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Abstract It is well known that iff(x) is a monic irreducible polynomial of degree
d with coefficients in a complete valued field(K, | |), then any monic polynomial
of degreed overK which is sufficiently close tof(x) with respect to| | is also ir-
reducible overK. In 2004, Zaharescu proved a similar result applicable to separa-
ble, irreducible polynomials over valued fields which are not necessarily complete.
In this paper, the authors extend Zaharescu’s result to all irreducible polynomials
without assuming separability.
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1. Introduction

A classical result concerning irreducible polynomials over a valued fieldK which
is complete with respect to a non-archimedean absolute value| | says that iff(x) =
xd + a1x

d−1 + . . . + ad belonging toK[x] is irreducible overK, then there exists
a positive real numberε such that any polynomialg(x) = xd + b1x

d−1 + . . . + bd

belonging toK[x] with |bj −aj | < ε for 1 6 j 6 d, is also irreducible overK (see
[1, Chapter 2, Theorem 11]). An analogous result holds for separable, irreducible
polynomials over henselian valued fields of arbitrary rank (cf. [2, Theorems 2.4.7,
4.1.7], [4, Chapter 5 (G)]). Examples are known which show that the above result
fails to hold whenK is not complete. In 2004, Zaharescu [5] proved a similar result
for polynomials with coefficients in valued fields that are not necessarily complete
but where the lack of completeness is compensated by the presence of a secondary
valuation which satisfies a certain property in connection with the given primary
valuation. Precisely stated, he proved the following theorem.
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Theorem A. Let K be a field of characteristic zero equipped with two non-archi-
medean valuationsv1 andv2 having value groupsΓ1 andΓ2 respectively. LetA
be a subring ofK with field of fractionsK which is integrally closed inK and
Ã be the integral closure ofA in the algebraic closureK̃ of K. Let ṽ1 and ṽ2

be valuations onK̃ whose restrictions toK coincide withv1 andv2 respectively.
Assume that for anyβ ∈ Ã \A andλ2 ∈ Γ2, there exists an elementλ1 ∈ Γ1 such
that

ṽ1(u− β) 6 λ1 for all u ∈ A with v2(u) > λ2. (1)

Letf(x) = xd + a1x
d−1 + . . . + ad ∈ A[x] be an irreducible polynomial overK.

Then givenλ2 ∈ Γ2, there existsλ1 ∈ Γ1 such that for anyb1, b2, . . . , bd ∈ A for
which

v1(bi − ai) > λ1, 1 6 i 6 d, (2)

and

v2(bi) > λ2, 1 6 i 6 d, (3)

the polynomialg(x) = xd + b1x
d−1 + . . . + bd is irreducible overK.

In this paper, the above result has been extended to irreducible polynomials
with coefficients in arbitrary valued fields without any condition on the character-
istic of K. We prove the following theorem.

Theorem 1.1.Let K be a field equipped with two non-archimedean valuationsv1

andv2 of arbitrary rank. LetA, K̃, Ã, ṽ1 and ṽ2 be as in Theorem A. Assume that
for any β ∈ Ã \ A and λ2 ∈ Γ2, there exists an elementλ1 ∈ Γ1 such that (1)
holds. Then for any polynomialf(x) = xd + a1x

d−1 + . . . + ad ∈ A[x] which is
irreducible overK and anyλ2 ∈ Γ2, there correspondsλ1 ∈ Γ1 depending upon
f andλ2 such that for anyb1, b2, . . . , bd ∈ A satisfying (2) and (3), the polynomial
g(x) = xd + b1x

d−1 + . . . + bd is irreducible overK.

As an application of Theorem 1.1, we shall deduce the following result.

Theorem 1.2. Let K0 be a field complete with respect to a real valuationv0. Let
f(x, y) = xd + P1(y)xd−1 + . . . + Pd(y) be an irreducible polynomial in two
variables overK0. Let vy

0 denote the Gaussian extension ofv0 to K0(y) defined

by vy
0(

∑

i

aiy
i) = min

i
{v0(ai)| ai ∈ K0}. Then given any integer M, there exists

N > 0 (depending upon f and M) such that wheneverQi(y), 1 6 i 6 d, are
polynomials overK0 satisfying (i) degreeQi(y) 6 M , (ii) vy

0(Qi(y)−Pi(y)) > N ,
theng(x, y) = xd + Q1(y)xd−1 + . . . + Qd(y) is irreducible overK0.

An example has been given in Section 3 to show that the above theorem is not
true in general if the polynomialsQi(y) fail to satisfy condition (i) stated above
even if eachQi(y) is sufficiently close toPi(y) with respect tovy

0 .
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2. Preliminary Results

Let v be a valuation of arbitrary rank of a fieldK. vx will denote the Gaussian val-
uation of the fieldK(x) of rational functions in an indeterminatex which extends
the valuationv of K. We need the following theorem of Ershov proved in [3]. For
reader’s convenience, it is proved here.

Theorem B.Letv be a valuation of arbitrary rank of an algebraically closed field
K with value groupΓ. Let ε > 0 be an element ofΓ. Letf(x), g(x) belonging to
K[x] be monic polynomials of degreed such thatvx(f−g) > d!ε−(d+1)!vx(f). If

f(x) =
d∏

i=1

(x−αi) is a factorization off(x) overK, then we have a factorization

d∏

i=1

(x− βi) of g(x) such thatv(αi − βi) > ε for 1 6 i 6 d.

We first prove the following lemma needed for the proof of Theorem B.

Lemma C. Let K, v andΓ be as in Theorem B andf(x), g(x) ∈ K[x] be monic
polynomials of degreed such thatvx(f − g) > dε − 2dvx(f) for some positiveε
in Γ. Then for each rootα of f(x), there corresponds a rootβ of g(x) such that
v(α− β) > ε− vx(f), vx(f0− g0) > ε, wheref0 = f/(x−α), g0 = g/(x− β).

Proof : Write f(x) = xd +a1x
d−1 + . . .+ad, g(x) = xd + b1x

d−1 + . . .+ bd and
denotevx(f) by−v(c), c ∈ K. As f(x) is monic,v(c) > 0. Observe that for any
root α of f(x), cα is a root of the polynomialxd + a1cx

d−1 + . . . + adc
d having

coefficients in the valuation ring ofv and hencev(cα) > 0, which shows that

v(α) > −v(c) = vx(f). (4)

Let α be a root off(x). Then it follows from the triangle law that

v(g(α)) = v(g(α)− f(α)) > min
16i6d

{v(bi − ai) + (d− i)v(α)}. (5)

In view of the hypothesisvx(f − g) > dε− 2dvx(f) and (4), we see that

v(bi − ai) + (d− i)v(α) > dε− 2dvx(f) + (d− i)v(α)
> dε− 2dvx(f) + (d− i)vx(f) > dε− dvx(f).

It is clear from the above inequality and (5) thatv(g(α)) > dε − dvx(f), which
immediately shows that for at least one rootβ of g(x)

v(α− β) > ε− vx(f). (6)

To estimatevx(f0 − g0), write f0 − g0 = f
x−α − f

x−β + f
x−β − g

x−β . Clearly

vx(
f

x− α
− f

x− β
) = vx(f)+v(α−β)−vx((x−α)(x−β)) > vx(f)+v(α−β),
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which in view of (6) gives

vx

(
f

x− α
− f

x− β

)
> ε. (7)

Further by virtue of the hypothesis, we have

vx

(
f

x− β
− g

x− β

)
= vx(f−g)−vx(x−β) > vx(f−g) > dε−2dvx(f) > ε.

(8)
It is immediate from (7) and (8) thatvx(f0 − g0) > ε as desired. 2

Proof of Theorem B: The theorem will be proved by induction on the degreed of
f(x). Whend = 1, f = x − α1, g = x − β1 andv(β1 − α1) = vx(f − g) >
ε − 2vx(f) > ε. Consider now the case whend = 2. Then by the hypothesis,

vx(f − g) > 2!ε− 3!vx(f) = 2(ε− vx(f))− 4vx(f).
Applying Lemma C (withε replaced byε − vx(f)), we see that there exists a root
β1 of g(x) satisfying

v(α1 − β1) > (ε− vx(f))− vx(f) = ε− 2vx(f) > ε

andvx(f0 − g0) > ε− vx(f) > ε wheref0 = f/(x− α1), g0 = g/(x− β1). On
writing f0 = x − α2, g0 = x − β2, the last inequality shows thatv(α2 − β2) =
vx(f0 − g0) > ε proving the theorem in the cased = 2.

Assume now thatf(x), g(x) have degreed > 3. Thend! > d(d− 1) > 2d. In
view of the hypothesis,vx(f−g) > d!ε−(d+1)!vx(f) = d[(d−1)!ε−d!vx(f)]−
d!vx(f) > d[(d−1)!ε−d!vx(f)]−2dvx(f). By Lemma C (applied withε replaced
by (d− 1)!ε− d!vx(f)) given a rootα1 of f(x), there exists a rootβ1 of g(x) such
that

v(α1 − β1) > (d− 1)!ε− d!vx(f)− vx(f) > ε

and
vx(f0 − g0) > (d− 1)!ε− d!vx(f) > (d− 1)!ε− d!vx(f0),

wheref0 = f/(x − α1), g0 = g/(x − β1). The theorem now follows by the
induction hypothesis applied tof0, g0.

Notations. Let (K, v) be as in Theorem B. The constantd!ε − (d + 1)!vx(f)
occurring in this theorem will be denoted byεf and will be referred to as Ershov’s
constant with respect tov associated to a polynomialf(x) ∈ K[x] corresponding
to ε belonging to the value group ofv. For any polynomialf(x) ∈ K[x], we shall
denote byωf the constant defined by

ωf = max{v(α), v(α− α′)| α 6= α′, α, α′ run over the roots off(x)},

which will be referred to as the Generalized Krasner’s constant associated tof with
respect tov. Note that in casef(x) has a single rootα, thenωf = v(α).
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3. Proof of Theorems 1.1 and 1.2.

Let pt > 1 denote the multiplicity of each root off(x), p being the characteristic of
K or 1. Letα1, α2, . . . , αd be the roots off(x) in K̃ not necessarily distinct. For
any non-empty proper subsetS of {1,2,. . . ,d} havingr elements, we shall denote
the elementary symmetric sums by

σS,1 =
∑

j∈S

αj , σS,2 =
∑
i,j∈S
i<j

αiαj , . . . , σS,r =
∏

j∈S

αj .

Also fS(x) will stand for the polynomial
∏

j∈S

(x− αj), i.e.

fS(x) = xr − σS,1 xr−1 + ... + (−1)rσS,r.

Sincef(x) is irreducible overK andA is integrally closed, at least one of the
coefficients offS(x) belongs toÃ \ A. For any such S, we shall denote byjS the
smallest positive integer for whichσS,jS

belongs toÃ \A. Set

δ = min{ṽ1(αi) | 1 6 i 6 d} and ∆ = max{ṽ1(αi) | 1 6 i 6 d}.
Defineδ′= min{0, (d−1)δ} and µf = δ′

pt +(pt−d
pt )ωf , whereωf is the Generalized

Krasner’s constant associated tof with respect tõv1. We shall denote byεf the
Ershov’s constant with respect tõv1 associated tof(x) corresponding to a fixed
positive elementε > ωf belonging to the value group̃Γ1 of ṽ1. We divide the
proof into two steps.

Step I. In this step, we show that withλ1 > εf , if g(x) = xd + b1x
d−1 + . . . + bd

belonging toA[x] is any polynomial satisfying (2), then there exists a factorization
d∏

i=1

(x− θi) of g(x) overK̃ such that

ṽ1(θi − αi) > λ1

pt
+ µf for 1 6 i 6 d. (9)

Sinceλ1 > εf , by Theorem B the rootsθ1, θ2, . . . , θd of g(x) can be arranged so
that

ṽ1(θi − αi) > ωf for 1 6 i 6 d. (10)

We are going to prove that (10) implies (9). Fix onei and denoteθi, αi by θ, α
respectively. Sinceωf > ṽ1(α), it is immediate from (10) and the strong triangle
law thatṽ1(θ) = ṽ1(α) > δ. To prove (9), consider first the case whenf(x) has at
least two distinct roots. For any rootα′ 6= α of f(x), in view of (10) and the strong
triangle law, it follows that

ṽ1(θ − α′) = min{ṽ1(θ − α), ṽ1(α− α′)} = ṽ1(α− α′). (11)

Keeping in mind thatv1(aj − bj) > λ1 andṽ1(θ) = ṽ1(α) > δ, we obtain

ṽ1(f(θ)) = ṽ1(f(θ)− g(θ)) > min
16j6d

{ṽ1(aj − bj) + (d− j)ṽ1(θ)}
> λ1 + min

j
{(d− j)δ} = λ1 + δ′.
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Therefore on substitutingf(θ) =
∏

α′
(θ − α′)pt

, whereα′ runs over distinct roots

of f(x), the above inequality shows that

ṽ1(f(θ)) = ptṽ1(θ − α) + pt
∑

α′ 6=α

ṽ1(θ − α′) > λ1 + δ′.

Using (11), the above inequality can be rewritten as

ṽ1(θ − α) +
∑

α′ 6=α

ṽ1(α− α′) > (λ1 + δ′)/pt,

which in view of ṽ1(α− α′) 6 ωf implies that

ṽ1(θ − α) > λ1 + δ′

pt
+

(
pt − d

pt

)
ωf =

λ1

pt
+ µf .

This proves (9) whenf(x) has at least two distinct roots.
Consider now the case whenf(x) has a single rootα repeatedpt times. In this

situationωf = ṽ1(α). For any rootθ of g(x), arguing as in the first case, we see
that

ṽ1(f(θ)− g(θ)) > min
j
{ṽ1(aj − bj) + (d− j)ṽ1(θ)} > λ1 + δ′.

As f(θ) = (θ − α)pt
, the above inequality gives̃v1(θ − α) > λ1+δ′

pt = λ1
pt + µf as

desired. This completes the proof of Step I.

Step II. In this step, we prove the irreducibility ofg(x) giving the final choice ofλ1.
Fix an elementλ2 in Γ2. Defineλ′2= min{λ2/d, λ2}. Let g(x) = xd + b1x

d−1 +
. . . + bd belonging toA[x] be any monic polynomial satisfying (2) and (3) with
λ1 > εf . We first show that for each rootθ of g(x),

ṽ2(θ) > λ′2. (12)

On writingθd = −(b1θ
d−1 + . . . + bd) and using the triangle law, we have

dṽ2(θ) > min
16j6d

{v2(bj) + (d− j)ṽ2(θ)} > λ2 + min
16j6d

{(d− j)ṽ2(θ)}
= λ2 + (d− i)ṽ2(θ)(say)

which impliesṽ2(θ) > λ2/i > λ′2 proving (12).
Recall that for any non-empty proper subsetS of {1,2,...,d}, the coefficient

σS,jS
of fS(x) =

∏

j∈S

(x− αj) belongs toÃ \ A. On applying (1) withβ replaced

by σS,jS
andλ2 by jSλ′2, there exists an elementλ1,S belonging toΓ1 such that

ṽ1(u− σS,jS
) 6 λ1,S (13)
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for all u ∈ A with v2(u) > jSλ′2.
Suppose thatg(x) is reducible overK. It will be shown that this will give an

upper bound (depending uponλ2 andf(x)) onλ1. Write g(x) = G(x)H(x), with
G(x), H(x) monic, non-constant polynomials belonging toK[x] ∩ Ã[x] = A[x].
DenoteG(x) by xm + c1x

m−1 + . . . + cm. It is immediate from (12) that

v2(ci) > iλ′2, 1 6 i 6 m. (14)

Recall that by Step I,θ1, θ2, . . . , θd is an arrangement of roots ofg(x) satisfy-
ing (10). WriteG(x) =

∏

j∈S

(x− θj) whereS is a proper subset of{1, 2, . . . , d}.

ConsiderfS(x) =
∏

j∈S

(x− αj). One of the coefficients offS(x) is

(−1)jSσS,jS
= (−1)jS

∑
i1,...,ijS

∈S

i1<...<ijS

αi1αi2 . . . αijS
,

and the corresponding coefficient inG(x), sayu0 is given by:

(−1)jSu0 = (−1)jS
∑

i1,...,ijS
∈S

i1<...<ijS

θi1θi2 . . . θijS
.

We are going to prove that
ṽ1(u0 − σS,jS

) > λ1
pt + µf −∆− ρS ,

where∆ = max
16i6d

{ṽ1(αi)} andρS is an element of̃Γ1 depending uponf andS, to

be specified later. For any subset{i1, i2, . . . , ik} of {1, 2, . . . , d}, we can write

θi1θi2 . . . θik − αi1αi2 . . . αik = θi1 . . . θik−1
(θik − αik) + θi1 . . . θik−2

(θik−1
− αik−1

)αik + . . . + (θi1 − αi1)αi2 . . . αik (15)

where θik’s and αik’s may not all be distinct. Recall that̃v1(θi) = ṽ1(αi).
Using (9), it follows that

ṽ1(θi1 . . . θik−1
(θik − αik)) = ṽ1(αi1αi2 . . . αik)− ṽ1(αik) + ṽ1(θik − αik)

> ṽ1(αi1αi2 . . . αik)−∆ +
λ1

pt
+ µf .

Arguing similarly for other summands on the right hand side of (15), we see that

ṽ1(θi1θi2 . . . θik − αi1αi2 . . . αik) > ṽ1(αi1αi2 . . . αik)−∆ +
λ1

pt
+ µf .

It immediately follows from the above inequality and the triangle law that

ṽ1(u0 − σS,jS
) > λ1

pt
+ µf −∆ + min

i1,...,ijS
∈S

i1<...<ijS

{ṽ1(αi1αi2 . . . αijS
)},
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i.e.,

ṽ1(u0 − σS,jS
) > λ1

pt
+ µf −∆ + ρS . (16)

whereρS = min
i1,...,ijS

∈S

i1<...<ijS

{ṽ1(αi1αi2 . . . αijS
)} is in Γ̃1. Recall that by virtue of (14),

the coefficientu0 of xm−jS in G(x) satisfiesv2(u0) > jSλ′2. Therefore it follows
from (13) that

ṽ1(u0 − σS,jS
) 6 λ1,S . (17)

The inequalities (16) and (17) imply thatλ1 6 pt(λ1,S + ∆ − µf − ρS).
Thus it follows that if we start with an elementλ1 > εf and λ1 > pt(∆ −
µf ) + pt max

S
{λ1,S − ρS} whereS runs over all non-empty proper subsets of

{1, 2, . . . , d}, then each polynomialg(x) satisfying (2) and (3) must be irreducible
overK. 2

Proof of Theorem 1.2: DenoteK0(y) by K and the Gaussian valuationvy
0 of

K by v1. Let v2 stand for the valuation ofK defined for any polynomialh(y)
by v2(h(y)) = −deg h(y). Let ṽ1 and ṽ2 be any prolongations ofv1, v2 to the
algebraic closurẽK of K. SetA = K0[y] and denote bỹA the integral closure of
A in K̃.

In view of Theorem 1.1, the desired result is proved once we verify that for any
β ∈ Ã \ A and any integerλ2, there exists an integerλ1 satisfying (1). Suppose
to the contrary (1) is not satisfied for someβ ∈ Ã \ A and some integerλ2. Then
there exists a sequence{un} in A such that

ṽ1(un − β) ≥ n, v2(un) ≥ λ2 for n ≥ 1. (18)

The first inequality above shows that{un} will be a Cauchy sequence inK with
respect tov1 and the second says that the sequence{deg un} is bounded, say by

D. Write un =
D∑

i=0

cniy
i. Note that{cni}n is a Cauchy sequence with respect to

v0 and hence converges to an elementci of the complete fieldK0. Therefore{un}

converges to an element
D∑

i=0

ciy
i of A with respect tov1. But the first inequality

of (18) implies that{un} converges toβ which does not belong toA. This contra-
diction shows that the hypothesis of Theorem 1.1 is satisfied. 2

The following example shows that condition (i) of Theorem 1.2 cannot be dis-
pensed with.

Example 3.1. Let K0 be a field of characteristic zero which is complete with re-
spect to a non-trivial real valuationv0. Fix an elementα in K0 satisfyingv0(α) > 0
if the characteristic of the residue field ofv0 is zero andv0(α) > 2v0(p) if p > 0
is the characteristic of the residue field ofv0. Set f(x, y) = x2 − (1 + αy)
and for anym > 1, definegm(x, y) = x2 − (Am(y))2 whereAm(y) = 1 +
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m∑

k=1

(
1/2
k

)
αkyk ∈ K0[y] and

(
1/2
k

)
=

(1
2)(1

2 − 1)...(1
2 − k + 1)

k!
. Note

that Am(y) are the partial sums of Taylor series expansion of
√

1 + αy. Hence
(Am(y))2− (1 + αy) as a polynomial iny has only terms of degree> m. Fork >

m, the coefficientck of yk in (Am(y))2− (1+αy) is
∑

i+j=k
i,j>0

(
1/2
i

) (
1/2
j

)
αk.

If the characteristic of the residue field ofv0 is zero, then clearlyv0(ck) > kv0(α) →
∞; when this characteristic isp > 0, then keeping in mind the fact thatv0(i!) 6

i

p− 1
v0(p), it can be easily seen thatv0(ck) > kv0(α)− k

p− 1
v0(p)− v0(2k) >

k[v0(α) − 2v0(p)] which tends to infinity ask approaches infinity in view of the
choice ofα. Hence(Am(y))2 converges to(1 + αy) with respect tovy

0 . Therefore
the coefficients off(x, y) andgm(x, y) are sufficiently close for largem, but each
gm(x, y) is reducible overK0 while f(x, y) is irreducible.
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