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This article contains several results fofRobertson functions, i.e., analytic
functions defined on the unit disk satisfyingf(0) = f'(0) — 1 = 0 and

Re e™M1+ 2f"(2)/f'(2)} > 0in D, where € (—n/2,7/2). We will
discuss about conditions for boundedness and quasiconformal extension of
Robertson functions. In the last section we provide another proof of univa-
lence for Robertson functions by using the theory dfner chains.
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1. INTRODUCTION

Let A be the family of functiong’ analytic in the unitdis® = {2 € C: |z| < 1}
with the usual normalizatiorf(0) = f’(0) — 1 = 0, andS be the subclass ofl
consisting of functions univalent in.
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Let \ be a real constant betweenr /2 andr /2. The curvey, (t) = exp(te™),
t € R, and its rotation&iew(t), 0 € R, are called\-spirals A domain) with
0 € Q is called X-spirallike (with respect to 0) if for everyw € €, the A-spiral
which connectsy and 0 lies inQ2. A function f € A is said to be a\-spirallike
functionif f mapsD univalently onto a\-spirallike domain and the class of such
functions is denoted b§P(\). Spirallike functions are introduced ISpaek [20]
in 1933. We note thai-spirallike functions are precisely starlike functions.

It is known that a necessary and sufficient conditionffar A to be inSP(\)

is that ,
Re {e_i)‘ 2l (Z)} >0
f(z)
for all z € D. In [8], Kim and Sugawa introduced the notion bfargument Let
us setd = arg, w if w € ey, (R). We note thatrg,w = argw. For some
more properties of\-argument, the reader may be referred to [8]. By utilizing
A-argument, another equivalence can be obtained

feSP\\) < 50

(argA f(rei9)> >0 (leR 0<r<l).

For general references about spirallike functions, see e.g. [5] or [1].

A function f € A is said to be a-Robertson functiofil0] if f satisfies

Re {e_i’\ <1 + ZJ{:;?)} >0

forall z € D. LetR(\) be the set of those functions. The definitiomeRobertson
functions shows immediately th&(0) is precisely the class of convex functions
which is usually denoted b. Furthermore in view of the definitions of spirallike
and Robertson functions, for a functigne A the following relations are true;

fERN) & zf'(z) e SP(\) Q)

o /0 F(Q)%dc € K

0 d 0
S 29 [arg/\ <80f(7‘e ))] >0 (eR, 0<r<l),
wherea = e~/ cos \. A distinguished member g2 () is

(1 _ 2)1—26“‘ COSA __ 1

N(z) = : (2

2¢A cos A — 1
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The classR () was first introduced by Robertson [15] . He showed that all
functions iNR(\) are univalent ifd < cos A < xg, wherexy = 0.2034 - - - is the
unique positive root of the equatidz® + 162> + x — 1 = 0 (in the original
paperzx is evaluated a8.2315 - - - which seems to be erroneous [9]). Later Libera
and Ziegler [11] and Chichra [4] gave some improvements on the rangdanf
which R(A) C S by estimating the norm of the Schwarzian derivatives for the
classR(\). Finally Pfaltzgraff [12] showed th&®(\) C Sif 0 < cosA < 1/2or
cos A = 1. This value is best possible. Indeed, Robertson also presented in [15]
a non-univalent function which belongs () for each in the rangel /2 <
cos A < 1 by making use of Roysters’'s example [16](z) = ((1 —2)7* —1)/u,
wherey is a number which satisfigs+ 1 = | + 1|e®, |u| < 1, |p + 1] > 1 and
lw—1] > 1.

The class of\-Robertson functions has been investigated by various authors.
Recently the clas® () is still an interesting topic in geometric function theory
(e.g. [14]). Actually, under the relationship (1) many properties of Robertson
functions follows from those of spirallike functions. For instance the coefficient
estimate ofR(\) is an easy consequence of a result of Zamorski [22] (see also
[2]). For some more information about Robertson functions, the reader is referred
to e.g. [1, Section 8].

In the present paper we would like to give several new results for-fRebertson
functions. In section 2 we will show thatRobertson functions are bounded when-
evercos A < 1/+/2 which improves a result of Kim and Sugawa in [9]. Quasicon-
formal extension criteria which are related with Robertson functions are shown in
section 3. One of the criteria is obtained also by using the techniquéwhér’'s
theory. We will discuss this problem in the last section and give an explgitiler
chain for Robertson functions.

2. BOUNDEDNESS OFR(\)

2.1. Result and Auxiliary Lemma- The boundedness ofRobertson function is
analyzed by Kim and Sugawa [9]. It can be stated as follows after being translated
to our notations.

TheoremA ([9]) — A-Robertson functions are bounded by a constant depend-
ing only onA whencos A < 1/2.

They remarked that the bourigd2 cannot be replaced by any number greater
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than1/+/2 since the function given by} is unbounded wheeos A > 1/+/2. Our
next result will verify that the boundl/+/2 is best possible.

Theoreml — Let f € R(\) with cos A < 1/v/2. Thenf is bounded.

In order to prove the above result, the growth theorem of spirallike functions in
[18] or [1] is needed. Since those known forms are complicated there, we simplify
them as follows.

Lemma2 — Let f € SP()). Then for|z| = r < 1, we have

Ui (r) <[f(2)] < Wa(r)

where
¥, (r) ‘P( i) rexp (— sin 2\ arcsin(rsin A))
1(r) = |Py(re =
(rcos A — /1 — r2sin? \)2cos® A
and
W(r) ’P( i02) 7 exp (sin 2\ arcsin(r sin \))
2\T) = a\re =
(rcos A — /1 — r2sin? \)2cos® A
where

z
(1 o Z)1+82i/\

belongs taSP(\) andd; (j = 1, 2) satisfy

Py(z) =

sin(A+6;) =rsin\ (j=1,2)

andcos(\ + 61) < 0 andcos(\ + 6;) > 0 respectively.

2.2.Proof of Theorem 1

Equivalence (1) and Lemma 2 show that

£ (2)l

(@ae| = | [ 27 riar
[ rspmias [ exp(sin(2)) arcsin( sin \)

1 — t2sin® \ — t cos \)2cos® A

IN

where0 < |z| =7 < 1.

Since the numerator in the above integrand is bounded@yEl it is sufficient
to estimate only the denominator.
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Upon a change in the variabie= 1 — ¢, we obtain

V1—12sin? A\ —tcos A = \/1—(1—3)2sin2)\—(1—s)cos)\
= \/COS2A+QSSin2)\—s2Sin2)\—(l—s)cos)\
= cosAV/1+42stan? A — s2tan? A — (1 — s) cos A
= cosA[l1+1/2(2stan® A — s*tan? \) + O(s?)]
—(1—s)cos A
s

_ 2
© cos A +0(s7)

whens — 0.

Thereforef(z) is bounded whenevercos? A < 1, thatis,cos A < 1/v/2. The
example given by2) ensures the sharpness of the vallig/2. O

Remark Our method is not applicable for the case when\ = 1/+/2. Since
the functionf,(z) given in @) is bounded whemos A = 1/1/2, we may expect
thatR () consists of bounded functions as well in this case.

3. QUASICONFORMAL EXTENSION

3.1.Results— In this section we would like to discuss about the new quasiconfor-
mal extension criteria for Robertson functions. Let us denot& 3y the family

of functions lie inS and can be extended to quasiconformal automorphisrs of
so that the complex dilatatign; = (0f/0%)/(0f/0%) satisfiedus(z)| < k < 1

for almost every: € C.

We will show the following which is an extension of a result of Ruscheweyh
[17, Corollary 1].

Theorem3—Letf € A, k€ [0,1)and\ € (—7/2,7/2), ¢ > —1 be related

by
k/2, if —1<q<0,
0<cosA < _ €))
k/(2+4q), if 0<gq.

If f satisfies

(A
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forall z € D, thenf € S(k). If, in addition, f”/(0) = 0, (3) can be replaced by

k, if —1<¢<0,
0 <cosA< _ (5)
k/(1+2q), if 0<gq.

If we putg = 0 then Theorem 3 claims quasiconformal extensioxBbbertson
functions which can be stated explicitly as follows
Corollary 4 — Let f € R(X\) with A € (=7 /2, 7/2) satisfying

0 <cosA<k/2

Thenf € S(k). If, in addition, f”(0) = 0 and (4) can be replaced by

0 <cosA<k.

Thenf € S(k).

We note here that the second case in Corollary 4 also implies that function
f € R(\) with f(0) = 0 for arbitrary A € (—=/2,7/2) is univalent which was
proved by Singh and Chichra [19] by means of Ahlfors’s criterion for univalence
as well.

3.2. Preliminaries— The following several results will be used later in our argu-
ments. Here, set

zf”(z)) 2f'(2)
Hi(z)=s|1+ +(1—s .
) ( 7 ) T

TheoremB ([7]) — Leta > 0,b € R, s = a+ b, k € [0,1) and f € A.
Assume that for a constante Cand allz € D

lc|z[* 4+ s —a(l — |2|*)Hy(2)| < M

with

ak|s|+(a—1)|s+¢|, if 0<a<l,
kls|, if a>1,
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thenf € S(¢), where

2ka + (1 — k2)[b|

t= (1+k2a+ (1 —k2)|s|

<1

In the above theoremh= k if and only ifb = 0 ([7]).

LemmaQe.g. [17]) — Letp(z) = 1+a,2"+- - - be analytic andRe p(z) > 0
onD. Then
2|Z’2n 2‘z‘2n
T ]eP| = T

p(z) —1—

forall z € D.

3.3.Proof of Theorem 3— Lets = 1/(1+¢) andf(z) =z + >~ , a,z™. Then
for

e H,(2) +isin A
cos A
—iA
)\(s+ Dagz + -

p(z) =

- 1+

COS
we havey’(0) = 0if and only if f/”(0) = 0. Condition (4) implies thap(z) is ana-
lytic in D and fulfillsRe p(z) > 0 for all z € D. With (c+s) = gseiA cosvy, n =

n
1,2, we obtain from Lemma C that

(c+8)|z|?
T s(Hg(z) — 1)
2|z*" 21z 2 J2?
< sleos A4 | =2 _(p(z) -1 _ 2
< oo {7255 - 000 - 0]+ | 2 - 2
2s |cos |
~nl—|z?

Therefore by Theorem B can be extended to /aquasiconformal automor-
phism ofC whenever

2
2 2, 2 B . _
Zs|cos )| < ks —l—ns!cos/\](s 1), if 0<s<1,
b ks, it 1<s,
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which is equivalent to (3) i = 1 and to (5) ifn = 2. O

4. LOWNER CHAIN

We can find another proof for univalency of Robertson functions by making use of
the theory of Bwner chains.

~ The following theorem is well known. Here, we denétg/ot anddf/0z by
f and f’ respectively.

TheoremD ([13], see also [6]) —Let0 < 1o < 1. Letfi(z) = D> o7 an(t)z",
a1(t) # 0, be analytic for each € [0, co) in D,,, and locally absolutely continuous
in [0, c0), locally uniformly with respect t®,,, wherea, (t) is a complex-valued
function on[0, co). For almost allt € [0, c0) suppose

filz) = 2f{(2)pe(z) (2 €Dy,) (6)

wherep;(z) is analytic inD and satisfieRe p;(z) > 0, z € D. If |a;(t)| — oo for
t — oo andif{ f;(z)/ai1(t)} forms a normal family if),,,, then for each € [0, co)
fi(z) can be continued analytically to a univalent functionldn

The next lemma is needed for our discussion.

Lemma E[21], Theorem 3) — Suppose thatc (—7/2,7/2). Letp(z) be an
analytic function defined o which satisfiep(0) = 1 andRe e~ p(z) > 0 for
all z € D. Then we have

1 r2 2\
p(z) - (1—7’2+ 1—7“26Z )

wherer = |z| < 1.

<

cos .

— 2

Now we suppose thah| € [7/3,7/2) andf is aA\-Robertson function. Let us
put ‘
fi(2) = fe7t2) —e 2 e — 1)e~tzf (e 2). @)

Here we should note that a more general form of (7) appears in [17].

It suffices to prove thap;(z) in (6) lies in the right-hand side of the complex
planeC for all z € D and a.et € [0, 00). This is equivalent to

fi(z) = 2fi(2)

fi(2) + 2£{(2)

< 1.
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Then a calculation shows that

—t ", ,—t
—2t_2i\ —2t e 'zf"(e"2)
which implies univalency of and (8) follows from maximum modulus principle
and Lemma E whenos A < 1/2.

Remark: Applying Becker’s theorem [3] with (7), we also obtain the quasi-
conformal extension criterion foR (A) which is in Corollary 4.
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