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In this paper the concept of asymptotic Toeplitz and asymptotic Hankel oper-
ators on the Bergman space are introduced and properties of these classes of
operators are studied. The importance of this notion is that it associates with
a class of operators a Toeplitz operator and with a class of operators a Hankel
operator where the original operators are not even Toeplitz or Hankel. Thus

it is possible to assign a symbol to an operator that is not Toeplitz or Hankel
and hence a symbol calculus is obtained. Further a relation between Toeplitz
operators and little Hankel operators on the Bergman space is established in
some asymptotic sense.
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1. INTRODUCTION

In this paper we introduce the concept of asymptotic Toeplitz operators and asymp-
totic Hankel operators on the Bergman space. Such concepts on the Hardy space
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were introduced by Barria and Halmos [4] and by Feintuch [6], [7]. The impor-
tance of this notion is that it associates with a class of operators a Toeplitz operator
and with a class of operators a Hankel operator where the original operators are not
even Toeplitz or Hankel and hence a symbol calculus is obtained.

LetD = {z € C: |z|] < 1} be the open unit disc in the complex pla@eLet
dA(z) be the area measure @nnormalised so that the area of the digds 1. In
rectangular and polar coordinates,

1 1
dA(z) = —dxdy = —rdrdf.
0 T

Let L?(D, dA) denote the Hilbert space of complex-valued, absolutely square-
integrable, Lebesgue measurable functigrm D with the inner product

U4w=/ﬂ@mmmw>

Let L>°(D, dA) denote the Banach space of Lebesgue measurable fungtions
onD with
I fllco = €sssup|f(z)|: z € D} < oco.

Let H>°(D) be the space of bounded analytic functionslbriet L2 (D)(the
subscript “a” stands for analytic) be the subspac&iiD, dA) consisting of ana-
lytic functions. The spacé?(DD) is called the Bergman space. Since point evalua-
tion atz € D is a bounded linear functional on the Hilbert spdgeD), the Riesz
representation theorem implies that there exists a unique funéfiom L2 (D)
such that

ﬂazﬁﬂw&wwmm

forall fin L2(D). Let K (z,w) be the function o x D defined by

K(z,w) = K,(w).

The function K (z,w) is thus the reproducing kernel for the Bergman space
L?(D) and is called the Bergman kernel. It can be shown that the sequence of
functions {e,(2)} = {v/n + 1z"},>o form the standard orthonormal basis for
LZ(D) and K (z,w) = >°2° en(2)en(w). The Bergman kernel is independent
of the choice of orthonormal basis att(z, w) = F— 5. Since L;(D) is a
closed subspace df?(DD, dA)(see [3]); there exists an orthogonal projectiBn
from L?(D, dA) onto L2(D). For ¢ € L>°(D), we define the Toeplitz operat@;

on L2(D) by T, f = P(¢f), f € LZ(D) and the little Hankel operatdf, on L2
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is defined byS,f = PJ(¢f) whereJ : L?(D,dA) — L*(D,dA) is such that
Jf(z) = f(2).

Let T denote the unit circle i€. Let L°>°(T) be the space of essentially bounded
measurable functions dh In the sequeL ; denotes an operator B(L2(D)) with
a classical Toeplitz matrix with respect to the standard orthonormal basg b

with symbolg in L(T), i.e., (Lge;, e;) = ¢(i — j) whereg(k) is the kth Fourier
coefficient of¢. Similarly B; denotes an opertor iB(L2(D)) with a classical Han-
kel matrix with respect to the standard orthonormal basit2¢D) with symbol ¢
in L>(T), i.e.,(Bze;, e;) = ¢( +7) where¢( ) is the kth Fourier coefficient af.

It is important to note that if andy belong toL>°(T) thean B Bw+L¢Lw
andBg = L3, B;+B;L where¢+( ) = ¢(Z). Moreover if¢ = Zk o D(k)z"
belongs taL>° (D) thengb WI|| denote the functiory 2, ¢(k)e? in L(T).

Let M denote the maximal ideal spacedf° andC(,M) denote the space of
continuous functions oM. The following algebras are identical [10].

1. C(M); 2. The supremum norm closure of the algebra generatddBbyD)
and H*(D); 3. The supremum norm closure of the algebra generated by the
bounded harmonic functions db. Let A be the set{> 1", dxtr : ¢k, Yk €
H>(D)}. The setA is dense inlC(M). If ¢ € Aandg = S 7| ¢pt)y, thendp
will denote the functios"_, gy in L°(T).

Note also that ifp € H>(D) thenT, = DlLéDQ where D, is the opera-
tor on L2(D) given by Dye; = ﬁej and D, the operator or.2(ID) given by
Dse; = /j + 1e;. The operatoD; is bounded buD, is an unbounded operator.
Similarly if ¢ € H>(D) thenT}, = DyL;D;:. Let S, be the little Hankel operator
on Li(D). If ¢ € H> thenS,; = 0. For¢> € H™> the operatorS, = DyB;Ds
whered(e) = 3 o 2 d(—k)e ™ i.e., 4 is the convolution on the circle of
¢ = Y nro d(—k)e ™ with the functiondy = 337 e, and By; is the
operator inZ(L2(ID)) having a classical Hankel matrix with symbgle LOO(T).
Now consider the operatd¥ : L2(D) — L2(D) such thatVe; = e;+1,5 > 0.

It can easily be checked th&D, W D,)" = DiW"Dy and |DiW"Dy| = 1.
Similarly one can also check thaD, W*" Ds|| = ||[(D1W*D2)"|| = v/n + 1. Let
R : L?2(D) — L2(D) such thatRf(z) = w Let S = T, the Bergman
shift operator. It is to be noted th&S = I, R = DiW*Ds andS = D;W Ds.
Further observe tha® = T; + K whereK is a compact operator ob? (D) and
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for all ¢ € LOO(D),T¢ — T;quTZ = T¢ — TgTd)Tz = T¢>72¢z = T(l—\z|2)¢(z) isa
compact operator (see [5]) if(L2(D)).

The following result will be used often in the remaining part of our discus-
sion which explains when two Toeplitz operators with bounded harmonic symbols
commute.

Itis shown in [2] that if¢ ands) are bounded harmonic dhthenT}, Ty, = T, T}
if and only if

1. the functionp and are both analytic oi; or
2. the functionsp and+) are both analytic ofd; or

3. there exist constants b € C, not both zero, such thatp + by is constant
onD.

The idea of an asymptotic Toeplitz operator and asymptotic Hankel operator on
the Hardy space was introduced and first studied in [4] and [7] respectively. The
significance of these results is that it gives distance formulae which can be viewed
as operator theoretic analogues of results [7] of Nehari, Hartman and Adamjan,
Arov and Krein. In this paper we introduce the concept of asymptotic Toeplitz
and Hankel operators on the Bergman space. We show that every operator in the
algebra generated by Toeplitz operators with symbolgliare both asymptotic
Toeplitz and asymptotic Hankel operators¢lE A then the little Hankel operator
S, is an asymptotic Hankel operator. Furthepifiyy € A thenTyS, andS,;Sy,
are asymptotic Toeplitz operators. We find necessary and sufficient conditions on
T € L£(L2(D)) such thatl" is weakly asymptotic Toeplitz and weakly asymptotic
Hankel. We also relate the concept of asymptotic Toeplitz and Hankel operators
on Hardy and Bergman spaces and established relation between Toeplitz operators
and little Hankel operators in some asymptotic sense.

Our approach is similar to that of Barria and Halmos [4] and Feintuch [7], [6].
Most of the results by Feintuch and Barria and Halmos were obtained by exam-
ining the corresponding Toeplitz and Hankel matrices with respect to the standard
orthonormal basis off%(T). On the Bergman spade; (D), the Toeplitz and Han-
kel operators do not have nice matrices and many of the techniques used to study
these operators on the Hardy space do not seem to work in this context. In this
paper we have restricted our symbol space to the algebra generated by the bounded
harmonic functions of) rather than.>°(ID). Functions inL*°(T) correspond, via
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the Poisson integral, to bounded harmonic function®opso perhaps the restric-
tion to consideration only of Toeplitz and Hankel operators with bounded harmonic
symbols is natural.

Toeplitz and Hankel operators on the Hardy space have been studied intensively
for a long time and have widespread applications to both system theory and approx-
imation theory. Both these classes of operators can be represented as “pieces” of
a multiplication operator and in control theory these representations correspond
to frequency domain and time domain representations of a time invariant system.
While the Toeplitz operator is the system the associated Hankel operator gives a lot
of information about the system [11]. Hankel operators play an essential role in the
theory of Toeplitz operators [11] and many problems about Toeplitz operators can
also be formulated in terms of Hankel operators and vice-versa. These operators
on the Bergman space is less understood and the results are very often strikingly
different to that on the Hardy space. Toeplitz operators with bounded harmonic
symbols onZ2 (D) behave more like Toeplitz operator on the Hardy space [3]. In
the Bergman space setting, there are two very different notions of Hankel operator,
the big and little Hankel operators. Little Hankel operators on the Bergman space
behave more like Hankel operators on the Hardy space. However no strong connec-
tion between Toeplitz operators and little Hankel operators i) is established
yet. In this paper we relate Toeplitz operatorsigiD) and little Hankel operators
on L2(D) in some asymptotic sense.

Feintuch in [6], [7] obtained the operator theoretic analogues of the distance
formulae of Adamjan-Arov-Krein, Hartman and Nehari (see [11]). These distance
formulae play an important role [7] in system theory and approximation theory. In
this paper we relate the concept of asymptotic Toeplitz and Hankel operators on
Hardy and Bergman spaces via unitary maps in a restricted sense. Thus for this
subset of the set of asymptotic Hankel operators on the Bergman space we have
similar distance formulae valid. We have also shown that the more general distance
formulae as obtained by Feintuch [7] is not possible for all asymptotic Hankel
operators on the Bergman space.

2. ASYMPTOTIC TOEPLITZ OPERATORS

In this section we shall proceed to make a suitable definition of asymptotic Toeplitz
operator on the Bergman space. On the Hardy space one considers the backward
shift operator and the forward shift operator to define the concept of asymptotic
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Toeplitz operators. In case of the Bergman space sjitd| = /n+ 1 and
|IS™|| = 1 the sequencéR"T'S™} may not be uniformly bounded for all oper-
atorsT in £(L2(D)). We define an asymptotic Toeplitz operator in the following
way.

Definition2.1 — An operatofl” € £(L?(D)) is strongly asymptotic Toeplitz if
the sequencéW*" D, T D1W"} = { Do R™T'S™ D1 } is strongly convergent. Sim-
ilarly we define the operatdf is weakly(uniformly) asymptotic Toeplitz if the
sequencd W*" DT D1 W™} is weakly(uniformly) convergent.

The simplest examples of asymptotic Toeplitz operators are Toeplitz operators
in £(L2(D)) with symbols inH>°(D)+H> (D). In casep € H>, W*"DyTy;DiW™"
= Lq;, b € H>(T) for all n. In casep € H>, the operatoD,T,,D; is bounded
since the matrix ofl; is upper triangular with respect to the standard orthonor-

mal basis onZ2(D) and [(DyTDsej, e;)| = \\/;‘.%@ej, el < [(Tyes el

if j > 4. Hence{W*"DyT,,D;W"} is uniformly bounded. It is also easy to
check that{ W*" DT, D1 W"e;} converges td.ze;. Therefore the operatdf is
strongly asymptotic Toeplitz. We shall show in Theorem 2.3 that if an opefator
in £L(L2(D)) is asymptotic Toeplitz (strong, weak or uniform sense) the limit is an
operator of the fornL ; whereL ; is the operator oti2 (D) with a classical Toeplitz
matrix with symboli) € Le°(T). If T is an asymptotic Toeplitz operator (strong,
weak or uniform sense) we define the symbal'adsy) if {W*"DyTD{W™} con-
verges tal; and we denote the symbol Bfaso (7). Henceforth whenever we say
an operator is asymptotic Toeplitz we mean it in the strong sense unless otherwise
stated. LetR andS be as defined before. First we shall verify what condition on the
entries of the matrix of the operat®rin £(L2(ID)) imply the uniform boundedness
of the sequence of operatof&™7'S™}. The following theorem gives a sufficient
condition.

Theorem2.2— Let (¢;;) be the (i,j)th entry of the matrix of the operatdr If
sup, > > (n 4 Dtiyn jrnl®> < oo then{R"TS"} is uniformly bounded.

PROOE It is easy to see that for all j > 0,

Vi FTVitn+l
Vi+1lyvj+n+1

<RnTSnej, 61’) tz‘—i—n,j—l—n

where(t;;) is the(i, j)th entry of the matrix of ther operat@r. The square of the
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Hilbert Schmidt norm of the operatdt™7'S™ is equal to
sz+1l+n+1’t ' ‘2
i+1j+n41 el

The last sum is finite ip", 3= (n + 1)[tiyn j1+n|*> < co. The theorem follows.

a

If ¢ € H>*, R"T,S™ = T, for all n. Hence|| R"T4S"| is uniformly bounded
by || Tyl If ¢ € H® andg(z) = Y52, #(—k)z*, then{R"T;S"} is uniformly
bounded ifp € H> N D whereD is the Dirichlet space consisting of all functions
f(z) = >20° y an2™ analytic in the disc for whichi |2, = >0 (n + 1)]an|? <
oo. It is not difficult to verify that if¢ € H> N D, then the sequencgR™T,5"}
converges strongly t@; + C whereC is a bounded operator aif (D). The fol-
lowing theorem shows that if the sequed&&*" D7D, W™} converges in (weak,
strong, uniform sense) the limit is always an operatorZgaD) with a classical
Toeplitz matrix with respect to the standard orthonormal basis:¢iD).

Theorem2.3— If T' € £(L2(DD)) is asymptotic Toeplitz then the lindit is an
operator of the fornt. ;, ¢ € L>(T).

PROOF. Supposé’ € £(L2(D)) suchthaf W*" DyT D;W™} converges strongly
to M in L(L2(D)). Then(Me; 1, €+1) = limy oo (W*" T Dy TD1 Wt e, e;) =
(Mej,e;),i,j > 0. ThusM = L wherey) € L>(T). O

The following theorem shows that every compact operaton £(L2(D)) for
which Dy K Dy is a bounded operator dif (D) is an asymptotic Toeplitz operator
with zero as its symbol.

Theorem2.4— If K is a compact operator i (L2 (D)) such thatD, K D is
a bounded operator onZ (D) then{W*" Dy K D; W™} converges strongly to.

PROOF The sequence of operatof8 *" Do K D1 W™} is uniformly bounded
since D, K D, is a bounded operator aif (D). Since{e,} = {v/n + 12"} form
an orthonormal basis fat2(D) hencee,, — 0 weakly and forj > 0, Key,4; — 0.

1 ) 1
ViTnTl Y S P

Therefore KS"e; — 0. Thus R
Vi+1 , K (\/n—i-l ) Vi+1
becaus€/A,,} = R™} is uniformly bounded. It follows therefore that
An} = {—=R"} y
Vi+n+1

R"KS"Dye; — 0. ThereforeW*" Dy K D1W™ — 0 in the strong
vn+1 J
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operator topology. O

We shall now give a necessary and sufficient condition for the opefator
L(L?(D)) to be asymptotic Toeplitz in the weak sense.

Theorem2.5— Let[t;;]75_, be the matrix representation of the bounded linear
operator T on L2(D) with respect to the standard orthonormal basis. Suppose
further thatD,T Dy € £(L2). Then{W*" DyTD;W"} is uniformly bounded and
T is weakly asymptotic Toeplitz if and only if for eaeho < j < co the sequence
{ti.i+; } converges and the sequence of linfits; }>° ___ is the sequence of Fourier

- J=—o0
coefficients of somg € L>°(T).

PROOF The necessity is obvious. For the sufficiency, siltd' D, € L£(L2),
the sequencéW*" DT D W™} is uniformly bounded and

<W*nD2TD1 W”ej, 6i>

\/i+n+1<T > Vitndl,
= - €, €, = — 1: - .
e AR Ttn+1

By a change of index this can be Writtenf/reri mtn7n+j_i which by hy-
n+(g—1

pothesis converges to (;_;) wheret_;_; are the Fourier coefficients of a func-
tion in L>°(T). O

On the Hardy space a similar characterisation exists for describing weak asymp-
totic Toeplitz operators.

3. RELATION WITH ASYMPTOTIC HARDY TOEPLITZ OPERATORS

Let U be a mapping from the Hardy spaé¢g®(D)(for definition see [11]) into

L? (D) defined bylU 2" = v/n + 12™. Then the operatdy is unitary. In [4], Barria

and Halmos defined asymptotic Toeplitz operators as follows. An opé€fator
L(H?(D)) is asymptotic Hardy Toeplitz if and only &(S*)"7'S™} converges in

the strong operator topology it H2(ID)) whereS is the unilateral shift o/ (D).

In this work we have defined asymptotic Bergman Toeplitz operators (to mark the
difference we renamed them) on the Bergman sgg¢®). Since the operatdy is

a unitary operator fron#72 (D) into L2(DD), the operatofl” € £(L2(D)) if and only

if U*TU € L(H?(D)). Therefore the question that arises at this point is whether
U*TU is an asymptotic Hardy Toeplitzif € £(L2(D)) is an asymptotic Bergman
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Toeplitz operator. The following theorem gives an affirmative answer in the case the
. . . ~ o~ 1
operatorT is lower triangular. Notice that*T, U — S = S dlag<@ / n—iz — 1)
n

is a compact operator id( H%(D)).

Theorem3.1 — If the operatorT € L£(L?(D)) is an asymptotic Bergman
Toeplitz operator in the weak sense and the operdtdnas a lower triangular
matrix representation with respect to the standard orthonormal basdig @) then
U*TU is an asymptotic Hardy Toeplitz operator in the weak sense.

PROOF. Supposel’ € £(L2(D)) is an asymptotic Bergman Toeplitz opera-
tor in the weak sense. TheV*"DyTD; W™} converges weakly. It is to ob-

o n [i+n+1 .
serve that(IjV D2TD1W ej,e;) = m(Tejtn,eHn) fo~r all 7,5 >
0. Again {(S*)"U*TUS"} is uniformly bounded and(S*)"U*TUS"27,2") =

(U*TU 7 2iHm) — (T(JT TR+ 1), Vit nt 127 _
(Tejtn,eirn) forall i, 5 > 0. Hence the result follows. O

If the operator?” belong to£(L2(D)) andT = T, thenU*TsU belong to
the essential commutant [5] of the unilateral shift/A(T). But whethetU*T,,U
belong to the Toeplitz algebra ifi( H?) is not known.

4. AsYMPTOTIC HANKEL OPERATORS

We now define for an operat@t acting on the Hilbert spack?(D), a sequence of
operators ot (D) which when it converges (strong, weak, uniform sense),converges
to an operatoff (T') in £(L2(ID)) which has a classical Hankel matrix with respect

to the standard orthonormal basisigf(D). In case wherT is a Toeplitz operator

T, with symbol¢ € A on the spacé.2(D), we have shown the operatéf(7’) on

L2(D) has a classical Hankel matrix associated with the symbelL>°(T). We

give a necessary and sufficient condition for the existendé(af).

The truncation projection o2 (D) will be denoted byP;,0 < i < oo. If
the functionf = Y 22, cx2" belongs toLZ(D) then P,f = >, _, ck2*. These
are orthogonal projections aif (D) which converges strongly to the identifyon
L?(D). On the subspack, L2 (D) spanned byeg, e, €9, - - -, e, }, define the oper-

vi+1 .
atorJ,, by J,e; = 7Z+, en—i,0 < i < n. We extend/,, to L2(D) by defin-
vn—i1+1
ing it to be zero or(I — P,)L2(D) and we will denote the operator dif (D) by
J, as well. The operatar, is neither self adjoint nor unitary. It can also easily be
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checked thay,, = J,,P,, = P,J,, J; = J:P, = P,J* andS" " Rl = [ — P,.
Moreover,J?2e; = J;Qei = P,e; for all i. Itis to be noted thaf,,e; = D1 M, Dse;,

, 1 . .
for all i whereD¢e; = \/ﬁei’ Mye; = en—i, 0 < i < n(= 0, otherwise) and
Dye; = i+ le;. Further||J,|| = v/n+1,[|S"T!|| = 1. Let C be the weakly

closed algebra of bounded linear operator€ {2 (D)) which have a lower tri-
angular matrix representation with respect to the standard orthonormal basis. The
set/C will denote the uniformly closed two-sided ideal of compact operators on
L?(D). The algebr& + K is a uniformly closed algebra [1]. It is characterized as
{T € L(L?) : |PT(I — P)|| — 0} and is also known as the algebra of quasi-
triangular operators with respect to the sequejiiég.

Let H be a Hilbert space witky,, y2, - - - yn, - - -} as the standard orthonormal
basis. We denote b§t &) H their tensor product. The vectofg; ® y;} forms
an orthonormal basis foi @ H. The norm ofz @ y = 37, > cij(yi ® y;) is
equal to(>_, > |cl-j|2)%. Let A and B be two elements of (1) with matrices as
la;r] and [b;;]| respectively with respect to the standard orthonormal basis. Then
[ajrbjx] is the matrix of a bounded linear operator. Li€tdenote the orthogonal
projection ofH () H onto &, the space spanned by the orthonormal set of vectors
{y1 ® y1,92 ® ya,---}. Then P'(A ® B)P'|¢ is the operator having the matrix
lajrbjx] (for reference see [9]). The operat@whose (j,k)th matrix entry ig ;.b;y,
is referred to as the Schur product of the operatbeshd B. We shall denot&” by

C = A®B Where® denotes the Schur product. Léte an operator from2 (D)
i+ 1

L+ 1 . .
Yo %ei,j > 0. The operator is a bounded linear operator @ (D).
tTJ

LetT € £(L?(D)), define a sequenddd,,(T)} of operators or.2(D) by
H,(T) = D3 J,TS" ™' Dy = M, D;TDyW" ™ n=1,2,3,---.

ThusrankH,(T) < n + 1 sincerankM,, = n + 1. The sequencéH,,(T)}
will be referred to as the Hankel sequence associated with the opé&raitfe
shall now compute,,(7') whenT is a Toeplitz operatof;, with the symbol¢
in H°(D) + H~(D). Let ¢ = x + v wherexy € H* andy € H>. Then
H,(Ty) = MpDyTyDiW™ ™ = M, DoT, DyW™ ! + M, DT, DyW™ L It is
to note thaManTXD1W”+1 = 0forall n sincey € H*, the operatoi,, is self
adjoint andM,,e; = 0 for all i > n. Now lety(z) = Z,;“;O;Z(—k)zk. We see that
Y LG i+ D)0 £ (=0, oth-

|(M,, DTy DyW" e ;)] = |
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erwise). Furthef(D>T,D1ej,e;)| < |(Tye;, e;)| since the matrix ofly, is upper
triangular. Therefore the sequeng#f, DT, D;W" '} is uniformly bounded.

It is easy to check tha{ManTwDﬂ/V"“ej} converges toBi WhereBlz is

the operator or.2(ID) having a classical Hankel matrix with respect to the stan-
dard orthonormal basis df2(D) with symbol<) in L>(T). Thus the sequence
{M,, DTy D;W™'} converges strongly B sinceBy = 0.

Definition4.1 — An operatofl’ € £(L2(D)) is strongly asymptotic Hankel if
the sequencé M, DT D W™} converges strongly. Similarly we defirié €
L(L%(D)) to be weakly (uniformly) asymptotic Hankel i\, DoT D, Wn+1}
converges weakly (uniformly).

When{H,,(T')} converges weakly we shall denote its limit By(7"). We shalll
show later that whed/ (T') exists, it is an operataB; on the spacé.? (D) whose
matrix with respect to the standard orthonormal basis?¢D) is a classical Hankel
matrix with symbol¢ € L>°(T). If {H,(T)} converges weakly td3; we shall
define the asymptotic Hankel symbolBfas¢ and we shall denote it as (7") =
6. Except where otherwise stated whenever we say asymptotic Hankel we shall
mean it in the strong sense.

Theorem4.2—If ¢ € A, thenT} is a strongly asymptotic Hankel operator
with symbolp.

PROOF If ¢ € H™ thenM, DyT,,D;W™ = 0 for all n. If ¢ € H® then
{MnDQTaDﬂ/V”“} converges toBg in the strong operator topology (follows
from the above discussion). ¢f € A and¢ = >"}*, driby, Whereg, andqyy, be-
long to H> then M,DyTyDW"H! = >kt M DTy Ty,
Dywntl =5~ MnDQTEkDﬂ/V”“L@k which converges t§ ;. , B;,: Lg =
B$ in the strong operator topology.

The following theorem tells us when the sequence of oper@lbﬁS"“@A}
is uniformly bounded which will be useful in relating Toeplitz operatord.gaD)
to little Hankel operators.

Theorem4.3 — If (¢;;) is the (i,j)th entry of the matrix of the operat@F
Lz(D) and sup, 3=, >=;(n 4 1)[tn—ijtnt1]* < oo then{J,T'S" '} is uniformly
bounded and i = x+v wherey € H* andy € H> N D then{(J,T;S"™)QA} ,
converges t@., in the strong operator topology.
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PrROOF The square of the Hilbert-Schmidt norm &f7°S"+! is given by

z”:i JHLY (noiddy,
i+1) \Gj+n+t2) bttt

i=0 j=0

which is finite if 37, 3" (n + 1)[tn—ijtns1]> < oo. Now if ¢ € H> then

JnTyS" R A = 0 for all n. Hence{(J, T, 5™ )® A} is uniformly bounded. If
¢ € HSNDandp(z) = Y32, d(—k)z* thenitis easy to see that, T, 5" R A}
is uniformly bounded, converges in the weak operator topology.tobecause

Vi+1lyg+1 - . . A
(Szpej,€i) = ﬁ#—(]—l—z—i—U),z,y > 0and(J,TpS" M1 RQAe;, e;) =
Vi+1/j+1,vVn—i+1 . . : .
— 1 < ¢ < n(=0, oth . A
140 ( j—i—n—|—2)¢( (j+i+1)),0 <i < n(=0, otherwise). Again

{((JnTpS" 1@ A)ej, )| < [(S.gej, )] Hence{J, T,S" & A} converges to
S.¢ inthe strong operator topology since it converges weakly to the opefajolf
¢ = x+1 wherey € H* andyy € H* N DthenS,, = 0andJ,T,S" ™! = 0 for
all n, hence{(J,T,S" ™ )® A}, = {(Jn T S ™R A+(J, Ty S" R A},
converges t@.,, in the strong operator topology

In this way we can link a Toeplitz operator to a little Hankel operator. There
exists many operatofE € £(L2(D)) for which {(J,7S"*!)®A} does not con-
verge even weakly as the following example shows.

Example4.4 — LetT € L£(L?(D)) be such thal'ey = 0,Te; = e;_; if i is
even andl'e; = 2¢;_4 if 7 is odd. Then

J TS e, = J,T(Vi+ 1207+

ViFT
Vi+n+2
ViFd Vit
Vi+n+2

Vitd _ .
0 V' g eiin ifi+n+1isodd.

Vi+n+2

HenceJ, T'S"tle; = 0if i > 0. Therefore

vn+1

o ﬁpo, if nis Odd,
JpTS"T =
2\/n +

1 .
Py, if niseven.

Vvn+2

Jpn0=0, ifi+n+1=0;

In€itn, if 2 4+n -+ 1iseven;
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This implies{(JnTS”“)@A} does not converge. O

It is also not difficult to verify that the operator defined in Example 4.4 is not
an asymptotic Hankel operator.

Theoremd.5— If T € £(L2) has matrix representatioft;;|75_, with respect
to the standard orthonormal basis add?,,(T")} converge weakly then its limit is
an operatorB; in L(L?) whose matrix with respect to the standard orthonormal

basis ofL.2(ID) is a classical Hankel matrix with symbelin L (T).

PROOF Suppose{H,(T')} converges weakly tdZ (7). Then fori,j > 0,
(Hn(T)ej,e;) — (H(T)ej, e;) asn — oo. But

vn—i+1
J+n+2

Forn sufficiently large this is just the sequen® ,,+i+j+1}. Since{t, ntit+j+1}
by hypothesis converges to a number which depends only on the sumn+ 1
we shall denote its limit by_;, ;1). Thus the matrix representation &f(T’) is
{t—(i+j+1) }ij>0 Which is of course a classical Hankel matrix with respect to the
standard orthonormal basis b (D) with symbol in L>°(T). O

<Hn(T)€j, €i> = tn,i7]’+n+1, 0<:< n(: 0, OtherWiSQ.

The following theorem characterises the asymptotic Bergman Hankel operators
in the weak sense.

Theorem4.6— For T' € L(L2(D)), let [ti;]55— denote the matrix represen-
tation of the operatofl” with respect to the standard orthonormal basis. Suppose
further thatDoT D, € L(L2). Then{H,(T)} converges weakly if and only if for
eachj > 1, the sequencét; ;+;} converges and the sequence of linjits; }3° , is
the sequence of Fourier coefficient of same L>°(T).

PROOF. The proof is similar to that in [7]. O

5. RELATION WITH ASYMPTOTIC HARDY HANKEL OPERATORS

Feintuch [7] defined an asymptotic Hardy Hankel operator as an opéfator
L(H%(D)) for which the sequencEM, TS™} converges in the strong operator
topology in£(H2(D)) to an operatod (T)) whereM,z} = z* 3 for0 < j < n

and is equal to, otherwise. Here we have defined asymptotic Bergman Hankel op-
erator as the operat@r € £(L2(D)) for which the sequencgM,, DoT D, W"™+1}
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converges in the strong operator topologyZifY.2(ID)). Next we shall show that if
T is an asymptotic Bergman Hankel operator in the weak sensé dag a lower
triangular matrix representation with respect to the standard orthonormal basis of
L2 (D) thenU*TU is an asymptotic Hardy Hankel operator in the weak sense.

Theorem5.1— If the operatorT’ € £(L2(D)) is an asymptotic Bergman Han-
kel operator in the weak sense and the operdfdnas a lower triangular matrix
representation with respect to the standard orthonormal basis thERU is an
asymptotic Hardy Hankel operator in the weak sense.

PROOF. Supposel’ € L£(L?(D)) is an asymptotic Bergman Hankel opera-
tor in the weak sense. Then\/,, DoTD;W"*+1} converges weakly and it is to

In—i+1 : .
note that<MnD2TD1Wn+1€j,€i> = m<T€j+n+1,€n,i> if0<i<

n(=0, otherwise). The sequenQéV/InU*TUg‘““} is uniformly bounded and
(M, U*TUS 17l z1) = (U*TU(Z2+1), 227 1) if 0 < i < n (=0, other-
wise) = (T'(\/7 +n + 222+ /n—i+12"7%) if 0 < i < n(=0, otherwise)

= (T'ej4nt1,€n—i), if 0 < i < n(=0, otherwise). The result follows. O

Similarly one can show that if is strongly asymptotic Bergman Hankel dfid
has a lower triangular matrix representation with respect to the standard orthonor-
mal basis thed/*T'U is strongly asymptotic Hardy Hankel. L&, denote the set
of rational functions with at most poles (counting multiplicities) all of which are
in the interior of T andC(T) denote the algebra of continuous functionsbr.et
V,s be the Toeplitz operator with symbelon H?(T).

Let 7 denotes the family of operato#s € £(H2(DD)) for which { H,,(T)} =
{M,, TS**1} converges strongly and

Lo = {T €T :H,(T) converges strongly to}
Ly, £0+{V¢:¢€HOO(T)+Rk)};
Loo = Lo+1{Vy:de H®(T)+C(T)}.

Let sx(T) be the kth singular value &f. Then it is shown by Feintuch [7] that
(i) d(T, Lo) = |[H(T)|l; (i) d(T, Lx) = si(H(T)); (iii) d(T, Loo) = | H(T)]le-
Now let E € L(L2(DD)) is lower triangular and is strongly asymptotic Bergman
Hankel. ThenU*EU is strongly asymptotic Hardy Hankel. Thus the following
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distance formulae holds for the operafore £(L2(D)) :

(i) infreg, | E = UIU*|| = infre, |U*EU — I|| = [|H(U*EU);
(t3) infrep, |E — UIU*|| = infreg, [ UEU — 1| = sk(q(U*EU));
(iid) infrep |E — UIU*|| = infrep |U*EU — I|| = |H(U*EU)].

e} ‘

6. THE ALGEBRA GENERATED BY TOEPLITZ OPERATORS

In this section we show that the algebra generated by Toeplitz opefdjoos
L2 (D) with ¢ € A consist of asymptotic Toeplitz operators.

Lemmab.1 —If ¢ € Athen{W*"DyT,D;M,_1} converges strongly (25
wheregt (¢?) = ¢(e~?).

PrROOFE We shall first show that if) € H* thenR”Tq;Jn_l = 0 for all n.
Vi+1 .
We see thaR"Tu—)Jn_lei = \/iRnleen_l_i,O <1 < n — 1(=0, otherwise).
n—1

Since the highest power ofine,_;_;for0 <i <n—1isn—1andy € H®,
henceR"TQZJn,l = 0 for all n. ThereforeW*”Dsz—}Dan,l =0= Bg*'

Next we shall show that i) ¢ H> then{W*"DyT, DM, _,} converges
strongly toBg, wherepT () = (e ). Since

W*"DoTy D\ M1 = W*"LgMn,l
= B$+Pn717
hence the sequené® ™" DT D1 M, } converges strongly B, as{P,} con-
verges tol, the identity operator in the strong operator topology (see [7]). The

result follows. Now letp € A and¢ = 1, Piéx Wherey, andg¢, belong to
H*°. Again we see that

W DyTyDi My = Yy W DyTy, , DiMy, 4
= YL W' DyTy Ty, D1 M, .
But
W*"DyTy, T, DiMy—y = (W*"DyT5 DyW™)(W*" DTy, D1 M, 1)
+  (W*"DyTyg, Dy My 1) (Mp—1 DTy, D1 My ).
SinceW*”DgTw—lel/V” — L;}; strongly, W*" DTy, D1 My — Bﬁ in
the strong operatortopoIogW*”Dsz;leMn_l = Oforallnand{M,_1 DTy, D1 M, 1}
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converges strongly tdex, the transpose oLa: (for reference see [6] and [7]),

hence{> ;L W*" DyT,; Ty, D1 M, 1} converges strongly B, . 0

Theorem6.2 — If ¢ € A thenT, is an asymptotic Toeplitz operator with
symbolp.

PROOF. Supposep € H> andy € H>. We shall show first that’;, is
strongly asymptotic Toeplitz with symb(fﬁfb. Itis easy to see th&l’ *”DgTd—,TQSDl wn
= (W*"D2T$D1W”)L$ sincep € H™. Hence{W*"DngzT(bDlW”} con-
verges strongly tCLng = L;!;' Let¢ € Aand¢ = > " | Yxdx whereyy, and
i belong toH>. ThenW*"DoT, DiW™ = > L, W*"DoT,; Ty, D1W™. The
assertion of the theorem follows. O

The following lemma will be useful in obtaining more asymptotic Bergman
Hankel operators.

Lemma6.3 — If ¢ € A then{M, DyT,D:M,} is uniformly bounded and
converges tch8 in the strong operator topology Whei% is the transpose of the
operatorL$.

PROOF If ¢ € H* then the sequend@,, D21, D1 M, } is uniformly bounded.
Again M, DTyD M, = MnngMn and converge tcL’f5 in the strong opera-
tor topology whereLZ; is the transpose of the operatbqlg (for reference see [6]
and [7]). If ¢ € H®, the sequenc¢)M,, DoT5D;1 My} is uniformly bounded and
My, DyT5D1 M, = MnD§L$D%Mn which converges strongly tbé% in the strong
operator topology Whem‘ﬁf$ is the transpose of the operatbé. Now we shall
show if ¢ andy) belong toHf > then{M,, D215, D1 M, } is uniformly bounded and
converges tcL%’;5 in the strong operator topology. Singg"H'w "+t =1 — p,

andM? = P, we have

MnDQTWDan = MnDQT@TQf,Dan
= (M, DyTz DWW (W DyTy Dy M,,)
+  (MnD2Tg D1 My,)(My DoTy D1 Ms,).
The sequence {MnDQT&D1Wn+1} converges strongly to BJ and
{W*”+1D2T¢D1Mn} converges strongly tcB$+ by Lemma 6.1. Moreover,
{MnDleleMn} converges strongly tdiltg and{ M, D,T,D: M,} converges to
Lt,. Hence{M, DyT5, D1 M,} is uniformly bounded and convergesl\‘% in the

&
strong operator topology.
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Theorem6.4— The algebra generated by Toeplitz operators with symbgl in
consists of asymptotic Hankel operators.

PrROOF. Let ¢ andvy belong toA. Since

M, DoTyTy DW= (M,DyT,DiW™ ) (W* 1 Dy T, Dy W+
+ (MnD2T¢D1Mn)(ManTlewnﬂ),

hence by Theorem 4.2, Theorem 6.2 and Lemma 6.3, the sequence
{M,, D>TsT,D;W™+1} converges strongly tBeLg + Lt Bg = By [cf. [4]].

&
The result follows. O

Theorem§;5— If ¢ and®) belong toA thenT,T), is asymptotic Toeplitz and
the symbol ig).

PrROOF. We can writelV*" Dy Ty T, D1 W™ as follows:W*" Dy Ty, Ty DyW™ =
(W DTy DyW™) (W DoTy, Dy W™ )+ (W*" DTy Dy My 1) (Myu—1 Do Ty D{W™).
Hence by Lemma 6.1, Theorem 6.4 and Theorem 6.2, the sequence
{W*"DyT,TyyDiW™} converges td;L; + By By = L@ (see [4]). O

Theorem6.6 — If ¢ € H*> thenSy is an asymptotic Toeplitz operator with
zero as its symbol.

PROOF It is easy to see thdl ™" Dy S, D1 W" = W*"*D3B - W™ where

Pxp1
- 1 -
$1 ()=, P e~"*. The sequencfV*" D3 B;, ; W} is uniformly bounded

and converges t@in the strong operator topology sin{:@%Bd;*gng”} converges

to 0 in the strong operator topology [4] aftd*™ converges td in the strong oper-
ator topology. Hence the result follows [8]. O

Lemmab.7 — If ¢ € Athen{W*"DyS4D1M,_1} converges strongly t0.

PrROOF We shall first show that iy ¢ H>° then{W*”DQngDan_l} con-
verges strongly t@. It is to observe that

W'Dy SgD1My—1 = VV*"D%Bg*(%1 M,y

— Mn— B* D2W7’L *
( ! §+81 2 )

~ 1 : .
whereg (el?) = 32, e 0 and M, _1B: D?W"™ — 0 in the strong
k+1 8«81

operator topology [6],[7]. Hence the result follows. lie€ A andg = > 7" | i
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wherey, and¢, belong toH*°. Then

W*"DaSy; 4 DiMu—y = (W*"DySy DiW™)(W*" DyTy, Dy M, 1)
+  (W*"DsSj5 D1 My1)(My-1DoTs, D1 My 1)

Since each of the factors converges strongly (see Theorem 6.6, Lemma 6.1 and
Lemma 6.3) the result follows. O

Theorem6.8— If ¢ € A thenS,, is an asymptotic Toeplitz operator with zero
as its symbol.

PROOF ltis sufficient to show that iy andi) belong tol > thenS;,, is asymp-
totic Toeplitz with zero as its symbol. Note that we can factoVI/Z‘élDQSWDlW”
as follows:

W*nDQSq;d)DlW” = W*nDQS(5T¢D1W"
(W*HDQS(EDl Wn) (W*nD2T¢D1 W")
+ (W*nDQSq;Dan_l)(Mn_1D2T¢D1Wn).

The result follows from Theorem 6.6, Theorem 6.2, Lemma 6.7 and Theorem
4.2. O

Theorem6.9— If ¢ and+) belong toHf > thenT};S;; is asymptotic Toeplitz.

PROOF. It is easy to see thal ™" DyTySzDiW" = W*"L(;D%BJ*&W"

-~ . 1 .

0\ __ oo —ik6 ; *MT _D2R. ;
wheregq(e) = > .7, i SinceW Ld)DQBiZ*J)an — 0in the
strong operator topology [6], hence the result follows. O

Lemma6.10 — If ¢ € A thenM,,_1D3S,D;W"™ — 0 in the strong operator
topology.

PROOF If ¢ € H* then M, _1D2S4D W™ = 0 for all n sinceS; = 0.
If ¢ € HX then M, _1D2SzDi\W™ = M, 1D3Bg o W™ where ¢y (e') =
*P1

1 . . .
>kl g " 1e‘lk9. Since{M,1D3B, - W™} converges td) in the strong op-

erator topology [6], hencMn,lDQS(EDlW” — 0 strongly. If¢ € A and
¢ = Y0, dxtbx wheregy and vy belong to H> then M,,_1 Dy SyDiW™ =
> ohey My—1D2 Sz, Ty, DyW™ = 3700 My—1D3S 5 DiW"Lg sinceg;, belong
to H*°. Hence the result follows. O

Theorem6.11— If ¢ and+ belong to.A thenTS,, is an asymptotic Toeplitz
operator with zero as its symbol.
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PrROOF If ¢ andv belong toA then we can factoriz&*" DT, S, D1 W™ as
follows:
W* DTy Sy DIW™ = (W*" DTy, DyW™)(W*" Dy Sy, D1 W™)
+ (W*HDQT(bDan,l)(Mn,1D25¢D1Wn).

The result follows from Theorem 6.2, Theorem 6.8, Lemma 6.1 and Lemma 6.10.
Theorem6.12— If ¢ and+ belong to.A thenS,S,, is asymptotic Toeplitz.

PROOR SINCEW*" D84S, Dy W™ = (W*™ DySy Dy W™) (W*" Do Sy Dy W)+
(W*nDQS¢D1Mn_1)(Mn_lDQS¢D1Wn), the result follows. O

Corollary 6.13 — If a finite sum of finite products of Toeplitz operators with
symbols inA is compact then the corresponding finite sum of finite products of
their symbol is zero almost everywhere.

PROOF. The proof follows since the compact operaforc £(L2) for which
Dy K D, is a bounded operator is an asymptotic Toeplitz operator with symbol zero
and from the fact that ip andv belong toA thenT}, +T, andT;T;, are asymptotic
Toeplitz with symbold~> + J and@ respectively. O

We shall now give some examples of asymptotic Toeplitz operators on the
Bergman space and an example of an operator that is not asymptotic Bergman
Toeplitz.

Example6.14 — Consider the operat®rgiven by the matrix” = (a;;) where
+1 1 . . .
aij = (Tej,e;) = ,/] ha if j < iandis equal td otherwise. Then the

1+1i+4+1
operatorl’ = DCD, where(C'is the Cesaro matrix witiCe;, e;) = z—|—11 if
j <iandis equal t@ otherwise. SincéV*" D, T D, W™ = W*"CW™, hence the
operatorT’ is asymptotic Toeplitz. O

ExampleG.lS— Letl’ = diag(ag, 1,09, .. .), then<W*"D2TD1W”ej, 6@) =
ajin if ¢ = j and is equal t® otherwise. Thus

W*"DgTDlVV" = diagXan, Qpt1,0nt2, .. )

So the operatol” is asymptotic Toeplitz if and only if the sequenge, } is con-
vergent. O

Example6.16 — Consider the operatofe,, = (—1)"e,,. We see that
(W*" Do JD1Wnej,e;) = (—1)"" if i = j and is equal td otherwise. Further
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W*"DoJD1W"ej = (—1)j+"ej which does not converge astends to infinity.
HenceJ is not asymptotic Toeplitz. O

In [6], Feintuch gave an operator theoretic version of Nehari's Theorem, Adam-
jan, Arov, Krein Theorem and Hartman’s Theorem (see [11] for the statement of
these theorems) for strongly asymptotic Hankel operators in the Hardy space case.
He obtained all these distance formulae by first proving the following resuilt: If
is strongly asymptotic Hankel theliT',C + ) = limsup,,_, || P.T(I — P,)|| =
|H(T)||. On the Bergman space it is not quite clear how to obtain such type of
distance estimates. The following result will give more insight into it.

Theorem6.17 — If |P,T(I — P,)| = o(—=) then|J,TS" || — 0. If

T
| TS™ | = o~ L) then e ¢ + K.

PROOF. Let f € LZ such thatf = Y32, axei. Then

k+1
[T Puf|I? = Z| e T

—-k+1
and
n
1P fI? = lawl.
k=0
1
HencemHPan < || JuPuf| for all f € L2 and for alln € N. Let

T € L(L:(D)). Then sincel, P, = J, andS" ™' R"*1 = [ — P, we have

[T TS™ [T PaT(I = Pp) ™|
[ nll[1P (1 = Pr)|[[[S™ ]

VA 1|P,T(I - B

On the other hand, sincg**'R**1 = | — P,,, we have

1
vn+1

VA VAR

1P, T(I = )l | 2o T (I — Pp) S™H R

<

< \/m||JnPnT(I_Pn)Sn+1H
= Vn+2||J,P, TSI RrTIgnt|
= Vn+2|J, P, TS™ |

= n+2|J,TS"H.

Since||P,T(I — P,)|| — Oifand only if " € C + K (by a result of Arveson
[1] this holds) hence the assertion of the theorem follows. O
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The above result explains that an operator theoretic distance estimate as was
obtained in the Hardy space case may not be possible in the case of the Bergman
space.

ForT € L£L(L?(D)) consider the sequend&*" DoT DWW} and{H,,(T)} =
{M,,DoTDiW"*1}, Itis clear that if{W*" DyTD; W™} converges in the weak
(strong, uniform) operator topology then its limit is an operator of the fair(;n
where L is the operator inC(L2(D)) having the classical Toeplitz matrix with

symbol in L>(T). When{H,,(T)} converges weakly the limit is an operator
Bg in £(L2(D)) whose matrix with respect to the standard orthonormal basis of

L2(D) is a classical Hankel matrix with symbol e L>°(T).

Two natural questions arise at this stage; (1) Is an asymptotic Toeplitz operator
also asymptotic Hankel ? (2) SuppdBés both asymptotic Toeplitz and asymptotic
Hankel. Do the symbols correspond ?

The answers to these questions are related. We have shown that in some cases
weak asymptotic Toeplitz implies weak asymptotic Hankel and that in this case
M, D;TDWn+l — B$ weakly andW*" DT D W™ — L(g weakly for some
b e L°°(T). Thus wherl is both asymptotic Toeplitz and asymptotic Hankel in
the uniform and strong sense, the symbols must be related in the above mentioned
way. In both the uniform and strong topologies we do not know whether asymptotic
Toeplitz implies asymptotic Hankel.

REFERENCES

1. W. Arveson, “Interpolation problems in nest algebrak,Funct. Anal 20 (1975),
208-233.

2. S. Axler andZ. Cu¢ kovic, “Commuting Toeplitz operators with harmonic symbols,
" Integral Equations and Operator Thedr$ (1991), 1-11.

3. S. Axler, “Bergman spaces and their operators,Surveys of some recent results in
operator theory (J. B. Conway and B. B. Morrel, editorg)ittnan Research Notes
in Math., 171(1) (1988), 1-50.

4. J. Barria and P. R. Halmos, “Asymptotic Toeplitz operatoiisdns. Amer. Math.
Soc, 273(1982), 621-630.

5. M. Englis, “Density of algebras generated by Toeplitz operators on Bergman spaces,
" Arkiv for Matematik 30 (1992), 227-243.



400

10.

11.

NAMITA DAS

. A. Feintuch, “On asymptotic Toeplitz and Hankel operatoBgerator Theory: Adv.

Appl., 41 (1989), 241-254.

. A. Feintuch, * On Hankel operators associated with a class of Non-Toeplitz opera-

tors,” J. Funct. Anal 94 (1990), 1-13.

. P. R. Halmos, A Hilbert space problem book, Graduate Texts in MathemAtics

Springer, Berlin-Heidelberg-New York, (1967).

. R. V. Kadison and J. R. Ringrosel-indamentals of the theory of operator alge-

bras” Academic Press, New York, (1983).

G. McDonald and C. Sundberg, “Toeplitz operators on the diswflana Univ.
Math. J,28(1979), 595-611.

J. R. Partington, “An introduction to Hankel operatoisgndon Math. Soc. Student
Texts 13, Cambridge Univ. Press, Cambridge, (1988).



