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The shock models play an important role in reliability theory. In a previous
paper by Liet al., theδ-shock model, which is different from the classical
shock model, was introduced and studied. In this paper, a censoredδ-shock
model is presented, which originates from the study of customer relationship
management (CRM). Based on the underlying homogeneous Poisson pro-
cess, we obtain the explicit distribution of system lifetime and other related
properties, and demonstrate that this new system is superior to NBU. In addi-
tion, an exponential limit theorem is obtained. Finally, the application of this
new system to evaluate customer lifetime values (CLV) is provided. These
results are important to theory and applications.
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1. INTRODUCTION

The shock model is an important part of reliability mathematics. Traditionally, only
two basic types are studied: cumulative shock models, where the system breaks
down when the cumulative shock magnitude enters some given critical region, and
extreme shock models, where the system breaks down when a single shock mag-
nitude enters the critical region. Classic research works can be found in Shan-
thikumar and Sumita (1983, 1984) and Gut (1990). Two major extensions to the
traditional shock models are run shock model, Mallor and Omey (2001, 2002), and
mixed shock model, Gut (2001). In the run shock model, the system works until
the magnitudes ofk (k ∈ N ) consecutive shocks enter some critical region, and the
extreme shock model is obtained as a special case whenk = 1. In the mixed shock
model, the system breaks down due to either the cumulative effect of many “small”
shocks or a single “large” shock, depending on which reaches its critical level first
(Li and Kong 2007).

The system life time of the above models is defined in terms of shock mag-
nitude which is measurable. However, there exist many phenomena where these
traditional frameworks are not applicable. Li (1984) studied a traffic modeling in
which pedestrians start to cross the street when the interval between two successive
passing vehicles exceeds a preset thresholdδ. Based on their previous work, Li
et al. (1999) proposed a newδ−shock model, in which the system fails when the
interval between two successive shocks enter some critical regionC(δ) which is
determined by a preset parameterδ. This δ−shock model may arise in electrical
systems, inventory theory, earthquake modeling, insurance mathematics, and many
other reliability areas.δ−shock model provides a more suitable characterization
over traditional shock models especially when the shock damages are not obtain-
able (Li and Kong 2007). Hereδ can be viewed as the system recovery time from
a damage.

So far, the developments ofδ−shock model are mostly based on Poisson pro-
cesses, in which some distinct results have been derived from three points of view,
probability, statistics and applications. Some fundamental research in the proba-
bility area was conducted by Liet al. (1999) who considered a single component
system with shock intensityλ and critical regionC(δ) = (0, δ). As δ → 0, the
system’s asymptotic behavior was characterized, and the explicit distribution, mo-
ment, and NBU/NWU properties of system lifetime were presented. The opposite
scenario, whenC(δ) = [δ,∞), was studied by Li and Chen (2002). Recently, Li
and Kong(2007) and Tang and Li (2007) extended the model, in which a periodic
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intensity functionλ(t) was introduced to replace theλ. Li and Zhao (2007) ex-
panded theδ−shock model to complex systems consisting of n i.i.d. components.
Li and Xing (2000), Xu and Li (2004) and Li and Liu (2007) estimated the param-
eterδ from some incomplete data using a statistical approach. Initial applications
of the δ−shock model have been reported. For example, an optimal replacement
policy of the repairableδ−shock system was obtained by Wang and Zang (2003).
A geometric process maintenance problem based on theδ−shock system was first
brought up by Tang and Lam (2006) and later extended by Liang and Li (2008).

In this paper, we introduce a censoredδ-shock model to describe the lifetime
of customers in customer relationship management(CRM). This model leads to a
number of interesting questions and abundance of new ideas. In fact, a customer’s
lifetime can be treated as the sum ofδ and all previous trade times. When the inter-
val between two successive trades between the customer and the trading company
exceeds a thresholdδ, a subsequent trade from this customer can be regarded as a
trade from a new customer. The main aim of this paper is to obtain the probabilistic
properties of system lifetime in censoredδ-shock model, which is of importance to
theory and applications of shock models.

The rest parts of this paper are organized as follows. In Section 2, we present
the definition of system lifetime of censoredδ-shock model. In Section 3, on the
basis that shock arrivals are of a homogeneous Poisson process, some distribution
properties of system lifetime are given. In Section 4, we obtain the moments of
system lifetime. In the final section, we develop asymptotic behavior of system
lifetime.

2. SYSTEM L IFETIME OF CENSOREDδ-SHOCK MODEL

Assume that the system is subjected to external shocks which can be described
using a Poisson process with rateλ (λ > 0). Let Xn, n = 1, 2, · · · denote
the interval time between the(n − 1)th andnth shock,τn =

∑n
i=0 Xn, n ≥ 0

whereτ0 = 0, X0 = 0, denote the arrival time of thenth shock, andδ denote a
positive constant. The lifetime of censoredδ-shock model is defined as follows.

Definition2.1 —Let N = inf{n : τn+1− τn ≥ δ, n ≥ 0} and T =
N∑

n=0
Xn +

δ = τ
N

+ δ, then T is the system lifetime of censoredδ-shock model.

In the following sections, we will find that the form of 1st moment of system
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lifetime is very simple, but its survival function and density are very complicated.

3. DISTRIBUTIONAL PROPERTIES OFL IFETIME

Denote
f1(x) = I{0≤x<δ}

and

fn(x) =
∫ x

0∨(x−δ)
dsn−1 · · ·

∫ s3

0∨(s3−δ)
ds2

∫ s2

0∨(s2−δ)
I{0≤s1<δ}ds1, n > 1.

In the following, we present some useful lemmas.

Lemma3.1 —∀n ≥ 1

fn(x) =





0, x < 0,

1

(n− 1)!

kX
i=0

(−1)iCi
n(x− iδ)n−1, kδ ≤ x < (k + 1)δ, k = 0, . . . , n− 1,

0, x ≥ nδ

(1)

Obviously, for allx ∈ R, fn(x), n > 1 is continuous except atx = 0 andx =
δ.

Lemma3.2 —∀ t ≥ 0

∞∑

m=1

λmfm(t) = λ

[t/δ]∑

i=0

(−1)i

i!
Λi−1

i eΛi(Λi + i), (2)

whereΛi = λ(t− iδ), and denoteMλ,δ(t) =
∞∑

m=1
λmfm(t).

Lemma3.3 —∀ t ∈ (0,∞), if t 6= δ andt 6= 2δ, then

dMλ,δ(t)
dt

= λ[Mλ,δ(t)−Mλ,δ(t− δ)]. (3)

For the proof of Lemma 3.1, 3.2 and 3.3, see Ma (2008).

The following theorem shows the survival function of lifetime.

Theorem3.1— The survival functionF T (t) of lifetime T is

F T (t) =
1
λ

e−λtMλ,δ(t). (4)
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PROOF : Obviously,P (T > t) = 1 for t < δ. So we only need to consider the
caset ≥ δ. Conditioning onN(t), it follows that

P (T > t)

= E[P (T > t|N(t))]

=
∞∑

n=0

P (T > t|N(t) = n)P (N(t) = n)

= P (T > t|N(t) = 0)P (N(t) = 0) +
∞∑

n=1

P (T > t|N(t) = n)P (N(t) = n).

SinceP (T > t|N(t) = 0) = 0 ast ≥ δ , we get

P (T > t)

=
∞∑

n=1

P (T > t|N(t) = n)P (N(t) = n)

=
∞∑

n=1

P (τ1 < δ, τ2 − τ1 < δ, · · · , τn − τn−1

< δ, t− τn < δ|N(t) = n)P (N(t) = n).

Since

P (N(t) = n) = e−λt (λt)n

n!
and conditional density function ofτ1, τ2, · · · , τn

f(τ1,τ2,··· ,τn)(s1, s2, · · · , sn|N(t) = n) =





n!
tn

, 0 < s1 < · · · < sn ≤ t,

0, otherwise.

We have

P (T > t)

=
∞∑

n=1

λne−λt

×
∫ t

0
dsn

∫ sn

0
dsn−1 · · ·

∫ s2

0
I{s1<δ,s2−s1<δ,··· , sn−sn−1<δ,t−sn<δ}ds1

=
∞∑

n=1

λne−λt

∫ t

0∨(t−δ)
dsn

∫ sn

0∨(sn−δ)
dsn−1 · · ·

∫ s2

0∨(s2−δ)
I{s1<δ}ds1

=
∞∑

n=1

λne−λtfn+1(t).
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Note that fort ≥ δ, f1(t) = 0. Hence

P (T > t) =
∞∑

n=1

λne−λtfn+1(t) =
∞∑

n=0

λne−λtfn+1(t). (5)

Moreover, fort < δ, fn+1(t) =
tn

n!
, Equation (5) also includes the case of

t < δ.

Therefore, for allt ≥ 0, we get

P (T > t) =
∞∑

n=0

λne−λtfn+1(t) =
1
λ

e−λt
∞∑

m=1

λmfm(t).

2

Remark1 : The survival function is a little complicated. To get some insight,
we obtain its numerical solution and plot the curve ofF T (t) for some parame-
ters (δ andλ). From the lifetime definition of censoredδ−shock model, we know

thatF T (t) is dependent on the relative magnitudes ofδ and E[Xn] =
1
λ

, so we

focus our attention on such cases where the differences betweenδ and
1
λ

are not

significant. Here, we present the numerical results of the first-occurrencet values
which satisfy P (T > t) = 0 (refer to Table 1) and some survival function curves
(refer to Figures 1, 2 and 3).

Table 1: The first timet satisfying P (T > t) = 0 (Errors≤ 0.001)

λ

0.2 0.5 1 2 5 10

0.2 0.399 0.52 0.619 0.822 1.521 3.545
0.5 1.299 1.683 2.308 3.801 13.24 65.696
1 3.094 4.616 7.601 17.723 131.391> 1300δ
2 8.213 15.202 35.446 175.776 > 1300 > 1300
5 38.005 132.396> 1300 > 1300 > 1300 > 1300

10 177.229 > 1300 > 1300 > 1300 > 1300 > 1300

From Table 1, it can be seen that, in the sense of probability, if we fix one
parameter, the lifetime will increase along with the other parameter. Whenλδ ≥ 5,
the lifetime increment is rather considerable.
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Figure 1: The survival function curve atδ = 1, λ = 1

Figure 2: The survival function curve atδ = 2, λ = 1
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Remark2 : From the figures ofF T (t), it’s obvious thatF T (t) is continuous
and derivable except of att = δ, where there’s a sudden drop, and att = 2δ, where
it forms a sharp point. F T (t) decreases linearly ont ∈ (δ, 2δ). In general, its
decrease rate isO(tk) on t ∈ (kδ, (k + 1)δ) which can be deduced from Lemma
3.2.

Figure 3: The survival function curve atδ = 0.5, λ = 1

In fact, the magnitude of the sudden drop can be calculated as follows:

lim
t→δ−

F T (t)− F T (δ) = e−λδ,

which yields

Corollary 3.1 —P (T = δ) = e−λδ.

Hence, the distribution of lifetime is neither discrete nor continuous, instead it
is a mixture. SinceP (T < δ) = 0, from Corollary 3.1, we obtain next Corollary.



LIFE BEHAVIOR OF CENSOREDδ-SHOCK MODEL 409

Corollary 3.2 — P (T > δ) = P (X < δ) = 1 − e−λδ, whereX is an expo-
nential random variable with parameterλ.

From above discussions, the distribution of lifetimeT can be expressed as

P (T > t) = 1, t < δ,

P (T = t) = e−λδ, t = δ,

P (T > t) = O(tk), kδ ≤ t < (k + 1)δ, k ≥ 1.

From Theorem 3.1, it is easy to get the densityfT (t) of lifetime T .

Corollary 3.3 — Fort > δ andt 6= 2δ ,

fT (t) = e−λtMλ,δ(t− δ) = λeλδF T (t− δ),

PROOF : Solving the derivative of1 − F T (t) with respect tot, it yields the
density function ofT . 2

The following propositions regarding to the order relationship and the class
properties of lifetime distribution can be deduced.

Corollary 3.4 — If δ1 < δ2, thenT δ1 ≤st T δ2 .

PROOF : First,

P (T δ1 > t)

=
∞∑

n=1

λne−λt

×
∫ t

0
dsn

∫ sn

0
dsn−1 · · ·

∫ s2

0
ds1I{s1<δ1,s2−s1<δ1,··· ,sn−sn−1<δ1,t−sn<δ1}

=
∞∑

n=1

λne−λt

∫ t

0
dsn

∫ sn

0
dsn−1 · · ·

∫ s2

0
ds1

n∏

i=1

I{si−si−1<δ1}I{t−sn<δ1}

and similarly,

P (T δ2 > t)

=
∞∑

n=1

λne−λt

∫ t

0
dsn

∫ sn

0
dsn−1 · · ·

∫ s2

0
ds1

n∏

i=1

I{si−si−1<δ2}I{t−sn<δ2}.
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Sinceδ1 < δ2, for a real numberx, we haveif x < δ1 then x < δ2,
that is,

{x < δ1} ⊂ {x < δ2} ⇔ I{x<δ1} ≤ I{x<δ2},

Hence
n∏

i=1

I{si−si−1<δ1}I{t−sn<δ1} ≤
n∏

i=1

I{si−si−1<δ2}I{t−sn<δ2}.

This proves the corollary. ¤

Theorem3.2— FT is NBU.

PROOF : We only need to prove that, for∀ s, t ≥ 0,

P (T ≥ s + t|T ≥ s) ≤ P (T ≥ t)

SinceP (T ≥ t) = 1 at t < δ, soP (T ≥ s + t|T ≥ s) ≤ P (T ≥ t) at t < δ.
Assumet ≥ δ, then

P (T ≥ t)

= P (T > t, X1 ≥ δ) +
∫ δ

0
P (T > t|X1 = x)dFX1(x)

= 0 +
∫ δ

0
P (T > t|X1 = x)dFX1(x)

=
∫ δ

0
P (T > t− x)dFX1(x).

Let X = τN(s)+1 − s, Y = s− τN(s), then

P (T ≥ s + t|T ≥ s)

= EY [P (T ≥ s + t|T ≥ s, Y )]

= EY

[
P (T ≥ s + t,X ≥ δ|T ≥ s, Y )

+
∫ (δ−Y )∨0

0
P (T ≥ s + t|T ≥ s, Y,X = x)dF(X|T>s,Y )(x)

]

= EY

[ ∫ (δ−Y )∨0

0
P (T ≥ s + t|T ≥ s, Y, X = x)dF(X|T>s,Y )(x)

]

= EY

[ ∫ (δ−Y )∨0

0
P (T ≥ (s + t)− (s + x))dF(X|T>s,Y )(x)

]

= EY

[ ∫ (δ−Y )∨0

0
P (T ≥ t− x)dF(X|T>s,Y )(x)

]
,
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From the independent increment property of Poisson process,∀ x > 0, events
{X < x} and {T > s} are mutually independent (note thatX andT are not
mutually independent), soF(X|T>s,Y )(x) = F(X|Y )(x), and thus

P (T ≥ s + t|T ≥ s) = E
[ ∫ (δ−Y )∨0

0
P (T ≥ t− x)dF(X|Y )(x)

]
.

Since for a Poisson process,X andY are mutually independent,X andX1 have
a common exponential distribution (Sheldon 2006), so

P (T ≥ s + t|T ≥ s) = E
[ ∫ (δ−Y )∨0

0
P (T ≥ t− x)dFX1(x)

]
.

Furthermore,

E
[ ∫ (δ−Y )∨0

0
P (T ≥ t− x)dFX1(x)

]
≤

∫ δ

0
P (T > t− x)dFX1(x),

hence

P (T ≥ s + t|T ≥ s) ≤ P (T ≥ t).

To sum up, we have, for∀ s, t ≥ 0

P (T ≥ s + t|T ≥ s) ≤ P (T ≥ t).

2

In the following, we denoteL(f) as the Laplace transformation of a function
f , and useLf (s) to emphasize thatL(f) is a function ofs.

Theorem3.3— it Laplace transformation ofT is

L(T ) = LT (s) = (λ + s)[se(s+λ)δ + λ]−1.
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PROOF : We first obtain the Laplace transformation of
N∑

i=0
Xi. For alls ≥ 0

L(
N∑

i=0

Xi) = E[exp(−s
N∑

i=0

Xi)]

=
∞∑

n=0

[
E[exp(−s

n∑

i=0

Xi)|N = n]P (N = n)
]

= P (N = 0) +
∞∑

n=1

[
E[exp(−s

n∑

i=0

Xi)|N = n]P (N = n)
]

= P (X1 ≥ δ) +
∞∑

n=1

[
E[

n∏

i=0

exp(−sXi)|N = n]P (N = n)
]

= e−λδ +
∞∑

n=1

[
E[

n∏

i=1

exp(−sXi)|X1 < δ, · · · , Xn < δ,Xn+1 ≥ δ]

P (X1 < δ, · · · , Xn < δ,Xn+1 ≥ δ)
]

= e−λδ +
∞∑

n=1

[ n∏

i=1

E[exp(−sXi)|Xi < δ](1− e−λδ)ne−λδ
]

= e−λδ + e−λδ
∞∑

n=1

(1− e−λδ)n
[ n∏

i=1

E[exp(−sXi)|Xi < δ]
]
.

Since

E[exp(−sXi)] = E[exp(−sXi)|Xi > δ]P (Xi > δ)+E[exp(−sXi)|Xi < δ]P (Xi < δ),

L(Xi) = E[exp(−sXi)|Xi > δ]e−λδ + E[exp(−sXi)|Xi < δ](1− e−λδ),

and

E[exp(−sXi)|Xi > δ]

= E[exp(−s(δ + Xi − δ))|Xi > δ] = e−sδE[exp(−s(Xi − δ))|Xi > δ]

= e−sδE[exp(−s(Xi)] = e−sδL(Xi),

that is,

E[exp(−sXi)|Xi < δ] =
[1− e−(s+λ)δ]L(Xi)

1− e−λδ
=

[1− e−(s+λ)δ]
λ

λ + s
1− e−λδ

.
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Hence

L(
N∑

i=0

Xi) = E[exp(−s
N∑

i=0

Xi)]

= e−λδ + e−λδ
∞∑

n=1

(1− e−λδ)n
[ n∏

i=1

[1− e−(s+λ)δ]
λ

λ + s
1− e−λδ

]

= e−λδ + e−λδ
∞∑

n=1

[1− e−(s+λ)δ]n(
λ

λ + s
)n

= e−λδ 1

1− [1− e−(s+λ)δ]
λ

λ + s

.

thus

L(T ) = e−δsL(
N∑

i=0

Xi) = e−(s+λ)δ
[
1− [1− e−(s+λ)δ]

λ

λ + s

]−1
.

That is

L(T ) =
λ + s

se(s+λ)δ + λ
.

¤

Theorem3.4 — Let φT (s) denote the moment generating function of lifetime

T , if 0 ≤ s < λ and
s

esδ
<

λ

eλδ
, thenφT (s) exist, and

φT (s) =
λ− s

λ− se(λ−s)δ
=

(λ− s)esδ

λesδ − seλδ

PROOF : If the moment generating function exist, then

φT (s) = LT (−s).

From Theorem 3.3, we obtain

φT (s) = (λ− s)[−se(−s+λ)δ + λ]−1 =
(λ− s)esδ

λesδ − seλδ
.

Furthermore, it can be seen from the proof of Theorem 3.3 that if we replace
s with −s , we can obtain moment generating function. Note that in the proof we
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use moment generating function of exponential distribution, of which the existence

condition is0 ≤ s < λ. Also,
∑∞

n=0[1 − e(s−λ)δ]n(
λ

λ− s
)n < ∞ only when

|(1− e(s−λ)δ)
λ

λ− s
| < 1,. Hence, under the condition0 ≤ s < λ,

(1− e(s−λ)δ)
λ

λ− s
< 1 ⇔ s

esδ
<

λ

eλδ
.

This completes the proof. ¤

4. MOMENTS OFL IFETIME

In this section, we study the moments of lifetime. First we give Lemma 4.1.

Lemma4.1 — (Cheng 1999) IfX ∈ NBU , then fork > 0, E[Xk] < ∞ .

The lemma indicates that all moments ofT exist, i.e., for all integerm > 0,
E[Tm] < ∞. In particular, we can compute the moments.

Theorem4.1— For each integern > 0,

E[Tn] =
n∑

i=1

(−1)n−i n!
(n− i)!

δn

(λδ)i
eiλδ[in−i − (i− 1)n−ie−λδ],

where00 = 1.

PROOF : Since all order moments of lifetime exist, henceE(Xn) = φ
(n)

T
(0).

By Theorem 3.4,
φT (s) = (s− λ)(se(λ−s)δ − λ)−1 .

Let hs = (se(λ−s)δ − λ)−1, using Leibniz formula, we obtain

dnφT (s)
dsn

= nh(n−1)
s + (s− λ)h(n)

s ,

whereh
(n)
s denote thenth derivative of hs with respect tos.

Next, we calculate thenth derivative of hs with respect tos.

From the existence condition,0 <
1
λ

se(λ−s)δ < 1, it follows

hs =− 1
λ

(1− 1
λ

se(λ−s)δ)−1 = − 1
λ

∞∑

i=0

[
1
λ

se(λ−s)δ]i

=− 1
λ

∞∑

i=0

1
λi

sie(λ−s)iδ .
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Hence

h(n)
s =− 1

λ

∞∑

i=0

1
λi

[sie(λ−s)iδ](n)

=− 1
λ

∞∑

i=0

1
λi

n∑

j=0

Cj
n(si)(j)(e(λ−s)iδ)(n−j) .

Since

(si)(j) =





i!
(i− j)!

si−j , j ≤ i,

0, j > i.

and

(e(λ−s)iδ)(n−j) = (−iδ)n−je(λ−s)iδ ,

so

h
(n)
s = − 1

λ

∞∑

i=0

1
λi

n∑

j=0

Cj
n(si)(j)(−iδ)n−je(λ−s)iδ

= − 1
λ

n∑

i=0

1
λi

i∑

j=0

Cj
n(si)(j)(−iδ)n−je(λ−s)iδ

− 1
λ

∞∑

i=n+1

1
λi

n∑

j=0

Cj
n(si)(j)(−iδ)n−je(λ−s)iδ

= − 1
λ

n∑

i=0

1
λi

i∑

j=0

Cj
n

i!
(i− j)!

si−j(−iδ)n−je(λ−s)iδ

− 1
λ

∞∑

i=n+1

1
λi

n∑

j=0

Cj
n

i!
(i− j)!

si−j(−iδ)n−je(λ−s)iδ .

Notice that,

0k =

{
0, k > 0,

1, k = 0.

Thus

h
(n)
s=0 = − 1

λ

n∑

i=0

1
λi

Ci
ni!(−iδ)n−ieλiδ = − 1

λ

n∑

i=0

1
λi

n!
(n− i)!

(−iδ)n−ieλiδ .
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Therefore,

E[Tn] = nh
(n−1)
s=0 − λh

(n)
s=0

= −
n−1∑

i=0

1
λi+1

n!
(n− 1− i)!

(−iδ)n−1−ieλiδ +
n∑

i=0

1
λi

n!
(n− i)!

(−iδ)n−ieλiδ

=
n−1∑

i=0

1
λi+1

n!
(n− 1− i)!

eλiδ(−δ)n−1−i[(i + 1)n−i−1eλδ − in−1−i]

=
n∑

i=1

(−1)n−i n!
(n− i)!

δn

(λδ)i
eiλδ[in−i − (i− 1)n−ie−λδ] .

¤

Remark3 : In particular,E[T ] =
1
λ

(eλδ − 1) whenn = 1, andE[T 2] =

2
λ

eλδ

[
1
λ

[eλδ − 1
]
−δ] whenn = 2. SoV ar(T ) = E[T 2]−(E[T ])2 =

(
1
λ

eλδ − δ

)2

−
(

1
λ2

+ δ2

)
.

5. ASYMPTOTIC BEHAVIOR OF L IFETIME

Theorem5.1— If δ →∞, then the distribution of
T

E(T )
approaches the exponen-

tial distribution with unit mean, that is,

lim
δ→∞

P

(
T

E(T )
< t

)
= 1− e−t .

PROOF : From Theorem 3.3,

L(T ) = (λ + s)[se(s+λ)δ + λ]−1 =
(λ + s)e−sδ

λe−sδ + seλδ
.

Hence

L(T/E[T ]) = LT (s/E[T ]) =
(λ + s/E[T ])e−sδ/E[T ]

λe−sδ/E[T ] + seλδ/E[T ]
,
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From Remark 3,E[T ] =
1
λ

eλδ − 1
λ

, thus,s/E[T ] =
λs

eλδ − 1
, this yields

L(T/E[T ]) =

(
λ +

λs

eλδ − 1

)
e
−δ

λs

eλδ − 1

λe
−δ

λs

eλδ − 1 + eλδ
λs

eλδ − 1

.

Thus,

lim
δ→∞

L(T/E[T ]) =
λ

λ + λs
=

1
1 + s

.

Since
1

1 + s
is Laplace transformation of exponential distribution with param-

eter1, the theorem is proved. ¤

Similarly, we can obtain Theorem 5.2.

Theorem5.2 — As λ → ∞ or λδ → ∞ , the limit distribution of
T

E(T )
is

exponential distribution with parameter 1.

Using Theorem 5.1 and 5.2 we can obtain Corollary 5.1.

Corollary 5.1 — Let {N(t), t ≥ 0} be a renewal process with interarrival
distributionFT (t), then {N(t/E[T ]), t ≥ 0} converges in distribution to Poisson
process with rate 1 asλδ →∞.

6. APPLICATION IN CUSTOMERL IFETIME VALUE

In this section, the application of the system lifetime of censoredδ-shock model to
evaluate customer lifetime values (CLV) is presented.

CLV is the discounted value of the projected net cash flows that a company
expects to receive from the customer over time (Carpenter 1995), and it is the core
of relationship marketing. The fundamental structural model of CLV can be written
as

CLV =
n∑

i=1

Ri − Ci

(1 + d)i
, (6)

wherei is the period of cash flow from customer transaction;Ri is revenue from
the customer in periodi; Ci is total cost of generating the revenueRi in periodi;
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d is a per-period discount rate andn is the total number of periods of projected life
of the customer.

The Equation (6) has been used to model customer relationship or to make
decisions by many researchers such as Berger and Nasr (1998) and Jain and Singh
(2002). However, the equation does not match the reality since it does not consider
the stochastic nature of purchase processes and cash flows.

Assume under remarketing costCi, a customer’s response can be represented
by a point process{N(t), t ≥ 0}. If a customer does not respond withinδ time, and
the company terminates its relationship with the customer, such relationship can
be described using censoredδ−shock model, where the lifetime of the customer
relationship can be simply regarded as the lifetimeT of censoredδ−shock model.
So we can model CLV as

CLV =
N(T )∑

i=1

Ri − Ci

(1 + d)τi
, (7)

whereτi, i = 1, 2, · · · , is the sequence of response (i.e. arrival) times for the
customer. Compared to Equation (6), our Equation (7) is more realistic. More
properties of this equation will be reported in our next paper.
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