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Let G be a group. In this note we define conjugate closed groups, which
are briefly calledCC − Groups. These groups form a proper subclass of
T − Groups. We prove that ifG = Z(G) ×H, then G is conjugate closed
if and only if H is conjugate closed. We also show that a finite group G is
semisimple, conjugate closed and perfect if and only if it is a direct product
of non-abelian and simple groups.
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1. INTRODUCTION

Let G be a group and H be a normal subgroup of G. For anyx ∈ H, xG denotes
the conjugacy class of x in G andxH denotes the conjugacy class of x in H. A
normal subgroup H of a group G is said to be conjugate closed ifxG = xH for
everyx ∈ H. A group G is said to be conjugate closed if every normal subgroup
of G is conjugate closed. We abbreviate conjugate closed groups asCC−Groups.
Clearly Abelian groups and simple groups areCC−Group. Section 2 is concerned
with our main result of this paper: A finite group G is semisimple; conjugate closed
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and perfect if and only ifG = G1×G2×· · ·×Gr where eachGi is non-abelian and
simple. We observe that a simple group is conjugate closed and a direct product
of conjugate closed groups is conjugate closed. Also every normal subgroup and
homomorphic image of aCC −Group is again aCC −Group.

In section 3 of this paper we show that aCC − Group which is nilpotent or
solvable must be Abelian. A group G is called a T-group if normal subgroup of a
normal subgroup is again normal. We observe that a conjugate closed group is a T-
group but not conversely asS3 is a T-group which is not conjugate closed, whereas
S4 is neither conjugate closed nor a T-group. Infact we show that forn ≥ 3, the
symmetric groupSn is not conjugate closed. In section 4 of this paper, we discuss
some results about finiteCC −Groups.

2. GENERAL PROPERTIES OFCONJUGATECLOSED GROUPS

To set up our notations and for completeness we begin the section with the follow-
ing definitions.

Definition 1 — For a group G, the sequenceZi(G)i≥0 of subgroupsZ0 ⊆
Z1 ⊆ Z2 ⊆ . . ., of G defined inductively byZi/Zi−1=Z(G/Zi−1), is called the
upper central series for G. Here Zi=Zi(G) and Z0 = {1}, Z1 = Z(G), the center
of G.

A group G is nilpotent if and only if Zm = G for some positive integer m.

Definition 2 — For a group G, the series of subgroups
G = γ1(G) ⊇ γ2(G) ⊇ γ3(G) ⊇ . . .,of G defined inductively byγi(G) =
[G, γi−1(G)], for eachi ≥ 1, is called the lower central series for G. We write
γ2(G) = G

′
.

A group G is nilpotent if and only ifγm(G) = {e} for some positive integer
m.

Definition 3 — For a group G,the series of subgroupsG = δ0(G) ⊇ δ1(G) ⊇
δ2(G) ⊇ . . ., of G defined inductively asδi(G) = δ(δi−1(G)) = [δi−1(G), δi−1(G)]
, is called the derived series of G. We writeG = δ0(G).
Note thatγ2(G) = δ(G) = δ1(G) = G

′
.

A group G is solvable if and only ifδm(G) = {e} for some positive integer m.

Definition 4 — A group G is called a T-group if every normal subgroup of a
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normal subgroup of G is normal in G.

Definition 5 — A group G is called an F.C.-group if conjugacy class of every
element of G is finite.

Definition 6 — A group G is called semisimple if G has no non trivial normal
Abelian subgroup.

Proposition2.1 — Every normal Abelian subgroup of aCC−Group is central.

PROOF: Let N be a normal subgroup of G and letx ∈ Z(N) andg ∈ G. Then
there existsn ∈ N such thatg−1xg = n−1xn = x. Since g is arbitrary, therefore
x ∈ Z(G). HenceZ(N) ≤ Z(G). In particular, if N is a normal Abelian subgroup
of G thenN = Z(N) ≤ Z(G). •

Proposition2.2 — Let G be a group andN ≤ Z(G) such that

(1). G/N is conjugate closed.

(2). |N | and|G/N | are coprime.

Then G is conjugate closed.

PROOF : Since N is a central subgroup of G, it is a trivial G/N module under
conjugation and|N | and|G/N | are coprime implies thatH2(G/N, N) = 0 [3]. In
particular, the central extension1 → N → G → G/N → 1 splits. Since both N
and G/N areCC −Groups, G is aCC −Group. •

Theorem2.3— For a group G, the following conditions are equivalent:

(1) G is conjugate closed.

(2) For every normal subgroup H of G,G = CG(x)H, for eachx ∈ H

(3) For every normal subgroup H of G and everyx ∈ G the natural map
f : CG(x) → G/H is an epimorphism.

Moreover if G is finite, then (3) can be replaced byG/H ∼= CG(x)/CH(x).

PROOF: (1) ⇔ (2). First suppose that G is conjugate closed and H is a normal
subgroup of G. Then for giveng ∈ G andx ∈ H, there existsh ∈ H such that
xg = xh, which shows thatgh−1 ∈ CG(x). HenceG = CG(x)H.

Conversely, suppose that H is a normal subgroup of G andG = CG(x)H for



252 RAM KARAN AND SHIV NARAIN

everyx ∈ H. For anyg ∈ G andx ∈ H, there exists somez ∈ CG(x) andh ∈ H
such thatg = zh. Consequentlyxg = xh and thereforexG = xH . Thus G is
conjugate closed.

(2) ⇔ (3). Let H be a normal subgroup of G.Suppose thatG = CG(x)H for
eachx ∈ H. Therefore for giveng ∈ G there exists somez ∈ CG(x) andh ∈ H
such thatg = zh. Hence the mapf : CG(x) → G/H defined by f(z)=zH is an
epimorphism.

Conversely ifx ∈ H and the mapf : CG(x) → G/H is a natural epimorphism
then forg ∈ G there exists somez ∈ CG(x) such that zH=gH. Henceg ∈ CG(x)H
and thereforeG = CG(x)H.

Observe that the epimorphism as in (3) induces an isomorphismCG(x)/CH(x)
∼= G/H.On the other hand , if forx ∈ G, G/H ∼= CG(x)/CH(x) = CG(x)/H ∩
CG(x) ∼= CG(x)H/H, it follows thatG = CG(x)H. By (2), then it follows that
the natural mapCG(x) → G/H is an epimorphism. Hence (3) may be replaced by

(3
′
) For every normal subgroup H of G andx ∈ G, G/H ∼= CG(x)/CH(x).

Theorem2.4 — Let G be a group such thatG = Z(G) × H. Then G is
conjugate closed if and only if H is conjugate closed.

PROOF : Suppose that G be a group such thatG = Z(G) × H and H is
conjugate closed subgroup of G. Then G being a direct product of conjugate closed
groups, is conjugate closed.
Now suppose that G is conjugate closed. ThenG/Z(G) ∼= H. Since quotient
group of a conjugate closed group is conjugate closed, H is conjugate closed.•

Theorem2.5 — A finite group G is semisimple; conjugate closed and perfect
if and only ifG = G1 ×G2 × · · · ×Gr where eachGi is non-abelian and simple.

PROOF: Let G be a semisimple conjugate closed and perfect group. Since G is
semisimple, G has no normal abelian subgroup and hence its center is trivial. Let
G1 be a minimal normal(and, so, non-Abelian) subgroup of G. Since G is conjugate
closed,G1 is non-abelian and simple group. ThereforeG/CG(G1) ∼= a subgroup
of Aut(G1) and in this isomorphismG1CG(G1)/CG(G1) corresponds toInn(G1)
i.e. G1CG(G1)/CG(G1) ∼= Inn(G1). Now G1 is simple, therefore, by Schreier
ConjectureOut(G1) = Aut(G1)/Inn(G1) is solvable and henceG/G1CG(G1)
is solvable. Since G is perfect,G/G1CG(G1) is a trivial group. But thenG =
G
′
= G1CG(G1). As G is semisimple,G1∩CG(G1) is a normal abelian subgroup
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of G and hence trivial. But thenG = G1 × CG(G1). Now o(CG(G1)) < o(G)
andCG(G1) is semisimple, conjugate closed and perfect. Therefore by induction,
we haveCG(G1) = G2 × · · · × Gr and henceG = G1 × G2 × · · · × Gr where
eachGi is non-abelian, simple subgroup of G. Conversely suppose thatG = G1×
G2 × · · · ×Gr. where eachGi is non-abelian and simple and therefore eachGi is
perfect and conugate closed. From this it follows that G is perfect and conjugate
closed. Let H be a normal abelian subgroup of G. Then H is a direct product of
some ofHi

′
s. where for any i,Hi is a normal Abelian subgroups ofGi. But then

everyHi = {1} and hence H={1}. Therefore G is semisimple. •
Theorem2.6 — Let G be a finite group such thatG = Z(G) × H for some

normal conjugate closed subgroup H of G. Then G/Z(G) is perfect if and only if
G = Z(G) × G1 × G2 × · · · × Grwhere eachGi is non-abelian and simple
subgroup of G.

PROOF: Let G be a group such thatG = Z(G)×H for some normal conjugate
closed subgroup H of G. First suppose that G/Z(G) is perfect. SinceG/Z(G) ∼= H,
H is perfect, semisimple and conjugate closed.
HenceH = G1 × G2 × · · · × Gr where eachGi is non-abelian and simple. But
thenG = Z(G)×G1 ×G2 × · · · ×Gr. where eachGi is non-abelian and simple
subgroup of G.

Conversely suppose thatG = Z(G) × G1 × G2 × · · · × Gr where eachGi

is non-abelian and simple, then G can be written asG = Z(G) ×H; whereH =
G1 ×G2 × · · · ×Gr. Now clearlyG/Z(G) ∼= H is perfect. •

3. NILPOTENT AND SOLVABLE GROUPS

It is well known that that a nilpotent group G is a T-group iff every subgroup of G
is normal and every soluble T-group is meta-abelian [5].

In this section we show that if aCC −Group is nilpotent or solvable then it is
Abelian.

Proposition3.1 — For aCC−Group G, the lower central series of G coincides
with the derived series of G.

PROOF : Let G = γ1(G) ≥ γ2(G) ≥ . . . be the lower central series for G
whereγ2(G) = δ(G) = G

′
. Suppose thati ≥ 2 and thatγi(G) = δi−1(G). As

γi(G) is normal in G, forx ∈ γi(G), g ∈ G there existsh ∈ γi(G) such that
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[x, g] = x−1g−1xg = x−1h−1xh = [x, h] ∈ [γi(G), γi(G)] = [δi−1(G), δi−1(G)]
= δi(G). Thusγi+1(G) ⊆ δi(G) = [δi−1(G), δi−1(G)] = [G, γi(G)] = γi+1(G).
Henceγi+1(G) = δi(G) and induction is complete. •

Proposition3.2 — A conjugate closed, nilpotent group is Abelian.

PROOF : Let G be aCC − Group which is nilpotent of class c. Consider the
upper central seriesZ0 ⊆ Z1 ⊆ Z2 ⊆ . . . Let x ∈ Z2. ThenH =< x,Z1 > is an
Abelian subgroup of G containingZ1. SinceZ2/Z1 = Z(G/Z1), it follows that
H/Z1∆G/Z1 (being a central subgroup ofG/Z1). Thus H is a normal Abelian
subgroup of G and, therefore,H ≤ Z(G) = Z1 and hencex ∈ Z(G). But then
Z2 = Z1 andG = Z1 = Z(G). Therefore G is Abelian. •

Corollary 3.3 — For a finite conjugate closed group G, the Frattini subgroup
Φ(G) is central.

PROOF : Let G be a finite conjugate closed group. ThenΦ(G) is a normal
subgroup of G and hence conjugate closed. SinceΦ(G) is nilpotent subgroup of
G, the result follows from propositions 3.2 and 2.1. •

Corollary 3.4 — A conjugate closed solvable group is Abelian.

Let G be a conjugate closed group withG 6= G
′
and N be a normal subgroup of

G. If N is Abelian then by theorem 2.1,N ⊆ Z(G). Thus if N is not Abelian then
N is not contained inZ(G). Therefore there exists an elementx which belongs to
N but does not belong to Z(G). HenceCG(x) is a proper supplement of N in G.
Thus we conclude that in a CC-group G either a normal subgroup N is central or it
has a proper supplement. In particular, ifG 6= G

′
, then eitherG

′ ⊆ Z(G) or G
′

has a supplement. In first case G will be nilpotent and hence Abelian.In the later
caseG

′
has a supplement and then by proposition 4.1[2],G

′
is not contained in

Φ(G) and, therefore,there exists a maximal subgroup M of G such thatG
′

is not
contained M andG = MG

′
. Hence we have the following theorem.

Theorem3.5 — If G is a conjugate closed group such thatG 6= G
′
, then either

G is Abelian orG = MG
′
for some maximal subgroup M of G.

Proposition3.6 — Forn ≥ 3 , the symmetric groupSn is not conjugate closed.

PROOF : Let n ≥ 3 andSn be the symmetric group of degree n on the set
S = {1, 2, ...n}. Two elements ofSn are conjugate iff they have the same cyclic
decomposition. LetAn be the Alternating group of degree n. TakeG = Sn and
H = An.
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Case1 : Suppose n is odd. Thenx = (123...n) ∈ H andxG = {y ∈ G :y
is a cycle of length n}. Now the number of cycles of length n is(n − 1)! and,
therefore,|xG| = (n − 1)! = [G : CG(x)]. Also if G is conjugate closed, then
|xH | = (n − 1)! = [H : CH(x)]. Now |xH | divideso(H) = n!

2 , implies that
n!
2 = k.(n− 1)! for somek ∈ N and , therefore, n=2 k ; a contradiction.

Case2 : If n is even thenx = (123...n − 1) ∈ H and|xG| = n.(n − 2)!. If
xH = xG, then|xH | divideso(H) = n!

2 , implies thatn!
2 = k. n. (n− 2)!. for some

k ∈ N which shows thatn = 2k + 1; a contradiction. Hence G is not conjugate
closed. •

Proposition3.7 — If G is conjugate closed thenG
′

is perfect and henceG
′
=

G
′′

= ....

PROOF : Case1 : If G is perfect thenG
′′

= (G
′
)
′
= G

′
which shows thatG

′

is perfect.

Case2 : If G is not perfect thenG/G
′′

is solvable. SinceG/G
′′

is conjugate
closed , therefore, it is abelian and henceG

′ ≤ G
′′ ≤ G

′
. ThusG

′
is perfect. •

However converse is not true e.g. ifG = Sn, n ≥ 5. thenG
′

= An and
G
′′

= An. HenceG
′
is perfect but G is not conjugate closed.

Theorem3.8— A free group of rankn > 1, is not conjugate closed.

PROOF : Let F be a free group of rankn > 1 Then for1 6= x ∈ F , CF (x) is
cyclic. Suppose that F is conjugate closed, thenF = CF (x)R, for every normal
subgroup R of F and for eachx ∈ R. CF (x) is cyclic, SinceF =< y > R for
somey ∈ CF (x). But thenF/R is cyclic. In particularF/F ′ is cyclic (if R = F ′)
a contradiction, because for a free group F, F andF/F ′ have the same rank. Thus
F cannot be conjugate closed. •

4. FINITE CC-GROUPS

This section deals with some special results about finiteCC − Groups. Since
every group of odd order is solvable [1], anyCC −Group of odd order is abelian.
Hence amongCC −Groups, groups of even order are of special interest.

Theorem4.1 — Let G be a finiteCC − Group having a cyclic Sylow 2-
subgroup. Then G is Abelian.
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PROOF : Let P ∈ Syl2(G) such thatP =< a > for somea ∈ P . Suppose
|P | = 2r for somer ∈ Z+. Then|G| = 2rm for some odd integer m.Now the map
fa : G → G given byfa(x) = ax defines an element of Symm(G). Since|a| = 2r,
it follows that fa is an odd permutation. Hence G has a normal subgroup say H
of order2r−1m. Since H is normal in G andP ∈ Syl2(G) thereforeH ∩ P ∈
Syl2(H). Also P being cyclic,H ∩ P is cyclic. Thus H is a group of order2r−1m
with a cyclic Sylow 2-subgroup. Continuing the argument a finite number of times,
we get a series of subgroups each normal in the nextK = Hr,Hr−1, ...H2,H1(=
H), G, whereHi is a subgroup of order2r−im having a Sylow 2-subgroup. In
particularHr(= K) is a group of order m and, so, is solvable. A CC-group being
a T-group, K is a normal subgroup of G. Since every normal subgroup of G is a
CC-group, K is a CC-group. Then K is Abelian and, hence a central subgroup of
G. Then G/K being cyclic, G is Abelian . •

Poroposition4.2 — A CC − Group of order2rm, where m is an odd integer
having a normal Sylow 2-subgroup, is Abelian.

PROOF: Let P be a normal Sylow-2 subgroup of G. Then P is normal nilpotent
subgroup of G and henceP ≤ Z(G). Also G/P being a group of odd order is
solvable and also CC-group and hence is Abelian. But thenG

′ ≤ P ≤ Z(G),
which shows that G is nilpotent and hence Abelian. •

Corollary 4.3 — Let G be aCC − Group of order2rm, where m is an odd
integer such that a Sylow 2-subgroup ofG/Z(G) is cyclic. Then G is Abelian.

Theorem4.4— If an F.C. p-group is conjugate closed, then it is Abelian.

PROOF : Let G be an F.C. p-group andx ∈ G. Since[G : CG(x)] < ∞,
therefore there exists a normal subgroup of G say H such thatH ≤ CG(x). Clearly
[G : H] < ∞. Now G/H is a finite p-group. Since G/H is conjugate closed, it
is abelian and henceG

′ ≤ H ≤ CG(x). As x is arbitrarily chosen, therefore
G
′ ≤ ⋂

x∈G CG(x) = Z(G). But then G is solvable and hence Abelian. •

It is well known that for a T-groupCG(G
′
) is the Fitting subgroupF (G) [5].

In case of finiteCC −Groups we have the following:

Theorem4.4— For any finiteCC −Group G, CG(G
′
) = F (G) = Z(G).

PROOF : Let G be aCC − Group. Since everyCC − Group is a T-group,
CG(G

′
) = F (G). Now G is finite. ThereforeF (G) is the unique largest normal

nilpotent subgroup of G and hence Abelian. But in a finiteCC −Group G, Z(G)
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is the maximal normal abelian subgroup. ThusCG(G
′
) = F (G) = Z(G). •
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