Hence(A,,(y))? converges td1 + ay) with respect ta). Therefore
the coefficients off (z, y) andg,,(x, y) are sufficiently close for large:, but each
gm(z,y) is reducible over, while f(x,y) is irreducible.
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