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Abstract Lipschitz continuity of the matrix absolute value|A| = (A∗A)1/2 is
studied. LetA and B be invertible, and letM1 = max(‖A‖, ‖B‖), M2 =
max(‖A−1‖, ‖B−1‖). Then it is shown that

‖ |A| − |B| ‖ ≤ (1 + log M1M2) ‖A−B‖.
A proof is given for the well-known theorem that there is a constantc(n) such that
for any twon× n matricesA andB ‖ |A| − |B| ‖ ≤ c(n) ‖A− B‖ and the best
constant in this inequality isO(log n).

Key words Matrix absolute value, perturbation bound, commutator, triangular
truncation, Schur product.

1. Introduction

LetM(n) be the space ofn × n complex matrices. Every elementA of M(n) has
a polar decompositionA = UP in which U is unitary andP is positive (semidef-
inite). The matrixP = (A∗A)1/2 is called theabsolute valueof A and is denoted
as|A|. For computational and theoretical reasons it is of interest to know how well
behaved the mapf(A) = |A| is.

The two most used norms onM(n) are theoperator norm (spectral norm)and
theHilbert-Schmidt norm (Frobenius norm)defined, respectively, as

‖A‖ = sup
‖x‖=1

‖Ax‖ = s1(A), (1)

‖A‖2 = (tr A∗A)1/2 =


∑

i,j

‖aij‖2




1/2

=


∑

j

s2
j (A)




1/2

, (2)

wheres1(A) ≥ s2(A) ≥ · · · ≥ sn(A) are the singular values of A. Clearly

‖A‖ ≤ ‖A‖2 ≤
√

n ‖A‖. (3)
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For several reasons it is much easier to deal with the Frobenius norm, and so it is
for this problem.

The question discussed in this mainly expository note is whether we have an
inequality of the type

‖ |A| − |B| ‖ ≤ C ‖A−B‖, (4)

and, if so, what is the “best” factorC that occurs here. If we allowC to depend on
A andB we have the following inequalities, the proofs of all of which are given in
the book [2]:

‖ |A| − |B| ‖ ≤
(

1 +
2 min(‖A‖, ‖B‖)

‖A−1‖−1 + ‖B−1‖−1

)
‖A−B‖, (5)

‖ |A| − |B| ‖ ≤ 2
π

(
2 + log

‖A‖+ ‖B‖
‖A−B‖

)
‖A−B‖, (6)

‖ |A| − |B| ‖ ≤ cond(A)‖A−B‖+ O
(‖A−B‖2

)
. (7)

See Exercise VII.5.3, Theorem X.2.5 and Theorem X.3.6 in [2]. The inequality (5)
can be deduced from the main theorem in [16], and here it is assumed thatA andB
are invertible; (6) is due to Kato [13]. The inequality (7) is slightly different from
the kind in (4); here it is assumed thatA is invertible,B is close toA, andcond(A)
stands for the condition number‖A‖ ‖A−1‖. This inequality and its refinements
were proved in [5], [6].

In Section 5 we prove another inequality of this sort:
Theorem 1.1. LetA andB be nonsingularn× n matrices. Then

‖ |A| − |B| ‖ ≤ (1 + log cond(A⊕B)) ‖A−B‖. (8)

HereA⊕B stands for the block matrix

[
A O
O B

]
. So

cond(A⊕B) = max(‖A‖, ‖B‖)max(‖A−1‖, ‖B−1‖). (9)

These inequalities are “local” in that they involve not just‖A−B‖ on the right
hand side but factors that depend on‖A‖ and‖B‖, and worse perhaps‖A−1‖ and
‖B−1‖. For the Frobenius norm there is a “global” inequality.

‖ |A| − |B| ‖2 ≤
√

2 ‖A−B‖2. (10)

The factor
√

2 here is best possible. This inequality (for compact Hilbert-Schmidt
operators) was first proved by Araki and Yamagami [1]. A much simpler proof (of
a stronger inequality) was given by Kittaneh [14]. This proof is reproduced in [2,
pp. 214-215]. From (10) it follows that

‖ |A| − |B| ‖ ≤
√

2n ‖A−B‖. (11)
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This does give an inequality of the form (4) but with a factor growing with the
dimension. It turns out that this dependence onn cannot entirely be dispensed
with. However, a much better inequality can be proved. We have

‖ |A| − |B| ‖ ≤ C(n)‖A−B‖, (12)

whereC(n) = O(log n), and this is best possible. This result, first obtained in
connection with problems coming from physics, is of interest to theoretical com-
puter scientists and numerical analysts as well. In Section 4 we give a complete,
self-contained and simple proof of this fact.

This problem has close connections with a seemingly unrelated matter. Let4n

be thetriangluar truncationoperator onM(n); i.e. 4n(A) is the upper triangular
matrix with entriesaij for all i ≤ j. Clearly ‖ 4n (A)‖2 ≤ ‖A‖2. However
‖ 4n (A)‖ can be larger than‖A‖, and it is known that

‖ 4n (A)‖ ≤ C ′(n)‖A‖, (13)

whereC ′(n) = O(log n).
When the norm‖ · ‖ is replaced by any of the Schattenp-norms,1 < p < ∞,

the factorC ′(n) in (13) can be replaced by a factorγp that depends onp but is
independent ofn. Using a beautiful and ingenious argument, Davies [11] has used
this fact to obtain an estimate like (12) for these norms with a factor independent
of n in place ofC(n). The proof given here is essentially taken from [11]. The
only novelty is that for the inequality (13) we give a rather simple proof using
elementary Fourier analysis. That idea is taken from my earlier paper [7]. The
bridge between the estimates (13) and (12) is a theorem on Schur multiplier norms
that is of independent interest. This can be stated in another form as follows. Let
A be a positive definite matrix and letX be any matrix. Then

‖AX −XA‖ ≤ C ′′(n) ‖AX + XA‖, (14)

whereC ′′(n) = O(log n). We prove the following theorem, on which is based our
proof of Theorem 1.1.

Theorem 1.2.LetA be a positive definite matrix and letX be any matrix. Then

‖AX −XA‖ ≤ 1
2

log
(‖A‖ ‖A−1‖) ‖AX + XA‖. (15)

Though our problem is of obvious intrinsic importance, it might be interesting
to mention its early history. The analyst A. P. Calderon made many contributions to
the subject of singular integral operators. To prove that such operators are bounded
is often a difficult task. One of Calderon’s theorems is that the operatorT defined
onL2(R) as

Tf(x) =
1
π

p.v.

∫
b(x)− b(y)
(x− y)2

f(y) dy

is bounded if the functionb′ is (essentially) bounded. This led T. Kato to the fol-
lowing consideration. LetAf = if ′ andBf = bf. The operatorA, called the
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differentiation operator, is unbounded onL2(R); the operatorB, called a multipli-
cation operator, is bounded if the functionb is bounded. Evidently

(AB −BA)f = i(bf)′ − ibf ′ = ib′f.

So if b′ is a bounded function, thenAB − BA is a bounded operator. It turns out
that the singular integral operatorT can be expressed as

T = |A|B −B|A|.
So if one could show, in general for two operatorsA andB on a Hilbert space, that
|A|B−B|A| is bounded wheneverAB−BA is bounded, then Calderon’s theorem
would follow as a very special case. A counterexample to this question of Kato was
given by McIntosh [18].

Kato then proved the inequality (6) and interpreted it to mean that the map
A 7−→ |A| is almost Lipschitz continuous. The general question of finding con-
ditions for functionsf on R to be Lipschitz continuous on Hermitian operators
was studied by M. Sh. Birman and his collaborators. Particularly relevant to the
problem we are discussing is the work of Farforovskaya [12].

2. Trimming and Truncating of Matrices

In this section we study how replacing some diagonals of a matrixA by zeros
affects‖A‖. The problem was studied in [7] from where we borrow the results.

For −n < k < n let Dk(A) be the matrix obtained fromA as follows: if
s = r + k, then the(r, s) entry ofDk(A) is ars, and all other entries ofDk(A) are
zero. In other wordsDk(A) is the matrix obtained fromA by replacing with zeros
all entries ofA except those on one of the diagonals parallel to the main diagonal.
Let Uθ be the diagonal matrixUθ = diag

(
eiθ, ei2θ, . . . , einθ

)
. Then

Dk(A) =
1
2π

∫ π

−π
eikθUθAU∗

θ dθ. (16)

Let

T2k+1(A) =
k∑

j=−k

Dj(A). (17)

This is aband matrixobtained fromA by retaining all entries on the main diagonal
and onk sub and super diagonals, and replacing the entries ofA outside this band
by zero. We call this atrimmingof A. The sum

Dk(θ) =
k∑

j=−k

eijθ

is called theDirichlet kerneland the numbers

Lk =
1
2π

∫ π

−π
|Dk(θ)| dθ
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are called theLebesgue constants.Since‖UθAU∗
θ ‖ = ‖A‖ for all θ, it follows

from (16) and (17) that
‖T2k+1(A)‖ ≤ Lk‖A‖. (18)

It is a well-known fact of Fourier analysis [3, p.35] that

Lk =
4
π2

log k + O(1).

From the estimate (18) one can obtain an estimate for‖ 4n (A)‖ by going to
2× 2 block matrices. IfA is ann× n matrix, then we let

Ã =
[

0 A
A∗ 0

]
.

We have‖Ã‖ = ‖A‖. Evidently

T2n+1(Ã) =
[

0 4n(A)
4n(A)∗ 0

]
.

Hence
‖ 4n (A)‖ ≤ C ′(n)‖A‖,

whereC ′(n) = O(log n). This is the statement (13). This inequality is of the
best possible kind. The famous Hilbert matrixX with entriesxii = 0 andxij =
1/(i−j) wheni 6= j, has the properties‖X‖ ≤ π and4n(X) = O(log n). (From
what we know about the Lebesgue constants, it is possible to get more precise
information aboutC ′(n) and other such expressions that follow. We leave this to
the interested reader.)

3. Norms of Schur Products

Let A = [aij ] andB = [bij ] be twon×n matrices. TheirSchur-Hadamard product
is the matrixA ◦ B = [aijbij ]. EachA induces a linear operator onM(n) defined
asX 7−→ A ◦X. The norm of this linear operator is

‖A‖SH = sup
‖X‖=1

‖A ◦X‖. (19)

Generally it is difficult to evaluate this norm.
WhenA is a positive semidefinite matrix, a simple expression

‖A‖SH = max
i

aii

was obtained by Schur. See e.g., [4, p. 16].
Let En be then × n matrix all of whose entries are equal to1, Tn the matrix

obtained fromEn by replacing all entries below the main diagonal by0, andSn the
matrix obtained by replacing all entries below the main diagonal by−1. Then

Tn =
1
2

(Sn + En) . (20)
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Clearly‖En‖SH = 1; and since4n(X) = Tn ◦X, the result of Section 2 can be
restated as

‖Tn‖SH = O(log n). (21)

So from (20) we have
‖Sn‖SH = O(log n). (22)

Proposition 3.1.Letλ1, . . . , λn be positive real numbers and letW be the matrix
with entries

wij =
|λi − λj |
λi + λj

. (23)

Then
‖W‖SH ≤ 2.

Proof : Using the equation

wij =
λi + λj − 2 min(λi, λj)

λi + λj

= 1− 2
min(λi, λj)

λi + λj
,

we can expressW as the differenceW = E − Q, whereE is the matrix with all
entries equal to1, and

qij =
2 min(λi, λj)

λi + λj
.

The matrices[min(λi, λj)] and
[

1
λi+λj

]
both are positive semidefinite; see [4,

p.152] and [4, p.3]. Hence the matrixQ is a positive semidefinite matrix with
qii = 1. So by Schur’s theorem‖Q‖SH = 1, and therefore‖W‖SH ≤ ‖E‖SH +
‖Q‖SH ≤ 2. 2

Corollary 3.2. Let λ1, . . . , λn be positive real numbers and letY be the matrix
with entries

yij =
λi − λj

λi + λj
.

Then
‖Y ‖SH ≤ C log n, (24)

whereC is a constant independent ofλ1, . . . , λn.

Proof : Assume, without loss of generality, thatλ1 ≥ λ2 ≥ · · · ≥ λn. Then

yij =
|λi − λj |
λi + λj

sgn(i− j).

SoY can be expressed as the productY = W ◦ Sn, and we have

‖Y ‖SH ≤ ‖W‖SH‖Sn‖SH .
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The inequality (24) now follows from (22) and (23). 2

The inequality (24) is of the best possible kind. Letα > 0 and letλi = αi.
Then

yij =
αi − αj

αi + αj
=

αi/αj − 1
αi/αj + 1

.

As α −→ ∞, yij goes to1 for i > j and to−1 for i < j. The entriesyii are zero.
SoY ≈ Sn − I and‖Y ‖SH ≈ ‖Sn‖SH = O(log n).
Corollary 3.3. Let λ1, . . . , λn andµ1, . . . , µn be positive real numbers and letX
be then× n matrix with entries

xij =
λi − µj

λi + µj
.

Then
‖X‖SH ≤ C log n, (25)

whereC is a constant independent ofλ1, . . . , λn, µ1, . . . , µn.

Proof : List the given2n numbers asλ1, . . . , λn, µ1, . . . , µn and form the2n× 2n
matrixY as in Corollary 3.2. This matrix has the form

Y =
[

Y11 X
−X ′ Y22

]
.

From this it follows that‖X‖SH ≤ ‖Y ‖SH ≤ C log 2n, whereC is the constant
in (24). So the inequality (25) is valid, now with a differentC. 2

Remark 3.4 : Some of these considerations can be extended to rectangular matri-
ces. Identify anm × n matrix X with a linear operator fromCn into Cm and let

‖X‖ be the norm of this linear operator. LetY =
[

Y11 Y12

Y21 Y22

]
in whichY11 and

Y22 are, respectivelym×m andn× n matrices. ThenY12 = PAQ, whereP and
Q are orthogonal projections, and hence‖Y12‖ ≤ ‖Y ‖.

The Schur norm‖X‖SH can be defined as before. Ifλ1, . . . , λm andµ1, . . . , µn

are positive numbers, andX is them× n matrix with entries.

xij =
λi − µj

λi + µj
,

then we have‖X‖SH ≤ C log(m + n).

4. Commutators and the Absolute Value

Let T =
[

T1 T2

T3 T4

]
be a partitioned matrix. Then‖Tj‖ ≤ ‖T‖ for 1 ≤ j ≤ 4,

and

‖T‖ ≤
∣∣∣∣
∣∣∣∣
[

T1 0
0 T4

]∣∣∣∣
∣∣∣∣ +

∣∣∣∣
∣∣∣∣
[

0 T2

T3 0

]∣∣∣∣
∣∣∣∣

= max (‖T1‖, ‖T4‖) + max (‖T2‖, ‖T3‖)
≤ ‖T1‖+ ‖T2‖+ ‖T3‖+ ‖T4‖.
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Theorem 4.1.There exists a positive numberC with the following property: ifA
and B are operators on ann-dimensional Hilbert spaceH and A is Hermitian,
then

‖ |A|B −B|A| ‖ ≤ C log n ‖AB −BA‖. (26)

Proof : Choose an orthonormal basis forH in which A is diagonal and has the
form

A =
[

P O
O −Q

]
, (27)

whereP = diag(λ1, . . . , λk) andQ = diag(µ1, . . . , µn−k) both are nonnegative.
In this basis letB have the partitioned form

B =
[

B1 B2

B3 B4

]
.

By adding a few zeros if necessary, we may assumek = n−k. This does not affect
the argument that follows. It is obvious that

AB −BA =
[

PB1 −B1P PB2 + B2Q
−QB3 −B3P −QB4 + B4Q

]
. (28)

From (27) we see that

|A| =
[

P O
O Q

]
,

and hence,

|A|B −B|A| =
[

PB1 −B1P PB2 −B2Q
QB3 −B3P QB4 −B4Q

]
. (29)

We will compare the norms of the four blocks of (29) with the corresponding
blocks of (28). The(1, 1) blocks of the two matrices are the same; the(2, 2) blocks
differ only by a sign and, therefore, their norms are equal. The blocks in the(1, 2)
position are related as follows:

PB2 −B2Q =
[
λi − µj

λi + µj

]
◦ (PB2 + B2Q).

So from (25) we have

‖PB2 −B2Q‖ ≤ C log k ‖PB2 + B2Q‖.
The same argument shows that

‖QB3 −B3P‖ ≤ C log k ‖QB3 + B3P‖.

Now using the relation between the norms of a block matrix and the blocks, given
at the beginning of this section, we can obtain the inequality (26) (with another
constantC). 2
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Using this we prove our main theorem.

Theorem 4.2.There exists a positive numberC such that for any twon×n matrices
A andB we have

‖ |A| − |B| ‖ ≤ C log n ‖A−B‖. (30)

Proof : Let H andK ben× n Hermitian matrices and let

R =
[

H O
O K

]
, S =

[
O I
O O

]
.

From Theorem 4.1 we have

‖ |R|S − S|R| ‖ ≤ C log n ‖RS − SR‖ (31)

for some constantC. Now note that

|R|S − S|R| =
[

O |H| − |K|
O O

]
, RS − SR =

[
O H −K
O O

]
.

Hence from (31) we have

‖ |H| − |K| ‖ ≤ C log n ‖H −K‖. (32)

For any twon× n matricesA andB let

H =
[

O A
A∗ O

]
, K =

[
O B
B∗ O

]
.

ThenH andK are Hermitian, and

|H| =
[ |A∗| O

O |A|
]

, |K| =
[ |B∗| O

O |B|
]

.

From the inequality (32) we obtain (30) (with a different constantC). 2

Remark 4.3. The key estimate for this argument is (20). This also shows why the
Frobenius norm is different. Since|yij | ≤ 1 for the matrixY of Corollary 3.2 we
have‖Y ◦ A‖2 ≤ ‖A‖2 for all A. If we imitate the proofs of Theorem 4.1 and 4.2
we get instead of (26) the inequality

‖ |A|B −B|A| ‖2 ≤ ‖AB −BA‖2 (33)

valid for HermitianA and allB, and instead of (30)

‖ |A∗| − |B∗| ‖2 + ‖ |A| − |B| ‖2 ≤
√

2 ‖A−B‖2 (34)

for all A andB. This is a stronger statement than (10) and was first proved by
Kittaneh. It is known [8] that among all unitarily invariant norms the Frobenius
norm is the only one that is a monotonically increasing function of the absolute
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values of the entries of a matrix. So this argument is very special to the Frobenius
norm. The main point of Davies [11] is that for the Schattenp-norm,1 < p < ∞,
there exists a constantγp, independent ofn, such that‖Y ◦ A‖p ≤ γp‖A‖p for
all A.

Remark 4.4. Kosaki [15] has shown that for a unitarily invariant norm||| · ||| the
following conditions are equivalent:

(i) There exists a constantC1 independent of the dimensionn such that

||| |A| − |B| ||| ≤ C1 |||A−B|||

for all A andB.

(ii) There exists a constantC2 independent ofn such that

|||∆n(A)||| ≤ C2 |||A|||

for all A.

(iii) There exists a constantC3 independent ofn such that for the matrixY of
Corollary 3.2 we have

|||Y ◦A||| ≤ C3 |||A|||

for all A.

Remark 4.5. In [17] Mathias has followed an alternative approach to obtain the
estimate (22). The special structure ofSn (it is a skew circulant) can be used to
obtain explicit expressions for all its eigenvalues. This information can be used to
find the value of‖Sn‖SH .

5. Some New Inequalities

Let ||| · ||| be any unitarily invariant norm onM(n). Let

|||A|||SH := sup
|||X|||=1

|||A ◦X|||. (35)

It is a well known fact that ifA is positive semidefinite, then

|||A|||SH = max
i

aii.

(See Exercise 2.7.12 in [4].) The following proposition should be compared with
Corollary 3.2.

Proposition 5.1. Let λ1 ≥ λ2 ≥ · · · ≥ λn be positive real numbers and letY be
the matrix with entries

yij =
λi − λj

λi + λj
.
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Then

|||Y |||SH ≤ 1
2

(log λ1 − log λn) . (36)

Proof : We writeY as the productY = W ◦ L, where

wij =
2(λi − λj)

(log λi − log λj) (λi + λj)
,

and

`ij =
1
2

(log λi − log λj) .

It is known [10], [4, p. 164], that the matrixW is positive semidefinite. Since
wii = 1 for all i, we have|||W |||SH = 1. For eachX we haveL ◦X = 1

2 (DX −
XD) whereD is the diagonal matrix with entrieslog λj down its diagonal. By
Theorem 2 in [9] we have, therefore,

|||L|||SH ≤ 1
2

(log λ1 − log λn) .

Combined with the information aboutW, this gives the inequality (36). 2

A corollary of this is the following statement for all unitarily invariant norms
that includes Theorem 1.2 as a special case.

Corollary 5.2. LetA be a positive definite matrix and letX be any matrix. Then

|||AX −XA||| ≤ 1
2

log
(‖A‖ ‖A−1‖) |||AX + XA|||. (37)

Proof : If λ1 ≥ · · · ≥ λn are the eigenvalues ofA, then‖A‖ = λ1 and‖A−1‖ =
1/λn. So the inequality (37) follows from (36). 2

More generally, using familiar arguments we can prove

Corollary 5.3. LetA be ann× n andB anm×m positive definite matrix. Then
for everyn×m matrixX we have

|||AX −XB||| ≤ 1
2

log
(‖A⊕B‖ ‖A−1 ⊕B−1‖) |||AX + XB|||. (38)

This, in turn, leads to the following.

Theorem 5.4. Let A be a nonsingular Hermitiann × n matrix and letB be any
n× n matrix. Then

||| |A|B −B|A| ||| ≤ (
1 + log ‖A‖ ‖A−1‖) |||AB −BA|||. (39)

Proof : The proof is similar to that of Theorem 4.1. We indicate how the factor on

the right hand side of (39) arises. ifT =
[

T1 T2

T3 T4

]
is a partitioned matrix, then

we have
|||T ||| ≤ |||T1 ⊕ T4|||+ |||T2|||+ |||T3|||.
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Further|||T1 ⊕ T4||| ≤ |||T |||, and |||Tj ||| ≤ |||T ||| for 1 ≤ j ≤ 4. Using the
same notations as in the proof of Theorem 4.1 we see that the diagonal of|A|B −
B|A| is

[
I O
O −I

]
times the diagonal ofAB −BA. So these two diagonal parts

have the same norm. To compare the off-diagonal blocks of (28) and (29) use
Corollary 5.3. We have for the (1,2) blocks

|||PB2 −B2Q||| ≤ 1
2

log
(‖P ⊕Q‖ ‖P−1 ⊕Q−1‖) |||PB2 + B2Q|||

=
1
2

log
(‖A‖ ‖A−1‖) |||PB2 + B2Q|||.

The same consideration can be applied to the (2,1) blocks. Combining all this
information we obtain (39). 2

For the sake of brevity we introduce the quantity

c(A,B) = 1 + log cond(A⊕B)
= 1 + log

(‖A⊕B‖ ‖A−1 ⊕B−1‖) . (40)

Theorem 5.5.LetA andB be nonsingularn×n matrices. IfA andB are normal,
we have

||| |A| − |B| ||| ≤ c(A,B) |||A−B|||. (41)

If A andB are arbitrary, we have

||| (|A∗| − |B∗|) ⊕ (|A| − |B|) ||| ≤ c(A,B) ||| (A∗−B∗)⊕ (A−B) |||. (42)

Proof : Follow the arguments in the proof of Theorem 4.2 and obtain from Theorem
5.4 the inequality (41) for HermitianA andB, and (42) for allA andB. If A and
B are normal, then|A∗| = |A| and|B∗| = |B| and (41) follows from (42). 2

For the operator norm we have‖X⊕Y ‖ = max (‖X‖, ‖Y ‖) and‖X∗⊕X‖ =
‖X‖. So Theorem 1.1 follows from (42). For the Schattenp-norms,1 ≤ p < ∞,
the inequality (42) gives

‖ |A∗| − |B∗| ‖p
p + ‖ |A| − |B| ‖p

p ≤ 2 c(A,B)p ‖A−B‖p
p. (43)

Finally, we remark that the results of this section remain true for operators in
infinite dimensional Hilbert spaces.
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