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To a reasonable approximation, a secondary structures of RNA is determined
by Watson-Crick pairing without pseudo-knots in such a way as to minimise
the number of unpaired bases. We show that this minimal number is deter-
mined by the maximal conjugacy-invariant pseudo-norm on the free group
on two generators subject to bounds on the generators. This allows us to
construct lower bounds on the minimal number of unpaired bases by con-
structing conjugacy invariant pseudo-norms.

We show that one such construction, based on isometric actions on met-
ric spaces, gives a sharp lower bound. A major goal here is to formulate
a purely mathematical question, based on considering orthogonal represen-
tations, which we believe is of some interest independent of its biological
roots.
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1. INTRODUCTION

Ribonucleic acid (RNA) plays an important role in all living systems (see [3]). An
RNA molecule is a nucleic acid polymer consisting of nucleotide monomers, each
of which is of one of four types determined by the nucleotide base present in it.
Thus, an RNA molecule can be regarded as a wWgkd . . ,, in the alphabet with

four letters - A (Adenine), U (Uracil), G (Guanine) and C (Cytosine).

An RNA molecule folds into aecondary structutewith the dominant force
being hydrogen bonds between Adenine and Uracil and between Guanine and Cy-
tosine — the Watson-Crick pairs. Each base can participate in at most one bond.
Further, as an approximation to stereochemical forces, we rulpseudo-knots
this means that if < j < k < m, then we cannot simultaneously have bonds of
the form/;-1;, andl;-1,,. In other words, pairs forming bonds are tioked

Watson-Crick pairing can naturally be formulated in terms of the moabioh
four generators, 3, @ and and the quotient homomorphism frah to the free
groupF on two generators andg3, with @ and3 mapping to the inverses efand
3 respectively. Namely, we identify the lettexs 3, @ and 3 with the nucleotides
Adenine, Uracil, Guanine and Cytosine, respectively. Under this identification, an
RNA molecule corresponds to a word in the four letterss, @ and g, i.e., an
element ofM. Further, we can associate to an RNA strand its image in the free
groupF.

The Watson-Crick pairs then become pairs between letters whose imafes in
are inverses of each other. We can formalise the notion of secondary structures
without pseudo-knots in these terms. For more details of the transition from biol-
ogy to our model, we refer to [2].

Definition1.1 — Forg = [; ... 1,, we say that the pairs of letté;, [;),i < j
and(lg, ), k < m, arelinkedif eitheri < k < j <mork <i<m < j.

Definition 1.2 — A folding of a wordg = [1l5...1, in o, B, @ and 3 is a
collection ofdisjointpairsF C {(i,7) : 1 <i < j < n} such that

For(i,j) € F,

(i, 1) € {(e, @), (@, @), (B, 5), (B, B)}

Any two pairs(ii, j1) € F and(iz, j2) € F are not linked.
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The number of unpaired bases in a foldifigas above is(g; F) = n — 2|F|.
As a reasonable approximation, we may assume that RNA folds so as to minimise
the number of unpaired bases. We shall denote the minimum number of unpaired
bases in an RNA strand corresponding to a wpid o, 3, @ and3 by N(g), i.e.,

N(g) = min{u(g; F) : F is afolding ofg}

A central problem in understanding the secondary structures of RNA is to find
lower bounds on the number of unpaired bases in a secondary structure — any tech-
nique giving such a bound is also likely to lead to insights on the structure of the
energy landscap®r secondary structures. In this note, we show that the mini-
mum number of unpaired bases can be viewed as the maximal conjugacy invariant
pseudo-norm on the free grodpsubject to bounds on the generators. This gives
a general method for obtaining lower bounds.

Remarkl.3 : In considering the functioV defined in terms of foldings, we
have made two major simplifying assumptions — we have assumed that there are
no pseudo-knots and we have ignored the stereochemical restriction that there are
no small loops.

However, the lower bounds continue to hold even if we include the no small
loop restriction, as introducing the restriction means that we are minimiging-)
over a subset of foldings (those satisfying the restriction), so the corresponding
minimum is at least as large @5(g), and thus satisfies lower bounds satisfied by
N(g). We remark that the number of unpaired bases in an optimal folding satisfy-
ing the no small loops restriction is no longer a well-defined functio&’on

Further, while pseudo -knots are present in nature, they account for a small
fraction of all bonds. Thus our model agrees to a reasonable extent with molecular
biology.

Our first observation is thaW¥(g) gives a well-defined function on the free
group F. We prove this in Section 2.

Theorem1.4— If g; and g, are strings inc, 3, @ and 3 representing the same
word in the free grougF’, thenN (g1) = N(g2).

Thus, we can regard the number of unpaired bases in an optimal folding as a
function N : FF — R on the free groupgr’. We show thatV : FF — R is the
maximal conjugacy-invariant pseudo-norm on the free group so that the generators
and their inverses have pseudo-norm (at mbst)
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Definition1.5 — A conjugacy invariant pseudo-norm on the free gréuis a
functionn : F — R such that

(
(

n(gh) < n(g) +n(h)forallg,h € F.
(

~l
)

=
~

I

n(g) forall g,h € F.
We use here and throughout the notattoi® denote inverse df € F.

Remarkl.6 : One may also wish to add the symmetry conditiég) = n(g) as
part of the definition of conjugacy invariant pseudo-norms. All the pseudo-norms
we consider automatically satisfy this, so such a change in definition would not
affect any of our results.

Itis easy to see thaV (a) = N(a) = N(B8) = N(B) = 1.

Theoreml1.7— The functionN : F' — R is a conjugacy-invariant pseudo-
norm onk'. Furthermore, ifM/ : F — R is a conjugacy-invariant pseudo-norm

satisfying the bound8/(«) < 1, M(a) < 1, M(5) < 1and M (5) < 1, then
N(g) > M(g)forall g € F.

The main technical lemma in the proof is Lemma 4.1, which gives a repre-
sentation of a wor@ as a product of conjugates, corresponding to a folding. of
Applying this to an optimal folding gives an effective description\dfg), which
is pivotal in this paper.

Theorem 1.7 gives us a general method to construct lower bounds — we con-
struct pseudo-norma/ that are conjugacy invariant and normalise to achieve the
conditionsM (o) < 1, M(a) < 1, M(3) < 1 andM(3) < 1. We shall consider
two methods to construct such pseudo-norms. We show that the first — isometric
actions on metric spaces, gives sharp bounds (Section 5). The second — orthogonal
representations, which is more practically implementable, is also sharp in some
important cases. Whether this is sharp in general is a purely mathematical question

which we formulate (Section 6).

The formulation of RNA folding we consider is a special case of an estimate
for the c-conjugating norm, as in [1]. This suggests that mathematical work in [1]
and related papers may shed light on RNA folding.
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2. FOLDINGS AND CANCELLATIONS

In this section we prove Theorem 1.4, which says fkias a well-defined function
on the free grou’. As words representing the same element in the free group are
related by insertion or deletion of cancelling pairs of letters, Theorem 1.4 follows
from the following lemma and analogous results for other pairs of generators.

Lemma2.1 — Forwordsy = A1 ... A\, andh = puy . .. pu, in o, 3, @ andg,

N(gh) = N(gaah)

PROOF: First, we see thalV (gh) > N(gaah). Namely, letF be an optimal
folding of gh, i.e.,N(gh) = u(gh; F). Consider the wordaah =y ... lx4mi2 =
Al Ag@a ... by As the cancelling pair of lettelg, 1 = o andl o = @ are
adjacent, they are not linked with any other pair. It follows that the unioh with
the cancelling paifly i1, (x4 2) is a folding F'. Furtheru(gaah; F') = u(gh; F).
By the optimality of 7, the result follows.

Conversely, lef’ be an optimal folding fogaah. We shall show that there is a
folding F of gh with |F| > |F'| — 1. This implies that(gh; F) < u(g1aah; F'),
giving the claim.

Firstly, if (Ix41,lk412) € F', then we delete this pair to obtaifi. Next, if at
most one of the cancelling letters is in a paitdf we delete this pair (if there is one
such) to obtairF. In both these cases we obtain a foldifigvith |F| > |F'| — 1.
Hence we are reduced to the case where the cancelling lgttereind/y o are
paired with different letterg and/;.

We claim that we can delete both the pairs involving the cancelling léjters
andl;2 and introduce the paii;, ;) (or (/;,1;)) to obtain a foldingF with | F| =
|F'| — 1. Observe thatF| > |F'| — 1. To showF is a folding, it suffices to
verify that no pair ofF is linked with (;, ;). This can be seen topologically as an
arc intersecting!;, ;) transversally in a single point must also intersect either the
segment fromi;,; to ;o or arcs joining one of the points and/; to the vertex
in {lg+1, lk+2} With which it is paired. However we give an elementary argument
below.

Suppose to the contrary, i.e., assume that a @git,) of F is linked with
(1;,1;). We assume without loss of generality that p < j < ¢, as the proof in
the other case is obtained similarly by reversing all inequalities. We shall consider
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different cases depending on the relationkof 1 to p andq, and in each case
contradict the assumption th&t is a folding.

1. Ifk+1 <pthenask+1#p k+2 <p. Thusk+1 <k+2<p<j<yq,
so both;, 1 —1; andi; o —[; are linked with,,—[,,. At least one oflj1, ;)
and(l,+2,;) must be inF’, contradicting the hypothesis that is a folding
as(lp,ly) € F'.

2. Ifp<k+1<gqgtheni<p<k+1<k+2<gq,sobothl; —l;,, and
l; — lj42 are linked withl,, — [,. At least one ofl;, l;+1) and(l;, [x+2) must
be inF’, contradicting the hypothesis that is a folding agl,,,) € F'.

3. Ifg<k+1,thenp <j<qg<k+1<k+2,s0both;—1I;;andl; —l 12
are linked withl,, — ,. Atleast one ofl;, l;11) and(l;, lx+2) must be inF’,
contradicting the hypothesis that is a folding aq(l,,, [,) € F'.

Thus, it must be thaf is a folding with|F| = | 7’| — 1, Eompleting the proof.
O

3. CONJUGACY INVARIANCE

By Theorem 1.4, proved in the previous section, we have a well-defined function
N : F — R. In this section, we show tha{ : F' — R is a conjugacy invariant
pseudo-norm . First, observe that subadditivity follows as foldifigef g; and.F;

of g2 give afoldingF = F1UF3 of g1 g2 With u(g192; F) = u(g1; F1)+u(g2; F2).
Further, by constructioV(1) = 0 andN(g) > 0 forall g € F. It only remains to
prove conjugacy invariance.

Lemma3.1 — Forg, h € F, N(g) = N(hgh)

PrROOF: As N is well-defined onF' and conjugacy gives an equivalence re-
lation on a group, it suffices to show that(g) > N(hgh). Furthermore, given
wordsg = A1...\y andh = p1...pu, representing the elemengsand h, it
suffices to consider the word

w=1...lk1om =Tm-- - PBIAL - ARUL -+ - b

representindugh obtained by concatenation.
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Let F be an optimal folding for. We may regard” as a folding ofw = hgh
with each pair of the fornl;, [;) with m < i < j < k +m. We can extend to a
folding 7 of hgh given by

]:, =FU {(lialk:+2m—i) 01 < ) < m}
By construction, the letterls = 7,,_; andigi2m,m—; = um—; are inverses and
no two pairs ofF” are linked, saF” is a folding. The unpaired letters gffor F are

the same as those afjh for F', henceu(g; F) = u(hgh; F'). By the optimality
of F, it follows that N (g) > N (hgh) as required. O

4. PRODUCTS OFCONJUGATES ANDMAXIMALITY

We show that foldings of a worgl give, in an appropriate sense, representations of
g as a product of conjugates. This allows us to deduce maximality o' — R.

For an elemeny € F, let|g| denote its length in the word metric.

Lemmad.1 — LetF be a folding ofg. Then there is a representationgods
9= HVMWZ',
with ; and\; words ina, 3, @ and3 (hence elements df), so that

u(g; F) ZZI/\iI

PROOF: We proceed by induction on the length of the wgrdf F is empty
the result is clear. Otherwise, choose a fgir/;) € F with < minimal. Without
loss of generality, we assunik, /;) = (&, «), SO we obtain

g=9(1)ag(2)ag(3)

As i is minimal and pairs i are not linked, and hence no other pair is linked
with (1;,1;), for each pai(ly, l,) bothl;, andi,, are in the subworg(i) for i = 2
ori = 3. It follows thatF is the disjoint union

F=FQ2)UFEB)U{l,1;)}
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of sets withF'(j) a folding ofg(j) for j = 2, 3. Hence we see that

u(g; F) = lg(D)] +u(g(2); F(2)) + ulg(3); F(3)).

By induction hypothesis, it follows that we can express
9(3) = [ [ ra(i)w )

for j = 2,3 so that

u(g(j); F) = Z IAi(j)]-

It follows that

9=91)- ] w@)a)xi(2)(vi(2)a) - HWM?»M(?»)

and
u(g; F) = gD+ D @)+ D 1XB3)]
which gives the required representation. O
We deduce another characterisation of the funciion
Corollary 4.2 — Forg € F, N(g) is given by
N(g) = inf {Z | g = H’/i/\iVi} .

i

PROOF: By Lemma 4.1, it is immediate that
N(g) > inf{z |1 g= Hmy}

Conversely, it suffices to show thatdf= [ [, i A\iv;, thenN(g) < >, [\i]. As
N(a) = N(a) = N(B) = N(B) = 1 andN is subadditive N(\;) < |\;|. By
conjugacy invariancelN (7;\;v;) = N()\;). Hence, using subadditivy once more,

we obtain

N(g) = N(Hw@-ui) < ZN(W@-W) = ZN()\Z-) < Z I\



CONJUGACY INVARIANT NORMS AND RNA 233

as required. O
We now deduce the maximality of.

Lemmad.3 — If M : F — R is a conjugacy invariant pseudo-norm such that

M(a) <1, M(a) <1, M(B) < landM(B) < 1, thenN(g) > M(g) for all
geF.

PROOF: Let M be as above angl € F'. Let F be an optimal folding fog.
Then we have a representation

9= HWAiVi
i

so that

N(g) = u(g; F) :Z\M

As M is a pseudo-norm with/ (o)) < 1, M(a) < 1, M(5) < landM(B) <
1, it follows that M (k) < |h| for all h € F. As M is conjugacy invariant and
sub-additive, we get

M(g) = M(HWMW) < ZM(VMM) = ZM()\i) < Z [Ail = N(g).

a

5. METRIC REPRESENTABILITY

In this section, we consider a method of constructing conjugacy invariant pseudo-
norms on the free group. Our methods apply to an arbitrary géaup

Let (X, d) be a metric space with an isometric left action of the free grBup
We define the (possibly infinita)isplacementf an elemeny € F by

dispx(g) = sup{d(z,gz) : v € X}.
This is analogous to the translation length except that we have replaced the
infimum by the supremum.
The following lemma is straightforward.

Lemmab.1 — We have
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(1) Forg,h € F,if dispx(g) < oo anddispx (h) < oo, thendispx (gh) < oo
and
dispx(gh) < dispx(g) + dispx (h).

(2) Forallg € F, dispx(g) = dispx(g).

PROOF: By the triangle inequality and the definition of displacement  fear
X,

d(z,ghz) < d(z,hz) + d((hz), g(hz)) < dispx (h) + dispx(g).
By taking the supremum, the first part follows.

By symmetry, the second statement follows if we showdhat x (§) < dispx(g).
Observe that for: € X,

d(z,gz) = d(g(gz), (gz)) < dispx(9)-
Once more, taking the supremum gives the desired inequality. O

In particular, if the displacements of the generators are finite, then so are the
displacements of all elements 6t Assume that the displacements of the gener-
ators onX are finite and non-zero. We consider the functigh: ' — R given
by

dispx(g)
max(dispx (a), dispx (6))"

Mx(g) =

Lemma5.2 — The functionMx is a conjugacy invariant pseudo-norm sat-
isfying Mx (o) < 1, Mx(a) < 1, Mx(8) < 1 and Mx(8) < 1. Hence
N(g) > Mx(g)forallg € F.

PROOF: The subadditivity ofA/x follows from the first part of Lemma 5.1.
To show conjugacy invariance, it suffices by symmetry to show thag,fore F,
dispx (hgh) < dispx(g). As the action onX is by isometries, we see that for
x € X,
d(z, hghz) = d((hz), g(hz)) < dispx (g)

where the first equality was obtained by a multiplying both terma bBy taking
the supremum, we get the desired inequality.

By constructionMx (1) = 0 and Mx(g) > 0 for all ¢ € F, complet-
ing the proof thatMx is a conjugacy-invariant norm. Finally, by construction
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and the second part of Lemma 5Mx(a) = Mx(a) < 1 and Mx(8) =
Mx(ﬂ) <1. Od

Thus, a space& with an isometric action of’, gives a lower bound on the
pseudo-normV : F — R. It is natural to ask whether this is sharp. We see that
this is indeed the case.

Theorem5.3 — There is a spaceX with an isometric action of’ so that
N(g) = Mx(g) forall g € F.

PrROOF: We takeX to be the space which as a seFisnd with the metric
d(g,h) = N(gh)
This is similar to the construction of the word metric. As in the case of the word

metric, the triangle inequality follows from the subadditivity/8f Left invariance
follows (as in the case of the word metric) as oy € F

d(gz,gy) = N(gZgy) = N(zy) = d(,y)

Observe that the displacement of an elemgistgiven by
dispx(g) = sup{d(z,gz) : x € X} = sup{N(zgx) : v € X} = N(g),

asN(zgx) = N(g) forall z € F by conjugacy invariance. It follows thaf(g) =
Mp(g) forallg € F. O

6. ORTHOGONAL REPRESENTABILITY

The construction of Theorem 5.3 is not directly useful, as the metric on space
(X, d) is defined in terms of the pseudo-nof¥h Here we consider another con-
struction of spaces with left actions, namely those given by orthogonal representa-
tions of the free group.

Letn > 0 be an integer and : F* — O(n) be an orthogonal representation
of the free group. Then we have a corresponding actiafi ofi S"~!. We define
M, to be the pseudo-nord/g.-1 obtained from this action. We shall denote the
corresponding displacements on the spheréiby,,.

A natural question in this context is whether the bounds obtained from such
representations are sharp. We formulate a weak version of this question.
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Questionl — Giveng € F, is there a representatign: ' — O(n) such that
N(g) = M,(g9)?

This appears to be an interesting mathematical question, whientaken to
be defined as a maximal conjugacy-invariant pseudo-norm , independent of its bi-
ological roots. We observe an interesting example that suggests a possibly positive
answer.

The commutatoy = [oF, 5], k,1 > 2 is in many ways a pivotal example for
the study ofN (and RNA folding, see [2]). We determiné(g) in this case.

Proposition6.1 — N ([a*, 8']) = min(2k, 21).

PrROOF: Assume without loss of generality that< [. We have a folding ofF
obtained byl pairs of the form 8, 3) given by (lj;, lak121—;), 1 < j <, where
I, denotes thenth letter ofg. Aswu(g; F) = 2k + 20 — |F| = 2k + 2] — 2] = 2k,
we see thatV(g) < 2k = min(2k, 21).

Conversely, observe that all paifis, /;), i < j are of the form(a, &) or (3, 3)
and any pair of the forn, &) is linked with any pair of the forni3, 3). It follows
that for any foldingF, either all letters that are anda are unpaired or all letters
of the form3 andg3 are unpaired. Thus, for any foldiig, u(g; F) > min(2k, 21).

It follows that N (g) > min(2k, 2). Thus,N(g) = min(2k, 2l) = M,(g). O

We observe that a representation does give a sharp lower boud §orfor
g =", f1.

Proposition6.2 — Forg = [o*, 8!], there is a representatign: F — O(n)
such thatN (g) = M,(g).

PROOF : We construct a representation into the group of unit quaternions
(which is a subgroup 0f)(4)) by left multiplication. Namely, consider the rep-
resentation such that

p(a) = cos(m/2k) + sin(m/2k)i

and ~
p(B) = cos(m/2l) + sin(mw/21)j

Then itis easy to see thatsp,(a) = /2l anddisp,(3) = 7 /2k. Furthera® =%
andg! = j. Hence

A~ A

p(g) = [ij] =-1
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which has displacement It follows that

™
M = = min(2k, 21).
o) = (e ok yan) (k. 20)
The proof now follows from Proposition 6.1. O
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