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1. Introduction

A pair of bivariate (two variable) complex polynomials are said to form an automor-
phic pair if the variables can be expressed as polynomials in the given polynomials.
They are said to be a jacobian pair if their jacobian with respect to the variables is a
nonzero constant. The chain rule tells us that every automorphic pair is a jacobian
pair. The jacobian problem asks whether the converse is true.

My work on this problem done during 1970-1976 was only partly published
as lecture notes by various people [6, 10]. Seeing that the problem has not moved
much in the last thirty years, | have now returned to it, and have done some progress.
In a three part paper of more than two hundred pages in the Journal of Algebra [13,
14, 15], | have now published the details of my old work together with the new
progress.

During the last summer, by talking to several topologists and complex analysts,
| was inspired to tie my algebraic work with the analytical theory of dicritical divi-
sors which | proceed to describe.

The concept of dicritical divisors arose in the topological (analytical) study of

a map from the complex plane to the complex line given by a bivariate polynomial.
In the physical world, this amounts to a map from the four dimensional real space
to the two dimensional real plane, and the dicritical divisors are a finite set of planes
in an enlargement of the four space. The term dicritical divisor seems to have been
introduced by the French mathematicians Mattei and Moussu in their 1980 work
on integrable holonomic systems [28] and then the concept was used by numer-
ous mathematicians such as Artal-Bartolo [19], Pierrette Cassoudsdga, 21],
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Eisenbud-Neumann [23], Fourrier [24], Le-Weber [27], Neumann-Norbury [29],
and Rudolph [31].

The dicritical divisors may be viewed as a finite set of univariate (one variable)
polynomials strategically (and quite algebraically) located inside the belly of a ran-
domly chosen bivariate polynomial. It is certainly amazing that, until 1980, no
endoscopic examination of bivariate polynomial bellies (= affine plane curve bel-
lies) revealed their existence. | have stressed “and quite algebraically” to indicate
that in my treatment | do not use any topology or analysis which, under the pretext
of geometric viewpoint, only muddies the water. Of course it may be admitted that
one person’s clarity can be another person’s muddying of waters and vice versa.
Positively speaking, muddying may amount to stirring!!

To put it a bit differently, a bivariate complex polynomial gives rise to a map of
the complex plane onto the complex line. By compactifying these spaces we get the
projective plane and the projective line, and then extending the map, we get a map
from the projective plane to the projective line. However, the extended map is in
general not well defined. We remove its points of indeterminacy by blowing up the
projective plane to get a complex surface on which the map becomes well defined.
The complement of the complex plane inside this complex surface decomposes into
a finite number of projective lines. The restriction of the map to these projective
lines is either a constant map or gives a ramified covering of the target projective
line. Those components on which the map is a covering map are called dicritical
divisors.

It turns out that on suitable affine portions, the covering map is a polynomial
map described by a univariate polynomial. Thus intrinsically hidden inside the
belly of a bivariate polynomial there live a finite number of univariate polynomials.

What | have achieved is to reduce the study of these dicritical divisors from the
ambience of surface theory down to the level of plane curve singularities.

One key to this is my 1967 paper in the American Journal of Mathematics [4]
where | showed the invariance of characteristic pairs introduced by Halphen [25]
and Smith [32] toward the end of the nineteenth century. In the early part of the
twentieth century it was shown that characteristic pairs are related to various aspects
of curve singularities, such as knot theory, multiplicity sequence, value semigroup,
and resolution of singularities. A classical account of characteristic pairs can be
found in Zariski's masterful book of 1934 [33].

To apply all this to the jacobian problem, given a jacobian pair, we consider the
univariate polynomials hidden in the bellies of the two members of the pair. It turns
out that these two families of univariate polynomials can be collated so that they
give rise to a finite number of one place at infinity rational curves, i.e., polynomially
parametrizable plane curves. It seems that these curves could be identified with the
various irreducible components of the branch locus of the map from one complex
plane to another complex plane which is induced by the jacobian pair.

My interest in the theory of dicritical divisors grew out of some lectures | heard
in Spain and France during June-July of 2008. These lectures, which were of a
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highly topological nature, were given by Artal-Bartolo and Arnaud Bodin. Not
being a topologist, | tried to algebracize them.

The same thing happened when, in April 2009, | discussed the matter with my
Spanish friend Ignacio Luengo who has a very geometric viewpoint. My twenty
year old friendship with him bore fruit showing the importance of cross fertiliza-
tion.

As a result we obtained a vast generalization of dicritical divisors with a very
simple short proof of their fundamental property.

The surprise that listening to people with a topological or geometrical view-
point | am inspired to algebra from characteristic zero to mixed characteristic is
explained by the analogy of cultured pearls which need disturbing particles to in-
duce their formation.

In the first stages of the algebraization process, | was mainly using what |
had learnt from my Father, S. K. Abhyankar, who was a Mathematics Professor
in Gwalior, a city in India founded by Galaw Muni, a son of Vishwamitra Rishi, af-
ter whose grandson the Shakuntala-Putra Bharat, India got its ancient name Bharat.
More precisely, my main tool was Newton'’s Binomial Theorem For Fractional Ex-
ponents. | was very lucky in having studied this in the hand-written manuscript of
my father’s book “Intermediate Algebra” two years before it was published when |
was eleven years old. Very relevant is the following comment which he makes on
page 235 of his book [1]: “The standard form (of Binomial Theorem) is simpler
and is more convenient to use; all problems regarding binomial expansions can be
solved by using the standard form.”

To complete the picture, | needed to use results from my 1956 paper [2] pub-
lished in the American Journal of Mathematics entitled “Valuations Centered in a
Local Domain” which forms the first portion of my proof of Resolution of Singu-
larities of Arithmetical Surfaces, and which | wrote during my postdoctoral year at
Harvard working under the direction of my Guru Oscar Zariski. This paper was an
attempt to generalize my thesis work on resolution of surface singularities in prime
characteristic done under Zariski's guidance.

But, although my new paper [16], which connects my 1967 paper [4] to dicriti-
cal divisors, exceeded sixty pages and in spite of strenuous attempts, | was stuck in
zero characteristic and failed to extend the results to prime characteristic or to the
arithmetic case.

Then the miracle happened of renewing my friendship with Ignacio Luengo.
First | kept criticizing his dynamic ideas about the Newton Polygon. To his ge-
ometric eye, the Polygon was a mobile entity, whereas to my algebraic heart, it
was a bit stiff. But then | bent to reconcile our viewpoints, and lo and behold, a
twenty page transparent proof [18] came about which is valid in any characteristic
including mixed.

This brings to fore my admiration of Sir Isaac Newton whom in my Historical
Ramblings [5] | called the Father of us All. Thus the two fathers unite because I first
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learnt about the Newton Polygon in the classic Algebra Book of George Chrystal

[22] which was published in 1890 and was handed to me by my father when | was
seventeen. Incidentally, this great book keeps being reprinted for hundred-twenty
years, first by Chelsea and now by the American Mathematical Society. Only last
month | have handed it to a Purdue undergrad.

At any rate, the main idea of [18] is that if a point in the support of a power
series is not on its Newton Polygon, then it cannot get into it by making quadratic
transformations. This reminds me of a Marathi poem in which a spider after weav-
ing his web comes out of it, and is unable to get back in even after many strenuous
attempts. To quote from the epic Marmion of Sir Walter Scott “Oh, what a tangled
web we weave when first we practice to deceive!”

It is hoped that this algebraization of the dicritical divisor theory may remove

a road block from the path of the famous jacobian problem. The jacobian prob-
lem deals with the automorphism group of a polynomial ring in the same way as
Cremona Transformations deal with the automorphism group of a rational function
field. The former is a subgroup of the latter. Both these were expertly studied by
Jung. It is my fond memory that, other than his own papers, my Guru Zariski ad-
vised me to study the papers of only two other mathematicians, namely Jung and
Chevalley.

Allowing myself to be slightly technical, let me state a sample result from our
algebraic theory of dicritical divisors. So consider the local ring of a simple point
of an algebraic or arithmetical surface. In other words, consider a two dimensional
regular local ring whose characteristic is allowed to be different from the character-
istic of its residue field. Consider a pencil of curves through the point. Equivalently,
taking the quotient of two members of the pencil, we are simply considering a ra-
tional function at the point. Call a prime divisor of second kind at the point to be
dicritical for the function if the function is residually transcendental at the prime
divisor. There are only a finite number of dicritical divisors. Moreover, if the pencil
is special then the function is residually a polynomial. This gives as many univari-
ate polynomials as there are dicriticals. In my 1956 paper [2] | had shown that the
function field of a prime divisor of second kind is simple transcendental. Actually
| had proved that for higher dimensions, the function field is the function field of a
ruled variety. According to Mori, this result of mine was the starting point of his
three dimensional birational theory. | am calling the pencil special to mean that one
member is a power of a regular parameter at the point.

The following analogy is worth mentioning. As a consequence of my 1956
paper we can see that hidden inside a singular point of a surface there are at most a
finite number of curves of positive genus. Replacing the singular point by a simple
point together with a rational function, seems to convert the positive genus curves
to dicriticals. More about this may be found in my “Quasirational Singularities”
paper [8] in the 1980 issue of the American Journal of Mathematics dedicated to
Zariski’s 80-th birthday by his students.

Well, miracles don't seem to end! Immediately after concluding my collabo-
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ration with Ignacio Luengo, | went into an intensive collaboration with my Purdue
Colleague Bill Heinzer with whom | have written eight joint papers in the last forty
years. Using Bill's expertise in commutative algebra, we just finished writing [17]
where we prove an existence theorem for dicritical divisors. Our main tools in this
are the theory of complete ideals developed in Appendices 4 and 5 of volume 1l of
Zariski’s algebra book [34] and the theory of reductions of ideals developed in the
1954 Northcott-Rees paper [30].

In the rest of the paper | shall give brief expositions of the papers [16, 18, 17]
which | just finished writing.

In my approach | regard an algebraic variety as a model which is a collection
of local rings with some properties. | started this approach in my Princeton Lecture
Notes [3] and developed it further in my books [9, 11, 12]. It is also given in
Zariski's algebra book [34]. For the basic theory of characteristic sequences the
reader may refer to my Kyoto Paper [7].

We mostly follow the notation and terminology of my Kyoto paper [7] and my
books [9] and [12]. In particularN € Z C Q C R denote the sets of all non-
negative integers, integers, rational numbers, and real numbers respectively. By
spec¢R) we denote the set of all prime ideals in a riRgvhich is always assumed
to be commutative with. The ring{0} is called the null ring. ByR* we denote
the set of all nonzero elements in a ridy A domain is a nonnull ring without
nonzero zerodivosors. The quotient field of a domaims denoted by QFA).

By the transcendence degree of a domadimver a subdomairB we mean the
transcendence degree of QB over QR B) and we denote it by trdegd. An

affine domain over a field{ is an overdomaird of K such thatA is a finitely
generated ring extension @f. On pages 9-12 and 34-39 of [12] you will find
the definitions of the polynomial and power series and meromorphic series rings
R[X] C R[[X]] € R((X)) over aringR, and in caseR is a field, their quo-
tient fieldsR(X) C R((X)) = R((X)) which are respectively called the rational
function field and the meromorphic series field.

By the support, or more precisely tlé-support which we shall denote by
Suppy H(X), of a meromorphic serief (X) = > .., H;X" € R((X)) with
H; € R we mean the set of all € Z for which H; # 0. The degree and order
of H(X) are defined by degH(X) = max(Supg H (X)) and ordk H(X) =
min(Suppy H (X)) with the understanding that de§ = —oo with ordx0 = oo
and if Supp; H (X)) is unbounded from above then def (X)) = co. The GCD of
a set of integer$' is the unique nonnegative generator of the idgain the ring of
integersZ generated by if the setS contains a noninteger then GC®) = cc.

A set of integers/ is bounded from below means for some integere havee < j

for all ;7 € J, and we write minJ for the smallest element of such a set, with the
convention that if/ is the empty sefl then minJ = co. Finally, for anyC' C R
we letC. = the set of all positive members 6f, C_ = the set of all negative
members of”, C = C U {oo}, C = C U {+0}.
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2. Trigonometry
In high-school we learn the expansion

3 5 7

. . T €T €T _ i
Slnl‘—lﬂ—y—ka—ﬁ—'——iﬂ E ;T
0<i<o0
(—1)¥2 . y .
wherea; = 0 or T according ag is odd or even. The fact that in the expan-
(3 .

sion ofsin x there is nar? term but there is am® term, may be codified by saying
thatsin z has a gap of size, i.e.,2 is the smallest value affor whicha; # 0. Now
1 3
sinT x =x+ a-ﬁ-
and so the inverse function has a gap of the same2size
It was around 1665 that Newton gave the above two expansions and Gregory
gave the expansion

tan™! A A I
an r=Tr — — —_— = =
375 7

and from this it follows that

tanx:x—i—x—?)—i—...
3

but the full expansion ofan x is rather complicated and was obtained by Bernoulli
only in the next century. At any rate the size of the gapimz as well agan—! x
is again2. All these formulas can be found in Chrystal's Algebra [22] published
in 1886 and Hobson's Trigonometry [26] published in 1891. | was lucky to have
studied these two excellent books towards the end of my high-school years at the
suggestion of my father. After hundred years they are still being reprinted and |
highly recommend them to all students of mathematics.

Renaming the above type of gap as absolute gap, given any positive idteger
let us define the-gap to be the smallest value ©fvhich is nondivisible byl and
for which a; # 0. Then in all the above examples, the value of dhgap is2 for
everyd > 2. As an example of a function withrgap7 we can consider the power
series

4ot T+ a8 2%+ =+ ST+ B4,
To illustrate yet another type of gap, consider the power series
c(14 2% + 23+ 025 + 025 427 +..)

whered is a transcendental number. This has a transcendentality gap of size 5, i.e.,
after factoring outr, the smallest power with transcendental coefficienf'is
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The said first transcendental coefficighttorresponds to thepider of the
Marathi poem caught in Sir Walter Scott’s tangled web, which | spoke of in the
Introduction while talking about the main idea of my joint paper [18] with Ignacio
Luengo.

Formalizing all this, let’ be a field, consider a nonzero membé€r’) of the
meromorphic series fiel# ((7")) given by

y(T) = T° Z AT where ordpy(T) = e
0<i<oo

and A; € K with Ag #0

and for any given subfield of K ((T")) define the'T, S)-gapv of y(T') by putting
v=min{i € N : AT ¢ S}. For the definitions of meromorphic series, ord, field,
etc., see pages 25-32 and 67-88 of [9], or pages 1-39 of [12].

In the above examples we wratefor T, and lete = 1. In thed-gap case we
take S = K((T?)), and in the transcendentality gap case we téke k((T))
wherek is an algebraically closed subfield &f. In the absolute gap case we take
S to be the null ring{0} although technically speaking it is not a subfield. To
take care of this, by apecial subfieldS of K ((7")) we mean either the null ring
S = {0} C K or asubfieldS of K((T")) such that: ifa € SN K* andb € K*
with b? = o for somep € Z andq € N, thenb € S.

Assuminge = 1, let

2(T) € K((T)) be the inverse of y(T), (2.2)

i.e., ordrz(T) = 1 with y(2(T)) = T; note that ify(T) = sinT thenz(T') =
sin™! T, and ify(T) = tan~! T thenz(T) = tanT. We can show that

{ if S is any special subfield of K ((T")) then

the (T, S) — gap of z(T) equals the (T, S) — gap of y(T). (2:2)

We prove this gap invariance by relating the coefficients/@) and z(7').
Applying the said relating of coefficients tan—! 2 we can recover the Bernoulli
expansion ofan x.

Actually, we prove something which is more general than gap invariance. Namely,
foranyz(T) € K((T)) with ordyz(T) = 1, without assuming/(z(7")) = T but
considering the composition(T") = y(z(7T')), by using the multinomial theorem
n!

715!Xi1 ... X!" with randnin N, (2.3)

O
t!. .,

where the summation is over all= (t1,...,t,) € N with ¢; +... +t, = n,
we express the coefficients ofas polynomials in the coefficients gfandz. As a
consequence we show that ¥ .S)-gapsv, w, 7 of x, y, z satisfy the relations

7 > min(v, w)
v<w=SmT=0 (2.4)
w<U=T=Ww.
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Ther = 2 case of (2.3) is Newton’s Binomial Theorem for positive integer
exponents which he obtained around 1665. Soon after he generalized it to fractional
exponents which led him to his famous theorem on fractional meromorphic series
expansion of algebraic functions.

3. Newton’s Theorem and Characteristic Sequences

Referring to pages 89-108 of [9] for a proof of Newton’s Theorem and the related
result called Hensel's Lemma, here is a statement of

Newton’s Theorem.Let N be a positive integer and let
FX,Y)=YN +ay(X)YN 14 +an(X)

with a; (X),...,an(X)in K((X)) whereK ((X)) is the meromorphic series field
over an algebraically closed field of characteristic zero. Then for some positive
integerm we have

PImY)= [ (v —w()) with y(T) e K(T)).
1<i<N

Moreover, if the coefficienta; (X),...,an(X) belong toK[[X]] theny,;(T') €
K|[[T]] for all <. Finally, if F'(X,Y) is irreducible inK ((X))[Y] then we can take
m = N and for any primitiveN-th rootUy of 1 in K and anyj € {1,..., N} we

have{y(T),...,yn(T)} = {y;(UNT),...,y;(UNT)}.

AssumingF’(X,Y) to be irreducible, clearly Supp;(7T) is independent of
and we call it the newtonian supportBfand denote it by Sug@’). The increasing
subsequence of Sup) where the GCD with\V drops is called the newtonian
characteristic sequence bf In greater detail we proceed as follows.

A GCD sequence is a systednconsisting of its lengtth(d) € N and its se-
quence(d;)o<i<n(d)+2 Wheredp = 0,d; € Ny for1 <i < h(d) + 1, d; € di1Z
for 0 < i < h(d), anddjg)+2 € R. A charseq (= characteristic sequence) is
a systemm consisting of its lengtth(m) € N and its sequencen;)o<i<n(m)+1
wheremg € Z*, m; € Zfor1 < i < h(m), andmy,(;,)41 € R. Given any
charsegn with h = h(m), its GCD sequence is the GCD sequedce- d(m)
obtained by puttindi(d) = h, andd; = GCD(my,...,m;—1) for0 <i < h + 2;
its reciprocal sequencg(m) is the sequence = (n;)1<;<x+1 Obtained by putting
n; = dy/d; for 1 < i < h + 1; its difference sequence is the chargeg ¢(m)
obtained by puttindi(q) = h with ¢; = m; for0 < ¢ < 1 andg; = m; — m;—
for 2 < i < h 4 1; note that clearlyi(q) = d(m). Given any charseq with
h = h(q) andd = d(q), its inner product sequence is the charseg s(q) ob-
tained by puttingu(s) = h with so = go ands; = >, ;; ¢;d; for1 <i < h+1,
and its normalized inner product sequence is the charseqr(q) obtained by
puttingh(r) = h with rg = sg andr; = s;/d; for 1 < i < h 4+ 1. Note that then
d(r) = d(q).
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Let us also note that ifny, 11 = oo thengp 1 = spp1 = rhe1 = dpyo = ©
by the infinity convention according to which: for alle R we havex + ¢ = oo
and—oo + ¢ = —o0, for all ¢ € R = the set of all positive real numbers we have
ooc = 0o/c = oo and—ooc = —o0/c = —o0, and we haveo + co = co.

It is worth observing that any one of the four sequeneeg(m), s(¢(m)),
r(q(m)) determines the other three.

Given any charseen, by the characteristic pair sequencemefwe mean the
sequencém;(m), n;(m))1<i<n(m) defined by puttingn;(m) = m;/d;+1(m) and
ni(m) = di(m)/diy1(m) for 1 < i < h(m); we callm(m) = m;(m)i<i<n(m) the
derived numerator sequencerof and we calhi(m) = 7;(m)1<;<p(m) the derived
denominator sequence of.

A charseqn is upper-unbounded means, ), = co.

For any set of integerg which is bounded from below and for any nonzero
integerl, we define the GCRropping sequencemn = m(J,1) of J relative tol
by saying thatn is the unique upper-unbounded charseq with= [ andm; =
min J such that foR < i < h(m) + 1 we have

m; = min{j € J : j is nondivisible by GCD (my,...,m;_1)}.

We define thenewtonian charseqm(F,[) of F relative to a nonzero integeér
by puttingm(F,l) = m(Supt(F),l). If m = m(F,l) with ordray > N =1
anda; = 0, then the above characteristic pair sequenceraoincides with the
Halphen-Smith characteristic pair sequence described in [33].

4. Review on Local Rings and Valuations

A field extensionK™* /K is simple transcendentalmeansk™ = K (t) for some
elementt which is transcendental ovet. It is almost simple transcendental
meanskK* = K'(t) for some finite algebraic field extensidt’ of K and some
element which is transcendental ovéfr. Note that ther<” is the relative algebraic
closure of K in K*, and the generataris determined up to a fractional linear

. at+b .
transformatlon% wherea, b, ¢, d are elements oK’ with ad — be # 0.
C

A quasilocal ring is a ring’” having a unique maximal idedl/ (V'). By
Hy:V - HWV)=V/M(V)

we denote the residue class epimorphism. By a coefficient sétwé mean a
subset: of V with 0 € k and1 € k such thatHy mapsk bijectively ontoH (V).
By a coefficient field of” we mean a coefficient sgétof V' such that is a subfield
of V.

The quasilocal ring” dominates a quasilocal rinf meansR is a subring of
V with M(R) = RN M (V). Note that therf{y, induces an isomorphism éf (R)
onto the subfielddy (R) of H(V') and we let trdeg g H (V) and[H (V) : H(R)]
stand for trdeg,, (z)H (V') and[H (V) : Hy(R)] respectively. Given an element
z in an overring ofV/, we say that is residually transcendentalover R at V' to
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mean that € V and Hy (z) is transcendental oveiy (R). Given an element

in an overring ofl/, we say that is residually a transcendental generatorover

R atV to mean that € V, H(V)/Hy(R) is almost simple transcendental, and
H (V)= K'(Hy(z)) whereK' is the relative algebraic closure &f = Hy (R) in
H(V). In a similar manner, given an elementn an overring ofV/, we say that

z is residually a polynomial over R atV to mean that € V', H(V)/Hy(R) is
almost simple transcendental, and there existsH (V') such thatd (V') = K'(¢)
andHy (z) € K'[t]\ K’ whereK' is the relative algebraic closure &f = Hy (R)

in H(V). In the above three definitions, we may say relativé timstead of al’.

The dimension dirtiR) of a ring R is the maximum length of a chain of prime
idealsPy & P1 & ... & P, in R. A noetherian quasilocal ring is called a local
ring. The smallest number of generators\éf R) is called the embedding dimen-
sion of R and is denoted by emdif®). We always have emdif®) > dim(R)
and R is regular means equality holds; a regular local ring is always a domain.
A DVR is a one-dimensional regular local domain. Alternatively, a DVR is the
valuation ring of a real discrete valuation in the following sense. A valuation is a
mapW : L — G U {oo}, whereL is a field andG is an ordered abelian group,
such that for alk, «" in L we haveW (uu’) = W(u) + W (u') andW (u 4+ u') >
min(W (u), W(u')) and for anyu in L we have:W (u) = co < u = 0. We put
Gw = W(K*)andRy = {u € K : W(u) > 0} and call these the value group
and the valuation ring of¥’. Now Ry is a ring with the unique maximal ideal
M(Rw) ={u € K : W(u) > 0}. ThusRy is a quasilocal ring. Iy = Z then
W is said to be real discrete.

For any local domairk and anyz € R* we define or@gz to be the largest
nonnegative integer such that: € M(R)¢; if z = 0 then we put orgz = oco. If
R is regular then we extend this to the quotient field ®Fof R by putting

ordg(x/y) = ordrz — ordry

forall z,y in R*; if dim(R) > 0 then this gives a real discrete valuation of(@ff
whose valuation ring” dominatesRk and is residually pure transcendental ofer
of residual transcendence degree @ith— 1.

Given any subring of a field L, by D(L/K) we denote the set of all valuation
rings V with QF(V) = L such thatX' C V, and byD(L/K) we denote the
set of allV € D(L/K) such that trdeg,, x)H (V) = (trdegg L) — 1 with the
understanding that if trdegl. = oo then(trdegx L) — 1 = oo; we call these/
the valuation rings andprime divisors of L/K respectively. Note that if. is a
finitely generated field extension of a field then every member ab(L/K) is
a DVR; moreover if trdeg L = 1 then L is the only member oD(L/K) which
does not belong t&)(L/K).

Given any affine domair over a fieldK with QF(A) = L, by I(A/K) and
I(A/K) we denote the set of af € D(L/K) andV € D(L/K), respectively,
such thatd ¢ V; we call thesé/ theinfinity valuation rings andinfinity divisors
of A/K respectively. Note that all members B L/K), and hence all members
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of I(A/K), are DVRs. Also note that if trdegl. = 1 then/(A/K) is a nonempty
finite set, and for every’ € D(L/K) we havelH (V) : K] € N,..

Given any local domai, by D(R)* we denote the set of dif € D(QF(R)/R)
such thatl” dominatesR, and we letD(R)* denote the set of aW ¢ D(R)*
such that restrdgeg/ = dim(R) — 1; we call theseV the valuation rings of
QF(R) dominatingR andprime divisors of R respectively; note that then for ev-
eryV € D(R)® we have restrdegl’” < dim(R), and for eveny)¥’ € D(R)> we
have that/ is a DVR.

Consider a DVRV with its quotient field QFV) = L, its completionV/,
a coefficient fieldK, and a uniformizing parametér, i.e., an element of/ of
order1. Note thatl’ can be identified with the power series riAg|T]] andL with
a subfield of the meromorphic series fi¢ld (7)). For any

y=y(T) =Y AT € K(T)) with A4;€K
i€z
we have defined th&-support Suppy(T) of y(T') to be the set of all € Z with
A; # 0. Now we define th&-order andl-initial-coefficient ofy(7") by putting

ordry(T") = min Suppry(T)

and
incory(T') = Ae where e = ordry(T)

with the understanding thatif(7") = 0 then ord-y(7") = oo and incay(7") = 0.
Note that in case of = K[[T]] we haveordyy = ordyy(T) forally € L.

5. Models and Blowups
Here is brief review of models and blowups. The details can be found on pages
148-161 and 529-577 of [12], which themselves are a transcription of pages 7-35
and 262-283 of [11].

If S is a domain then the modelic spKS) = {Sp : P € spec(S)} where
Sp is the localization of5 at P, and if J is a nonzerd-submodule of an overfield
L of S then the modelic blowup

w(s, )= |J Bz
0#xed

whereJz~! = {yz=! : y € J}. If J has a finite set of generatars, . . ., z, then
00(S,J) =2(S;z1,...,xp) Where

W(S;x1,... 1) = U B(S[x1/xi, - - ., 2p/T4]),

1<4<p with z;0

which is called the modelic proj dfcy, ..., z,) overS. If S is quasilocal then the
dominating modelic blowufii(S, J)? = the set of all those membersi(S, J)
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which dominateS. At any rate, without assumingj to be quasilocal, but assuming
J to be a finitely generated-module, eveny’’ € D(L/S) dominates a unique
member of25(.S, J) which is called theenterof V on20(S, J).

Let R be a positive dimensional local domain. By a QDT = Quadratic Trans-
form of R we mean a member @3(R, M(R))>. For any QDTS of R we have
0 < dim(S) < dim(R) with dim(R) — dim(S) = restrdegrS, andS/M(S) is
a finitely generated field extension 8f/M (R). We havedim(S) = 1 for at least
one and at most a finite number of QDI f R. If R is regular then every QDT
S of R is regular, andlim(.S) = 1 for exactly oneS which then coincides with the
valuation ring of the real discrete valuation grohentioned in Section 1, and hence
in particular it is residually pure transcendental oferSome QDT ofR coincides
with R iff Ris a DVR. If V' is any valuation ring dominating thenl dominates
exactly one QDTS of R, and we callS the QDT ofR alongV'.

A QDT of a positive dimensional local domaiR may also be called a first
QDT of R; by a second QDT oR we mean a first QDT of a first QDT ok, ... ,
by aj-th QDT of R we mean a first QDT of & — 1)-th QDT of R. We declareR
to be the only zeroeth QDT ak. By a QDTsequenceof R we mean a sequence
(Rj)0§j<oo with Ry = R such thatRj is a first QDT Oij,1 for0 < j < 0.

If V' is any valuation ring dominating a positive dimensional local dorfain
then, for any nonnegative integgrthere is a uniqug-th QDT R; of R which is
dominated by and we call it thej-th QDT of R alongV’; we call(R;)o<j<oo the
QDT sequenceof R alongV'.

By Proposition 3 of [2] and its proof we get the following:

Proposition 5.1. If R is regular local domain of dimension at least two and
(Rj)o<j<oo is the QDT sequence @t along a prime divisor” of R then there
exists a unique nonnegative integesuch that for all nonnegative integefs< v
andj’ > v we haveR; # V = R with dim(R;) > 1 = dim(Rj/). Moreover,

V' is a prime divisor ofR,, and V is residually pure transcendental ovét, of
residual transcendence degréan(R,) — 1.

We call (R;)o<;<, thefinite QDT sequence of alongV'.

For the definitions of homogeneous domains, homogeneous subdomains, rele-
vant deals, and irrelevant ideals, see pages 206-213 of [12]R beta noetherian
domain with quotient field. and letA = > _\ A, be a homogeneous domain
with Ao = R andA; # 0, Now projA) is the set of all relevant homogeneous
prime ideals inA and we have prgj{) C spec(A). Moreover

L C R(A) C QF(A)
where the homogeneous quotient fi@dA4) of A is defined by putting

R(A) = U {yn/zn tyn € Ay and z, € A;;}
neN

Likewise, the homogeneous localizatighy) of any P in proj(A) is defined by
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putting

Apy = | /20 yn € An and z, € A, \ P}
neN

The set of all homogeneous localizatioig,), with P varying over projA), is the
modelic proj20(A) of A. Note that?J(A) = 2(R, A1) and for any finite set of
generatorg, . .., z, of the R-moduleA4; we havedU(A) = W(R; z1, ..., zp).

Now here is a short review of integral dependence and Rees rings.

Let A be a domain with quotient field. Assume thatd is normal, i.e, it is
integrally closed in.. Let J be an ideal inA. J is avaluation ideal means it is
the intersection oft with an ideal in a member ab(L/A). J is completemeans
it is an intersection of valuation ideald. is normal meansJ¢ is complete for all
c € Ny. Jissimplemeans/ # A and:Jy, J; ideals inAwith J = J1Jo = J; =
Aor.J, = A. By C(A) we denotethe set of all nonzero complete idealsAn If
A is local thenby C'(A) we denotethe set of allM (A)-primary simple complete
ideals inA. If A is quasilocal then, upon lettind to be the integral closure of
in L, we defineAN to be the set of all members @&f(A) which dominate4 and
we call AN thelocal normalization of A. Likewise, for any set/ of quasilocal
domains we put/N = UpcyBN. If U is any set of quasilocal domains an
any nonnegative integer then by we denote the set of alldimensional members
of U. We are particularly interested in the s8 A, J)© and(20(A, J){)N.

Let R C S be nonnull rings and lef be an ideal inR. An elementz of S is
integral over J meansf(z) = 0 for a univariate polynomiaf (Z) of the form

f(Z2)=Z"+ypZ" '+ . 4y, withne N andy; € J for1 <i<n. (¥)

A subsetrl” of S is integral over J means every: € T is integral over/. We may
write x/.J (is) integral orT’/J (is) integral to indicate that is integral overJ or
T is integral overJ respectively. By théntegral closure of J in .S we mean the
set of all elements aof which are integral ovey. Note that ifJ = R thenJ! = .J
for all i and hence in that case these definitions of integral over and integral closure
coincide with the usual definitions. For the above definitions sedQ@#?2) on
pages 161-163 of [5] and Definition 2 on page 349 of volume 1l of [34].
Let I be an ideal inR. We say that/ is areduction of I to mean that

JcC1I and JI™ =I"" for some n € N. (1)

The above definition of reduction was first introduced by Northcott-Rees in [30].
We may writeJ/I (is a) reduction to indicate thatis a reduction of .
By the Rees ringof [ relative toR with variableZ we mean the ringvz (1)
obtained by putting
Er(I) = R[IZ].

Note thatR[Z] is the univariate polynomial ring as a naturally graded homogeneous
ring with R[Z],, = the set of all homogeneous polynomials of degigacluding
the zero polynomial, and varying overN. Now Er([/) is a graded subring of
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R[Z]. We make the convention that the referenc&tandZ may be omitted when
it is clear from the context. Thus we wrifé(1) instead ofEr(I).
Concerning the above concepts, in [17] we prove the following.

Proposition 5.2. Let R be a noetherian domain with quotient fieldand letA =
> nen An be ahomogeneous domain witlh = R and A; # 0. Then we have the
following.

(I) If Ais normal therR(A)N = 23(A).

(I) Given any element: in the integral closure ofdA in QF(A) we can find
0 # z € A. withe € Nsuch thatz € A. Moreover, any € A{ is transcendental
overf(A) and we have QFA) = R(A)(y).

(Il For any noetherian subdomaiff of R and any homogeneous subdomain
B =Y, N Bn of Awith By = S and QR B) = QF(A), upon lettingS and B
be the integral closures &f and B in R and A respectively, we have that is a
graded subdomain of with By = S.

(IV) If B is a homogeneous subdomain 4fwith By = R and QF(B) =
QF(A) such thatd/ B is integral thenB; # 0 with &(B) = &(A) and23(B)N =
25(A)N.

(V) If I is a nonzero ideal iR such thatA is the Rees rindZ (1) = R[IZ] then
W(A) =W(R,I).

(V1) AssumeR is normal andA is the Rees ringZ(I) = R[IZ] of a nonzero
normal ideall in R. ThenA is normal. Moreover we havi(R, I)N = 20(R, I).
Furthermore, if.J is any reduction of then E(I)/E(J) is integral and we have
W(R, )N =W(R,I).

In Appendix IV of volume Il of [34], Zariski proves the following.
Proposition 5.3.In a normal domain, the completion of an ideal coincides with its
integral closure

In Appendix V of volume Il of [34], Zariski proves the following.

Proposition 5.4.1n a two dimensional regular local domaiR, the product of any
finite number of members 6f R) is again a member af (R), and everyl € C(R)
has a unique factorization

I=1 H JULT) with nonzero principal ideal IinR
JEC(R)

whereu (I, J) € Nwithu(I,J) = 0 for all except finitely many'.

6. Dicritical Divisors in a Local Ring

Let R be a two dimensional regular local domain with quotient fielBy (5.1) we
see that, for any prime divisdf of R, the field extensiod (V')/ Hy (R) is almost
simple transcendental. With this motivational fact in mind, givenargyL*, by a
dicritical divisor (resp:sharp dicritical divisor , flat dicritical divisor ) of z in R
we mean a prime divisdr of R at whichz is residually transcendental (respis a
residual transcendental generatas residually a polynomial) oveR. By © (R, z)
(resp:® (R, 2)f, D(R, z)’) we denote the set of all dicritical (resp: sharp dicritical,
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flat dicritical) divisors ofz in R. For anyz € L* let us define the associated ideals
Jr(z) andIg(z) of z in R by writing z = a/b such thatz # 0 # b in R have no
nonunit common factor ik and letting

Jr(z) = (a,b)R and Ig(z) = the integral closure of Jg(I) in R.
Note that now we have
D(R.2)" C D(R,2) CD(R,2) = (W(R, Jn(2)t)".

It follows that © (R, z) is always a finite set and it is empty iff eithere R or
1/z € R, i.e., iff Jr(z) = R.

Geometrically speaking, we may visualizeto be the local ring of a simple
point of an algebraic or arithmetical surface, and think e arational function
at that simple point which corresponds to theal pencil of curvesa = ub at that
point. We say that generates apecial pencilto mean thab can be chosen so
thatb = 2™ for somer € M(R) \ M(R)? andm € N, i.e.,zz™ € R for some
r € M(R)\ M(R)?andm € N.

By using (5.2) to (5.4), in [17] we prove the following.

Proposition 6.1. Let R be a two dimensional regular local domain with quotient
field L. LetU be any finite set of prime divisors &. Then there exists € L*
such thatd (R, z) = U. Moreover, if the field? /M (R) is infinite then there exists
z € L* such that®(R, 2)! = D(R, 2)’ = D(R, z) = U.

By using the “spider exclusion” principle, in [18] we prove the following.

Proposition 6.2. Let R be a two dimensional regular local domain with quotient
field L. Letz € L* be such that generates a special pencil. Therhas the
fundamental property which says thaD (R, z)” = D(R, z).

Remark. To ask some questions, & be a two dimensional regular local do-
main with quotient field., and let us introduce the inverses of f€unctions by
saying that for any finite subsét of D(R)> we let®*(R,U) (resp:®*(R, U),
D*(R,U)’) be the set of alt € L* such that(R, z) (resp:D (R, 2)¢, D(R, z)°)
equalsU. We also letd*(R,U)" = the set of allz € L* such that: generates

a special pencil an® (R, z) = U. For anyJ € C(R) letnr(J) be the unique

V € D(R)” such that/ is the smallest simpl&-ideal in R. For anyl € C(R),

with the factorization as in (5.4), &t (1) be the set of alhz(.J) with u(Z, .J) > 0.

In (6.1*) we shall restate (6.1). In (6.3) we shall describe the question which was
raised and answered in [17]. In (6.4) and (6.5) we shall raise some further ques-
tions.

Proposition 6.1". For any finite subsel/ of D(R)* we have®*(R,U) # (, and

if R/M(R) is infinite then®*(R, U)? # () and henced*(R,U)" # () as well as
D*(R,U) # 0.

Question 6.3. Given any finite subsel/ of D(R)*, can you describe the set
D*(R,U)? Answer®*(R,U) is the set of alk € L* such thatj,(Ir(z)) = U.
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Question 6.4.As a “sort of converse” of (6.2) we may ask whether, given any finite
subset/ of D(R)%, is it true thatd*(R, U)T # (2 If not true in general, for what
U is this true? In particular, given arly € D(R)* is it true forU = {V'}? If not,
then for whichV is it true?

Question 6.5. Given any finite subsel/ of D(R)* and anyz, 2’ in ©*(R, U)!

is it true thatJr(z) = Jr(z')? If not then can you describe all the idedlg(z)

with z varying in®*(R, U)T? In particular, can you answer these questions when
U= {V}withV € D(R)*?

7. Dicritical Divisors in a Polynomial Ring

Reverting to the first paragraph of Section 5, and takihg- k[X,Y] andL =
k(X,Y) = QF(B) where X,Y are indeterminates over a field we get the
modelic projective planeover k given by P? = 20(k; X,Y,1). By thelocal
ring of theline at infinity in 7?,3 we mean the DVRR, of L/k such that for all
0+# g € B=k[X,Y]wehaveordr_ g = deg(g) where degy) is the total degree.
Note thatR is it's own center orP?. Given any

f=fX,Y)e B\k

of (total) degreeN, let B; denote the localization ob at the multiplicative set
k[f]*, and note thai3; is the affine domairk(f)[X, Y] over the fieldk(f) with
QF(By) = k(X,Y) = L and we have trdegy L = 1. Now a localization of
a UFD is a UFD, and irreducibles in the localization are essentially the same as
irreducibles in the original UFD except that the localization has more units. Conse-
quently B¢ is a one-dimensional UFD and hence it is a DD (= Dedekind Domain)
as well as a PID. It follows thaB/ is the affine coordinate ring of an irreducible
nonsingular affine plane curve ovieff).

Note thatD(L/k) is the set of all valuation ring®¥ with QF(V) = L and
k C V such that trdegH (V) = 1, moreover, every member dD(L/k) is a
DVR, andI(B/k) is the set of alllV € D(L/k) with B ¢ V. Also note that
D(L/k(f)) is the set of all valuation ring with QF(V) = Landk(f) C V # L;
moreover, every member é¥(L /k(f)) is a DVR, andl (B /k(f)) is the set of all
V e D(L/k(f)) with By ¢ V. For everyV € D(L/k(f)) we put

deg(V) =deg; V = [H(V) : k(f)] € Ny
and we call this thg'-degreeof V, or briefly thedegreeof V. We put

[ thesetof all V' € I(B/k)at which
I(B/k. f) = { f is residually transcendental over k
and we observe that
I(B/k, f) = I(By/k(f)) = a nonempty finite set. (7.1)

Now labelling the distinct members éfB/k, f) asVi, ..., V,,, we call them the
dicritical divisors of f in B. Note that the integers anddeg(V1),. .., deg(V;,)
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depend only oryf as a element of the ring and not on the particular generators
X,Y of that ring.
Let us write

f=fXY)= > ayX'V €k[X,Y]\k with a; €k
i+j<N
and letg be thedegree formof f, i.e.,
$=0(X,Y)= >  a;X'VI,
itj=N

Clearly I(B/k, f) C I(B/k)\ {Rx}. Moreover, the center of any ¢
I(B/k)\{Ro} onP? is the two dimensional regular local doma®mwith quotient
field L and[H(R) : k] < oo, described thus:

R = k[z,y]; with z € M(R) \ M(R)?, where (7.2)

(x,y) = (1/X,Y/X)or (z,y) = (1/Y,X/Y) accordingas X ¢ Vorxz € V

and/J is the maximal ideal irk[z, y] generated by: and a nonconstant irreducible
monic polynomiak (y) € k[y]. Moreover, ifV € I(B/k, f) thenV is a dicritical
divisor of f in R with fz"V € R and we have

6(L,y) € C(y)kly] or d(y, 1) € C(y)kly] according as X ¢V ora € V.

By (5.1) it follows that ifVV € I(B/k, f) then the relative algebraic closuté
of kin H (V) is a finite algebraic extension #fand H (V) is a simple transcenden-
tal extension of’. We say thatf is residually a polynomial over B relative toV’
to meanthaf € V andHy (f) € k'[t]\ k' forsomet € H(V) with H(V) = K'(¢).

By (7.2) it follows thatf generates a special pencilit) and hence by (6.2) we
conclude that

f is residually a polynomial over B relative to V. (7.3)

8. Inversion and Invariance of Characteristic Terms
Let V be a DVR with

V C V = the completion of V and QF (V)=Lc L= QF (V).

Let T be a uniformizing parameter df and letK be a coefficient field of/.
Assume that (V'), and hencéy, is an algebrically closed field of characteristic
zero. Note that thehh = K ((T)).

Given anyy = y(T) € K((T)) \ K andz = 2(T) € K((T))\K let

ordry = e with incory = A and ordrz = € with incopz = B.
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We can choose
A e K* with (A)* = A and B € K* with (B)* = B.

By Hensel's Lemma there exists a unigpe- y(7T') € K((7'))* such that

~

()¢ =y and ordpy = 1 with incory = A.

Clearly6(T) — 6(y(T")) gives an automorphisrk ((7')) — K((7')) and hence
there exists a uniqué= z(T") € K((T))* such that

Z(y(T)) = =(T).

We callz = Z(T') the (V, K, T)-expansionof z in terms ofy relative to A, or

briefly we callz = Z(T) the (V, K, T')-expansionof (z,y, A). Concerning the
dependence of this expansion dnlet us note that

if A* is any other member of K with (A\*)e =A

then w = A*/A is an e'™ root of 1 in K

and for the (V, K, T) — expansion z* of (z,y, E*) (b)
we have z*(T') = z(wT)

and hence Supp;z*(T') = Suppyz(T).

With the chosemd, in view of (b) we may put
m(z,y,V, K) = m(Supprz(T),€)

(because SupgE(T) is independent oft) and call it the(V, K )-charseqof (z, y).
With the chosetB, by Hensel's Lemma there exists a unigue zZ(T) e K((T))*
such that

(2)¢ = z and ordrZz = 1 with incor? = B.

Clearly§(T) — 60(z(T")) gives an automorphismA' ((7")) — K((7")) and hence
there exists a uniqug= y(71") € K((7'))* such that

Note that nowj = (T) is the(V, K, T')-expansion ofy, z, B).
Again clearly there exist unique (T') andy'(T") in K((T)) such that

AG(T)) = 2(T) and y'(2(T)) = H(T). (o)
Substituting the first equation ¢#) in its second we get
y' (N G(T) = 9(T)

and hence
i) =T (1)
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Raising the second equation @f) to thee-th power and the first to theth power
we get
yH(T)° = (T) and =N(T)° = Z(T). 2)

By the first equation ofe) we get

ordr2!(T) =1 with incopz’(T) = B/A (3)
and by the second equation @f) we get

ordry(T) =1 with incory!(T) = A/B. (4)

From (2.2) we can deduce the FIRST INVERSION THEOREM which says that:

Given any special subfield S of K ((7)),
upon letting gap(1 syy(7T) = v and gapr 5)2(T") = w,
we have the following.
(1x) If v # 0 # w then v = w. (8.1)
(2*){Ifoo7év7507éw/\7éoothen R
(coef (7 6y2(T)) eA“TTY + (coef (p 6y y(T)) BT € S.
(3%) If S = K ((T%)) for some d € N then 0 # v = w # 0.

From (8.1) we can deduce the SECOND INVERSION THEOREM which says that:

Upon letting m = m(z,y,V, K) and m’ = m(y, 2, V, K)

we have 0 # h(m) = h(m’) # 0

and e = mg = m} with e = my = my

and my, — e =m), —efor2 < < h(m)+1 (8.2)
and di(m) = |e| with di(m') = |€]

and da(m) = da(m') = GCD (e, €)

( and dy,(m) = d,(m’) for 2 < pp < h(m) + 2.

The above two theorems generalize the results of [4] to include the case of

transcendentality gaps; for details see [16]. The above two theorems can also be

used to prove the fundamental property of dicritical divisors, stated in (6.2), for
polynomial rings over characteristic zero fields.
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