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In this paper the concept of asymptotic Toeplitz and asymptotic Hankel oper-
ators on the Bergman space are introduced and properties of these classes of
operators are studied. The importance of this notion is that it associates with
a class of operators a Toeplitz operator and with a class of operators a Hankel
operator where the original operators are not even Toeplitz or Hankel. Thus
it is possible to assign a symbol to an operator that is not Toeplitz or Hankel
and hence a symbol calculus is obtained. Further a relation between Toeplitz
operators and little Hankel operators on the Bergman space is established in
some asymptotic sense.
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1. INTRODUCTION

In this paper we introduce the concept of asymptotic Toeplitz operators and asymp-
totic Hankel operators on the Bergman space. Such concepts on the Hardy space
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were introduced by Barria and Halmos [4] and by Feintuch [6], [7]. The impor-
tance of this notion is that it associates with a class of operators a Toeplitz operator
and with a class of operators a Hankel operator where the original operators are not
even Toeplitz or Hankel and hence a symbol calculus is obtained.

Let D = {z ∈ C : |z| < 1} be the open unit disc in the complex planeC. Let
dA(z) be the area measure onD normalised so that the area of the discD is 1. In
rectangular and polar coordinates,

dA(z) =
1
π

dxdy =
1
π

rdrdθ.

Let L2(D, dA) denote the Hilbert space of complex-valued, absolutely square-
integrable, Lebesgue measurable functionsf onD with the inner product

〈f, g〉 =
∫

f(z)g(z)dA(z).

Let L∞(D, dA) denote the Banach space of Lebesgue measurable functionsf

onD with
‖f‖∞ = esssup{|f(z)| : z ∈ D} < ∞.

Let H∞(D) be the space of bounded analytic functions onD. Let L2
a(D)(the

subscript “a” stands for analytic) be the subspace ofL2(D, dA) consisting of ana-
lytic functions. The spaceL2

a(D) is called the Bergman space. Since point evalua-
tion atz ∈ D is a bounded linear functional on the Hilbert spaceL2

a(D), the Riesz
representation theorem implies that there exists a unique functionKz in L2

a(D)
such that

f(z) =
∫

D
f(w)Kz(w)dA(w)

for all f in L2
a(D). Let K(z, w) be the function onD× D defined by

K(z, w) = Kz(w).

The functionK(z, w) is thus the reproducing kernel for the Bergman space
L2

a(D) and is called the Bergman kernel. It can be shown that the sequence of
functions{en(z)} = {√n + 1zn}n≥0 form the standard orthonormal basis for
L2

a(D) and K(z, w) =
∑∞

n=1 en(z)en(w). The Bergman kernel is independent
of the choice of orthonormal basis andK(z, w) = 1

(1−zw̄)2
. SinceL2

a(D) is a

closed subspace ofL2(D, dA)(see [3]); there exists an orthogonal projectionP

from L2(D, dA) ontoL2
a(D). For φ ∈ L∞(D), we define the Toeplitz operatorTφ

on L2
a(D) by Tφf = P (φf), f ∈ L2

a(D) and the little Hankel operatorSφ on L2
a
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is defined bySφf = PJ(φf) whereJ : L2(D, dA) → L2(D, dA) is such that
Jf(z) = f(z̄).

LetT denote the unit circle inC. LetL∞(T) be the space of essentially bounded
measurable functions onT. In the sequelLφ̃ denotes an operator inL(L2

a(D)) with
a classical Toeplitz matrix with respect to the standard orthonormal basis ofL2

a(D)

with symbolφ̃ in L∞(T), i.e.,〈Leφej , ei〉 = ̂̃
φ(i− j) wherễ

φ(k) is the kth Fourier

coefficient ofφ̃. SimilarlyBφ̃ denotes an opertor inL(L2
a(D)) with a classical Han-

kel matrix with respect to the standard orthonormal basis ofL2
a(D) with symbolφ̃

in L∞(T), i.e.,〈Bφ̃ej , ei〉 = ̂̃
φ(i+j) whereˆ̃

φ(k) is the kth Fourier coefficient of̃φ.

It is important to note that if̃φ andψ̃ belong toL∞(T) thenLfφψ
= Bφ̃+Bψ̃+Lφ̃Lψ̃

andBfφψ
= Lφ̃+Bψ̃ +Bφ̃Lψ̃ whereφ̃+(z) = φ̃(z̄). Moreover ifφ =

∑∞
k=0 φ̂(k)zk

belongs toL∞(D) thenφ̃ will denote the function
∑∞

k=0 φ̂(k)eikθ in L∞(T).

LetM denote the maximal ideal space ofH∞ andC(M) denote the space of
continuous functions onM. The following algebras are identical [10].

1. C(M); 2. The supremum norm closure of the algebra generated byH∞(D)
and H∞(D); 3. The supremum norm closure of the algebra generated by the
bounded harmonic functions onD. Let A be the set{∑m

k=1 φ̄kψk : φk, ψk ∈
H∞(D)}. The setA is dense inC(M). If φ ∈ A andφ =

∑m
k=1 φ̄kψk then φ̃

will denote the function
∑m

k=1
˜̄φkψ̃k in L∞(T).

Note also that ifφ ∈ H∞(D) thenTφ = D1Lφ̃D2 whereD1 is the opera-
tor on L2

a(D) given byD1ej = 1√
j+1

ej andD2 the operator onL2
a(D) given by

D2ej =
√

j + 1ej . The operatorD1 is bounded butD2 is an unbounded operator.
Similarly if φ ∈ H∞(D) thenTφ = D2Lφ̃D1. Let Sφ be the little Hankel operator

on L2
a(D). If φ ∈ H∞ thenSφ = 0. For φ ∈ H∞ the operatorSφ = D2Bψ̃D2

whereψ̃(eiθ) =
∑∞

k=0
1

k+1 φ̂(−k)e−ikθ i.e., ψ̃ is the convolution on the circle of
φ̃ =

∑∞
k=0 φ̂(−k)e−ikθ with the functionφ̃1 =

∑∞
k=0

1
k+1e−ikθ, andBψ̃ is the

operator inL(L2
a(D)) having a classical Hankel matrix with symbolψ̃ ∈ L∞(T).

Now consider the operatorW : L2
a(D) −→ L2

a(D) such thatWej = ej+1, j ≥ 0.

It can easily be checked that(D1WD2)n = D1W
nD2 and ‖D1W

nD2‖ = 1.

Similarly one can also check that‖D1W
∗nD2‖ = ‖(D1W

∗D2)n‖ =
√

n + 1. Let
R : L2

a(D) −→ L2
a(D) such thatRf(z) = f(z)−f(0)

z . Let S = Tz, the Bergman
shift operator. It is to be noted thatRS = I,R = D1W

∗D2 andS = D1WD2.

Further observe thatR = Tz̄ + K whereK is a compact operator onL2
a(D) and
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for all φ ∈ L∞(D), Tφ − T ∗z TφTz = Tφ − Tz̄TφTz = Tφ−z̄φz = T(1−|z|2)φ(z) is a
compact operator (see [5]) inL(L2

a(D)).

The following result will be used often in the remaining part of our discus-
sion which explains when two Toeplitz operators with bounded harmonic symbols
commute.

It is shown in [2] that ifφ andψ are bounded harmonic onD thenTφTψ = TψTφ

if and only if

1. the functionφ andψ are both analytic onD; or

2. the functions̄φ andψ̄ are both analytic onD; or

3. there exist constantsa, b ∈ C, not both zero, such thataφ + bψ is constant
onD.

The idea of an asymptotic Toeplitz operator and asymptotic Hankel operator on
the Hardy space was introduced and first studied in [4] and [7] respectively. The
significance of these results is that it gives distance formulae which can be viewed
as operator theoretic analogues of results [7] of Nehari, Hartman and Adamjan,
Arov and Krein. In this paper we introduce the concept of asymptotic Toeplitz
and Hankel operators on the Bergman space. We show that every operator in the
algebra generated by Toeplitz operators with symbols inA are both asymptotic
Toeplitz and asymptotic Hankel operators. Ifφ ∈ A then the little Hankel operator
Sφ is an asymptotic Hankel operator. Further ifφ, ψ ∈ A thenTφSψ andSφSψ

are asymptotic Toeplitz operators. We find necessary and sufficient conditions on
T ∈ L(L2

a(D)) such thatT is weakly asymptotic Toeplitz and weakly asymptotic
Hankel. We also relate the concept of asymptotic Toeplitz and Hankel operators
on Hardy and Bergman spaces and established relation between Toeplitz operators
and little Hankel operators in some asymptotic sense.

Our approach is similar to that of Barria and Halmos [4] and Feintuch [7], [6].
Most of the results by Feintuch and Barria and Halmos were obtained by exam-
ining the corresponding Toeplitz and Hankel matrices with respect to the standard
orthonormal basis onH2(T). On the Bergman spaceL2

a(D), the Toeplitz and Han-
kel operators do not have nice matrices and many of the techniques used to study
these operators on the Hardy space do not seem to work in this context. In this
paper we have restricted our symbol space to the algebra generated by the bounded
harmonic functions onD rather thanL∞(D). Functions inL∞(T) correspond, via
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the Poisson integral, to bounded harmonic functions onD, so perhaps the restric-
tion to consideration only of Toeplitz and Hankel operators with bounded harmonic
symbols is natural.

Toeplitz and Hankel operators on the Hardy space have been studied intensively
for a long time and have widespread applications to both system theory and approx-
imation theory. Both these classes of operators can be represented as “pieces” of
a multiplication operator and in control theory these representations correspond
to frequency domain and time domain representations of a time invariant system.
While the Toeplitz operator is the system the associated Hankel operator gives a lot
of information about the system [11]. Hankel operators play an essential role in the
theory of Toeplitz operators [11] and many problems about Toeplitz operators can
also be formulated in terms of Hankel operators and vice-versa. These operators
on the Bergman space is less understood and the results are very often strikingly
different to that on the Hardy space. Toeplitz operators with bounded harmonic
symbols onL2

a(D) behave more like Toeplitz operator on the Hardy space [3]. In
the Bergman space setting, there are two very different notions of Hankel operator,
the big and little Hankel operators. Little Hankel operators on the Bergman space
behave more like Hankel operators on the Hardy space. However no strong connec-
tion between Toeplitz operators and little Hankel operators onL2

a(D) is established
yet. In this paper we relate Toeplitz operators onL2

a(D) and little Hankel operators
onL2

a(D) in some asymptotic sense.

Feintuch in [6], [7] obtained the operator theoretic analogues of the distance
formulae of Adamjan-Arov-Krein, Hartman and Nehari (see [11]). These distance
formulae play an important role [7] in system theory and approximation theory. In
this paper we relate the concept of asymptotic Toeplitz and Hankel operators on
Hardy and Bergman spaces via unitary maps in a restricted sense. Thus for this
subset of the set of asymptotic Hankel operators on the Bergman space we have
similar distance formulae valid. We have also shown that the more general distance
formulae as obtained by Feintuch [7] is not possible for all asymptotic Hankel
operators on the Bergman space.

2. ASYMPTOTIC TOEPLITZ OPERATORS

In this section we shall proceed to make a suitable definition of asymptotic Toeplitz
operator on the Bergman space. On the Hardy space one considers the backward
shift operator and the forward shift operator to define the concept of asymptotic
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Toeplitz operators. In case of the Bergman space since‖Rn‖ =
√

n + 1 and
‖Sn‖ = 1 the sequence{RnTSn} may not be uniformly bounded for all oper-
atorsT in L(L2

a(D)). We define an asymptotic Toeplitz operator in the following
way.

Definition2.1 — An operatorT ∈ L(L2
a(D)) is strongly asymptotic Toeplitz if

the sequence{W ∗nD2TD1W
n} = {D2R

nTSnD1} is strongly convergent. Sim-
ilarly we define the operatorT is weakly(uniformly) asymptotic Toeplitz if the
sequence{W ∗nD2TD1W

n} is weakly(uniformly) convergent.

The simplest examples of asymptotic Toeplitz operators are Toeplitz operators
inL(L2

a(D)) with symbols inH∞(D)+H∞(D). In caseφ ∈ H∞, W ∗nD2TφD1W
n

= Lφ̃, φ̃ ∈ H∞(T) for all n. In caseφ ∈ H∞, the operatorD2TφD1 is bounded
since the matrix ofTφ is upper triangular with respect to the standard orthonor-

mal basis onL2
a(D) and |〈D2TφD1ej , ei〉| = |

√
i+1
j+1〈Tφej , ei〉| ≤ |〈Tφej , ei〉|

if j ≥ i. Hence{W ∗nD2TφD1W
n} is uniformly bounded. It is also easy to

check that{W ∗nD2TφD1W
nej} converges toLφ̃ej . Therefore the operatorTφ is

strongly asymptotic Toeplitz. We shall show in Theorem 2.3 that if an operatorT

in L(L2
a(D)) is asymptotic Toeplitz (strong, weak or uniform sense) the limit is an

operator of the formLψ̃ whereLψ̃ is the operator onL2
a(D) with a classical Toeplitz

matrix with symbolψ̃ ∈ L∞(T). If T is an asymptotic Toeplitz operator (strong,
weak or uniform sense) we define the symbol ofT asψ̃ if {W ∗nD2TD1W

n} con-
verges toLψ̃ and we denote the symbol ofT asσ(T ). Henceforth whenever we say
an operator is asymptotic Toeplitz we mean it in the strong sense unless otherwise
stated. LetR andS be as defined before. First we shall verify what condition on the
entries of the matrix of the operatorT in L(L2

a(D)) imply the uniform boundedness
of the sequence of operators{RnTSn}. The following theorem gives a sufficient
condition.

Theorem2.2— Let (tij) be the (i,j)th entry of the matrix of the operatorT. If
supn

∑
i

∑
j(n + 1)|ti+n,j+n|2 < ∞ then{RnTSn} is uniformly bounded.

PROOF: It is easy to see that for alli, j ≥ 0,

〈RnTSnej , ei〉 =
√

j + 1√
i + 1

√
i + n + 1√
j + n + 1

ti+n,j+n

where(tij) is the(i, j)th entry of the matrix of ther operatorT. The square of the
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Hilbert Schmidt norm of the operatorRnTSn is equal to

∑

i

∑

j

j + 1
i + 1

i + n + 1
j + n + 1

|ti+n,j+n|2.

The last sum is finite if
∑

i

∑
j(n + 1)|ti+n,j+n|2 < ∞. The theorem follows.

2

If φ ∈ H∞, RnTφSn = Tφ for all n. Hence‖RnTφSn‖ is uniformly bounded
by ‖Tφ‖. If φ ∈ H∞ andφ(z) =

∑∞
k=0 φ̂(−k)z̄k, then{RnTφSn} is uniformly

bounded ifφ ∈ H∞ ∩ D whereD is the Dirichlet space consisting of all functions
f(z) =

∑∞
n=0 anzn analytic in the disc for which‖f‖2

D =
∑∞

n=0(n + 1)|an|2 <

∞. It is not difficult to verify that ifφ ∈ H∞ ∩ D, then the sequence{RnTφSn}
converges strongly toTφ + C whereC is a bounded operator onL2

a(D). The fol-
lowing theorem shows that if the sequence{W ∗nD2TD1W

n} converges in (weak,
strong, uniform sense) the limit is always an operator onL2

a(D) with a classical
Toeplitz matrix with respect to the standard orthonormal basis ofL2

a(D).

Theorem2.3— If T ∈ L(L2
a(D)) is asymptotic Toeplitz then the limitM is an

operator of the formLψ̃, ψ̃ ∈ L∞(T).

PROOF: SupposeT ∈ L(L2
a(D)) such that{W ∗nD2TD1W

n} converges strongly
toM inL(L2

a(D)). Then〈Mej+1, ei+1〉 = limn→∞〈W ∗n+1D2TD1W
n+1ej , ei〉 =

〈Mej , ei〉, i, j ≥ 0. ThusM = Lψ̃ whereψ̃ ∈ L∞(T). 2

The following theorem shows that every compact operatorK in L(L2
a(D)) for

whichD2KD1 is a bounded operator onL2
a(D) is an asymptotic Toeplitz operator

with zero as its symbol.

Theorem2.4— If K is a compact operator inL(L2
a(D)) such thatD2KD1 is

a bounded operator onL2
a(D) then{W ∗nD2KD1W

n} converges strongly to0.

PROOF: The sequence of operators{W ∗nD2KD1W
n} is uniformly bounded

sinceD2KD1 is a bounded operator onL2
a(D). Since{en} = {√n + 1zn} form

an orthonormal basis forL2
a(D) henceen → 0 weakly and forj ≥ 0, Ken+j → 0.

Therefore

√
j + n + 1√

j + 1
KSnej → 0. Thus(

1√
n + 1

Rn)
√

j + n + 1√
j + 1

KSnej → 0

because{An} = { 1√
n + 1

Rn} is uniformly bounded. It follows therefore that
√

j + n + 1√
n + 1

RnKSnD1ej → 0. ThereforeW ∗nD2KD1W
n → 0 in the strong
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operator topology. 2

We shall now give a necessary and sufficient condition for the operatorT in
L(L2

a(D)) to be asymptotic Toeplitz in the weak sense.

Theorem2.5— Let [tij ]∞i,j=0 be the matrix representation of the bounded linear
operatorT on L2

a(D) with respect to the standard orthonormal basis. Suppose
further thatD2TD1 ∈ L(L2

a). Then{W ∗nD2TD1W
n} is uniformly bounded and

T is weakly asymptotic Toeplitz if and only if for each−∞ < j < ∞ the sequence
{ti,i+j} converges and the sequence of limits{t−j}∞j=−∞ is the sequence of Fourier

coefficients of somẽφ ∈ L∞(T).

PROOF: The necessity is obvious. For the sufficiency, sinceD2TD1 ∈ L(L2
a),

the sequence{W ∗nD2TD1W
n} is uniformly bounded and

〈W ∗nD2TD1W
nej , ei〉

=
√

i + n + 1√
j + n + 1

〈Tej+n, ei+n〉 =
√

i + n + 1√
j + n + 1

ti+n,j+n.

By a change of index this can be written as
√

n+1√
n+(j−i)+1

tn,n+j−i which by hy-

pothesis converges tot−(j−i) wheret−(j−i) are the Fourier coefficients of a func-
tion in L∞(T). 2

On the Hardy space a similar characterisation exists for describing weak asymp-
totic Toeplitz operators.

3. RELATION WITH ASYMPTOTIC HARDY TOEPLITZ OPERATORS

Let U be a mapping from the Hardy spaceH2(D)(for definition see [11]) into
L2

a(D) defined byUzn =
√

n + 1zn. Then the operatorU is unitary. In [4], Barria
and Halmos defined asymptotic Toeplitz operators as follows. An operatorT ∈
L(H2(D)) is asymptotic Hardy Toeplitz if and only if{(S̃∗)nT S̃n} converges in
the strong operator topology inL(H2(D)) whereS̃ is the unilateral shift onH2(D).
In this work we have defined asymptotic Bergman Toeplitz operators (to mark the
difference we renamed them) on the Bergman spaceL2

a(D). Since the operatorU is
a unitary operator fromH2(D) into L2

a(D), the operatorT ∈ L(L2
a(D)) if and only

if U∗TU ∈ L(H2(D)). Therefore the question that arises at this point is whether
U∗TU is an asymptotic Hardy Toeplitz ifT ∈ L(L2

a(D)) is an asymptotic Bergman
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Toeplitz operator. The following theorem gives an affirmative answer in the case the

operatorT is lower triangular. Notice thatU∗TzU − S̃ = S̃ diag

(√
n + 1
n + 2

− 1
)

is a compact operator inL(H2(D)).

Theorem3.1 — If the operatorT ∈ L(L2
a(D)) is an asymptotic Bergman

Toeplitz operator in the weak sense and the operatorT has a lower triangular
matrix representation with respect to the standard orthonormal basis ofL2

a(D) then
U∗TU is an asymptotic Hardy Toeplitz operator in the weak sense.

PROOF: SupposeT ∈ L(L2
a(D)) is an asymptotic Bergman Toeplitz opera-

tor in the weak sense. Then{W ∗nD2TD1W
n} converges weakly. It is to ob-

serve that〈W ∗nD2TD1W
nej , ei〉 =

√
i + n + 1
j + n + 1

〈Tej+n, ei+n〉 for all i, j ≥
0. Again {(S̃∗)nU∗TU S̃n} is uniformly bounded and〈(S̃∗)nU∗TU S̃nzj , zi〉 =
〈U∗TUzj+n, zi+n〉 = 〈T (

√
j + n + 1zj+n),

√
i + n + 1zi+n〉 =

〈Tej+n, ei+n〉 for all i, j ≥ 0. Hence the result follows. 2

If the operatorT belong toL(L2
a(D)) andT = Tφ thenU∗TφU belong to

the essential commutant [5] of the unilateral shift onH2(T). But whetherU∗TφU

belong to the Toeplitz algebra inL(H2) is not known.

4. ASYMPTOTIC HANKEL OPERATORS

We now define for an operatorT acting on the Hilbert spaceL2
a(D), a sequence of

operators onL2
a(D) which when it converges (strong, weak, uniform sense),converges

to an operatorH(T ) in L(L2
a(D)) which has a classical Hankel matrix with respect

to the standard orthonormal basis ofL2
a(D). In case whenT is a Toeplitz operator

Tφ with symbolφ ∈ A on the spaceL2
a(D), we have shown the operatorH(T ) on

L2
a(D) has a classical Hankel matrix associated with the symbolφ̃ ∈ L∞(T). We

give a necessary and sufficient condition for the existence ofH(T ).

The truncation projection onL2
a(D) will be denoted byPi, 0 ≤ i ≤ ∞. If

the functionf =
∑∞

k=0 ckz
k belongs toL2

a(D) thenPif =
∑i

k=0 ckz
k. These

are orthogonal projections onL2
a(D) which converges strongly to the identityI on

L2
a(D). On the subspacePnL2

a(D) spanned by{e0, e1, e2, · · · , en}, define the oper-

atorJn by Jnei =
√

i + 1√
n− i + 1

en−i, 0 ≤ i ≤ n. We extendJn to L2
a(D) by defin-

ing it to be zero on(I − Pn)L2
a(D) and we will denote the operator onL2

a(D) by
Jn as well. The operatorJn is neither self adjoint nor unitary. It can also easily be
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checked thatJn = JnPn = PnJn, J∗n = J∗nPn = PnJ∗n andSn+1Rn+1 = I − Pn.

Moreover,J2
nei = J∗n

2ei = Pnei for all i. It is to be noted thatJnei = D1MnD2ei,

for all i whereD1ei =
1√

i + 1
ei, Mnei = en−i, 0 ≤ i ≤ n(= 0, otherwise) and

D2ei =
√

i + 1ei. Further‖Jn‖ =
√

n + 1, ‖Sn+1‖ = 1. Let C be the weakly
closed algebra of bounded linear operators inL(L2

a(D)) which have a lower tri-
angular matrix representation with respect to the standard orthonormal basis. The
setK will denote the uniformly closed two-sided ideal of compact operators on
L2

a(D). The algebraC + K is a uniformly closed algebra [1]. It is characterized as
{T ∈ L(L2

a) : ‖PiT (I − Pi)‖ → 0} and is also known as the algebra of quasi-
triangular operators with respect to the sequence{Pi}.

LetH be a Hilbert space with{y1, y2, · · · yn, · · ·} as the standard orthonormal
basis. We denote byH⊗H their tensor product. The vectors{yi ⊗ yj} forms
an orthonormal basis forH⊗H. The norm ofx ⊗ y =

∑
i

∑
j cij(yi ⊗ yj) is

equal to(
∑

i

∑
j |cij |2) 1

2 . Let A andB be two elements ofL(H) with matrices as
[ajk] and [bjk] respectively with respect to the standard orthonormal basis. Then
[ajkbjk] is the matrix of a bounded linear operator. LetP ′ denote the orthogonal
projection ofH⊗H ontoE , the space spanned by the orthonormal set of vectors
{y1 ⊗ y1, y2 ⊗ y2, · · ·}. ThenP ′(A ⊗ B)P ′|E is the operator having the matrix
[ajkbjk] (for reference see [9]). The operatorC whose (j,k)th matrix entry isajkbjk

is referred to as the Schur product of the operatorsA andB. We shall denoteC by
C = A

⊗̂
B where

⊗̂
denotes the Schur product. LetA be an operator fromL2

a(D)

into L2
a(D) defined by〈Aej , ei〉 =

i + 1
i + j + 2

. ThusAej =
∑∞

i=0〈Aej , ei〉ei =

∑∞
i=0

i + 1
i + j + 2

ei, j ≥ 0. The operatorA is a bounded linear operator onL2
a(D).

Let T ∈ L(L2
a(D)), define a sequence{Hn(T )} of operators onL2

a(D) by

Hn(T ) = D2JnTSn+1D1 = MnD2TD1W
n+1, n = 1, 2, 3, · · · .

ThusrankHn(T ) ≤ n + 1 sincerankMn = n + 1. The sequence{Hn(T )}
will be referred to as the Hankel sequence associated with the operatorT. We
shall now computeHn(T ) whenT is a Toeplitz operatorTφ with the symbolφ
in H∞(D) + H∞(D). Let φ = χ + ψ whereχ ∈ H∞ and ψ ∈ H∞. Then
Hn(Tφ) = MnD2TφD1W

n+1 = MnD2TχD1W
n+1 + MnD2TψD1W

n+1. It is
to note thatMnD2TχD1W

n+1 = 0 for all n sinceχ ∈ H∞, the operatorMn is self
adjoint andMnei = 0 for all i > n. Now letψ(z) =

∑∞
k=0 ψ̂(−k)z̄k. We see that

|〈MnD2TψD1W
n+1ej , ei〉| = |

√
n− i + 1√
j + n + 2

ψ̂(−(j + i + 1))|, 0 ≤ i ≤ n(=0, oth-
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erwise). Further|〈D2TψD1ej , ei〉| ≤ |〈Tψej , ei〉| since the matrix ofTψ is upper
triangular. Therefore the sequence{MnD2TψD1W

n+1} is uniformly bounded.
It is easy to check that{MnD2TψD1W

n+1ej} converges toBψ̃ whereBψ̃ is
the operator onL2

a(D) having a classical Hankel matrix with respect to the stan-
dard orthonormal basis ofL2

a(D) with symbol ψ̃ in L∞(T). Thus the sequence
{MnD2TφD1W

n+1} converges strongly toBφ̃ sinceBχ̃ = 0.

Definition4.1 — An operatorT ∈ L(L2
a(D)) is strongly asymptotic Hankel if

the sequence{MnD2TD1W
n+1} converges strongly. Similarly we defineT ∈

L(L2
a(D)) to be weakly (uniformly) asymptotic Hankel if{MnD2TD1W

n+1}
converges weakly (uniformly).

When{Hn(T )} converges weakly we shall denote its limit byH(T ). We shall
show later that whenH(T ) exists, it is an operatorBφ̃ on the spaceL2

a(D) whose
matrix with respect to the standard orthonormal basis ofL2

a(D) is a classical Hankel
matrix with symbolφ̃ ∈ L∞(T). If {Hn(T )} converges weakly toBφ̃ we shall

define the asymptotic Hankel symbol ofT asφ̃ and we shall denote it asσ∗(T ) =
φ̃. Except where otherwise stated whenever we say asymptotic Hankel we shall
mean it in the strong sense.

Theorem4.2 — If φ ∈ A, thenTφ is a strongly asymptotic Hankel operator
with symbol̃φ.

PROOF: If φ ∈ H∞ thenMnD2TφD1W
n+1 = 0 for all n. If φ ∈ H∞ then

{MnD2TφD1W
n+1} converges toBeφ in the strong operator topology (follows

from the above discussion). Ifφ ∈ A andφ =
∑m

k=1 φkψk whereφk andψk be-
long to H∞ then MnD2TφD1W

n+1 =
∑m

k=1 MnD2Tψk
Tφk

D1W
n+1 =

∑m
k=1 MnD2Tψk

D1W
n+1Leφk

which converges to
∑m

k=1 Bfψk

Leφk
=

Beφ in the strong operator topology. 2

The following theorem tells us when the sequence of operators{JnTSn+1
⊗̂

A}
is uniformly bounded which will be useful in relating Toeplitz operators onL2

a(D)
to little Hankel operators.

Theorem4.3 — If (tij) is the (i,j)th entry of the matrix of the operatorT ∈
L2

a(D) and supn
∑

i

∑
j(n + 1)|tn−i,j+n+1|2 < ∞ then{JnTSn+1} is uniformly

bounded and ifφ = χ+ψ whereχ ∈ H∞ andψ ∈ H∞ ∩ D then{(JnTφSn+1)
⊗̂

A}∞n=1

converges toSzφ in the strong operator topology.
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PROOF: The square of the Hilbert-Schmidt norm ofJnTSn+1 is given by

n∑

i=0

∞∑

j=0

(
j + 1
i + 1

)(
n− i + 1
j + n + 2

)
|tn−i,j+n+1|2

which is finite if
∑

i

∑
j(n + 1)|tn−i,j+n+1|2 < ∞. Now if φ ∈ H∞ then

JnTφSn+1
⊗̂

A = 0 for all n. Hence{(JnTφSn+1)
⊗̂

A} is uniformly bounded. If
φ ∈ H∞ ∩ D andφ(z) =

∑∞
k=0 φ̂(−k)z̄k then it is easy to see that{JnTφSn+1

⊗̂
A}

is uniformly bounded, converges in the weak operator topology toSzφ because

〈Szφej , ei〉 =
√

i + 1
√

j + 1
i + j + 2

φ̂(−(j+i+1)), i, j ≥ 0 and〈JnTφSn+1
⊗̂

Aej , ei〉 =
√

i + 1
√

j + 1
i + j + 2

(
√

n− i + 1√
j + n + 2

)φ̂(−(j + i + 1)), 0 ≤ i ≤ n(=0, otherwise). Again

|〈(JnTφSn+1
⊗̂

A)ej , ei〉| ≤ |〈Szφej , ei〉|. Hence{JnTφSn+1
⊗̂

A} converges to
Szφ in the strong operator topology since it converges weakly to the operatorSzφ. If
φ = χ+ψ whereχ ∈ H∞ andψ ∈ H∞ ∩ D thenSzχ = 0 andJnTχSn+1 = 0 for
all n, hence{(JnTφSn+1)

⊗̂
A}∞n=1 = {(JnTχSn+1)

⊗̂
A+(JnTψSn+1)

⊗̂
A}∞n=1

converges toSzφ in the strong operator topology.2

In this way we can link a Toeplitz operator to a little Hankel operator. There
exists many operatorsT ∈ L(L2

a(D)) for which {(JnTSn+1)
⊗̂

A} does not con-
verge even weakly as the following example shows.

Example4.4 — LetT ∈ L(L2
a(D)) be such thatTe0 = 0, T ei = ei−1 if i is

even andTei = 2ei−1 if i is odd. Then

JnTSn+1ei = JnT (
√

i + 1zi+n+1)

=
√

i + 1√
i + n + 2

JnTei+n+1 =





√
i + 1√

i + n + 2
Jn.0 = 0, if i + n + 1 = 0;

√
i + 1√

i + n + 2
Jnei+n, if i + n + 1 is even;

2
√

i + 1√
i + n + 2

Jnei+n, if i + n + 1 is odd.

HenceJnTSn+1ei = 0 if i > 0. Therefore

JnTSn+1 =





√
n + 1√
n + 2

P0, if n is odd;

2
√

n + 1√
n + 2

P0, if n is even.
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This implies{(JnTSn+1)
⊗̂

A} does not converge. 2

It is also not difficult to verify that the operator defined in Example 4.4 is not
an asymptotic Hankel operator.

Theorem4.5— If T ∈ L(L2
a) has matrix representation[tij ]∞i,j=0 with respect

to the standard orthonormal basis and{Hn(T )} converge weakly then its limit is
an operatorBφ̃ in L(L2

a) whose matrix with respect to the standard orthonormal

basis ofL2
a(D) is a classical Hankel matrix with symbolφ̃ in L∞(T).

PROOF: Suppose{Hn(T )} converges weakly toH(T ). Then for i, j ≥ 0,
〈Hn(T )ej , ei〉 → 〈H(T )ej , ei〉 asn →∞. But

〈Hn(T )ej , ei〉 =
√

n− i + 1√
j + n + 2

tn−i,j+n+1, 0 ≤ i ≤ n(= 0, otherwise).

Forn sufficiently large this is just the sequence{tn,n+i+j+1}. Since{tn,n+i+j+1}
by hypothesis converges to a number which depends only on the sumi + j + 1
we shall denote its limit byt−(i+j+1). Thus the matrix representation ofH(T ) is
{t−(i+j+1)}i,j≥0 which is of course a classical Hankel matrix with respect to the
standard orthonormal basis ofL2

a(D) with symbol inL∞(T). 2

The following theorem characterises the asymptotic Bergman Hankel operators
in the weak sense.

Theorem4.6 — For T ∈ L(L2
a(D)), let [tij ]∞i,j=0 denote the matrix represen-

tation of the operatorT with respect to the standard orthonormal basis. Suppose
further thatD2TD1 ∈ L(L2

a). Then{Hn(T )} converges weakly if and only if for
eachj ≥ 1, the sequence{ti,i+j} converges and the sequence of limits{t−j}∞j=1 is

the sequence of Fourier coefficient of someφ̃ ∈ L∞(T).

PROOF: The proof is similar to that in [7]. 2

5. RELATION WITH ASYMPTOTIC HARDY HANKEL OPERATORS

Feintuch [7] defined an asymptotic Hardy Hankel operator as an operatorT ∈
L(H2(D)) for which the sequence{M̃nTS̃n+1} converges in the strong operator
topology inL(H2(D)) to an operator̃H(T ) whereM̃nzj = zn−j for 0 ≤ j ≤ n

and is equal to0, otherwise. Here we have defined asymptotic Bergman Hankel op-
erator as the operatorT ∈ L(L2

a(D)) for which the sequence{MnD2TD1W
n+1}
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converges in the strong operator topology inL(L2
a(D)). Next we shall show that if

T is an asymptotic Bergman Hankel operator in the weak sense andT has a lower
triangular matrix representation with respect to the standard orthonormal basis of
L2

a(D) thenU∗TU is an asymptotic Hardy Hankel operator in the weak sense.

Theorem5.1— If the operatorT ∈ L(L2
a(D)) is an asymptotic Bergman Han-

kel operator in the weak sense and the operatorT has a lower triangular matrix
representation with respect to the standard orthonormal basis thenU∗TU is an
asymptotic Hardy Hankel operator in the weak sense.

PROOF: SupposeT ∈ L(L2
a(D)) is an asymptotic Bergman Hankel opera-

tor in the weak sense. Then{MnD2TD1W
n+1} converges weakly and it is to

note that〈MnD2TD1W
n+1ej , ei〉 =

√
n− i + 1
j + n + 2

〈Tej+n+1, en−i〉 if 0 ≤ i ≤
n(=0, otherwise). The sequence{M̃nU∗TUS̃n+1} is uniformly bounded and
〈M̃nU∗TUS̃n+1zj, zi〉 = 〈U∗TU(zj+n+1), zn−i〉 if 0 ≤ i ≤ n (=0, other-
wise) = 〈T (

√
j + n + 2zj+n+1),

√
n− i + 1zn−i〉 if 0 ≤ i ≤ n(=0, otherwise)

= 〈Tej+n+1, en−i〉, if 0 ≤ i ≤ n(=0, otherwise). The result follows. 2

Similarly one can show that ifT is strongly asymptotic Bergman Hankel andT

has a lower triangular matrix representation with respect to the standard orthonor-
mal basis thenU∗TU is strongly asymptotic Hardy Hankel. LetRn denote the set
of rational functions with at mostn poles (counting multiplicities) all of which are
in the interior ofT andC(T) denote the algebra of continuous functions onT. Let
Vφ be the Toeplitz operator with symbolφ onH2(T).

Let T̂ denotes the family of operatorsT ∈ L(H2(D)) for which {H̃n(T )} =
{M̃nTS̃n+1} converges strongly and

L0 = {T ∈ T̂ : H̃n(T ) converges strongly to0}
Lk = L0 + {Vφ : φ ∈ H∞(T) +Rk)};
L∞ = L0 + {Vφ : φ ∈ H∞(T) + C(T))}.

Let sk(T ) be the kth singular value ofT. Then it is shown by Feintuch [7] that
(i) d(T,L0) = ‖H̃(T )‖; (ii) d(T,Lk) = sk(H̃(T )); (iii) d(T,L∞) = ‖H̃(T )‖e.

Now let E ∈ L(L2
a(D)) is lower triangular and is strongly asymptotic Bergman

Hankel. ThenU∗EU is strongly asymptotic Hardy Hankel. Thus the following
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distance formulae holds for the operatorE ∈ L(L2
a(D)) :

(i) infI∈L0 ‖E − UIU∗‖ = infI∈L0 ‖U∗EU − I‖ = ‖H̃(U∗EU)‖;
(ii) infI∈Lk

‖E − UIU∗‖ = infI∈Lk
‖U∗EU − I‖ = sk(H̃(U∗EU));

(iii) infI∈L∞ ‖E − UIU∗‖ = infI∈L∞ ‖U∗EU − I‖ = ‖H̃(U∗EU)‖e.

6. THE ALGEBRA GENERATED BY TOEPLITZ OPERATORS

In this section we show that the algebra generated by Toeplitz operatorsTφ on
L2

a(D) with φ ∈ A consist of asymptotic Toeplitz operators.

Lemma6.1 — If φ ∈ A then{W ∗nD2TφD1Mn−1} converges strongly toBφ̃+

whereφ̃+(eiθ) = φ̃(e−iθ).

PROOF: We shall first show that ifψ ∈ H∞ thenRnTψ̄Jn−1 = 0 for all n.

We see thatRnTψ̄Jn−1ei =
√

i + 1√
n− i

RnTψ̄en−1−i, 0 ≤ i ≤ n− 1(=0, otherwise).

Since the highest power ofz in en−1−i for 0 ≤ i ≤ n − 1 is n − 1 andψ̄ ∈ H∞,
henceRnTψ̄Jn−1 = 0 for all n. ThereforeW ∗nD2Tψ̄D1Mn−1 = 0 = Bēψ+ .

Next we shall show that ifφ ∈ H∞ then {W ∗nD2TφD1Mn−1} converges
strongly toBeφ+ whereφ̃+(eiθ) = φ̃(e−iθ). Since

W ∗nD2TφD1Mn−1 = W ∗nLeφMn−1

= Beφ+Pn−1,

hence the sequence{W ∗nD2TφD1Mn−1} converges strongly toBeφ+ as{Pn} con-
verges toI, the identity operator in the strong operator topology (see [7]). The
result follows. Now letφ ∈ A andφ =

∑m
k=1 ψ̄kφk whereψk andφk belong to

H∞. Again we see that

W ∗nD2TφD1Mn−1 =
∑m

k=1 W ∗nD2Tψ̄kφk
D1Mn−1

=
∑m

k=1 W ∗nD2Tψ̄k
Tφk

D1Mn−1.

But

W ∗nD2Tψ̄k
Tφk

D1Mn−1 = (W ∗nD2Tψ̄k
D1W

n)(W ∗nD2Tφk
D1Mn−1)

+ (W ∗nD2Tψ̄k
D1Mn−1)(Mn−1D2Tφk

D1Mn−1).

SinceW ∗nD2Tψ̄k
D1W

n → Lf̄ψk
strongly,W ∗nD2Tφk

D1Mn−1 → Bfφk
+ in

the strong operator topology,W ∗nD2Tψ̄k
D1Mn−1 = 0 for all n and{Mn−1D2Tφk

D1Mn−1}
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converges strongly toLt
fφk

, the transpose ofLfφk
(for reference see [6] and [7]),

hence{∑m
k=1 W ∗nD2Tψ̄k

Tφk
D1Mn−1} converges strongly toBeφ+ . 2

Theorem6.2 — If φ ∈ A then Tφ is an asymptotic Toeplitz operator with
symbolφ̃.

PROOF: Supposeφ ∈ H∞ and ψ̄ ∈ H∞. We shall show first thatTψ̄φ is

strongly asymptotic Toeplitz with symbol̄̃ψφ. It is easy to see thatW ∗nD2Tψ̄TφD1W
n

= (W ∗nD2Tψ̄D1W
n)Leφ sinceφ ∈ H∞. Hence{W ∗nD2Tψ̄TφD1W

n} con-
verges strongly toLēψLeφ = Lf̄ψφ

. Let φ ∈ A andφ =
∑m

k=1 ψ̄kφk whereψk and

φk belong toH∞. ThenW ∗nD2TφD1W
n =

∑m
k=1 W ∗nD2Tψ̄k

Tφk
D1W

n. The
assertion of the theorem follows. 2

The following lemma will be useful in obtaining more asymptotic Bergman
Hankel operators.

Lemma6.3 — If φ ∈ A then{MnD2TφD1Mn} is uniformly bounded and
converges toLt

eφ in the strong operator topology whereLt
eφ is the transpose of the

operatorLeφ.

PROOF: If φ ∈ H∞ then the sequence{MnD2TφD1Mn} is uniformly bounded.
Again MnD2TφD1Mn = MnLφ̃Mn and converge toLt

φ̃
in the strong opera-

tor topology whereLt
φ̃

is the transpose of the operatorLφ̃ (for reference see [6]

and [7]). If φ̄ ∈ H∞, the sequence{MnD2Tφ̄D1Mn} is uniformly bounded and
MnD2Tφ̄D1Mn = MnD2

2LēφD2
1Mn which converges strongly toLt

ēφ
in the strong

operator topology whereLt
ēφ

is the transpose of the operatorLēφ. Now we shall

show ifφ andψ belong toH∞ then{MnD2Tψ̄φD1Mn} is uniformly bounded and
converges toLt

f̄ψφ
in the strong operator topology. SinceWn+1W ∗n+1 = I − Pn

andM2
n = Pn we have

MnD2Tψ̄φD1Mn = MnD2Tψ̄TφD1Mn

= (MnD2Tψ̄D1W
n+1)(W ∗n+1D2TφD1Mn)

+ (MnD2Tψ̄D1Mn)(MnD2TφD1Mn).

The sequence {MnD2Tψ̄D1W
n+1} converges strongly to B˜̄ψ

and

{W ∗n+1D2TφD1Mn} converges strongly toBeφ+ by Lemma 6.1. Moreover,
{MnD2Tψ̄D1Mn} converges strongly toLt

ēψ
and{MnD2TφD1Mn} converges to

Lt
eφ. Hence{MnD2Tψ̄φD1Mn} is uniformly bounded and converges toLt

f̄ψφ
in the

strong operator topology. 2
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Theorem6.4— The algebra generated by Toeplitz operators with symbol inA
consists of asymptotic Hankel operators.

PROOF: Let φ andψ belong toA. Since

MnD2TφTψD1W
n+1 = (MnD2TφD1W

n+1)(W ∗n+1D2TψD1W
n+1)

+ (MnD2TφD1Mn)(MnD2TψD1W
n+1),

hence by Theorem 4.2, Theorem 6.2 and Lemma 6.3, the sequence
{MnD2TφTψD1W

n+1} converges strongly toBeφL eψ + Lt
eφB eψ = Bfφψ

[cf. [4]].
The result follows. 2

Theorem6.5— If φ andψ belong toA thenTφTψ is asymptotic Toeplitz and
the symbol is̃φψ.

PROOF: We can writeW ∗nD2TφTψD1W
n as follows:W ∗nD2TφTψD1W

n =
(W ∗nD2TφD1W

n)(W ∗nD2TψD1W
n)+(W ∗nD2TφD1Mn−1)(Mn−1D2TψD1W

n).
Hence by Lemma 6.1, Theorem 6.4 and Theorem 6.2, the sequence
{W ∗nD2TφTψD1W

n} converges toLφ̃Lψ̃ + Bφ̃+Bψ̃ = Lfφψ
(see [4]). 2

Theorem6.6 — If φ ∈ H∞ thenSφ is an asymptotic Toeplitz operator with
zero as its symbol.

PROOF: It is easy to see thatW ∗nD2SφD1W
n = W ∗nD2

2Bφ̃∗φ̃1
Wn where

φ̃1(eiθ)=
∑∞

k=0

1
k + 1

e−ikθ. The sequence{W ∗nD2
2Bφ̃∗φ̃1

Wn} is uniformly bounded

and converges to0 in the strong operator topology since{D2
2Bφ̃∗φ̃1

Wn} converges
to 0 in the strong operator topology [4] andW ∗n converges to0 in the strong oper-
ator topology. Hence the result follows [8]. 2

Lemma6.7 — If φ ∈ A then{W ∗nD2SφD1Mn−1} converges strongly to0.

PROOF: We shall first show that ifφ ∈ H∞ then{W ∗nD2Sφ̄D1Mn−1} con-
verges strongly to0. It is to observe that

W ∗nD2Sφ̄D1Mn−1 = W ∗nD2
2Bēφ∗eφ1

Mn−1

= (Mn−1B
∗
ēφ∗eφ1

D2
2W

n)∗

whereφ̃1(eiθ) =
∑∞

k=0

1
k + 1

e−ikθ andMn−1B
∗
ēφ∗eφ1

D2
2W

n → 0 in the strong

operator topology [6],[7]. Hence the result follows. Letφ ∈ A andφ =
∑m

k=1 ψ̄kφk
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whereψk andφk belong toH∞. Then

W ∗nD2Sψ̄kφk
D1Mn−1 = (W ∗nD2Sψ̄k

D1W
n)(W ∗nD2Tφk

D1Mn−1)
+ (W ∗nD2Sψ̄k

D1Mn−1)(Mn−1D2Tφk
D1Mn−1).

Since each of the factors converges strongly (see Theorem 6.6, Lemma 6.1 and
Lemma 6.3) the result follows. 2

Theorem6.8— If φ ∈ A thenSφ is an asymptotic Toeplitz operator with zero
as its symbol.

PROOF: It is sufficient to show that ifφ andψ belong toH∞ thenSφ̄ψ is asymp-
totic Toeplitz with zero as its symbol. Note that we can factorizeW ∗nD2Sφ̄ψD1W

n

as follows:

W ∗nD2Sφ̄ψD1W
n = W ∗nD2Sφ̄TψD1W

n

= (W ∗nD2Sφ̄D1W
n)(W ∗nD2TψD1W

n)
+ (W ∗nD2Sφ̄D1Mn−1)(Mn−1D2TψD1W

n).

The result follows from Theorem 6.6, Theorem 6.2, Lemma 6.7 and Theorem
4.2. 2

Theorem6.9— If φ andψ belong toH∞ thenTφSψ̄ is asymptotic Toeplitz.

PROOF: It is easy to see thatW ∗nD2TφSψ̄D1W
n = W ∗nLφ̃D2

2B˜̄ψ∗φ̃1
Wn

where φ̃1(eiθ) =
∑∞

k=0

1
k + 1

e−ikθ. SinceW ∗nLφ̃D2
2B˜̄ψ∗φ̃1

Wn → 0 in the

strong operator topology [6], hence the result follows. 2

Lemma6.10 — If φ ∈ A thenMn−1D2SφD1W
n → 0 in the strong operator

topology.

PROOF: If φ ∈ H∞ thenMn−1D2SφD1W
n = 0 for all n sinceSφ = 0.

If φ̄ ∈ H∞ then Mn−1D2Sφ̄D1W
n = Mn−1D

2
2Bēφ∗eφ1

Wn where φ̃1(eiθ) =
∑∞

k=0

1
k + 1

e−ikθ. Since{Mn−1D
2
2B˜̄φ∗φ̃1

Wn} converges to0 in the strong op-

erator topology [6], henceMn−1D2Sφ̄D1W
n → 0 strongly. If φ ∈ A and

φ =
∑m

k=1 φkψ̄k whereφk and ψk belong toH∞ then Mn−1D2SφD1W
n =∑m

k=1 Mn−1D2Sψ̄k
Tφk

D1W
n =

∑m
k=1 Mn−1D2Sψ̄k

D1W
nLeφk

sinceφk belong
to H∞. Hence the result follows. 2

Theorem6.11— If φ andψ belong toA thenTφSψ is an asymptotic Toeplitz
operator with zero as its symbol.
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PROOF: If φ andψ belong toA then we can factorizeW ∗nD2TφSψD1W
n as

follows:

W ∗nD2TφSψD1W
n = (W ∗nD2TφD1W

n)(W ∗nD2SψD1W
n)

+ (W ∗nD2TφD1Mn−1)(Mn−1D2SψD1W
n).

The result follows from Theorem 6.2, Theorem 6.8, Lemma 6.1 and Lemma 6.10.

Theorem6.12— If φ andψ belong toA thenSφSψ is asymptotic Toeplitz.

PROOF: SinceW ∗nD2SφSψD1W
n = (W ∗nD2SφD1W

n)(W ∗nD2SψD1W
n)+

(W ∗nD2SφD1Mn−1)(Mn−1D2SψD1W
n), the result follows. 2

Corollary 6.13 — If a finite sum of finite products of Toeplitz operators with
symbols inA is compact then the corresponding finite sum of finite products of
their symbol is zero almost everywhere.

PROOF: The proof follows since the compact operatorK ∈ L(L2
a) for which

D2KD1 is a bounded operator is an asymptotic Toeplitz operator with symbol zero
and from the fact that ifφ andψ belong toA thenTφ+Tψ andTφTψ are asymptotic
Toeplitz with symbol̃φ + ψ̃ andφ̃ψ respectively. 2

We shall now give some examples of asymptotic Toeplitz operators on the
Bergman space and an example of an operator that is not asymptotic Bergman
Toeplitz.

Example6.14 — Consider the operatorT given by the matrixT = (aij) where

aij = 〈Tej , ei〉 =
√

j + 1
i + 1

1
i + 1

if j ≤ i and is equal to0 otherwise. Then the

operatorT = D1CD2 whereC is the Cesaro matrix with〈Cej , ei〉 =
1

i + 1
if

j ≤ i and is equal to0 otherwise. SinceW ∗nD2TD1W
n = W ∗nCWn, hence the

operatorT is asymptotic Toeplitz. 2

Example6.15 — LetT = diag(α0, α1, α2, . . .), then〈W ∗nD2TD1W
nej , ei〉 =

αj+n if i = j and is equal to0 otherwise. Thus

W ∗nD2TD1W
n = diag(αn, αn+1, αn+2, . . .).

So the operatorT is asymptotic Toeplitz if and only if the sequence{αn} is con-
vergent. 2

Example6.16 — Consider the operatorJem = (−1)mem. We see that
〈W ∗nD2JD1W

nej , ei〉 = (−1)i+n if i = j and is equal to0 otherwise. Further
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W ∗nD2JD1W
nej = (−1)j+nej which does not converge asn tends to infinity.

HenceJ is not asymptotic Toeplitz. 2

In [6], Feintuch gave an operator theoretic version of Nehari’s Theorem, Adam-
jan, Arov, Krein Theorem and Hartman’s Theorem (see [11] for the statement of
these theorems) for strongly asymptotic Hankel operators in the Hardy space case.
He obtained all these distance formulae by first proving the following result: IfT

is strongly asymptotic Hankel thend(T, C+K) = lim supn→∞ ‖PnT (I−Pn)‖ =
‖H̃(T )‖. On the Bergman space it is not quite clear how to obtain such type of
distance estimates. The following result will give more insight into it.

Theorem6.17 — If ‖PnT (I − Pn)‖ = o(
1√
n

) then‖JnTSn+1‖ → 0. If

‖JnTSn+1‖ = o(
1
n

) thenT ∈ C +K.

PROOF: Let f ∈ L2
a such thatf =

∑∞
k=0 akek. Then

‖JnPnf‖2 =
n∑

k=0

|ak|2 k + 1
n− k + 1

and

‖Pnf‖2 =
n∑

k=0

|ak|2.

Hence
1√

n + 1
‖Pnf‖ ≤ ‖JnPnf‖ for all f ∈ L2

a and for alln ∈ N. Let

T ∈ L(L2
a(D)). Then sinceJnPn = Jn andSn+1Rn+1 = I − Pn, we have

‖JnTSn+1‖ = ‖JnPnT (I − Pn)Sn+1‖
≤ ‖Jn‖‖PnT (I − Pn)‖‖Sn+1‖
≤ √

n + 1‖PnT (I − Pn)‖.

On the other hand, sinceSn+1Rn+1 = I − Pn, we have

1√
n + 1

‖PnT (I − Pn)‖ ≤ ‖JnPnT (I − Pn)Sn+1Rn+1‖
≤ √

n + 2‖JnPnT (I − Pn)Sn+1‖
=

√
n + 2‖JnPnTSn+1Rn+1Sn+1‖

=
√

n + 2‖JnPnTSn+1‖
=

√
n + 2‖JnTSn+1‖.

Since‖PnT (I − Pn)‖ → 0 if and only if T ∈ C + K (by a result of Arveson
[1] this holds) hence the assertion of the theorem follows. 2
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The above result explains that an operator theoretic distance estimate as was
obtained in the Hardy space case may not be possible in the case of the Bergman
space.

ForT ∈ L(L2
a(D)) consider the sequence{W ∗nD2TD1W

n} and{Hn(T )} =
{MnD2TD1W

n+1}. It is clear that if{W ∗nD2TD1W
n} converges in the weak

(strong, uniform) operator topology then its limit is an operator of the formLφ̃

whereLφ̃ is the operator inL(L2
a(D)) having the classical Toeplitz matrix with

symbol φ̃ in L∞(T). When{Hn(T )} converges weakly the limit is an operator
B eψ in L(L2

a(D)) whose matrix with respect to the standard orthonormal basis of

L2
a(D) is a classical Hankel matrix with symbol̃ψ ∈ L∞(T).

Two natural questions arise at this stage; (1) Is an asymptotic Toeplitz operator
also asymptotic Hankel ? (2) SupposeT is both asymptotic Toeplitz and asymptotic
Hankel. Do the symbols correspond ?

The answers to these questions are related. We have shown that in some cases
weak asymptotic Toeplitz implies weak asymptotic Hankel and that in this case
MnD2TD1W

n+1 → Bφ̃ weakly andW ∗nD2TD1W
n → Lφ̃ weakly for some

φ̃ ∈ L∞(T). Thus whenT is both asymptotic Toeplitz and asymptotic Hankel in
the uniform and strong sense, the symbols must be related in the above mentioned
way. In both the uniform and strong topologies we do not know whether asymptotic
Toeplitz implies asymptotic Hankel.
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