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Abstract Lipschitz continuity of the matrix absolute valud| = (A*A4)Y/2 is
studied. LetA and B be invertible, and letV; = max(|A|], || B]|), M2 =
max(||A~L|[, |B~Y|). Then it is shown that

A= [B] || < (1 +log M My) ||A— B|.

A proof is given for the well-known theorem that there is a constamt such that
for any twon x n matricesA andB || |A| — |B| || < ¢(n) ||A — B|| and the best
constant in this inequality i©(log n).
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1. Introduction

Let M(n) be the space ot x n complex matrices. Every elementof M(n) has
a polar decompositiod = U P in which U is unitary andP is positive (semidef-
inite). The matrixP = (A*A)/? is called theabsolute valu®f A and is denoted
as|A|. For computational and theoretical reasons it is of interest to know how well
behaved the map(A) = |A| is.

The two most used norms &fi(n) are theoperator norm (spectral norngnd
theHilbert-Schmidt norm (Frobenius norndgfined, respectively, as

1A = Sup |Az]| = s1(A), @)
z||=1
1/2 1/2
1Al = A= Yayll?| =D @] . @
i,j 7

wheres;(A) > s9(A) > -+ > s,(A) are the singular values of A. Clearly

IAI < [[Allz < v/n [l Al 3)
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For several reasons it is much easier to deal with the Frobenius norm, and so it is
for this problem.

The question discussed in this mainly expository note is whether we have an
inequality of the type

Al =Bl || < C [|[A- B, (4)

and, if so, what is the “best” fact@r that occurs here. If we allo@' to depend on
A and B we have the following inequalities, the proofs of all of which are given in
the book [2]:

2 min(||All, |B]) >
Al —|B < (1—1— A—B|, (5)
141~ 151 ) et DY -
2 Al + HBH)
Al =Bl < Z(2+10g XANLTIZIN 4 By, (6)
=181 < 2 (200 B 4 B
| |A] —|B| || < cond(A)||A— B +O(\|A—BH2). (7)

See Exercise VII.5.3, Theorem X.2.5 and Theorem X.3.6 in [2]. The inequality (5)
can be deduced from the main theorem in [16], and here it is assumed dmatB
are invertible; (6) is due to Kato [13]. The inequality (7) is slightly different from
the kind in (4); here it is assumed thats invertible,B is close toA, andcond(A)
stands for the condition numbgri|| ||A~||. This inequality and its refinements
were proved in [5], [6].

In Section 5 we prove another inequality of this sort:
Theorem 1.1. Let A and B be nonsingulamn x n matrices. Then

| Al —[B| || < (1+log cond(A @ B)) |A— B (8)
| A O
Here A @© B stands for the block matrl% O B } . So
cond(A & B) = max(||Al|, | B||) max(||A~"[|, [ B~]). 9)

These inequalities are “local” in that they involve not jligt— B|| on the right
hand side but factors that depend |p#i| and|| B||, and worse perhagA~—?| and
|B~1||. For the Frobenius norm there is a “global” inequality.

I'1A] = [B| [l < V2 |A = B|2. (10)

The factory/2 here is best possible. This inequality (for compact Hilbert-Schmidt
operators) was first proved by Araki and Yamagami [1]. A much simpler proof (of
a stronger inequality) was given by Kittaneh [14]. This proof is reproduced in [2,
pp. 214-215]. From (10) it follows that

1Al = 1Bl || < V2n ||A - B. (11)
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This does give an inequality of the form (4) but with a factor growing with the
dimension. It turns out that this dependenceronannot entirely be dispensed
with. However, a much better inequality can be proved. We have

I[Al =[B] || < C(n)|A- B, (12)

whereC(n) = O(log n), and this is best possible. This result, first obtained in
connection with problems coming from physics, is of interest to theoretical com-
puter scientists and numerical analysts as well. In Section 4 we give a complete,
self-contained and simple proof of this fact.

This problem has close connections with a seemingly unrelated matteh, et
be thetriangluar truncationoperator oriMi(n); i.e. A, (A) is the upper triangular
matrix with entriesa;; for all i@ < j. Clearly || A, (A)|l2 < ||A|l2. However
|| Ay (A)|| can be larger thafpA||, and it is known that

I An (A)] < C'(n)]| Al (13)

whereC’(n) = O(log n).

When the norrj| - || is replaced by any of the Schattemorms,1 < p < oo,
the factorC’(n) in (13) can be replaced by a factgy that depends op but is
independent of.. Using a beautiful and ingenious argument, Davies [11] has used
this fact to obtain an estimate like (12) for these norms with a factor independent
of n in place ofC(n). The proof given here is essentially taken from [11]. The
only novelty is that for the inequality (13) we give a rather simple proof using
elementary Fourier analysis. That idea is taken from my earlier paper [7]. The
bridge between the estimates (13) and (12) is a theorem on Schur multiplier norms
that is of independent interest. This can be stated in another form as follows. Let
A be a positive definite matrix and 1&f be any matrix. Then

|AX — XA|| < C"(n)|AX + XA, (14)

whereC”(n) = O(log n). We prove the following theorem, on which is based our
proof of Theorem 1.1.

Theorem 1.2.Let A be a positive definite matrix and l&f be any matrix. Then
1 _
|AX = XA|| < 5 log (Al A7) |AX + XAl (15)

Though our problem is of obvious intrinsic importance, it might be interesting
to mention its early history. The analyst A. P. Calderon made many contributions to
the subject of singular integral operators. To prove that such operators are bounded
is often a difficult task. One of Calderon’s theorems is that the opefatefined

on Ly(R) as
Tf(x) = % p-V. / w f(y) dy

is bounded if the functio®’ is (essentially) bounded. This led T. Kato to the fol-
lowing consideration. Letdf = if’ and Bf = bf. The operatorA, called the
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differentiation operator, is unbounded 6a(R); the operatoi3, called a multipli-
cation operator, is bounded if the functibis bounded. Evidently

(AB — BA)f = i(bf) — ibf' = it f.

So if v’ is a bounded function, theAB — BA is a bounded operator. It turns out
that the singular integral operatércan be expressed as

T = |A|B — B|A|.

So if one could show, in general for two operatdrand B on a Hilbert space, that
|A| B — B|A|is bounded whenevet B — B A is bounded, then Calderon’s theorem
would follow as a very special case. A counterexample to this question of Kato was
given by Mclintosh [18].

Kato then proved the inequality (6) and interpreted it to mean that the map
A —— |A] is almost Lipschitz continuous. The general question of finding con-
ditions for functionsf on R to be Lipschitz continuous on Hermitian operators
was studied by M. Sh. Birman and his collaborators. Particularly relevant to the
problem we are discussing is the work of Farforovskaya [12].

2. Trimming and Truncating of Matrices

In this section we study how replacing some diagonals of a matrby zeros
affects|| A||. The problem was studied in [7] from where we borrow the results.

For —n < k < n let Dy(A) be the matrix obtained froml as follows: if
s =1+ k, then the(r, s) entry of D (A) is a,s, and all other entries db(A) are
zero. In other word®y(A) is the matrix obtained from by replacing with zeros
all entries ofA except those on one of the diagonals parallel to the main diagonal.

Let Uy be the diagonal matrikly = diag (¢??, e, ... e™?) . Then
L™ ke «
D(A) = 5= [ U AUz db. (16)
™ —T
Let
k
Tor+1(A) = Y Dj(A). (17)
j—"

This is aband matrixobtained fromA by retaining all entries on the main diagonal
and onk sub and super diagonals, and replacing the entriesaitside this band
by zero. We call this &immingof A. The sum

k
Dp(0) = > €’

i=—Fk

is called theDirichlet kerneland the numbers

1 ™
Ly=— Dy ()| do
=5 | 1Dk
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are called the_ebesgue constantsSince||UgAU;|| = ||A|| for all 6, it follows
from (16) and (17) that
[ Tor1 (A < Ly [ Al (18)

It is a well-known fact of Fourier analysis [3, p.35] that
4
T

From the estimate (18) one can obtain an estimaté oy, (A)|| by going to
2 x 2 block matrices. IfA is ann x n matrix, then we let

~ 0 A
i-lae]

We have||A|| = ||A||. Evidently

@ = | (e

Hence
I An (A)] < C'(n) ]| Al

whereC’(n) = O(log n). This is the statement (13). This inequality is of the
best possible kind. The famous Hilbert matixwith entriesz; = 0 andx;; =
1/(i—j) wheni # j, has the propertigsX | < 7 andA,,(X) = O(log n). (From

what we know about the Lebesgue constants, it is possible to get more precise
information about”’(n) and other such expressions that follow. We leave this to
the interested reader.)

3. Norms of Schur Products

Let A = [a;;] andB = [b;;] be twon x n matrices. TheiGchur-Hadamard product
is the matrixA o B = [a;;b;;]. EachA induces a linear operator dvi(n) defined
asX — A o X. The norm of this linear operator is

|Allsr = sup [[Ao X]|. (19)
IX1=1

Generally it is difficult to evaluate this norm.
When A is a positive semidefinite matrix, a simple expression

”AHSH = m?X 027

was obtained by Schur. See e.g., [4, p. 16].

Let E, be then x n matrix all of whose entries are equalto7;, the matrix
obtained fromF,, by replacing all entries below the main diagonalhwndS,, the
matrix obtained by replacing all entries below the main diagonal byThen

T =5 (Su+ En). (20)
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Clearly | E,||lsg = 1; and since/\,,(X) = T,, o X, the result of Section 2 can be
restated as

[Thllsz = O(log n). (21)
So from (20) we have
[Snllsm = O(log n). (22)
Proposition 3.1.Let Ay, ..., A\, be positive real numbers and Bt be the matrix
with entries A
= 2t AL 23
Wis i + )\j (23)
Then
Wlsu < 2.

Proof : Using the equation

A + Aj -2 min()\i, )\j)
A + )\j
min()\i, )\j)
A + )\j ’

wij =
= 1-2

we can expresB/ as the differencél” = F — (), whereFE is the matrix with all
entries equal ta, and
2 min()\i, >‘j)
WETNTN
i J

The matricegmin(\;, A;)] and [AiiAj] both are positive semidefinite; see [4,

p.152] and [4, p.3]. Hence the matri} is a positive semidefinite matrix with
¢i; = 1. So by Schur’s theorenQ||sy = 1, and thereforé|W || sy < || E|lsg +

1Qlsm < 2. O
Corollary 3.2. Let \q,..., A\, be positive real numbers and I&t be the matrix
with entries
A
Yij = i + )\j .

Then

1Y |lsg < C log n, (24)
whereC' is a constant independent &f, ..., \,.

Proof : Assume, without loss of generality, that > Ay > --- > \,,. Then

=l

Yij = Wy sgn(i — 7).

SoY can be expressed as the product W o S,,, and we have

Ylisa < [WllsmllSnllsm-
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The inequality (24) now follows from (22) and (23). O

The inequality (24) is of the best possible kind. ket> 0 and let); = o'.
Then A , o
o' —al  a'fad —1
Al al aifad +1°
As o« — o0, y;; goes tol for ¢ > j and to—1 for ¢ < j. The entriegy;; are zero.
SoY ~ Sn -1 andHYHSH ~ HSTLHSH = O(log n)
Corollary 3.3. LetA\q,..., A\, and g, . .., uy, be positive real numbers and |at
be then x n matrix with entries

Yij =

Tij = Ai — Mj.
i + 1
Then
| X||sg < C log n, (25)
whereC' is a constant independent &f, ..., Ay, p1,- -+, tin-
Proof: List the given2n numbers as, ..., )\n, Ui, ..., un and form then x 2n

matrix Y as in Corollary 3.2. This matrix has the form

| Y X
S

From this it follows that| X || sz < ||Y|lsz < C log 2n, whereC'is the constant
in (24). So the inequality (25) is valid, now with a differefit a

Remark 3.4: Some of these considerations can be extended to rectangular matri-
ces. ldentify anm x n matrix X with a linear operator front™ into C"™ and let
21 22 } in which Y7, and
Y5, are, respectivelyn x m andn x n matrices. ThertY1, = PAQ, whereP and
@ are orthogonal projections, and henidgs|| < ||Y]|.

The Schur norn X || sz can be defined as before Xf, ..., A, anduq, ...,y
are positive numbers, and is them x n matrix with entries.

| X || be the norm of this linear operator. LEt= {

Ai —
/\i—f—uj’

xij =
then we havel X || sz < C log(m + n).

4. Commutators and the Absolute Value

LetT = [ ho T ] be a partitioned matrix. Thefil}|| < |7 for 1 < j < 4,

T3 Ty
B

IT < H[O T”

= max ([T}, [ Ta]]) + max (| T2[], [ T3]])
I} + T2l + (T3] + [ 74]]-

and

IN
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Theorem 4.1. There exists a positive numb€rwith the following property: ifA
and B are operators on am-dimensional Hilbert spac&{ and A is Hermitian,
then

I |AIB — BIA| | < C log n ||AB — BA. (26)
Proof : Choose an orthonormal basis faf in which A is diagonal and has the
form
P O
A= [ 0 -0 ] , (27)

whereP = diag(A1, ..., \x) and@ = diag(ui, ..., un—x) both are nonnegative.
In this basis letB have the partitioned form

| B1 B
oo [B B

By adding a few zeros if necessary, we may asskimen — k. This does not affect
the argument that follows. It is obvious that

PB; — B1P PBs + B2@ :|

AB — BA = . 28
{ —QB3 — B3P —QB4+ B4Q (28)

From (27) we see that

P O
and hence,
PBy — B1P PBy— ByQ

A|B — B|A| = i 29
A5 = Bl4] [QBs—BgP QB4—B4Q] (29)

We will compare the norms of the four blocks of (29) with the corresponding
blocks of (28). The1, 1) blocks of the two matrices are the same; the2) blocks
differ only by a sign and, therefore, their norms are equal. The blocks ifitl2¢
position are related as follows:

Ai —
Ai +

PBy — ByQQ = [ :| O(PBQ—I—BQQ).

So from (25) we have

|PBy — B2Q|| < C log k ||[PBy+ Ba2Q).
The same argument shows that

|@Bs — B3P|| < C log k |QB;3 + BsP||.

Now using the relation between the norms of a block matrix and the blocks, given
at the beginning of this section, we can obtain the inequality (26) (with another
constantC). |
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Using this we prove our main theorem.

Theorem 4.2.There exists a positive numb@rsuch that for any twa xn matrices
A and B we have
Al =Bl || < C log n||A— BJ|. (30)

Proof : Let H and K ben x n Hermitian matrices and let

=4 9) s=[54]

From Theorem 4.1 we have
| [R|S —SIR| || < C log n||RS — SR (31)

for some constant’. Now note that

_ | O [H|-|K] ep [0 H-K
]R|S—S\R|_[O 0 , RS — SR = 0 0 .
Hence from (31) we have
| [H]—|K] [ < C log n|H - K||. (32)
For any twon x n matrices4A andB let
O A O B

H_[A*O_’ K_[B*O]'
ThenH and K are Hermitian, and

_[ 1A 0] _ | 1B O
From the inequality (32) we obtain (30) (with a different constaht O

Remark 4.3. The key estimate for this argument is (20). This also shows why the
Frobenius norm is different. Sindg;;| < 1 for the matrixY” of Corollary 3.2 we
have||Y o Alls < ||A||2 for all A. If we imitate the proofs of Theorem 4.1 and 4.2
we get instead of (26) the inequality

| [AlB — B|Al|l2 < [[AB — BA]|2 (33)
valid for HermitianA and all B, and instead of (30)
A = [B*[l2 + || |A] = Bl |l < V2| A = B||2 (34)

for all A and B. This is a stronger statement than (10) and was first proved by
Kittaneh. It is known [8] that among all unitarily invariant norms the Frobenius
norm is the only one that is a monotonically increasing function of the absolute
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values of the entries of a matrix. So this argument is very special to the Frobenius
norm. The main point of Davies [11] is that for the Schattemorm,1 < p < oo,

there exists a constans,, independent of:, such that||Y o Al|, < ~,[/A]|, for

all A.

Remark 4.4. Kosaki [15] has shown that for a unitarily invariant noffh- ||| the
following conditions are equivalent:

(i) There exists a constaat; independent of the dimensiensuch that
I[1A] = |B] ][] < C1[[|A - Bl
forall AandB.
(i) There exists a constafb independent of. such that
AR (A < Co[[|All]
for all A.

(iif) There exists a constadt; independent of, such that for the matrix” of
Corollary 3.2 we have

I[IY o A]|| < Cs ]| All|
for all A.

Remark 4.5. In [17] Mathias has followed an alternative approach to obtain the
estimate (22). The special structure % (it is a skew circulant) can be used to
obtain explicit expressions for all its eigenvalues. This information can be used to
find the value of| S, || sx-

5. Some New Inequalities

Let||| - ||| be any unitarily invariant norm oM (n). Let
[Alllsz == sup [[|AoX]]]. (35)
lIx111=1

It is a well known fact that if4 is positive semidefinite, then
1Az = max as.

(See Exercise 2.7.12 in [4].) The following proposition should be compared with
Corollary 3.2.

Proposition 5.1. LetA; > Ay > --- > ), be positive real numbers and I&t be

the matrix with entries
Ai — Aj

Yig = Ai —l-/\j
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Then 1
1Y lllsrr < 5 (log A1 —log An). (36)
Proof: We writeY as the product” = W o L, where

o 20\ — \j)
E (log A\; —log A]) (i + )\j),

and )

lij = B (log Aj —log Aj).
It is known [10], [4, p. 164], that the matrild/ is positive semidefinite. Since
w;; = 1 for all i, we have|||W|||su = 1. For eachX we haveL o X = 1 (DX —

X D) whereD is the diagonal matrix with entrideg \; down its diagonal. By
Theorem 2 in [9] we have, therefore,

1
IIL|||se < 3 (log A1 — log Ay,) .

Combined with the information aboli, this gives the inequality (36). O
A corollary of this is the following statement for all unitarily invariant norms
that includes Theorem 1.2 as a special case.

Corollary 5.2. Let A be a positive definite matrix and |&t be any matrix. Then

1 .
IAX = X Al| < 3 log (JA]l[A ) [[[AX + X Al (37)

Proof : If \; > --- > ), are the eigenvalues of, then||A|| = \; and||A~}|| =
1/An. So the inequality (37) follows from (36). O

More generally, using familiar arguments we can prove

Corollary 5.3. Let A be ann x n and B anm x m positive definite matrix. Then
for everyn x m matrix X we have

1 IR
[AX = XBJ|| < 5 log ([A® Bl A~ @ B~} [|AX + X B[ (38)

This, in turn, leads to the following.

Theorem 5.4. Let A be a nonsingular Hermitiam x n matrix and letB be any
n X n matrix. Then

I11A]B = BIA[| < (1 +log [|A]l[|A7]) I|AB — BA]|l. (39)
Proof: The proof is similar to that of Theorem 4.1. We indicate how the factor on

the right hand side of (39) arises.Tif = [ ? ? } is a partitioned matrix, then
3 14

we have
TN < [[1T7 & Tall] + [[|Z2]]] + [[75]]]-
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Further|[|Ty @ Ty[| < [|[T]|l, and|||[T;|| < [[[T]]| for 1 < j < 4. Using the
same notations as in the proof of Theorem 4.1 we see that the diagdadiof-

T
B|Alis [ 0
have the same norm. To compare the off-diagonal blocks of (28) and (29) use
Corollary 5.3. We have for the (1,2) blocks

_OI ] times the diagonal ol B — BA. So these two diagonal parts

[[PB2 — B2Q]| <

log (1P @ Qll [P~ @ Q) lIIPB2+ B2l

i B

= log (A [A7Y]) IIPB2 + B2Ql|-

O |

The same consideration can be applied to the (2,1) blocks. Combining all this
information we obtain (39). |
For the sake of brevity we introduce the quantity

¢(A,B) = 1+4log cond(A @ B)
= l+log (|[AeB| A eB™). (40)

Theorem 5.5.Let A and B be nonsingularn x n matrices. IfA and B are normal,
we have
I[A] = [B] || < c(A, B) [[|[A = B|. (41)

If AandB are arbitrary, we have
| (A" = 1B*]) & (JA] = [B|) [l| < (A, B) ||| (A" = B*)®(A-B) [||. (42)

Proof : Follow the arguments in the proof of Theorem 4.2 and obtain from Theorem
5.4 the inequality (41) for Hermitiad and B, and (42) for allA andB. If A and
B are normal, themnd*| = |A| and|B*| = | B| and (41) follows from (42). O

For the operator normwe ha{& @Y || = max (|| X ||, [|Y]]) and|| X*® X || =
|.X||. So Theorem 1.1 follows from (42). For the Schattenorms,1 < p < oo,
the inequality (42) gives

A = 1BE + 1Al = Bl I} < 2¢(A, B)” [|A = BIlp. (43)

Finally, we remark that the results of this section remain true for operators in
infinite dimensional Hilbert spaces.
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