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In this paper, we first establish several identities for the alternating sums in the
Catalan triangle whosgn, p) entry is defined byB,, , = %(f_"p). Second,

we show that the Catalan triangle matfixcan be factorized by = 7)Y =
ZF,whereF is the Fibonacci matrix. From these formulas, some interesting
identities involving3,,, , and the Fibonacci numbefs, are given. As special
cases, some new relationships between the well-known Catalan nufpers
and the Fibonacci numbers are obtained, for example:

B S (k+1)(5k — 6)
C%_F“1+g;{l_4@k—mmk—m}cﬁ%k“’

and

n—1 1
= _F,+F,_
n+2C gtn T ¥n-2

~ (k+2)(5k*> =16k +9) | k—1
+kz4{1 1 CvFn—kt1.

(k—1)(2k—1)(2k—3) [ k+2

Key words : Catalan triangle; Catalan number; sum; Fibonacci matrix; Fi-
bonacci number.
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1. INTRODUCTION

In [10], by considering lattice paths in the first quadrant, Shapiro derived the fol-
lowing triangle similar to Pascal’s triangle, with entries given by

2n
Bn,P:z<n_p>7 n,peN,pSn. (1)

The above triangle is called Catalan triangle because the well-known Catalan
numbers are the entries in the first column. Catalan numbers are defined recursively
by Co = 1andC,, = 37, C;Cn_1-4, n > 1. The general term of Catalan
sequence is given by the formula

1 2n
C = >1.
" n—i—l(n)’ "=

Catalan numbers have been widely encountered and widely investigated. In
[11] Stanley lists some 70 examples of enumeration problems which are counted
by the Catalan numbers. The research bibliography of Gould [4] also contains a
wealth of references. Aigner [1] introduced a class of numbers, called Catalan-
like numbers and provided a common framework for a series of coefficients with
Catalan numbers [11] as special cases. Other generalized Catalan numbers are con-
sidered in [7]. Although the numbers, , are not as famous as Catalan numbers,
they have also some different interpretations and applications. See [5].

In [10], Shapiro gave the following identities

n

> (Bup)® =Con-1, n€N, 2)
p=1
> BupBni1p=Con, n > 1. 3)
p=1

In [5], Gutierrez, Hernandez, Miana and Romero gave an alternative proof of
identities (2) and (3) and established the following identities:

n

Z (PBnp)® = (3n — 2)Cy(—1), n €N, (4)
p=1
i , 2(n—1)
> BupBunip-i(n+2p—i)=(n+1) ., JCmneN (5)

p=1
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In particular, ifi = n in (5), then

- 1
Zp (Bn,p)Q — %CHC’H_L n € N. (6)
p=1
The structure of the paper is as follows. In Section 2 we first establish several

identities for the alternating sums in the Catalan triangle wiiasg) entry is de-

fined by B, , = %(fﬁp). In Section 3 we show that Catalan triangle matrix can
be factorized as the product of the Fibonacci matrix and a lower triangular matrix.

From these factorizations, some interesting identities involving, and the Fi-
bonacci number#’, are given. As special cases, some new relationships between
the well-known Catalan numbe€$, and the Fibonacci numbers are obtained.

2. SOME ALTERNATING SUMS

First of all, we give two identities which are to be used later.

Lemma2.1 — The following hold :

S - Jor() Jor() oo o

Sor () () - )6

—%(—1)” (2”; 1), (n>2). 8)

PROOF : Comparing the coefficients of>" in both sides of the equalities
(1 o I)Qn(l + $)2n — (1 _ x2)2n and(l _ $)2n—1(1 + SU)Qn_l — (1 _ 1.2)271—1

yields
i(l)k(ff —c (). ©
and

2”2—1(_1)k<2nk— 1> <2kn_—11> (L <2nn— 1>’ (10)

k=1
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respectively. Since

Srs) - () -Een)

- (D) ()

p

oSr(y) = () - ()

p=

we have

The first formula is proved. The second formula can be proved similarl{

Theorem2.2— Letn > 1. Then

n

S (1 (Bup)? = —5 (0 + 1)C an

p=1

PROOF: Applying Lemma 2.1, we have

n n

2 n 2
S (Bay)? = Z(W( 2 )

2
ns\n —
p=1 p=1 p

- LS e (M)

p

(="

= 0(—1)10 (n® — 2np + p?) <2;>2

n2

n

1

(3) SR
=306 e R ()

p=1
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— ;(?) B ;(277:)2 —4(-1)" :_i(_l)p (2;1_—11) (an— 1)
) )
= 30030 23 () +23(0)
1 <2n>

2\ n

1

O
Theorem2.3— Letn > 1. Then
N (1P (Buy)? = nln — 2)(2n — 1)Cy1. (12)

p=1
PROOF: We use the identity

(n—p*=p*(p— 12+ (2—4n)p*(p— 1) + p*(6n* — dn + 1) — 4n’p + n*

to get that
- - 2/ on \?
1p2Bn 2: _1p2p
;< P Bas = 205,
1 '« on 2
= e sn()
= p
n—1
1n
— (nQ) (_1)p

2
{pQ(p — 124+ (2—4n)p*(p— 1)+ p*(6n® —4n + 1) — 4n’p + n4} (i:l)

n—1 n—1

— 420 1) ”Z (2”_2> +(—1)"4(2—4n);(—1)p(p— 1)
(2:__11) 4 (—1)"4(6n% — 4n + 1) ni(—l)p (2;__11>2
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Applying Lemma 2.1 foEZ;Ql(—l)p(Q;_‘;)Z andzg;é(—l)p(?)Q, we have

S () ()

Z(_l)pPQ (Bn,p)2

4;271 _ 1) [_; (2;1_—3) n ;(2:_—12)2 - (2:__22> 2]
1) 1)) i S ()
+(=1)"4(6n2 — 4n + 1)

S () e s (G

+n?

4(2n — 1)2 [_ ! <2:__12> N ;<2:__12>2 B <2: _ 22> 2]

() 5] B () ()

+(—=1)"4(6n> — 4n + 1)

g(_l)p (2;—_11>2 - (-yree’ :21(—1)1’ <2;—_11> K%p_ 1> ! <2;—_11>]

+n2

4(2n-1)? [_; <2:—_12> + ;(2:—_12>2 B <2:—_22> 2]
()3 ] - ese- e S (5 (572)

+(=1)"4(4n* — 4n + 1)

+n2

p—1 P

p=1

Again, applying Lemma 2.1 for the final term on the right hand side of the
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above equation we have

> (=1 (Buyp)?

_ 4:2n —1)? [_; <2:__12> n ;(2: 12)2 B <2:__22> ]

(1) 0] o (R ()
+(—1)"4(4n® — 4n + 1)
g(_l)p<2;_—11>2 z:: < 1> (an 1)

_ o1y (2:_ 12> 22n - 1)? < 12>2 4(2n —1)? (2:_22>2
3 (0)-3(0)
(—1)m8n? B (1 <2nn— 1> B % (—1) <2nn— 1) (2:__11”
+(—1)"4(2n — 1)° §<—1>p (2; - 11> [(2; - 11) - <2; - 22” '

+n2

Noting that
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S ey R i | R s

Cr (120 - (2:_‘12>2 T <2:_‘22)2,

—2(2n —1)? (2n _12> +2(2n — 1)?2 <2” - 2) T A(2n — 1)

1 ,/2n\ 1 ,/20\* _ ,[1/2n—1\ 1/2n—1
—|—2n <n>_2n <n> - en 2 n 2 n

+4(2n — 1)? (?_‘f) —4(2n —1)? <2: ; 2) 2 +4(2n —1)?
2

2n — 2 2n — 2 1 2n 1
2(2n — 1)? —2(2n —1)? —n? —-n?
(2n )<n—1> (2n )<n—1> ar <n> 2"
_4n2<2n—1>+4n2(2n—1) <2n—1>

n n n—1

2(2n — 1)2 <2" B 2) —2(2n — 1)? <2" - 2>2 +n(2n — 1) (2” - 2)

n—1 n—1

—n(2n—1) <2:> <2:__12> —4n(2n —1) (i’::f) +4(2n — 1)2(
(2n2 — 5n + 2) <2" N 2)

n—1
nin—2)2n —1)Cp—1.

The proof is complete.

Theorem2.4— Letn > 2. Then

i
[N}

3 (~1)Pp(Bup)? + d(n - 1)°
p=1
n(2n? — 6n +3)Cph_1.

(=1
(p+1)(p+2

3
I
o

PrROOF, Using

(n—p)®=—p*(p—1)+ (3n — 1)p* — 3n’*p + n?,

2n — 2
n—1

) anl,pqtl an 1,p42

(13)

:
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we have
Bty ()2, ) - SFE e ()

- (;ﬁ)n:;:u)p(p?(pm@n1>p sty ) (1)

_ 4(—1>":<— (™ 1>2 A1) (3 - 1) :::(—1) (")

—3(—1)“:_:<—1>pp(2") +<—1)"n:2,j<—1>p(2§)2

- >“4<2n—1>:2:jj< or(* ) @_‘f)—(—1)"4<3n—1>:;z<—1>p

() e Zer ()G e g ()
(14)

By combinatorial computation, the first term on the right hand side of (14)
equals

(" )(07) - S S

The second term on the right hand side of (14) equals

ni(—l)”(%p_ 1)2 - ni(_l)p K%p_ 2> . (2”_—12>]2

p=0 p=0

- (™)) +2Z (0
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The third term on the right hand side of (14) equals

B () - By ) ) L)
_ :::(—Dp <2np— 1) <2:_—11) - :Z:::(_l)p <2np— 1)2
- S ) () o

iy I G [y

Hence we have -
i(—l)”p(Bn,p)2
= —2(3n-2) <2:_—22>2 . (—1)%?;(—1)7’ (2;>2 ) (—1)”6n:§(_1)n
<2np_ 1> <21:_11> — (=DM = 1) :§z<—1>p (an_ 2>2 — (~1)"4(n — 1)
g(_l)p <2np— 2) <2:_—12>.

Using Lemma 2.1 it follows that
i 1 /2n\ 1 /[2n\? o2n — 2\ 2 on — 1
—1)Pp(B,,)? = = - = —2(3n -2 —
S Y ) I s
2n —1 2n —1 2n — 2
+3n< . ><n_1>+2(2n1)<n_1>2(2n1)
2n — 2\ 2 o2n — 2\ 2
4(2n — 1
(o) ween-n(2])
n—2

~(~1)"d(n — 1) Y (1) <2np_ 2) (2; - 12)

p=0

2m? — 6n + 3 <2n - 2>2 — (~1)"4(n — 1)

n n—1
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N2 o — 2\ [2n — 2
() (05))
= p p

= n(2n® —6n+3)Cp_1 —4(n —1)*

Bn—l7 p—‘,—an—l7 p+2-
The proof is complete. O

Theorem2.5— Letn > 1. Then

n

n 2 2
n-—p

S (1B pBusip + > (1)
p:1( ) n, pPn+1, p p:1( )p(p+2)

By, pBni1, pr2 = —n(2n + 1)C2 + nC,,. (15)

PrRooOFE First, we have

n n
1 2n 2n + 2
E “1Y"B.. .B = —1)Pp?
( ) n, pPn+1, p n(n+1) ( )p <n—p><n—|—1—p>

p=1 p=1

G VL =P 2\ [2n + 2

N n(n+1)p:o(_1) (n_p)2<p> p+1>
()" &, 2n\ (20 + 2
ol - () (217)

o O B[ B R ety

p p=0
n—1
2n\ (2n + 2
e ()G
pgo( I g
Applying Lemma 2.1, it follows that

S = ST )+ ()

p=0 =0
-1

- S (6T g ()

p=0

S 3
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n—2
2 2
GG
=0 p)\p+1

S S [ B G B G )

= —(@2n+1)(n+1)(-1)"C2 + (n+1)(~=1)"C,.

Noting that
n—1 n
2n\ (2n + 2 n—p
—1)? = (=" 1 -1)»——B,, ,B,
> () (57 = o+ PSP s L
and
n—1 n
2n\ [2n + 2 (n —p)?
—_1)Pp2 = (=1)"n(n+1 —1)P—"B, ,B» )
> (M) () = o )3 B B
the proof of the theorem can be completed. O

3. B, , AND FIBONACCI NUMBERS

Then x n Catalan triangle matrig is defined by
C = [Bijlij=12,..n,
whereB; ; is defined in (1).

The Fibonacci numbers have been discussed in so many papers and books.
Let F,, be thenth Fibonacci number. The x n Fibonacci matrix* = [f; ;]
(4,7 =1,2,...,n)is defined by

Fiji1, ifi—j52>0,
- _ 16
Jid { 0, ifi—j<0. (16)

The inverse ofF is given as follows: itF ! = | 11,7 =1,2,...,n),then
L, 1=y,

0, otherwise
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We define twon x n matricesy = [y; ;] andZ = [z; ] (i,j = 1,2,...,n) as
follows:
vi,j(x) = By, j — Bi—1,j — Bi—2, j, (18)
here we make the convention that ; = B_, ; = 0, and
2z, j(r) = Bi j — Bi j+1 — Bi, j12, (19)
respectively.

From the definition o€ and the inverse aof', it is easy to see tha&—>°C = )
andCF~—=° = Z. Hence we have

C=Fy=2ZF. (20)

From (20), we have the following identities.

Theorem3.1—For1 <p<n -2,

Bn, p = Fn—p+1 + (2]7 - l)Fn—p

" k2 — p?)(5k? — 16k + 13 — p?
+Z{1_( P)( )

a(k — 1)(k — 2)(2k — 1)(2k — 3) } Bi, pFor (21)

and

B, p=Fnpt1+ (2n —3)Fn—p

n—2
n(n — k)(2k +3)
+kzp{1_k(”+k+1)(n+k+2)}anka—p+1‘ (22)

PROOF. From (18), it is easy to see that

Yp,p = 1, Yp+1,p = 2p—1
and fork > p + 2,
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= () ) el )
)R

B (k? — p?)(5k% — 16k + 13 — p?)
- B’“’p{l‘4<k—1><k—2><2k—1><2k—3>}'

Then, from (20) it follows that

n
k=p

Fn—p—i‘lyp,p + Fn—pyp+17p($) + Z Fn*k)%»lyk,p
k=p+2
= Fn_p+1 + (2p - 1)Fn—p
3 (k2 — p?)(5K? — 16k + 13 — p?)
1 Be B
’ k=zp+2 { Ak —1)(k —2)(2k — 1)(2k — 3)  ~Fpinoki

and (21) holds. Similarly, we can obtain identity (22). O
As consequences of Theorem 3.1, we derive the following interesting new re-
lationships between the Catalan numbers and the Fibonacci numbers.

Corollary 3.2 — Forn > 3,

B = (k +1)(5k — 6)
and
n—2
n(n —k)(2k + 3) }
C,=F,+ (2n—3)F,_ 1— B, pFy. (24
+(2n-3) 1+};{ Ktk 1)(n g k4 2) J Dowlie (24)
PROOE Takep = 1in Theorem 3.1. O

Corollary 3.3 — Forn > 4,

n—1 1
Cp = F, + F, 2

n—+ 2 )
- (k +2)(5k% — 16k + 9)
* ,;4{1‘4( }

k—1)(2k — 1)(2k — 3)
k—1

F, _ 2
k+20k n—k+15 (25)
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and
2(:;21)0,1 =F,-1 + (2n—-3)F,—»
n—2 .
" kZ:Q {1 B k(nnﬁ +k1))((2nkj % )+ 2) }
By, i Fr—1. (26)
PrROOF: Takep = 2 in Theorem 3.1. O

Note Applying the idea and method of the Lucas matrix introduced in [13],
some identities involving Catalan numbérs and Lucas numbers can be obtained.
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