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Let G be a group. In this note we define conjugate closed groups, which
are briefly called”’C — Groups. These groups form a proper subclass of
T — Groups. We prove that ifG = Z(G) x H, then G is conjugate closed

if and only if H is conjugate closed. We also show that a finite group G is
semisimple, conjugate closed and perfect if and only if it is a direct product
of non-abelian and simple groups.
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1. INTRODUCTION

Let G be a group and H be a normal subgroup of G. Foraamy H, ¢ denotes

the conjugacy class of x in G and’ denotes the conjugacy class of x in H. A
normal subgroup H of a group G is said to be conjugate closeff it= =’ for
everyr € H. A group G is said to be conjugate closed if every normal subgroup
of G is conjugate closed. We abbreviate conjugate closed grop& asGroups.
Clearly Abelian groups and simple groups af€ —Group. Section 2 is concerned
with our main result of this paper: A finite group G is semisimple; conjugate closed
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and perfectifand only it = G1 x Gy x - - - x G- where eaclts; is non-abelian and
simple. We observe that a simple group is conjugate closed and a direct product
of conjugate closed groups is conjugate closed. Also every normal subgroup and
homomorphic image of &C — Group is again aC'C' — Group.

In section 3 of this paper we show that&’ — Group which is nilpotent or
solvable must be Abelian. A group G is called a T-group if normal subgroup of a
normal subgroup is again normal. We observe that a conjugate closed group is a T-
group but not conversely & is a T-group which is not conjugate closed, whereas
Sy 1s neither conjugate closed nor a T-group. Infact we show that for 3, the
symmetric grougb,, is not conjugate closed. In section 4 of this paper, we discuss
some results about finit€C — Groups.

2. GENERAL PROPERTIES OFCONJUGATE CLOSED GROUPS

To set up our notations and for completeness we begin the section with the follow-
ing definitions.

Definition 1 — For a group G, the sequenég(G);>( of subgroups?Z, C
7y C Zy C ..., of G defined inductively byZ;/Z; 1=2(G/Z;_,), is called the
upper central series for G. Here=Z,;(G) and 4, = {1}, Z; = Z(G), the center
of G.

A group G is nilpotent if and only if £, = G for some positive integer m.

Definition 2 — For a group G, the series of subgroups
G = 11(G) 2 12(G) 2 v3(G) 2 ...,of G defined inductively byy;(G) =
[G,~i—1(G)], for eachi > 1, is called the lower central series for G. We write
72 (G)=G.
A group G is nilpotent if and only ify,,(G) = {e} for some positive integer
m.

Definition 3 — For a group G,the series of subgrodps= §y(G) 2 41 (G) 2
92(G) D ..., of G defined inductively a8 (G) = 6(0;—1(G)) = [0;—1(G), ;-1 (G)]
, is called the derived series of G. We write= §y(G).

/

Note thaty2(G) = §(G) = 01(G) = G'.
A group G is solvable if and only if,,,(G) = {e} for some positive integer m.

Definition 4 — A group G is called a T-group if every normal subgroup of a
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normal subgroup of G is normal in G.

Definition 5 — A group G is called an F.C.-group if conjugacy class of every
element of G is finite.

Definition 6 — A group G is called semisimple if G has no non trivial normal
Abelian subgroup.

Proposition2.1 — Every normal Abelian subgroup of& —Group is central.

PROOF: Let N be a normal subgroup of G and let Z(NN) andg € G. Then
there exists: € N such thaty'2g = n~'zn = 2. Since g is arbitrary, therefore
x € Z(G). HenceZ(N) < Z(G). In particular, if N is a normal Abelian subgroup
of GthenN = Z(N) < Z(G). o

Proposition2.2 — Let G be a group anl¥ < Z((G) such that
(1). G/N is conjugate closed.

(2). |N| and|G/N| are coprime.

Then G is conjugate closed.

PROOF: Since N is a central subgroup of G, it is a trivial G/N module under
conjugation andN | and|G/N| are coprime implies thai?(G /N, N) = 0[3]. In
particular, the central extensidn— N — G — G/N — 1 splits. Since both N
and G/N areCC — Groups, G is aCC — Group. °

Theorem2.3— For a group G, the following conditions are equivalent:
(1) G is conjugate closed.
(2) For every normal subgroup H of & = C¢(x)H, for eachx € H

(3) For every normal subgroup H of G and everye G the natural map
f: Cg(x) — G/H is an epimorphism.

Moreover if G is finite, then (3) can be replaced®yH = Cg(x)/Cr(x).

PROOF: (1) < (2). First suppose that G is conjugate closed and H is a normal
subgroup of G. Then for givep € G andz € H, there existsh € H such that
29 = 2", which shows thagh=! € Cg(z). HenceG = Cg(x)H.

Conversely, suppose that H is a normal subgroup of G@nrd C¢(x)H for
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everyr € H. Foranyg € G andz € H, there exists some € C(x) andh € H
such thaty = zh. Consequently:? = z and thereforec® = z. Thus G is
conjugate closed.

(2) & (3). Let H be a normal subgroup of G.Suppose tHat C(z)H for
eachz € H. Therefore for givery € G there exists some € Ci(x) andh € H
such thaty = zh. Hence the mag : Cs(x) — G/H defined by f(z)=zH is an
epimorphism.

Conversely ifc € H and the magf : C(x) — G/H is a natural epimorphism
then forg € G there exists some € C(x) such that zH=gH. Henage Cq(x)H
and thereforéz = Cq(x)H.

Observe that the epimorphism as in (3) induces an isomorpfistn) /Cy ()
=~ (G/H.On the other hand , if far € G, G/H = Cg(x)/Cru(z) = Ca(z)/H N
Ca(z) = Ce(x)H/H, it follows thatG = Cq(z)H. By (2), then it follows that
the natural ma@';(x) — G/H is an epimorphism. Hence (3) may be replaced by

(3") For every normal subgroup H of G ande G, G/H = Cq(x)/Ch ().

Theorem2.4 — Let G be a group such tha# = Z(G) x H. Then G is
conjugate closed if and only if H is conjugate closed.

PROOF : Suppose that G be a group such that= Z(G) x H and H is
conjugate closed subgroup of G. Then G being a direct product of conjugate closed
groups, is conjugate closed.

Now suppose that G is conjugate closed. Thk&fZ(G) = H. Since quotient
group of a conjugate closed group is conjugate closed, H is conjugate closed.

Theorem2.5— A finite group G is semisimple; conjugate closed and perfect
if and only ifG = G1 x G4 x --- x GG, where eacl; is hon-abelian and simple.

PROOF: Let G be a semisimple conjugate closed and perfect group. Since G is
semisimple, G has no normal abelian subgroup and hence its center is trivial. Let
(1 be aminimal normal(and, so, non-Abelian) subgroup of G. Since G is conjugate
closed,GG; is non-abelian and simple group. Theref6t¢Cq(G1) = a subgroup
of Aut(G1) and in this isomorphisré1 Cq(G1)/Ca(G1) corresponds tdnn(G1)

i.e. G1Cq(G1)/Cq(Gr1) = Inn(G1). Now G is simple, therefore, by Schreier
ConjectureOut(G1) = Aut(G1)/Inn(G,) is solvable and heno@/G1Cq(Gh)
is solvable. Since G is perfedf/G1C¢(G1) is a trivial group. But therG =
G = G1C;(Gh). As Gis semisimpletz; NC(G1) is a normal abelian subgroup
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of G and hence trivial. But the@ = G x Cg(G1). Now o(Ci(G1)) < o(Q)
andCg(G1) is semisimple, conjugate closed and perfect. Therefore by induction,
we haveC;(G1) = G2 x -+ x G, and hencé&y = G x G2 X --- x G, where
eachG; is non-abelian, simple subgroup of G. Conversely supposé&thatz; x

Gy x - -+ x G,. where eaclt; is non-abelian and simple and therefore e&glis
perfect and conugate closed. From this it follows that G is perfect and conjugate
closed. Let H be a normal abelian subgroup of G. Then H is a direct product of
some ofH; 's. where for any iH; is a normal Abelian subgroups 6f. But then
everyH; = {1} and hence Hf1}. Therefore G is semisimple. o

Theorem2.6 — Let G be a finite group such that = Z(G) x H for some
normal conjugate closed subgroup H of G. Then G/Z(G) is perfect if and only if
G = Z(G) x G x Gy x --- x Gywhere eachi; is non-abelian and simple
subgroup of G.

PROOF: Let G be a group such thét = Z(G) x H for some normal conjugate
closed subgroup H of G. First suppose that G/Z(G) is perfect. $ifi¢cEG) = H,
H is perfect, semisimple and conjugate closed.
HenceH = G x G2 x --- x GG, where eaclty; is non-abelian and simple. But
thenG = Z(G) x G1 x G2 x --- x G,. where eaclts; is non-abelian and simple
subgroup of G.

Conversely suppose that = Z(G) x G x Gy x --- x G, where eaclG;
is non-abelian and simple, then G can be writtetzas Z(G) x H; whereH =
G1 X Gy x -+ x G,. Now clearlyG/Z(G) = H is perfect. °

3. NILPOTENT AND SOLVABLE GROUPS

It is well known that that a nilpotent group G is a T-group iff every subgroup of G
is normal and every soluble T-group is meta-abelian [5].

In this section we show that if@C — Group is nilpotent or solvable then it is
Abelian.

Proposition3.1 — For aC'C — Group G, the lower central series of G coincides
with the derived series of G.

PROOF : Let G = 71(G) > v(G) > ... be the lower central series for G
wherev,(G) = §(G) = G'. Suppose that > 2 and thaty;(G) = 6,_1(G). As
7i(G) is normal in G, forx € v;(G), g € G there existsh € v;(G) such that
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[z,9] =27 g lag =2~ hah = [z, h] € [y (G) 7i(G)] = [0i-1(G), 0i-1(G))]
= 0i(G). Thusi41(G) € 6:i(G) = [6i-1(G),0i-1(G)] = [G,7i(G)] = 7i41(G).
Hencey;+1(G) = §;(G) and induction is complete .

Proposition3.2 — A conjugate closed, nilpotent group is Abelian.

PROOF: Let G be aC'C — Group which is nilpotent of class c. Consider the
upper central seriesZy C Z; € Z, C ... Letx € Z,. ThenH =< x, Z; >isan
Abelian subgroup of G containing,. SinceZy/Z, = Z(G/Z,), it follows that
H/Z,AG/Z, (being a central subgroup ¢f/Z;). Thus H is a normal Abelian
subgroup of G and, thereforé] < Z(G) = Z; and hencer € Z(G). But then
Zy = 7y andG = Z; = Z(G). Therefore G is Abelian. °

Corollary 3.3 — For a finite conjugate closed group G, the Frattini subgroup
®(G) is central.

PROOF: Let G be a finite conjugate closed group. The((G) is a normal
subgroup of G and hence conjugate closed. S#@&) is nilpotent subgroup of
G, the result follows from propositions 3.2 and 2.1. °

Corollary 3.4 — A conjugate closed solvable group is Abelian.

Let G be a conjugate closed group with# G’ and N be a normal subgroup of
G. If N is Abelian then by theorem 2.1y C Z(G). Thus if N is not Abelian then
N is not contained irZ (G). Therefore there exists an elemenivhich belongs to
N but does not belong to Z(G). Henc€&;(x) is a proper supplement of N in G.
Thus we conclude that in a CC-group G either a normal subgroup N is central or it
has a proper supplement. In particularGif£ G, then eithelG’ C Z(G) or G’
has a supplement. In first case G will be nilpotent and hence Abelian.In the later
caseG has a supplement and then by proposition 4.1¢Z]js not contained in
®(@) and, therefore,there exists a maximal subgroup M of G suchithit not
contained M and? = MG’ . Hence we have the following theorem.

Theorem3.5 — If G is a conjugate closed group such ti@t4 G, then either
G is Abelian orG = MG’ for some maximal subgroup M of G.

Proposition3.6 — Forn > 3, the symmetric groufs,, is not conjugate closed.

PROOF: Letn > 3 andS,, be the symmetric group of degree n on the set
S = {1,2,...n}. Two elements of5,, are conjugate iff they have the same cyclic
decomposition. Letd,, be the Alternating group of degree n. Take= S,, and
H=A,.
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Casel : Suppose nis odd. Then= (123...n) € H andz® = {y € Gy
is a cycle of length h. Now the number of cycles of length n (& — 1)! and,
therefore,|z%| = (n — 1)! = [G : Cq(x)]. Also if G is conjugate closed, then
2| = (n — 1)! = [H : Cy(z)]. Now |2| divideso(H) = %', implies that
%! = k.(n — 1)! for somek € N and , therefore, n=2 k ; a contradiction.

Case2 : If nis even ther: = (123..n — 1) € H and|z%| = n.(n — 2)!. If
zfl = 29, then|z¥| divideso(H) = %, implies thatZ = k.n. (n — 2)!. for some
k € N which shows that, = 2k + 1; a contradiction. Hence G is not conjugate
closed. °

Proposition3.7 — If G is conjugate closed thef is perfect and hencg’ =

G =..

PROOF: Casel : If G is perfect therG” = (G')" = G which shows tha&’
is perfect.

Case2 : If G is not perfect thery /G is solvable. Since&s /G is conjugate
closed , therefore, it is abelian and hei¢e< G < G'. ThusG' is perfect. o

However converse is not true e.g. Gf = S,,n > 5. then G = A, and
G" = A,. Hence(d is perfect but G is not conjugate closed.

Theorem3.8— A free group of rank: > 1, is not conjugate closed.

PROOF: Let F be a free group of rank > 1 Then forl # = € F, Cr(x) is
cyclic. Suppose that F is conjugate closed, ther- C'r(z)R, for every normal
subgroup R of F and for each € R. Cr(x) is cyclic, SinceF =< y > R for
somey € Cr(x). ButthenF'/R is cyclic. In particularF’/ F” is cyclic (if R = F”)

a contradiction, because for a free group F, F &yid” have the same rank. Thus
F cannot be conjugate closed. °

4. FINITE CC-GROUPS

This section deals with some special results about fiii€¢ — Groups. Since
every group of odd order is solvable [1], a6¥" — Group of odd order is abelian.
Hence amon@’'C — Groups, groups of even order are of special interest.

Theorem4.1 — Let G be a finiteCC — Group having a cyclic Sylow 2-
subgroup. Then G is Abelian.
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PROOF: Let P € Syl2(G) such thatP =< a > for somea € P. Suppose
|P| = 2" for somer € Z*. Then|G| = 2"m for some odd integer m.Now the map
fa : G — G given by f,(z) = ax defines an element of Symm(G). Sifee= 2",
it follows that f,, is an odd permutation. Hence G has a normal subgroup say H
of order2"~!m. Since H is normal in G an® € Syl (G) thereforeH N P €
Syls(H). Also P being cyclicH N P is cyclic. Thus H is a group of ordef ~!m
with a cyclic Sylow 2-subgroup. Continuing the argument a finite number of times,
we get a series of subgroups each normal in the Rext H,, H,_1,...Hs, H (=
H),G, where H; is a subgroup of orde2”“m having a Sylow 2-subgroup. In
particularH, (= K) is a group of order m and, so, is solvable. A CC-group being
a T-group, K is a normal subgroup of G. Since every normal subgroup of G is a
CC-group, K is a CC-group. Then K is Abelian and, hence a central subgroup of
G. Then G/K being cyclic, G is Abelian . °

Poroposition4.2 — A CC — Group of order2"m, where m is an odd integer
having a normal Sylow 2-subgroup, is Abelian.

PROOF: Let P be a normal Sylow-2 subgroup of G. Then P is normal nilpotent
subgroup of G and hencB < Z(G). Also G/P being a group of odd order is
solvable and also CC-group and hence is Abelian. But ther< P < Z(G),
which shows that G is nilpotent and hence Abelian. °

Corollary 4.3 — Let G be aC'C — Group of order2"m, where m is an odd
integer such that a Sylow 2-subgroup@fZ(G) is cyclic. Then G is Abelian.

Theorem4.4— If an F.C. p-group is conjugate closed, then it is Abelian.

PROOF: Let G be an F.C. p-group and € G. SincdG : Cg(z)] < oo,
therefore there exists a normal subgroup of G say H suchithatC (). Clearly
[G : H] < co. Now G/H is a finite p-group. Since G/H is conjugate closed, it
is abelian and henc€' < H < Cg(z). As z is arbitrarily chosen, therefore
G < Nzec Ca(z) = Z(G). Butthen G is solvable and hence Abelian. .

It is well known that for a T-grouf(G’) is the Fitting subgroug(G) [5].
In case of finiteC'C' — Groups we have the following:

Theorem4.4— For any finiteCC — Group G, Co(G') = F(G) = Z(G).

PROOF: Let G be aCC — Group. Since evernyC'C' — Group is a T-group,
Ca(G') = F(G). Now G is finite. Thereforel'(G) is the unique largest normal
nilpotent subgroup of G and hence Abelian. But in a fidit@ — Group G, Z(G)
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is the maximal normal abelian subgroup. Tiils(G') = F(G) = Z(G). .
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