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To a reasonable approximation, a secondary structures of RNA is determined
by Watson-Crick pairing without pseudo-knots in such a way as to minimise
the number of unpaired bases. We show that this minimal number is deter-
mined by the maximal conjugacy-invariant pseudo-norm on the free group
on two generators subject to bounds on the generators. This allows us to
construct lower bounds on the minimal number of unpaired bases by con-
structing conjugacy invariant pseudo-norms.

We show that one such construction, based on isometric actions on met-
ric spaces, gives a sharp lower bound. A major goal here is to formulate
a purely mathematical question, based on considering orthogonal represen-
tations, which we believe is of some interest independent of its biological
roots.
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1. INTRODUCTION

Ribonucleic acid (RNA) plays an important role in all living systems (see [3]). An
RNA molecule is a nucleic acid polymer consisting of nucleotide monomers, each
of which is of one of four types determined by the nucleotide base present in it.
Thus, an RNA molecule can be regarded as a wordl1l2 . . . ln in the alphabet with
four letters - A (Adenine), U (Uracil), G (Guanine) and C (Cytosine).

An RNA molecule folds into asecondary structure, with the dominant force
being hydrogen bonds between Adenine and Uracil and between Guanine and Cy-
tosine – the Watson-Crick pairs. Each base can participate in at most one bond.
Further, as an approximation to stereochemical forces, we rule outpseudo-knots–
this means that ifi < j < k < m, then we cannot simultaneously have bonds of
the formli-lk andlj-lm. In other words, pairs forming bonds are notlinked.

Watson-Crick pairing can naturally be formulated in terms of the monoidM on
four generatorsα, β, ᾱ andβ̄ and the quotient homomorphism fromM to the free
groupF on two generatorsα andβ, with ᾱ andβ̄ mapping to the inverses ofα and
β respectively. Namely, we identify the lettersα, β, ᾱ andβ̄ with the nucleotides
Adenine, Uracil, Guanine and Cytosine, respectively. Under this identification, an
RNA molecule corresponds to a word in the four lettersα, β, ᾱ and β̄, i.e., an
element ofM . Further, we can associate to an RNA strand its image in the free
groupF .

The Watson-Crick pairs then become pairs between letters whose images inF
are inverses of each other. We can formalise the notion of secondary structures
without pseudo-knots in these terms. For more details of the transition from biol-
ogy to our model, we refer to [2].

Definition1.1 — Forg = l1 . . . ln, we say that the pairs of letter(li, lj), i < j
and(lk, lm), k < m, arelinked if either i < k < j < m or k < i < m < j.

Definition 1.2 — A folding of a wordg = l1l2 . . . ln in α, β, ᾱ and β̄ is a
collection ofdisjoint pairsF ⊂ {(i, j) : 1 ≤ i < j ≤ n} such that

For (i, j) ∈ F ,

(li, lj) ∈ {(α, ᾱ), (ᾱ, α), (β, β̄), (β̄, β)}

Any two pairs(i1, j1) ∈ F and(i2, j2) ∈ F are not linked.
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The number of unpaired bases in a foldingF as above isu(g;F) = n− 2|F|.
As a reasonable approximation, we may assume that RNA folds so as to minimise
the number of unpaired bases. We shall denote the minimum number of unpaired
bases in an RNA strand corresponding to a wordg in α, β, ᾱ andβ̄ by N(g), i.e.,

N(g) = min{u(g;F) : F is a folding ofg}

A central problem in understanding the secondary structures of RNA is to find
lower bounds on the number of unpaired bases in a secondary structure – any tech-
nique giving such a bound is also likely to lead to insights on the structure of the
energy landscapefor secondary structures. In this note, we show that the mini-
mum number of unpaired bases can be viewed as the maximal conjugacy invariant
pseudo-norm on the free groupF subject to bounds on the generators. This gives
a general method for obtaining lower bounds.

Remark1.3 : In considering the functionN defined in terms of foldings, we
have made two major simplifying assumptions – we have assumed that there are
no pseudo-knots and we have ignored the stereochemical restriction that there are
no small loops.

However, the lower bounds continue to hold even if we include the no small
loop restriction, as introducing the restriction means that we are minimisingu(g;F)
over a subset of foldings (those satisfying the restriction), so the corresponding
minimum is at least as large asN(g), and thus satisfies lower bounds satisfied by
N(g). We remark that the number of unpaired bases in an optimal folding satisfy-
ing the no small loops restriction is no longer a well-defined function onF .

Further, while pseudo -knots are present in nature, they account for a small
fraction of all bonds. Thus our model agrees to a reasonable extent with molecular
biology.

Our first observation is thatN(g) gives a well-defined function on the free
groupF . We prove this in Section 2.

Theorem1.4— If g1 andg2 are strings inα, β, ᾱ andβ̄ representing the same
word in the free groupF , thenN(g1) = N(g2).

Thus, we can regard the number of unpaired bases in an optimal folding as a
function N : F → R on the free groupF . We show thatN : F → R is the
maximal conjugacy-invariant pseudo-norm on the free group so that the generators
and their inverses have pseudo-norm (at most)1.
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Definition1.5 — A conjugacy invariant pseudo-norm on the free groupF is a
functionn : F → R such that

n(g) ≥ 0 for all g ∈ F .

n(1) = 0.

n(gh) ≤ n(g) + n(h) for all g, h ∈ F .

n(hgh) = n(g) for all g, h ∈ F .

We use here and throughout the notationh̄ to denote inverse ofh ∈ F .

Remark1.6 : One may also wish to add the symmetry conditionn(g) = n(ḡ) as
part of the definition of conjugacy invariant pseudo-norms. All the pseudo-norms
we consider automatically satisfy this, so such a change in definition would not
affect any of our results.

It is easy to see thatN(α) = N(ᾱ) = N(β) = N(β̄) = 1.

Theorem1.7 — The functionN : F → R is a conjugacy-invariant pseudo-
norm onF . Furthermore, ifM : F → R is a conjugacy-invariant pseudo-norm
satisfying the boundsM(α) ≤ 1, M(ᾱ) ≤ 1, M(β) ≤ 1 andM(β̄) ≤ 1, then
N(g) ≥ M(g) for all g ∈ F .

The main technical lemma in the proof is Lemma 4.1, which gives a repre-
sentation of a wordg as a product of conjugates, corresponding to a folding ofg.
Applying this to an optimal folding gives an effective description ofN(g), which
is pivotal in this paper.

Theorem 1.7 gives us a general method to construct lower bounds – we con-
struct pseudo-normsM that are conjugacy invariant and normalise to achieve the
conditionsM(α) ≤ 1, M(ᾱ) ≤ 1, M(β) ≤ 1 andM(β̄) ≤ 1. We shall consider
two methods to construct such pseudo-norms. We show that the first – isometric
actions on metric spaces, gives sharp bounds (Section 5). The second – orthogonal
representations, which is more practically implementable, is also sharp in some
important cases. Whether this is sharp in general is a purely mathematical question
which we formulate (Section 6).

The formulation of RNA folding we consider is a special case of an estimate
for the c-conjugating norm, as in [1]. This suggests that mathematical work in [1]
and related papers may shed light on RNA folding.
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2. FOLDINGS AND CANCELLATIONS

In this section we prove Theorem 1.4, which says thatN is a well-defined function
on the free groupF . As words representing the same element in the free group are
related by insertion or deletion of cancelling pairs of letters, Theorem 1.4 follows
from the following lemma and analogous results for other pairs of generators.

Lemma2.1 — For wordsg = λ1 . . . λk andh = µ1 . . . µm in α, β, ᾱ andβ̄,

N(gh) = N(gαᾱh)

PROOF : First, we see thatN(gh) ≥ N(gαᾱh). Namely, letF be an optimal
folding ofgh, i.e.,N(gh) = u(gh;F). Consider the wordgαᾱh = l1 . . . lk+m+2 =
λ1 . . . λkαᾱµ1 . . . µm. As the cancelling pair of letterslk+1 = α andlk+2 = ᾱ are
adjacent, they are not linked with any other pair. It follows that the union ofF with
the cancelling pair(lk+1, lk+2) is a foldingF ′. Further,u(gαᾱh;F ′) = u(gh;F).
By the optimality ofF , the result follows.

Conversely, letF ′ be an optimal folding forgαᾱh. We shall show that there is a
foldingF of gh with |F| ≥ |F ′|− 1. This implies thatu(gh;F) ≤ u(g1αᾱh;F ′),
giving the claim.

Firstly, if (lk+1, lk+2) ∈ F ′, then we delete this pair to obtainF . Next, if at
most one of the cancelling letters is in a pair ofF ′, we delete this pair (if there is one
such) to obtainF . In both these cases we obtain a foldingF with |F| ≥ |F ′| − 1.
Hence we are reduced to the case where the cancelling letterslk+1 and lk+2 are
paired with different lettersli andlj .

We claim that we can delete both the pairs involving the cancelling letterslk+1

andlk+2 and introduce the pair(li, lj) (or (lj , li)) to obtain a foldingF with |F| =
|F ′| − 1. Observe that|F| ≥ |F ′| − 1. To showF is a folding, it suffices to
verify that no pair ofF is linked with(li, lj). This can be seen topologically as an
arc intersecting(li, lj) transversally in a single point must also intersect either the
segment fromlk+1 to lk+2 or arcs joining one of the pointsli andlj to the vertex
in {lk+1, lk+2} with which it is paired. However we give an elementary argument
below.

Suppose to the contrary, i.e., assume that a pair(lp, lq) of F is linked with
(li, lj). We assume without loss of generality thati < p < j < q, as the proof in
the other case is obtained similarly by reversing all inequalities. We shall consider
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different cases depending on the relation ofk + 1 to p andq, and in each case
contradict the assumption thatF ′ is a folding.

1. If k+1 < p, then ask+1 6= p, k+2 < p. Thus,k+1 < k+2 < p < j < q,
so bothlk+1−lj andlk+2−lj are linked withlp−lq. At least one of(lk+1, lj)
and(lk+2, lj) must be inF ′, contradicting the hypothesis thatF ′ is a folding
as(lp, lq) ∈ F ′.

2. If p < k + 1 < q, theni < p < k + 1 < k + 2 < q, so bothli − lk+1 and
li− lk+2 are linked withlp− lq. At least one of(li, lk+1) and(li, lk+2) must
be inF ′, contradicting the hypothesis thatF ′ is a folding as(lp, lq) ∈ F ′.

3. If q < k+1, thenp < j < q < k+1 < k+2, so bothlj− lk+1 andlj− lk+2

are linked withlp− lq. At least one of(lj , lk+1) and(lj , lk+2) must be inF ′,
contradicting the hypothesis thatF ′ is a folding as(lp, lq) ∈ F ′.

Thus, it must be thatF is a folding with|F| = |F ′| − 1, c̃ompleting the proof.
2

3. CONJUGACY INVARIANCE

By Theorem 1.4, proved in the previous section, we have a well-defined function
N : F → R. In this section, we show thatN : F → R is a conjugacy invariant
pseudo-norm . First, observe that subadditivity follows as foldingsF1 of g1 andF2

of g2 give a foldingF = F1∪F2 of g1g2 with u(g1g2;F) = u(g1;F1)+u(g2;F2).
Further, by constructionN(1) = 0 andN(g) ≥ 0 for all g ∈ F . It only remains to
prove conjugacy invariance.

Lemma3.1 — Forg, h ∈ F , N(g) = N(hgh)

PROOF : As N is well-defined onF and conjugacy gives an equivalence re-
lation on a group, it suffices to show thatN(g) ≥ N(hgh). Furthermore, given
words g = λ1 . . . λk andh = µ1 . . . µm representing the elementsg andh, it
suffices to consider the word

w = l1 . . . lk+2m = µm . . . µ1λ1 . . . λkµ1 . . . µm

representinḡhgh obtained by concatenation.
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LetF be an optimal folding forg. We may regardF as a folding ofw = h̄gh
with each pair of the form(li, lj) with m < i < j ≤ k + m. We can extendF to a
foldingF ′ of hgh given by

F ′ = F ∪ {(li, lk+2m−i) : 1 ≤ i ≤ m}.

By construction, the lettersli = µm−i andlk+2m−i = µm−i are inverses and
no two pairs ofF ′ are linked, soF ′ is a folding. The unpaired letters ofg for F are
the same as those ofhgh for F ′, henceu(g;F) = u(h̄gh;F ′). By the optimality
of F , it follows thatN(g) ≥ N(h̄gh) as required. 2

4. PRODUCTS OFCONJUGATES ANDMAXIMALITY

We show that foldings of a wordg give, in an appropriate sense, representations of
g as a product of conjugates. This allows us to deduce maximality ofN : F → R.

For an elementg ∈ F , let |g| denote its length in the word metric.

Lemma4.1 — LetF be a folding ofg. Then there is a representation ofg as

g =
∏

i

νiλiνi,

with νi andλi words inα, β, ᾱ andβ̄ (hence elements ofF ), so that

u(g;F) =
∑

i

|λi|

PROOF : We proceed by induction on the length of the wordg. If F is empty
the result is clear. Otherwise, choose a pair(li, lj) ∈ F with i minimal. Without
loss of generality, we assume(li, lj) = (ᾱ, α), so we obtain

g = g(1)ᾱg(2)αg(3)

As i is minimal and pairs inF are not linked, and hence no other pair is linked
with (li, lj), for each pair(lk, lm) bothlk andlm are in the subwordg(i) for i = 2
or i = 3. It follows thatF is the disjoint union

F = F(2) ∪ F(3) ∪ {(li, lj)}
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of sets withF (j) a folding ofg(j) for j = 2, 3. Hence we see that

u(g;F) = |g(1)|+ u(g(2);F(2)) + u(g(3);F(3)).

By induction hypothesis, it follows that we can express

g(j) =
∏

i

νi(j)λi(j)νi(j)

for j = 2, 3 so that
u(g(j);F) =

∑

i

|λi(j)|.

It follows that

g = g(1) ·
∏

i

(νi(2)α)λi(2)(νi(2)α) ·
∏

i

νi(3)λi(3)νi(3)

and
u(g;F) = |g(1)|+

∑

i

|λi(2)|+
∑

i

|λi(3)|

which gives the required representation. 2

We deduce another characterisation of the functionN .

Corollary 4.2 — Forg ∈ F , N(g) is given by

N(g) = inf

{∑

i

|λi| : g =
∏

i

νiλiνi

}
.

PROOF : By Lemma 4.1, it is immediate that

N(g) ≥ inf

{∑

i

|λi| : g =
∏

i

νiλiνi

}
.

Conversely, it suffices to show that ifg =
∏

i νiλiνi, thenN(g) ≤ ∑
i |λi|. As

N(α) = N(ᾱ) = N(β) = N(β̄) = 1 andN is subadditive,N(λi) ≤ |λi|. By
conjugacy invariance,N(νiλiνi) = N(λi). Hence, using subadditivy once more,
we obtain

N(g) = N(
∏

i

νiλiνi) ≤
∑

i

N(νiλiνi) =
∑

i

N(λi) ≤
∑

i

|λi|
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as required. 2

We now deduce the maximality ofN .

Lemma4.3 — If M : F → R is a conjugacy invariant pseudo-norm such that
M(α) ≤ 1, M(ᾱ) ≤ 1, M(β) ≤ 1 andM(β̄) ≤ 1, thenN(g) ≥ M(g) for all
g ∈ F .

PROOF : Let M be as above andg ∈ F . Let F be an optimal folding forg.
Then we have a representation

g =
∏

i

νiλiνi

so that
N(g) = u(g;F) =

∑

i

|λi|

As M is a pseudo-norm withM(α) ≤ 1, M(ᾱ) ≤ 1, M(β) ≤ 1 andM(β̄) ≤
1, it follows thatM(h) ≤ |h| for all h ∈ F . As M is conjugacy invariant and
sub-additive, we get

M(g) = M(
∏

i

νiλiνi) ≤
∑

i

M(νiλiνi) =
∑

i

M(λi) ≤
∑

i

|λi| = N(g).

2

5. METRIC REPRESENTABILITY

In this section, we consider a method of constructing conjugacy invariant pseudo-
norms on the free group. Our methods apply to an arbitrary groupG.

Let (X, d) be a metric space with an isometric left action of the free groupF .
We define the (possibly infinite)displacementof an elementg ∈ F by

dispX(g) = sup{d(x, gx) : x ∈ X}.

This is analogous to the translation length except that we have replaced the
infimum by the supremum.

The following lemma is straightforward.

Lemma5.1 — We have
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(1) Forg, h ∈ F , if dispX(g) < ∞ anddispX(h) < ∞, thendispX(gh) < ∞
and

dispX(gh) ≤ dispX(g) + dispX(h).

(2) For allg ∈ F , dispX(ḡ) = dispX(g).

PROOF : By the triangle inequality and the definition of displacement, forx ∈
X,

d(x, ghx) ≤ d(x, hx) + d((hx), g(hx)) ≤ dispX(h) + dispX(g).

By taking the supremum, the first part follows.

By symmetry, the second statement follows if we show thatdispX(ḡ) ≤ dispX(g).
Observe that forx ∈ X,

d(x, ḡx) = d(g(ḡx), (ḡx)) ≤ dispX(g).

Once more, taking the supremum gives the desired inequality. 2

In particular, if the displacements of the generators are finite, then so are the
displacements of all elements ofF . Assume that the displacements of the gener-
ators onX are finite and non-zero. We consider the functionM : F → R given
by

MX(g) =
dispX(g)

max(dispX(α), dispX(β))
.

Lemma5.2 — The functionMX is a conjugacy invariant pseudo-norm sat-
isfying MX(α) ≤ 1, MX(ᾱ) ≤ 1, MX(β) ≤ 1 and MX(β̄) ≤ 1. Hence
N(g) ≥ MX(g) for all g ∈ F .

PROOF : The subadditivity ofMX follows from the first part of Lemma 5.1.
To show conjugacy invariance, it suffices by symmetry to show that forg, h ∈ F ,
dispX(h̄gh) ≤ dispX(g). As the action onX is by isometries, we see that for
x ∈ X,

d(x, h̄ghx) = d((hx), g(hx)) ≤ dispX(g)

where the first equality was obtained by a multiplying both terms byh. By taking
the supremum, we get the desired inequality.

By constructionMX(1) = 0 and MX(g) ≥ 0 for all g ∈ F , complet-
ing the proof thatMX is a conjugacy-invariant norm. Finally, by construction
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and the second part of Lemma 5.1,MX(ᾱ) = MX(α) ≤ 1 and MX(β̄) =
MX(β) ≤ 1. 2

Thus, a spaceX with an isometric action ofF , gives a lower bound on the
pseudo-normN : F → R. It is natural to ask whether this is sharp. We see that
this is indeed the case.

Theorem5.3 — There is a spaceX with an isometric action ofF so that
N(g) = MX(g) for all g ∈ F .

PROOF : We takeX to be the space which as a set isF and with the metric

d(g, h) = N(ḡh)

This is similar to the construction of the word metric. As in the case of the word
metric, the triangle inequality follows from the subadditivity ofN . Left invariance
follows (as in the case of the word metric) as forx, y ∈ F

d(gx, gy) = N(gxgy) = N(x̄y) = d(x, y)

Observe that the displacement of an elementg is given by

dispX(g) = sup{d(x, gx) : x ∈ X} = sup{N(x̄gx) : x ∈ X} = N(g),

asN(x̄gx) = N(g) for all x ∈ F by conjugacy invariance. It follows thatN(g) =
MF (g) for all g ∈ F . 2

6. ORTHOGONAL REPRESENTABILITY

The construction of Theorem 5.3 is not directly useful, as the metric on space
(X, d) is defined in terms of the pseudo-normN . Here we consider another con-
struction of spaces with left actions, namely those given by orthogonal representa-
tions of the free group.

Let n > 0 be an integer andρ : F → O(n) be an orthogonal representation
of the free group. Then we have a corresponding action ofF on Sn−1. We define
Mρ to be the pseudo-normMSn−1 obtained from this action. We shall denote the
corresponding displacements on the sphere bydispρ.

A natural question in this context is whether the bounds obtained from such
representations are sharp. We formulate a weak version of this question.
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Question1 — Giveng ∈ F , is there a representationρ : F → O(n) such that
N(g) = Mρ(g)?

This appears to be an interesting mathematical question, whenN is taken to
be defined as a maximal conjugacy-invariant pseudo-norm , independent of its bi-
ological roots. We observe an interesting example that suggests a possibly positive
answer.

The commutatorg = [αk, βl], k, l ≥ 2 is in many ways a pivotal example for
the study ofN (and RNA folding, see [2]). We determineN(g) in this case.

Proposition6.1 —N([αk, βl]) = min(2k, 2l).

PROOF: Assume without loss of generality thatk ≤ l. We have a folding ofF
obtained byl pairs of the form (β, β̄) given by(lk+j , l2k+2l−j), 1 ≤ j ≤ l, where
lm denotes themth letter ofg. As u(g;F) = 2k + 2l− |F | = 2k + 2l− 2l = 2k,
we see thatN(g) ≤ 2k = min(2k, 2l).

Conversely, observe that all pairs(li, lj), i < j are of the form(α, ᾱ) or (β, β̄)
and any pair of the form(α, ᾱ) is linked with any pair of the form(β, β̄). It follows
that for any foldingF , either all letters that areα andᾱ are unpaired or all letters
of the formβ andβ̄ are unpaired. Thus, for any foldingF , u(g;F) ≥ min(2k, 2l).
It follows thatN(g) ≥ min(2k, 2l). Thus,N(g) = min(2k, 2l) = Mρ(g). 2

We observe that a representation does give a sharp lower bound forN(g) for
g = [αk, βl].

Proposition6.2 — Forg = [αk, βl], there is a representationρ : F → O(n)
such thatN(g) = Mρ(g).

PROOF : We construct a representation into the group of unit quaternions
(which is a subgroup ofO(4)) by left multiplication. Namely, consider the rep-
resentation such that

ρ(α) = cos(π/2k) + sin(π/2k)̂i

and
ρ(β) = cos(π/2l) + sin(π/2l)ĵ

Then it is easy to see thatdispρ(α) = π/2l anddispρ(β) = π/2k. Further,αk = î

andβl = ĵ. Hence
ρ(g) = [̂i, ĵ] = −1
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which has displacementπ. It follows that

Mρ(g) =
π

max(π/2k, π/2l)
= min(2k, 2l).

The proof now follows from Proposition 6.1. 2
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