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The purpose of this paper is to study the finite element method for second or-
der semilinear elliptic interface problems in two dimensional convex polyg-
onal domains. Due to low global regularity of the solution, it seems difficult
to achieve optimal order of convergence with straight interface triangles [Nu-
mer. Math., 79 (1998), pp. 175–202]. For a finite element discretization based
on a mesh which involve the approximation of the interface, optimal order
error estimates inL2 andH1-norms are proved for linear elliptic interface
problem under practical regularity assumptions of the true solution. Then
an extension to the semilinear problem is also considered and optimal error
estimate inH1 norm is achieved.
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1. INTRODUCTION

Let Ω be a convex polygonal domain inR2 with boundary∂Ω. Let Γ be theC2

smooth boundary of the open domainΩ1 ⊂ Ω andΩ2 = Ω \ Ω1. We consider the



206 BHUPEN DEKA AND TAZUDDIN AHMED

following semilinear elliptic interface problem

−∇ · (β(x)∇u(x)) + u(x) = f(u) in Ω (1.1)

with Dirichlet boundary condition

u(x) = 0 on ∂Ω (1.2)

and interface conditions

[u] = 0,
[
β

∂u

∂n

]
= 0 along Γ, (1.3)

where[v] is the jump of a quantityv across the interfaceΓ and we define the jump
by [v] = v1(x) − v2(x), wherevi is the restriction ofv on Ωi. Here,n is the
outward unit normal to∂Ω1. For the simplicity of exposition, we assume that the
coefficient functionβ is positive and piecewise constant, i.e.,

β(x) = β1 in Ω1; β(x) = β2 in Ω2.

Semilinear interface problems with discontinuous coefficients are often en-
countered in the theory of magnetic field, heat conduction theory, the theory of
elasticity and in reaction diffusion problems with localized autocatalytic chemical
reactions (see, [9, 12, 17]). Because of the discontinuity of the coefficients along
the interface, the solution of such problem has low regularity on the whole physical
domain. Due to the low global regularity and the irregular shape of the interface,
achieving higher order accuracy seems difficult with the classical finite element
method, see [2] and [5]. For a more detailed description on the finite element
analysis for interface problems, one may refer to [7]. Earlier, the finite element
approximation to nonlinear elliptic problems with discontinuous coefficients are
described in [9] and [17]. The results in [9] and [17] contained sub-optimal order
of convergence of the finite element solution to the exact solution. The estimates
in [9] are based on the use of Green’s theorem and the pseudomonotone problem
studied in [10]. The convergence results in [17] are proved under certain stringent
assumptions which guarantee that the corresponding operator is strongly mono-
tone and Lipschitz continuous. Recently, optimal error estimate inH1 norm has
been established in [15]. The algorithm in [15] require that the grid line follow
the actual interface by assuming interface triangles to be curved triangles instead
of straight triangles as in classical finite element methods. As it may be compu-
tationally inconvenient to fit the mesh exactly to the interface, a modification on
finite element discretization based on a mesh which involve the approximation of
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the interface is proposed and analyzed in this work for both linear and semilinear
elliptic problems.

Under certain hypotheses, the error of approximation of solutions of certain
nonlinear problems is basically the same as the error of approximation of solu-
tions of related linear problems [3, 11]. Therefore an essential improvement of
the results of [5] for the linear elliptic interface problems have been obtained in
this work and then semilinear problems are studied into the Brezzi-Rappaz-Raviart
([3]) framework. Optimal order error estimates in theH1-norm (see, Theorem
4.2) is proved for the semilinear elliptic interface problem for a finite element dis-
cretization in which the grid line need not follow the actual interface exactly. The
achieved estimates are analogous to the case with a regular solution, however, due
to low regularity, their proof requires a lot of careful technical work coupled with
an approximating operator framework. Other technical tools used in this paper are
Sobolev embedding inequality, approximations properties for linear interpolation
operator, duality arguments and some known results on elliptic interface problems
and some auxiliary projections.

We have used standard notations for Sobolev spaces and norms in this paper.
Form ≥ 0 and realp with 1 ≤ p ≤ ∞, we useWm,p(Ω) to denote Sobolev space
of orderm with norms

‖u‖W m,p(Ω) =


 ∑

0≤|α|≤m

‖Dαu‖p
Lp(Ω)




1/p

, 1 ≤ p < ∞,

‖u‖W m,∞(Ω) = max
0≤|α|≤m

‖Dαu‖L∞(Ω), p = ∞.

In particular forp = 2, we writeWm,2(Ω) = Hm(Ω). Hm
0 (Ω) is a closed sub-

space ofHm(Ω), which is also closure ofC∞
0 (Ω) (the set of allC∞ functions with

compact support) with respect to the norm ofHm(Ω). For a fractional numbers,
the Sobolev spaceHs is defined in [1].

In addition, we shall also work on the following spaces:

X = H1(Ω) ∩H2(Ω1) ∩H2(Ω2)

equipped with the norm

‖v‖X = ‖v‖H1(Ω) + ‖v‖H2(Ω1) + ‖v‖H2(Ω2).



208 BHUPEN DEKA AND TAZUDDIN AHMED

The rest of the paper is organized as follows. Section 2 introduces the finite
element discretization and some known results for elliptic interface problems. Sec-
tion 3 is devoted to some new optimala priori error estimates for linear elliptic
interface problem. Convergence of finite element solution of semilinear elliptic in-
terface problems are presented in section 4. Finally, a computational example for
elliptic interface problem is presented in Section 5.

2. FINITE ELEMENT DISCRETIZATION AND PRELIMINARIES

For the purpose of finite element approximation of the problem (1.1)-(1.3), we use
a finite element discretization based on [5]. We first approximate the domainΩ1 by
a domainΩh

1 with the polygonal boundaryΓh whose vertices all lie on the interface
Γ. Let Ωh

2 be the approximation for the domainΩ2 with polygonal exterior and
interior boundaries as∂Ω andΓh, respectively.

TriangulationTh of the domainΩ satisfy the following conditions:

(A1) Ω = ∪K∈Th
K.

(A2) If K1, K2 ∈ Th andK1 6= K2, then eitherK1 ∩K2 = ∅ or K1 ∩K2 is a
common vertex or edge of both triangles.

(A3) Each triangleK ∈ Th is either inΩh
1 or Ωh

2 and intersectsΓ (interface) in at
most two points.

(A4) For each triangleK ∈ Th, let hK be the length of the largest side. Let
h = max{hK : K ∈ Th}.

The triangles with one or two vertices onΓ are called the interface triangles,
the set of all interface triangles is denoted byT ∗Γ and we writeΩ∗Γ = ∪K∈T ∗Γ K. Let
Vh be a family of finite dimensional subspaces ofH1

0 (Ω) defined onTh consisting
of piecewise linear functions vanishing on the boundary∂Ω. Examples of such
finite element spaces can be found in [4] and [6].

As a step towards finite element approximation, we now introduce the weak
formulation of the problem (1.1)-(1.3). Define a bilinear formA(·, ·) : H1(Ω)×
H1(Ω) → R by

A(v, w) =
∫

Ω
(β(x)∇v · ∇w + vw) dx.
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Then it is immediate to derive the weak formulation of the interface problem
as follows: Seek a functionu ∈ H1

0 (Ω) such that

A(u, v) = (f(u), v) ∀ v ∈ H1
0 (Ω), (2.1)

where(·, ·) denotes the inner product of theL2(Ω) space. We assumef ∈ C2(R,R)
satisfying

|f ′(s)| ≤ C|s| and|f ′′(s)| ≤ C ∀s ∈ R (2.2)

so that (2.1) admits a unique solutionu ∈ X (cf. [12, 17]).

For the purpose finite element approximation, we define the approximation
βh(x) of the coefficientβ(x) as follows: For each triangleK ∈ Th, letβK(x) = βi

if K ⊂ Ωh
i , i=1 or 2 and we defineβh as

βh(x) = βK(x) ∀K ∈ Th.

Then the finite element approximation to (2.1) is stated as follows: Finduh ∈
Vh such that

Ah(uh, vh) = (f(uh), vh) ∀ vh ∈ Vh, (2.3)

whereAh(·, ·) : H1(Ω)×H1(Ω) → R is defined as

Ah(w, v) =
∑

K∈Th

∫

K
{βK(x)∇w · ∇v + wv}dx ∀w, v ∈ H1(Ω).

Under the assumption (2.2) off , the existence of a unique solution to (2.3) can be
found in [17].

We now recall some existing results which will be frequently used in our anal-
ysis. Regarding the approximation of the bilinear formAh, we have the following
result. For a proof, we refer to [14].

Lemma2.1 — Forwh, vh ∈ Vh, we have

|Ah(wh, vh)−A(wh, vh)| ≤ Ch
∑

K∈T ∗Γ
‖∇vh‖L2(K)‖∇wh‖L2(K).

The following interface approximation property plays a crucial role in our sub-
sequent analysis. For a proof, we refer to [14] (cf. Lemma 3.3)
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Lemma2.2 — If Ω∗Γ is the union of all interface triangles, then we have

‖u‖H1(Ω∗Γ) ≤ Ch
1
2 ‖u‖X .

Let Πh : C(Ω) → Vh be the Lagrange interpolation operator correspond-
ing to the spaceVh. As the solutions concerned are only inH1(Ω) globally,
one cannot apply the standard interpolation theory directly. However, following
the argument of [5] it is possible to obtain optimal error bounds for the inter-
polantΠh (see Chapter 3, [7]). In [7], the authors have assumed that the solution
u ∈ X ∩W 1,∞(Ω1 ∩ Ω0) ∩W 1,∞(Ω2 ∩ Ω0), whereΩ0 is some neighborhood of
the interfaceΓ. The following lemma shows that optimal approximation ofΠh can
be derived foru ∈ X with [u] = 0 along interfaceΓ.

Lemma2.3 — LetΠh : X → Vh be the linear interpolation operator andu be
the solution for the interface problem (1.1)-(1.3), then the following approximation
properties

‖u−Πhu‖Hm(Ω) ≤ Ch2−m‖u‖X , m = 0, 1,

hold true.

PROOF : For anyv ∈ X, let vi be the restriction ofv onΩi for i = 1, 2. As the
interface is of classC2, we can extend the functionvi ∈ H2(Ωi) on to the whole
Ω and obtain the functioñvi ∈ H2(Ω) such that̃vi = vi onΩi and

‖ṽi‖H2(Ω) ≤ C‖vi‖H2(Ωi), i = 1, 2. (2.4)

For the existence of such extensions, we refer to Stein [16].

A

S
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h

B
K

X

L

L

Figure 1: Interface TrianglesK, S, along with interfaceΓ and its approximation
Γh
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Then, forK ∈ Th, we now define

Πhu =
{ Πhũ1 if K ⊆ Ωh

1

Πhũ2 if K ⊆ Ωh
2 .

We claim thatΠhu ∈ Vh and this can be verified if we can prove thatΠhu
maintain the continuity alongΓh. Let AB be a part ofΓh as shown in the Figure1
with A(x1, 0) andB(x2, 0). Along AB,

Πhu = Πhũ1 = c1x + c2 in K ⊆ Ωh
1

and Πhu = Πhũ2 = d1x + d2 in S ⊆ Ωh
2 .

At A(x1, 0) andB(x2, 0), we have

ũ1(A) = c1x1 + c2 and ũ1(B) = c1x2 + c2

and ũ2(A) = d1x1 + d2 and ũ2(B) = d1x2 + d2.

Again [u] = 0 alongΓ givesũ1 = ũ2 along Γ and hence

ũ1(A) = ũ2(A), ũ1(B) = ũ2(B).

Thus, we have

(c1 − d1)x1 + (c2 − d2) = 0.

Then comparing the coefficients, we havec1 = d1 andc2 = d2. Therefore
Πhu maintain the continuity alongΓh and henceΠhu ∈ Vh.

Now, for any triangleK ∈ Th\T ∗Γ , the standard finite element interpolation
theory (cf. [4, 6]) implies that

‖u−Πhu‖Hm(K) ≤ Ch2−m‖u‖H2(K), m = 0, 1. (2.5)

For any elementK ∈ T ∗Γ , we write Ki = K ∩ Ωi, i = 1, 2, for our con-
venience. Again it follows from the standard analysis that dist(Γ,Γh) ≤ O(h2).
Thus, without loss of generality, we can assume that meas(K2) ≤ Ch3. Further,
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using the Ḧolder’s inequality and the fact meas(K2) ≤ Ch3 we derive that for any
p > 2, andm = 0, 1,

‖u−Πhu‖Hm(K2) ≤ Ch
3(p−2)

2p ‖u−Πhu‖W m,p(K2)

≤ Ch
3(p−2)

2p ‖u−Πhu‖W m,p(K)

≤ Ch
3(p−2)

2p
+1−m‖u‖W 1,p(K), (2.6)

in the last inequality, we used the standard interpolation theory (cf. [6]). On the
other hand

‖u−Πhu‖Hm(K1) = ‖ũ1 −Πhũ1‖Hm(K1)

≤ C‖ũ1 −Πhũ1‖Hm(K)

≤ Ch2−m‖ũ1‖H2(K)

≤ Ch2−m‖u‖X , (2.7)

in the last inequality, we used (2.4).

In view of (2.6)-(2.7), it now follows that

‖u−Πhu‖2
Hm(Ω∗Γ)

≤ Ch4−2m‖u‖2
X + C

∑

K∈T ∗Γ
h

3(p−2)
p

+2−2m‖u‖2
W 1,p(K)

≤ Ch4−2m‖u‖2
X + C

∑

K∈T ∗Γ
h

5−2m− 6
p ‖u‖2

W 1,p(K)

≤ Ch4−2m‖u‖2
X + C

∑

K∈T ∗Γ
h

5−2m− 6
p {‖u‖2

W 1,p(K1) + ‖u‖2
W 1,p(K2)}

≤ Ch4−2m‖u‖2
X + C

∑

K∈T ∗Γ
h

5−2m− 6
p

{‖ũ1‖2
W 1,p(K1) + ‖ũ2‖2

W 1,p(K2)}. (2.8)

We now recall Sobolev embedding inequality for two dimensions (cf. Ren and
Wei [13])

‖v‖Lp(Ω) ≤ Cp
1
2 ‖v‖H1(Ω) ∀v ∈ H1(Ω), p > 2. (2.9)
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Now, settingp = 6 in the Sobolev embedding inequality (2.9), we obtain

‖ũi‖L6(Ki) ≤ ‖ũi‖L6(Ωi) ≤ C‖ũi‖H1(Ωi),

‖∇ũi‖L6(Ki) ≤ ‖∇ũi‖L6(Ωi) ≤ C‖∇ũi‖H1(Ωi).

In view of the above estimates, it now follows that

‖ũi‖W 1,6(Ki) ≤ C‖ũi‖H2(Ωi).

This together with (2.8), we have

‖u−Πhu‖2
Hm(Ω∗Γ) ≤ Ch4−2m‖u‖2

X , m = 0, 1. (2.10)

Then Lemma 2.3 follows immediately from the estimates (2.5) and (2.10).2

3. L INEAR ELLIPTIC INTERFACEPROBLEM

In this section, we will establish some new optimal error estimates for linear elliptic
interface problem which will be useful in the error analysis of semilinear problems.

Consider a linear elliptic interface problem of the form

−∇.(β(x)∇u) + u = f(x) in Ω (3.1)

subject to the boundary condition

u(x) = 0 on∂Ω (3.2)

and interface conditions

[u] = 0,

[
β

∂u

∂n

]
= 0 alongΓ. (3.3)

The solutionu ∈ X ∩H1
0 (Ω) satisfies the followinga priori estimate (cf. [5])

‖u‖X ≤ C‖f‖L2(Ω). (3.4)

As a first step towards the finite element approximation, we now introduce
the weak formulation of the problem (3.1)-(3.3) as follows: Seek a functionu ∈
H1

0 (Ω) such that
A(u, v) = (f, v) ∀v ∈ H1

0 (Ω) (3.5)



214 BHUPEN DEKA AND TAZUDDIN AHMED

For f ∈ L2(Ω), the finite element approximation to (3.5) is stated as follows:
Finduh ∈ Vh such that

Ah(uh, vh) = (f, vh) ∀vh ∈ Vh. (3.6)

From (3.5) and (3.6), we note that

A(uh −Πhu, vh) = A(u−Πhu, vh)
+{A(uh, vh)−Ah(uh, vh)}

≡: (I)1 + (I)2 (3.7)

By Lemma 2.3, we can bound the term(I)1 by

|(I)1| ≤ C‖u−Πhu‖H1(Ω)‖∇vh‖L2(Ω)

≤ Ch‖u‖X‖vh‖H1(Ω) (3.8)

For the term(I)2, use Lemma 2.1 to have

|(I)2| ≤ Ch‖∇uh‖L2(Ω)‖∇vh‖L2(Ω)

≤ Ch‖∇uh‖L2(Ω)‖vh‖H1(Ω)

≤ Ch‖f‖L2(Ω)‖vh‖H1(Ω) (3.9)

where we have used the inequality

‖∇uh‖L2(Ω) ≤ C‖f‖L2(Ω)

which follows directly from (3.6) by takingvh = uh and using coercivity.

From the estimates (3.8)-(3.9), we conclude by takingvh = uh −Πhu in (3.7)
that

‖uh −Πhu‖H1(Ω) ≤ Ch(‖u‖X + ‖f‖L2(Ω)). (3.10)

The above estimate (3.10) together with Lemma 2.3 and (3.4) leads to the fol-
lowing optimal order error estimate inH1 norm.

Theorem3.1 — Let u anduh be the solutions of the problem (3.1)-(3.3) and
(3.6), respectively. Then, forf ∈ L2(Ω), the followingH1-norm error estimate
holds:

‖u− uh‖H1(Ω) ≤ Ch‖f‖L2(Ω). 2
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For theL2 norm error estimate we shall use the Nitsche’s trick. We consider
the following elliptic interface problem

−∇ · (β∇w) + w = u− uh in Ω

with Dirichlet boundary condition

w(x) = 0 on ∂Ω

and interface conditions

[w] = 0,
[
β

∂w

∂n

]
= 0 along Γ.

Then clearlyw ∈ X ∩H1
0 (Ω) and satisfies the weak form

A(w, v) = (u− uh, v) ∀v ∈ H1
0 (Ω). (3.11)

Further,w satisfies thea priori estimate (cf. [5])

‖w‖X ≤ C‖u− uh‖L2(Ω). (3.12)

We then define its finite element approximation to be the functionwh ∈ Vh

such that
Ah(wh, vh) = (u− uh, vh) ∀vh ∈ Vh. (3.13)

Arguing as in the derivation of Theorem 3.1 and further using thea priori
estimate (3.12), we have

‖w − wh‖H1(Ω) ≤ Ch‖u− uh‖L2(Ω). (3.14)

Settingv = u− uh ∈ H1
0 (Ω) in (3.11) and using (3.5) and (3.6), we obtain

‖u− uh‖2
L2(Ω) = A(w, u− uh)

= A(w − wh, u− uh) + A(wh, u− uh)
= A(w − wh, u− uh) + [Ah(uh, wh)−A(uh, wh)]
≡: (II)1 + (II)2 (3.15)

By Theorem 3.1 and (3.14) we immediately have

|(II)1| ≤ Ch2‖f‖L2(Ω)‖u− uh‖L2(Ω) (3.16)
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Arguing as deriving (3.9) we can deduce

|(II)2| ≤ Ch
∑

K∈T ∗Γ
‖∇uh‖L2(K)‖∇wh‖L2(K)

≤ Ch‖∇uh‖L2(Ω∗Γ)‖∇wh‖L2(Ω∗Γ)

≤ Ch‖∇(u− uh)‖L2(Ω∗Γ)‖∇wh‖L2(Ω∗Γ)

+Ch‖∇u‖L2(Ω∗Γ)‖∇(w − wh)‖L2(Ω∗Γ)

+Ch‖∇u‖L2(Ω∗Γ)‖∇w‖L2(Ω∗Γ)

≤ Ch2‖f‖L2(Ω)‖u− uh‖L2(Ω)

+Ch
5
2 ‖u‖X‖u− uh‖L2(Ω) + Ch2‖u‖X‖w‖X

where we have used Theorem 3.1, Lemma 2.2 and (3.14), and the following in-
equality

‖∇wh‖L2(Ω) ≤ C‖u− uh‖L2(Ω).

Thus, for the term(II)2, we have

|(II)2| ≤ Ch2‖f‖L2(Ω)‖u− uh‖L2(Ω)

+Ch2‖u‖X‖u− uh‖L2(Ω)

≤ Ch2‖f‖L2(Ω)‖u− uh‖L2(Ω). (3.17)

Finally using (3.16)-(3.17) in (3.15), we obtain

‖u− uh‖2
L2(Ω) ≤ Ch2‖f‖L2(Ω)‖u− uh‖L2(Ω).

Thus, we have proved the following optimal order estimates inL2 norm.

Theorem3.2 — Let u anduh be the solutions of the problem (3.1)-(3.3) and
(3.6), respectively. Then, forf ∈ L2(Ω), there exist a positive constantC indepen-
dent of h such that

‖u− uh‖L2(Ω) ≤ Ch2‖f‖L2(Ω). 2

Remark3.1 : The present work improves the results of [5] and [14] for ellip-
tic interface problems under minimum regularity assumptions of the true solution
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and for a practical finite element discretization. To the best of authors knowledge
Theorem 3.1 and Theorem 3.2 have not been established before for conforming fi-
nite element method with straight interface triangles. For quadrature finite element
method with higher smoothness assumption off ∈ H2(Ω), similar result can be
found in Deka ([8]).

4. ERRORANALYSIS FOR SEMILINEAR ELLIPTIC INTERFACEPROBLEMS

This section deals with the error analysis for semilinear elliptic interface problems.
Before proceeding further, below, we quote some results concerning the approxi-
mation of a class of nonlinear problems from [3, 11] for our future use.

Let X andY be Banach spaces. Consider the following class of nonlinear
problems: Findψ ∈ X such that

ψ + T G(ψ) = 0, (4.1)

whereT ∈ L(Y;X ) andG is aC2-mapping fromX intoY. We assume that there
exists another Banach spaceZ, contained inY, with continuous embedding, such
that

DG(ψ) ∈ L(X ;Z) ∀ ψ ∈ X , (4.2)

whereDG denotes the Fréchet derivative ofG.

Approximations are defined by introducing a subspaceXh ⊂ X and an approx-
imating operatorTh ∈ L(Y;Xh). That is, seek aψh ∈ Xh such that

ψh + ThG(ψh) = 0. (4.3)

Concerning the linear operatorTh, we assume the following approximation
properties:

lim
h→0

‖(Th − T )φ‖X = 0 ∀ φ ∈ Y (4.4)

and
lim
h→0

‖(Th − T )‖L(Z;X ) = 0. (4.5)

Note that (4.5) is a consequence of (4.4) when the imbedding ofZ into Y is
compact.

We now recall the result of [3] (see also [11]) in the following theorem.
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Theorem4.1 — Let X and Y be Banach spaces. Assume thatG is a C2-
mapping fromX into Y and thatD2G(the second Fŕechet derivatives ofG) is
bounded on all bounded sets ofX . Assume that (4.2), (4.4) and (4.5) hold. Further,
let ψ and ψh satisfy (4.1) and (4.3), respectively. Then there exists a constant
C > 0, independent ofh, such that

‖ψh − ψ‖X ≤ C‖(Th − T )G(ψ)‖X . (4.6)

The main concern of this section is to estimate the error involves in the semilin-
ear finite element approximation. We first recast the problem into Brezzi-Rappaz-
Raviart framework. For this purpose, we set

X = H1
0 (Ω), and Y = Z = L2(Ω).

It is well-known (cf. [2] and [5]) that, forf̃ ∈ L2(Ω), there exists a unique
solutionũ ∈ X satisfying the following linear interface problem

A(ũ, v) = (f̃ , v) ∀ v ∈ H1
0 (Ω). (4.7)

We introduce the linear operatorT : Y → X to be the solution operator for the
linear elliptic interface problems, i.e.T f̃ = ũ for f̃ ∈ Y andũ ∈ X if and only if
(4.7) holds.

Further, we now define an approximating operatorTh : Y → X to be the
finite element solution operator for the linear elliptic interface problem (4.7), i.e.,
Thf̃ = ũh for f̃ ∈ Y andũh ∈ Vh if and only if

Ah(ũh, vh) = (f̃ , vh) ∀ vh ∈ Vh. (4.8)

Thus, the problem (2.1) is now equivalent to

T G(u) = u, (4.9)

and (2.3) is equivalent to
ThG(uh) = uh, (4.10)

where we defineG : X → Y by

G(v) = f(v) for all v ∈ X . (4.11)
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Concerning the linear operatorTh, we have the following approximation prop-
erties from the previous section:

‖(T − Th)w‖X ≤ Ch‖w‖Y , (4.12)

for all w ∈ Y.

We now prove the main result of this section in the following theorem.

Theorem4.2— Letu anduh be the solutions of (4.9) and (4.10), respectively.
Then, forf ∈ C2(R,R) satisfying

|f ′(s)| ≤ C|s| and |f ′′(s)| ≤ C, ∀s ∈ R,

there exists a positive constantC independent ofh such that

‖u− uh‖H1(Ω) ≤ Ch(‖u‖H2(Ω1) + ‖u‖H2(Ω2)).

PROOF : For anyf̃ ∈ Z = L2(Ω), a regularity theorem (cf. [5], page178) for
the solutionũ of linear elliptic interface problem (4.7) imply that̃u = T f̃ ∈ X
and

‖ũ‖H1(Ω) + ‖ũ‖H2(Ω1) + ‖ũ‖H2(Ω2) ≤ C‖f̃‖L2(Ω).

It now follows from the results of previous section for linear elliptic interface
problem that

‖(T − Th)f̃‖X = ‖ũ− ũh‖X
= ‖ũ− ũh‖H1(Ω)

≤ Ch(‖ũ‖H2(Ω1) + ‖ũ‖H2(Ω2))

≤ Ch‖f̃‖L2(Ω) = Ch‖f̃‖Z .

Here,ũh is the finite element approximation tõu given by (4.8). Then taking
the supremum over̃f ∈ Z, we obtain

‖(T − Th)‖L(Z,X ) ≤ Ch → 0 as h → 0.

Let v, w ∈ X be given. By the definition of the operatorG, we haveG(v) =
f(v) for all v ∈ X . The Fŕechet derivative ofG atv becomesDG(v) = f ′(v) and
hence,

DG(v)w = (f ′(v))w.
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Now,

‖DG(v)‖ = sup
w∈H1

0 (Ω)

‖DG(v)w‖Z
‖w‖H1(Ω)

= sup
w∈H1

0 (Ω)

‖f ′(v)w‖L2(Ω)

‖w‖H1(Ω)
. (4.13)

Further, we note that

‖f ′(v)w‖2
L2(Ω) =

∫

Ω
|f ′(v)|2|w|2dx

≤
(∫

Ω
|f ′(v)|4dx

)1/2 (∫

Ω
|w|4dx

)1/2

=

{(∫

Ω
|f ′(v)|4dx

)1/4
}2 {(∫

Ω
|w|4dx

)1/4
}2

.

Therefore,
‖f ′(v)w‖L2(Ω) ≤ ‖f ′(v)‖L4(Ω)‖w‖L4(Ω). (4.14)

Applying |f ′(s)| ≤ C|s|, we have|f ′(v)| ≤ C|v|, which immediately implies

(∫

Ω
|f ′(v)|4dx

)1/4

≤ C‖v‖L4(Ω). (4.15)

Combining (4.14) and (4.15), we obtain

‖f ′(v)w‖L2(Ω) ≤ C‖v‖L4(Ω)‖w‖L4(Ω).

Now, using the Sobolev embedding inequality for two dimensions (cf. [13], page
184):

‖v‖Lp(Ω) ≤ Cp
1
2 ‖v‖H1(Ω) ∀p > 2, v ∈ H1(Ω), (4.16)

we obtain
‖f ′(v)w‖L2(Ω) ≤ C‖v‖H1(Ω)‖w‖H1(Ω),

which together with (4.13) immediately impliesDG(v) ∈ L(X; Z). Similarly, un-
der the assumption|f ′′(s)| ≤ C onR we can easily prove thatD2G(v) is bounded.
Then it follows from (4.6) that

‖u− uh‖H1(Ω) ≤ C‖(T − Th)G(u)‖H1(Ω). (4.17)
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Using the estimate for linear elliptic interface problem from section 3, we ob-
tain

‖(T − Th)G(u)‖H1(Ω) ≤ Ch‖G(u)‖L2(Ω) = Ch‖f(u)‖L2(Ω). (4.18)

Again it follows immediately from equation (1.1) that

‖f(u)‖L2(Ω) ≤ C‖u‖H2(Ω1) + C‖u‖H2(Ω2).

This together with the estimate (4.18) leads to the desired error estimate.2

Remark: In comparison to the results of [13], the main advantage with The-
orem 4.2 is that it is obtained for a more practical finite element discretization in
which the grid line need not follow the actual interface exactly.

5. NUMERICAL RESULTS

In this section we report the results of computations of a two-dimensional elliptic
interface problem. We take for the domain the rectangleΩ = (0, 2) × (0, 1). The
interface occurs atx = 1 so thatΩ1 = (0, 1)× (0, 1), Ω2 = (1, 2)× (0, 1) and the
interfaceΓ = Ω̄1 ∩ Ω̄2.

Consider the following elliptic boundary value problem onΩ:

−∇ · (βi∇ui) + ui = fi in Ωi, i = 1, 2, (5.1)

ui = 0 on ∂Ω ∩ Ω̄i, i = 1, 2, (5.2)

u1|Γ = u2|Γ, (β1∇u1 · n1)|Γ + (β2∇u2 · n2)|Γ = 0, (5.3)

whereni denotes the unit outer normal vector onΩi, i = 1, 2.

For the exact solution, we choose

u1(x, y) = sin(πx) sin(πy), (x, y) ∈ Ω1

and
u2(x, y) = − sin(2πx) sin(πy), (x, y) ∈ Ω2.

The right-hand sidesf1 andf2 in (5.1) are determined from the choice foru1 and
u2, respectively withβ1 = 1 andβ2 = 1

2 .
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For our numerical results, globally continuous piecewise linear finite element
functions based on uniform triangulations ofΩi, i = 1, 2, were used. The nodes
of the triangulations ofΩ1 andΩ2 coincide on the interfaceΓ as stated in Section
2. Let hx andhy be the discretization parameters alongx andy axes, respectively.
Then we choose our mesh parameterh such thath2 = hx

2 + hy
2. From Table 5.1,

we see the convergence of the finite element solution to the exact solution inL2

andH1 norms.

Table 5.1:Numerical results for the test problem (5.1)-(5.3).

h2 (hx, hy) ‖u− uh‖L2(Ω) ‖u− uh‖H1(Ω)

1/8 (1/2, 1/2) .056165 .158861
1/32 (1/4, 1/4) .014041 .079430
1/128 (1/8, 1/8) .003510 .039709
1/512 (1/16, 1/16) .000877 .019854
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