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The shock models play an important role in reliability theory. In a previous
paper by Liet al., thed-shock model, which is different from the classical
shock model, was introduced and studied. In this paper, a cengeafeack
model is presented, which originates from the study of customer relationship
management (CRM). Based on the underlying homogeneous Poisson pro-
cess, we obtain the explicit distribution of system lifetime and other related
properties, and demonstrate that this new system is superior to NBU. In addi-
tion, an exponential limit theorem is obtained. Finally, the application of this
new system to evaluate customer lifetime values (CLV) is provided. These
results are important to theory and applications.
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1. INTRODUCTION

The shock model is an important part of reliability mathematics. Traditionally, only
two basic types are studied: cumulative shock models, where the system breaks
down when the cumulative shock magnitude enters some given critical region, and
extreme shock models, where the system breaks down when a single shock mag-
nitude enters the critical region. Classic research works can be found in Shan-
thikumar and Sumita (1983, 1984) and Gut (1990). Two major extensions to the
traditional shock models are run shock model, Mallor and Omey (2001, 2002), and
mixed shock model, Gut (2001). In the run shock model, the system works until
the magnitudes of (k € N) consecutive shocks enter some critical region, and the
extreme shock model is obtained as a special case Wwhkef. In the mixed shock
model, the system breaks down due to either the cumulative effect of many “small”
shocks or a single “large” shock, depending on which reaches its critical level first
(Li and Kong 2007).

The system life time of the above models is defined in terms of shock mag-
nitude which is measurable. However, there exist many phenomena where these
traditional frameworks are not applicable. Li (1984) studied a traffic modeling in
which pedestrians start to cross the street when the interval between two successive
passing vehicles exceeds a preset thresholBased on their previous work, Li
et al. (1999) proposed a nesishock model, in which the system fails when the
interval between two successive shocks enter some critical régiénwhich is
determined by a preset parameterThis §—shock model may arise in electrical
systems, inventory theory, earthquake modeling, insurance mathematics, and many
other reliability areasd—shock model provides a more suitable characterization
over traditional shock models especially when the shock damages are not obtain-
able (Li and Kong 2007). Her&can be viewed as the system recovery time from
a damage.

So far, the developments 6fshock model are mostly based on Poisson pro-
cesses, in which some distinct results have been derived from three points of view,
probability, statistics and applications. Some fundamental research in the proba-
bility area was conducted by let al. (1999) who considered a single component
system with shock intensity¥ and critical regionC'(§) = (0,4). As¢d — 0, the
system’s asymptotic behavior was characterized, and the explicit distribution, mo-
ment, and NBU/NWU properties of system lifetime were presented. The opposite
scenario, wher€'(§) = [0, 00), was studied by Li and Chen (2002). Recently, Li
and Kong(2007) and Tang and Li (2007) extended the model, in which a periodic
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intensity function\(¢) was introduced to replace the Li and Zhao (2007) ex-
panded thé—shock model to complex systems consisting of n i.i.d. components.
Li and Xing (2000), Xu and Li (2004) and Li and Liu (2007) estimated the param-
eterd from some incomplete data using a statistical approach. Initial applications
of the §—shock model have been reported. For example, an optimal replacement
policy of the repairablé—shock system was obtained by Wang and Zang (2003).
A geometric process maintenance problem based odi-tsbock system was first
brought up by Tang and Lam (2006) and later extended by Liang and Li (2008).

In this paper, we introduce a censoreghock model to describe the lifetime
of customers in customer relationship management(CRM). This model leads to a
number of interesting questions and abundance of new ideas. In fact, a customer’s
lifetime can be treated as the sumyand all previous trade times. When the inter-
val between two successive trades between the customer and the trading company
exceeds a threshold a subsequent trade from this customer can be regarded as a
trade from a new customer. The main aim of this paper is to obtain the probabilistic
properties of system lifetime in censor@dhock model, which is of importance to
theory and applications of shock models.

The rest parts of this paper are organized as follows. In Section 2, we present
the definition of system lifetime of censoréeshock model. In Section 3, on the
basis that shock arrivals are of a homogeneous Poisson process, some distribution
properties of system lifetime are given. In Section 4, we obtain the moments of
system lifetime. In the final section, we develop asymptotic behavior of system
lifetime.

2. SYSTEM LIFETIME OF CENSOREDJ-SHOCK MODEL

Assume that the system is subjected to external shocks which can be described
using a Poisson process with rate(A\ > 0). Let X,,,n = 1,2,--- denote

the interval time between th@ — 1)th andnth shock,7,, = > ; X,,n > 0
wherer, = 0, Xo = 0, denote the arrival time of theth shock, and denote a
positive constant. The lifetime of censor@ghock model is defined as follows.

B 0w
Definition2.1 —Let N =inf{n: 741 —7, > d,n >0}and T = > X, +
n=0

6 = 7+, then T is the system lifetime of censoréeshock model.

In the following sections, we will find that the form of 1st moment of system
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lifetime is very simple, but its survival function and density are very complicated.

3. DISTRIBUTIONAL PROPERTIES OFLIFETIME

Denote
f1(z) = Ljo<o<s)

T S3 52
fn(l') = / dsp—1 - / dSQ/ [{0§51<5}d81, n > 1.
0Vv(xz—9) 0V (s3—0d) 0V (s2—0)

In the following, we present some useful lemmas.

Lemma3.1 —Vn > 1

0, z <0,
1 X 7~ n—1
fn(x) = 1) (-1)'Ch(z—i0)" ', kS<z<(k+1)8k=0,....,n—1, (1)
T i=0
0, x> nd

Obviously, for allz € R, f,(x),n > 1 is continuous except at= 0 andx =

J.
Lemma3.2 —VvVt >0
DAt =AD" g AiTTehi(A; +4), )
m=1 =0
whereA; = A(t — id), and denoteM 5(t) = > A" fi(2).
m=1
Lemma3.3 —V ¢ € (0,00), if ¢ # 6 andt £ 24, then
dM)y 5(t
250 _ \a5(8) — M ). @

For the proof of Lemma 3.1, 3.2 and 3.3, see Ma (2008).
The following theorem shows the survival function of lifetime.

Theorem3.1— The survival functior'(t) of lifetime T is

— 1

Fry(t) = Xe_/\tMA,é(t)' (4)
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PROOF: Obviously,P(T > t) = 1fort < §. So we only need to consider the
caset > ¢. Conditioning on N (¢), it follows that
P(T > t)
= E[P(T > tIN(1))]

= Y P(T > t|N(t) = n)P(N(t) = n)
n=0

= P(T >t|N(t)=0)P(N(t) =0) + iP(T > t|N(t) =n)P(N(t) = n).

n=1

SinceP(T > t|N(t) = 0) =0 ast > , we get

P(T > t)

= Y P(T > tN(t) = n)P(N(t) = n)
n=1

= ZP7'1<57'2—T1<5 n — Tn—1
n=1

< 8.t — 7y < SN(t) = n)P(N(¢) = n).

Since
()"

n!

P(N(t)=n)=e M

and conditional density function ef, 5, --- , 7,

n!

_ e <
Firrmmm ) (51,82, s N(t) =n) = {0’ 0< sy < < sp <t

0, otherwise.

We have

P(T > t)

o0

— Z Anef)\t
n=1

t Sn 52
X / dSn/ dsp—1-- / I{s1<6,52—51<6,-~~, sn—sn71<§,t—sn<6}d51
0

Sn 52
Z/\” M / dsy, / dsp—1 -+ / Iy <5ydst
0V (t—0) 0V(sn—0) 0V(s2—0)

o0

Z /\tfn+1
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Note that fort > 4, f1(t) = 0. Hence

o0

P(T>t) = Ne M fun(t) ZA” M o (8) (5)

n=1

n

t . .
Moreover, fort < 0, fhi1(t) = — Equation (5) also includes the case of
n:
t <.

Therefore, for alk > 0, we get

Z \e )\tf +1 —)\t Z /\mfm

a

Remarkl : The survival function is a little complicated. To get some insight,
we obtain its numerical solution and plot the curve b¥(¢) for some parame-
ters ¢ and)). From the lifetime definition of censored-shock model, we know

that F'=(¢) is dependent on the relative magnitudesicdnd E[X,,] = % , SO we

. . 1
focus our attention on such cases where the differences betwaed — are not
significant. Here, we present the numerical results of the first-occurrterataes

which satisfy P(T > t) = 0 (refer to Table 1) and some survival function curves
(refer to Figures 1, 2 and 3).

Table 1: The first time satisfying P(T > t) = 0 (Errors< 0.001)

A

0.2 0.5 1 2 5 10

0.2] 0.399| 0.52 | 0.619| 0.822| 1.521| 3.545
0.5/ 1.299| 1.683| 2.308| 3.801| 13.24| 65.696
3.094| 4.616| 7.601| 17.723 131.391> 1300
8.213 | 15.202 35.446 175.776 > 1300 > 1300
38.005| 132.396 > 1300 > 1300, > 1300 > 1300
10 | 177.229 > 1300 > 1300 > 1300{ > 1300 > 1300

anN -

From Table 1, it can be seen that, in the sense of probability, if we fix one
parameter, the lifetime will increase along with the other parameter. When5,
the lifetime increment is rather considerable.
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Figure 2: The survival function curve &t=2, A =1
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Remark2 : From the figures of #(¢), it's obvious thatF(t) is continuous
and derivable except of at= §, where there’s a sudden drop, and at 24, where
it forms a sharp point. F=(¢) decreases linearly oh € (§,26). In general, its
decrease rate 9(t*) ont € (k6, (k + 1)d) which can be deduced from Lemma
3.2

6=0.5 A=1

0.6 4

1-F(t)

0.4

0.2 B

Figure 3: The survival function curve &t= 0.5, A =1

In fact, the magnitude of the sudden drop can be calculated as follows:

lim F(t) — Fr(8) = e,
t—0~

which yields

Corollary 3.1 —P(T = §) = e,

Hence, the distribution of lifetime is neither discrete nor continuous, instead it
iS a mixture. SinceP(T < ¢) =0, from Corollary 3.1, we obtain next Corollary.
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Corollary 3.2 — P(T > 6) = P(X < 6) = 1 — e, whereX is an expo-
nential random variable with parameter

From above discussions, the distribution of lifetifi€éan be expressed as

P(T >t)=1, t <0,
PT=t)=e?, t=04,
P(T >t)=0(tF), ké<t< (k+1)5k>1.

From Theorem 3.1, it is easy to get the densf%f(t) of lifetime T.

Corollary 3.3 — Fort > § andt # 24 ,

fr(t) = e MM 5(t — 6) = XM Fp(t — 6),

PROOF : Solving the derivative of — F'=() with respect ta, it yields the
density function off". ]

The following propositions regarding to the order relationship and the class
properties of lifetime distribution can be deduced.

Corollary 3.4 — If §; < do, thenT's, <4 Ts,.

PROOE: First,
P(T(jl > t)

— ZAR -t

/ dsn/ dsn 1 / d81I{31<51,32781<51,---,Snfsn_1<51,tfsn<51}

_Z)\n —/\t/ dsn/ dsn 1 / dslHI{Sz Si— 1<51}I{t Sn<(51}

and similarly,
P(T(g2 > t)

00 t Sn 52 n
Z )\ne_)\t/o dsn/o dsn—l e /0 dSl HI{Si—8i71<52}l{t—5n<(52}'
n=1

i=1
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Sinced; < 49, for areal numberr, we havef x < §; then z < d9,
that is,
{z <} C{z <} & sy < Lps)
Hence

n n
H I i<t t—sn<s1) < H Tigi i <o {t—s,<55)-
=1 =1

This proves the corollary. O
Theorem3.2— Fi- is NBU.

PROOF: We only need to prove that, fov s,¢ > 0,
P(T>s+tT>s)<PT>t)

SinceP(T >t) =1 att < 6,S0P(T > s +t|T > s) < P(T >t) att < 6.
Assumet > §, then

P(T >t)

19
= P(T>tX;>9) +/ P(T > t|X; = z)dFx, (z)
0
6 —
= 0+/ P(T > t’Xl :x)del(x)
0

0
= /P(T>t—a:)dFX1(1:).
0
Let X = TN(s)+1 — S Y =s5-— TN(s) then
P(T > s+ 1T > s)
= Ey[P(T>s+tT >sY)
- Ey[P(TZS+t,X25|TZS,Y)

G-Y)vo
+/ P(T
0
S
= FEy / P( s+t
-J0

- pe-v)vo o
= Ey / P(T
-J0

- p(6-Y)VO

v

s+tT

Y

N
\Y
|

Z 3, Y,X == x)dF(X|T>S7y) (w)]

v

(5 4+ 1) = (5 + 2)AF y 7s gy (@)]
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From the independent increment property of Poisson progess; 0, events
{X < x} and{T > s} are mutually independent (note th&t and T are not
mutually independent), SB) x [T s,v) (z) = Fix)v)(z), and thus

. . (6—=Y)Vvo -
P(TZS—FﬂTzS):E[/O P(TZt—x)dF(X|y)(m)].

Since for a Poisson process,andY are mutually independen andX; have
a common exponential distribution (Sheldon 2006), so

B B G-Y)vOo
P(Tzs+t|Tzs)=E[/ P(T' >t —xz)dFx,(z))|.
0
Furthermore,
(6-Y)vo o
Bl [T Pz nir @) < [ Tt nar @),
0 0

hence

P(T>s+tT >s)<P(T >t).
To sum up, we have, for s, ¢ > 0
P(T>s+tT>s) < P(T>t).

a

In the following, we denotef( f) as the Laplace transformation of a function
f, and useC(s) to emphasize thet(f) is a function ofs.

Theorem3.3— it Laplace transformation df is

S(T) = L(s) = (A + 8)[se* TV 4 A1
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N
PrROOF: We first obtain the Laplace transformation»f X;. For alls > 0
i=0

=0 1=0
= Z [E[exp(—sZXz)]N =n]P(N = n)}
n=0 1=0
- PN=0)+Y [E[exp(—SZXmN — n]P(N = n)]
n=1 i=

= P(Xiz6)+Y [E[H exp(—sX;)|N = n]P(N = n)]

[e.9]

= M4 Z {E[H exp(—sX;)| X1 <6, , Xy, < 9, Xppy1 > 9]
n=1 1=1

P(X1 <6, Xn < 0, Xni1 2 0)]

= e M4 i [ﬁE[exp(—inﬂXi <0J(1— e_)“s)”e_’\‘s]

n=1 =1
n

= e M e iu - e*M)”[HE[exp(—in)\X,- < 5]].

Since
Elexp(—sX;)] = Elexp(—sX;)| X; > §|P(X; > §)+Fexp(—sX;)| X; < §|P(X; < 9),

£(X;) = Elexp(—sX;)|X; > 6le ™ 4+ Elexp(—sX;)|X; < 0](1 — ™),

and
Elexp(—sX;)|X; > 4]
= Elexp(—s(6 4+ X; — 0))|X; > 0] = e *Elexp(—s(X; — )| X; > 4]
= e ¥ Elexp(—s(Xj)] = e ¥ L(X;),
that is,

A

A
Elexp(—sX;)|X; < 9] = o = o ts
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Hence

N N

£(3°X,) = Blexp(—s 3 X0)

i=0 i=0

n [l—e <s+A>6]AL
_ —,\5 oA —,\5 + s
= ¢ Z [H 1— e\ ]
i=1
L N N Z e (N A y
A+s
1
— N -
1—-[1— —(s+A)d
[L—e ])\ + s
thus
v N
_ —0s = (sH+N)d |1 1 _ ,—(s+N)
=e L Z: [1 [1—e })\ s I
That is At
— s
£(T) = se(stA)d 4 )\

O

Theorem3.4 — Let ¢(s) denote the moment generating function of lifetime

T,if0§s<)\and%< A
e

rE then¢+(s) exist, and

o oA=s  (A—s)e®
o7(s) = A\ — se(A=8)d — N\esd — geAd

PROOF: If the moment generating function exist, then

¢7(s) = Lr(—s).
From Theorem 3.3, we obtain

()\ o S) so
T Xesd — gehd

Furthermore, it can be seen from the proof of Theorem 3.3 that if we replace
s with —s , we can obtain moment generating function. Note that in the proof we

br(s) = (A — 8)[—sel T3 1 x] !
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use moment generating function of exponential distribution, of which the existence

o A
condition is0 < s < A. Also, 3°0° ([1 — e M ()" < oo only when
S

A\ —

A "
(1 — e(S‘A)5)E| < 1,. Hence, under the conditidn< s < X,
A s A
s—A)o
This completes the proof. 0

4. MOMENTS OFLIFETIME

In this section, we study the moments of lifetime. First we give Lemma 4.1.
Lemmad4.1 — (Cheng 1999) IfX € NBU, then fork > 0, E[X*] < oo

The lemma indicates that all momentsfexist, i.e., for all integerm > 0,
E[T™] < oco. In particular, we can compute the moments.

Theorem4.1— For each integer > 0,

ETn — _1)n—t A=t (5 1)t -
[T = Y1) e = e
where0® = 1.

PROOF: Since all order moments of lifetime exist, henEéX") = gzb(T”)(O).
By Theorem 3.4,

dr(s) = (s — A)(seP=2° — \)7L,

Leth, = (se*=)% — \)~1, using Leibniz formula, we obtain

d%ﬁs)_ (n—1) (n)
Tan = nhy + (s = ARV,

wherehé”) denote thenth derivative of h; with respect tcs.

Next, we calculate theuth derivative of h; with respect tcs.

. .. 1 .
From the existence conditior), < Xse(A*s)‘; < 1, it follows

1 1 1 &
hssz].** ()\S -
N e )\z;
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Hence

Since

and

SO

Notice that,

415
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Therefore,

E[T") = nh{"5" — A,
"1 nl

n—1
1 n! N ! oL
- _ i —id n—1—i Aid il —is)nt Aid
Z;/\“'l(n—l—i)!( w0yt e +;)\Z(n—i)!( i)™t

n—1

1 n! Ais n—1l—ig/: n—i—1_A§  .n—1—i

— ;/\Hl (n—l—i)!e (—9) [(i+1) e —1 ]
n

— Z(_l)n—z (nTZ)' (;\S;)iei)\é[in—i o (Z o 1)n—i€—)\5] ]

=1

Remark3 : In particular, E[T] = %(e” — 1) whenn = 1, and E[T"] =

%em [i[e)“s - 1} —&lwhenn = 2. SoVar(T) = E[TQ]—(E[TD2 = <§\e’\5 - 5)2—

1 2
(Az o )
5. ASYMPTOTIC BEHAVIOR OF LIFETIME

Theorem5.1— If § — oo, then the distribution of% approaches the exponen-

tial distribution with unit mean, that is,

lim P<T<t> =1—¢".
s=o0" \E(T)

PrRoOF: From Theorem 3.3,

a3l s+A)o -1 ()‘ + 8)6_86

Hence

- B s/E[T)e—s5/EIT]
L(T/E[T]) = L(s/E[T]) = ;:;/ég][?le,\é/E[T] ’
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_ 1 1 — L.
From Remark 3E[T] = Xem — . thus,s/B[T] = @;\78—1’ this yields
5 AS
(AJF /\6)\8 1)6 =1
— — e —
L(T/E[T)) = s A
Ne e —1 eme/\é 5_ -
Thus,
lim £(T/E[T]) = —— = —
11m = e .
§—00 A+ As 1+s

Slncel— is Laplace transformation of exponential distribution with param-
S
eterl, the theorem is proved. O

Similarly, we can obtain Theorem 5.2.
o T .
Theorem5.2— AsA — oo or A\d — oo, the limit distribution Ofﬁ is
exponential distribution with parameter 1.
Using Theorem 5.1 and 5.2 we can obtain Corollary 5.1.

Corollary 5.1 — Let {N(t),t > 0} be a renewal process with interarrival
distribution Fi(¢), then {N(¢/E[T]), t > 0} converges in distribution to Poisson
process with rate 1 add — oc.

6. APPLICATION IN CUSTOMERLIFETIME VALUE

In this section, the application of the system lifetime of censérsddock model to
evaluate customer lifetime values (CLV) is presented.

CLV is the discounted value of the projected net cash flows that a company
expects to receive from the customer over time (Carpenter 1995), and it is the core
of relationship marketing. The fundamental structural model of CLV can be written
as

(6)

wherei is the period of cash flow from customer transacti®y;is revenue from
the customer in period C; is total cost of generating the revenRg in periodsi;
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d is a per-period discount rate ands the total number of periods of projected life
of the customer.

The Equation (6) has been used to model customer relationship or to make
decisions by many researchers such as Berger and Nasr (1998) and Jain and Singh
(2002). However, the equation does not match the reality since it does not consider
the stochastic nature of purchase processes and cash flows.

Assume under remarketing cdst, a customer’s response can be represented
by a point proces§N (¢), ¢ > 0}. If a customer does not respond withitime, and
the company terminates its relationship with the customer, such relationship can
be described using censorédshock model, where the lifetime of the customer
relationship can be simply regarded as the lifetithef censored —shock model.
So we can model CLV as

(T)
CLV = —_— 7
; (L+d)m 0
wherer;,i = 1,2,---, is the sequence of response (i.e. arrival) times for the

customer. Compared to Equation (6), our Equation (7) is more realistic. More
properties of this equation will be reported in our next paper.
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