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1. INTRODUCTION

Let k be a commutative ring with identity. An algebraA over k is a ring with

identity which is also a unitalk-module with the following property:

(λa)b = a(λb) = λ(ab), for all λ ∈ k, anda, b ∈ A.

It is further required that the zero element of the module is the same element as the

zero element of the ring. For example, ifk is a field, say, the fieldC of complex

numbers, then (i) the setk[X] of polynomials overk and (ii) the setMn(k) of n×n

matrices over the fieldk are algebras overk with the usual addition, multiplication

and scalar multiplication.

Given a multiplicative groupG and a commutative ringk with identity, the

setk[G] consisting of all the finite formal sums
∑

g∈G,α(g)∈k α(g)g with addition

defined coefficient-wise and multiplication induced by the multiplication inG to-

gether with distributivity is an algebra overk called thegroup algebraof the group

G over the commutative ringk. Thus, forα =
∑

g∈G α(g)g, β =
∑

h∈G β(h)h ∈
k[G],

α + β =
∑

g∈G

(α(g) + β(g))g, αβ =
∑

g∈G

( ∑
xy=g

α(x)β(y)

)
g.

The element1keG, where1k is the identity element of the ringk andeG is the

identity element ofG, is the identity element of the algebrak[G].

Observe that the mapg 7→ 1kg is a 1-1 group homomorphism fromG into

the group of units ofk[G], and the mapλ 7→ λeG is a 1-1 ring homomorphism

k → k[G]. We can thus identify bothG andk with their respective images in

k[G] under the above maps. In particular, we then have1k = eG = 1keG and this

element is the identity element ofk[G] which we will denote by 1.

For a ringR with identity, letU(R) denote its group of units. Ifθ : G → U(A)
is a homomorphism from a groupG into the group of units of ak-algebraA, then

it extends uniquely to an algebra homomorphism

θ : k[G] → A,
∑

α(g)g 7→
∑

α(g)θ(g).



GROUP ALGEBRAS 91

The trivial homomorphismG → U(k), g 7→ 1, induces an algebra homomor-

phism, called theaugmentation homomorphism,

ε : k[G] → k,
∑

α(g)g 7→
∑

α(g).

The idealgk := ker ε of k[G] is called theaugmentation ideal. In casek is the

ringZ of integers, we will drop the suffixk.

Example1 : Let G = 〈a〉 be a finite cyclic group of ordern, say. Then the

group algebrak[G] consists of the elements
∑n−1

i=0 αia
i, whereαi ∈ k. Observe

that the ‘evaluation’ map

θ : k[X] → k[G], f(X) → f(a)

is an algebra homomorphism with kernel the ideal generated byXn − 1. Thus we

have

k[G] ' k[X]/〈Xn − 1〉.

Example2 : LetG = 〈a, b | a4 = 1, a2 = b2, b−1ab = a3〉 be the quaternion

group of order 8. LetHQ be the rational quaternion algebra. We have a homomor-

phismθ : Q[G] → HQ defined bya 7→ i, b 7→ j which is clearly an epimorphism.

Also, we have four epimorphismsθi : Q[G] → Q (i = 1, 2, 3, 4) induced by

a 7→ ±1, b 7→ ±1. Consequently we have an algebra homomorphism

ϕ : Q[G] → Q⊕Q⊕Q⊕Q⊕HQ.

It is easy to check thatϕ is an isomorphism.

Example3 : LetD4 = 〈a, b | a4 = 1 = b2, b−1ab = a3〉 be the dihedral group

of order 8. Then

Q[D4] ' Q⊕Q⊕Q⊕Q⊕M2(Q).

We have four homomorphismsQ[D4] → Q induced bya 7→ ±1, b 7→ ±1 and

a fifth homomorphismρ : Q[D4] defined by

a 7→
(

0 1
−1 0

)
, b 7→

(
1 0
0 −1

)
.
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My doctoral thesis [46] was written under the guidance of Professor David

Rees. Before taking up the main topic of this lecture, viz algebraic elements in

group algebras, I would like to mention one of the problems I investigated for my

thesis. IfG is a group, then we have a descending central series{Dn(G)}n≥1 of

subgroups ofG, called thedimension series, with

Dn(G) = G ∩ (1 + gn), n ≥ 1,

and there arises the following:

Problem1 : Determine the subgroupsDn(G), n ≥ 1.

The subgroupDn(G) is called thenth dimension subgroupof G. For subsets

H, K of a groupG, let [H, K] denote the subgroup generated by all elements of

the typeh−1k−1hk with h ∈ H, k ∈ K. Thelower central seriesof G is defined

inductively by setting

γ1(G) = G, γn+1(G) = [G, γn(G)], n ≥ 1.

The dimension series of any groupG is closely related to itslower central

series. It is easily seen thatDn(G) ⊇ γn(G) for all groupsG and all natural

numbers,n ≥ 1, and equality holds forn = 1, 2.

Theorem1 (G. Higman, D. Rees; see [47]) —For evey groupG, D3(G) =
γ3(G).

As a contribution to the above problem, I proved the following result [47].

Theorem2 — If G is a finitep-group of odd order, thenD4(G) = γ4(G).

The popular conjecture of the time was that the dimension and lower central

series of any group are identical. This conjecture was later refuted by Rips.

Theorem3 [51] — There exists a group of order238 for which D4(G) 6=
γ4(G).
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The study of dimension subgroups has continued to be one of my interests all

along. Interested readers may refer to the monographs [23], [40], [48].

I will now take up the discussion of algebraic elements. For an earlier survey

of this topic see [45].

LetA be an algebra over a a commutative ringk. An elementα ∈ A is called

analgebraic elementoverk if there exists a non-constant polynomialf(X) ∈ k[X]
such thatf(α) = 0. For example, ifk is a field andA is a finite-dimensional alge-

bra overk, then clearly every element ofA is an algebraic element. The algebraic

elements of most interest to algebraists are thenilpotent elements, idempotentsand

torsion units; i.e., the elements which satisfy one of the following equations:

Xn = 0, X2 −X = 0, Xn − 1 = 0.

The termidempotentwas introduced in 1870 by Benjamin Peirce in the context

of elements of an algebra that remain invariant when raised to a positive integer

power. The word idempotent literally means “(the quality of having) the same

power”, from idem + potence (same + power).

Our interest here is in the study of algebraic elements in group algebras. Recall

that, in a groupG, an elementx ∈ G is said to beconjugateto an elementy ∈ G

if there existsz ∈ G such that

x = z−1yz.

Conjugacy is an equivalence relation; the corresponding equivalence classes

are called theconjugacy classesof G. For each conjugacy classκ of G, the map

εκ : k[G] −→ k defined by

εκ(α) =
∑
g∈κ

α(g)

is called thepartial augmentationcorresponding to the conjugacy classκ.

In the investigation of an algebraic elementα =
∑

α(g)g ∈ k[G], the par-

tial augmentationsεκ(α) corresponding to the various conjugacy classesκ of G

provide a useful tool.
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Let G be a finite group. A complex representation ofG of degreen ≥ 1 is, by

definition, a homomorphism

ρ : G → GLn(C).

Let us recall some of the basic facts about complex representations of finite

groups. Two representationsρi : G → GLn(C) (i = 1, 2) are said to beequivalent

if there exists a matrixP ∈ GLn(C) such that

ρ1(g) = P−1ρ2(g)P for all g ∈ G.

A representationρ : G → GLn(C) is said to bereducible if there exists a

matrixP ∈ GLn(C) such that

P−1ρ(g)P =

(
λ(g) 0
µ(g) ν(g)

)
for all g ∈ G,

whereλ(G), µ(G), ν(G) arer × r, (n − r) × r, (n − r) × (n − r) matrices

respectively, and1 ≤ r < n. Every finite group has exactly as many inequivalent

irreducible complex representations as the number of its distinct conjugacy classes.

The mapχ : G → C given by

χ(g) = Trace(ρ(g)) (g ∈ G)

is called thecharacterof the representationρ. Note that ifg, h ∈ G are conjugate

elements, thenχ(g) = χ(h). Two representations of a finite groupG are equivalent

if and only if the corresponding characters are equal.

LetG be a finite group,κ1, . . . , κk the conjugacy classes ofG andχ(1), . . . , χ(k)

its full set of irreducible complex characters. Letχ
(i)
j denote the value that the

characterχ(i) takes on the elements of the conjugacy classκj If κr, κs are two

conjugacy classes, then
k∑

i=1

χ(i)
r χ

(i)
s =

|G|
|κi|δrs,
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whereδij is the Kronecker delta and|S| denotes the cardinality of the setS. Let

χ : G → C be a character. Extendχ to the group algebraC[G] by linearity:

χ(α) =
∑

g∈G

α(g)χ(g) (α =
∑

g∈G

α(g)g).

Observe that we then haveχ(α) =
∑

κ εκ(α)χκ, whereεκ : C[G] → C is the

partial augmentation corresponding to the conjugacy classκ andχκ is the value

that the characterχ takes on the elements ofκ.

Let {si : si ∈ κi} be a system of representatives of the conjugacy classes

κi of a finite groupG and letεi : C[G] → C denote the partial augmentation

corresponding to the conjugacy classκi. Let α ∈ C[G] be an element satisfying a

polynomialf(X) ∈ C[X]. Suppose thatλ is the maximum of the absolute values

of the roots of the polynomialf(X). If ρ is a representation with characterχ, then

χ(α), being the trace of the matrixρ(α), is a sum ofχ(1) eigenvalues ofρ(α).
Consider the sum

S :=
1
|G|

∑
χ

χ(α)χ(α)

with χ running over the distinct irreducible characters ofG. Because of the as-

sumption onλ, we have|χ(α)| ≤ χ(1)|λ|. Thus we conclude that

S ≤ 1
|G|

∑
χ

χ(1)2λ2 = λ2.

On the other hand, note that

S =
1
|G|

∑

χ , i , j

εi(α)εj(α)χ(si)χ(sj) =
∑

i

|εi(α)|2/|κi|.

We thus have the following result.

Theorem4 [24] — If G is a finite group,α ∈ C[G] is an element satisfying a

polynomialf(X) ∈ C[X] andλ is the maximum of the absolute values of the roots

of f(X), then ∑

i

|εi(α)|2/|κi| ≤ λ2.
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LetA be ak-algebra. A mapτ : A → k is called atrace if τ(ab) = τ(ba) for

all a, b ∈ A. Note that for every conjugacy classκ of a groupG, the partial aug-

mentationεκ : k[G] → k is a trace map. In particular, arising from the conjugacy

class of the identity element ofG, the mapε1 : k[G] → k, α 7→ α(1) is a trace

map; this map is called theKaplansky trace.

Theorem5 [31, 38] — If e is an idempotent in the complex group algebra

C[G], thenε1(e) is a totally real number,0 ≤ ε1(e) ≤ 1, andε1(e) = 0 if and only

if e = 0.

Kaplansky conjectured that ife ∈ C[G] is an idempotent, thenε1(e) is a ra-

tional number. An affirmative answer to this conjecture was provided by A. E.

Zalesskii [58].

The above assertions are easily seen for finite groups. IfG is a finite group and

e ∈ C[G] is such thate2 = e, then we have a decompositionC[G] = eC[G] ⊕
(1 − e)C[G]. Left multiplication bye defines a linear transformationτ : C[G] →
C[G] which is identity on the first component and zero on the second component.

Therefore the trace of the linear transformationτ equals the dimension ofeC[G]
overC. On the other hand, if we compute the trace ofτ usingG as a basis, then

the trace works out to beε1(e)|G|. Consequently, we have

ε1(e) =
dimC(eC[G]).

|G|

Thus, for finite groups, we have a proof of Kaplansky’s theorem and the validity

of his conjecture.

An immediate consequence of Theorem 5 is that ifα andβ are inC[G] and

αβ = 1, thenβα = 1. For, if αβ = 1, thenβα is an idempotent. We thus have

ε1(βα) = ε1(αβ) = 1. Hence, by Theorem 5,βα = 1.

An extension of the above result of Kaplansky, the subsequent bound given by

Weiss [57], and Theorem 4 is provided by the following result.

Theorem6 [49] — If α is an element ofC[G] satisfying the equationf(α) = 0
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for some non-zero polynomialf(X) ∈ C[X], and ifλ denotes the maximum of the

absolute values of the complex roots off(X), then
∑

κ

|εκ(α)|2/|κ| ≤ λ2,

where|κ| is the cardinality of the conjugacy classκ, εκ(α)is the partial augmen-

tation ofα with respect toκ.

For infinite groups we clearly cannot follow the approach of [24]. and so a

different method is needed. The above result has been extended to matrices over

C[G], by Luthar-Passi [33] (whenG is finite) and to semisimple elements in(τ, ∗)-
algebras by Alexander [3] in a thesis written under the supervision of D. S. Pass-

man.

We next consider nilpotent elements in group algebras.

Theorem7 ([5], Theorem 8.5; [49]) —If α ∈ C[G] is nilpotent, thenεκ(α) = 0
if either |κ| < ∞ or κ is a torsion conjugacy class.

Problem2 — If α ∈ C[G] is nilpotent, mustεκ(α) be zero for every conjugacy

classκ of G?

Let us consider one source of nilpotent elements in group algebras. Letx, y ∈
G with x of finite ordern, say. Then the element

α := (1− x)y(1 + x + x2 + · · ·+ xn−1)

is clearly nilpotent:α2 = 0. Thus, if the group algebrak[G] has no non-zero

nilpotent elements, thenα = 0, and thereforey = xyxi for somei, 0 ≤ i ≤ n−1.

It follows that if k[G] does not have non-zero nilpotent elements, then every finite

cyclic subgroup〈x〉, and therefore every subgroup ofG if G is finite, must be

normal. Recall that a group all of whose subgroups are normal is called aDedekind

group, and a non-abelian Dedekind group is calledHamiltonian. For the following

characterization of such groups, see [52].

Theorem8 (Dedekind, Baer) —All the subgroups of a groupG are normal

if and only ifG is abelian or the direct product of a quaternion group of order 8,
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an elementary abelian 2-group and an abelian group with all its elements of odd

order.

The following result gives a characterization of the rational group algebras

without nonzero nilpotent elements.

Theorem9 [53] — The rational group algebraQ[G] of a finite groupG has

no nonzero nilpotent element if and only if either the groupG is abelian or it is a

Hamiltonian group of order2nm with order of 2 modm odd.

For algebraic number fields, in general, a complete answer has been given by

Arora [4]. If the group algebrak[G] of a finite groupG over an algebraic number

field k has no nonzero nilpotent element, then, as seen above, every subgroup of

G must be normal and soG must either be abelian or a group of the typeQ8 ⊕
E ⊕ A, whereQ8 is the quaternion group of order 8,E is an elementary abelian

2-group, andA is an abelian group of odd order. For the characterization of finite

group algebras without nonzero nilpotent elements one thus needs to analyse the

structure of the group algebras of groups of the above kind over algebraic number

fields, and this is essentially a number-theoretic question. It is easily seen that in

this investigation one needs information about the stufe of fields, in particular, the

following result.

Theorem10 [39] — LetQ(ζm) be a cyclotomic field, whereζm is a primitive

mth root of unity,m is odd and≥ 3 . Then the equation−1 = x2 + y2 has a

solutionx, y ∈ Q(ζm) if and only if the multiplicative order of 2 modulom is

even.

Turning to idempotents, I would like to discuss a conjecture of H. Bass. To state

Bass’ conjecture, let us first recall the definition of the rank of a finitely generated

projective module.

Let R be a ring with identity andP a finitely generated projective rightR-

module. The dual moduleP ∗ = HomR(P, R) of P then carries a leftR-module

structure and there exists an isomorphism

α : P ⊗R P ∗ ' EndR(P )
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which is defined as follows. Forx ∈ P andf ∈ P ∗, α(x ⊗ f) : P → P is the

mapy 7→ xf(y), y ∈ P . Let [R, R] be the additive subgroup ofR spanned by the

elementsrs− sr (r, s ∈ R) and define

β : P ⊗R P ∗ → R/[R, R]

by settingβ(x⊗ f) = f(x) + [R, R].

The Hattori-Stallings rank (Hattori [25], Stallings [54]) ofP , denotedrP is

defined to beβ ◦α−1(1P ), where1P is the identity endomorphism ofP . LetT (G)
denote the set of conjugacy classes of the groupG. Note that ifR is the group

algebrak[G] of G over a commutative ringk with identity, thenR/[R, R] is the

freek-module on the setT (G). Thus, we can write the rank of a finitely generated

projectivek[G]-moduleP as

rP =
∑

κ∈T (G)

rP (κ)κ.

Conjucture1 ([5], Remark 8.2) — IfP is a finitely generated projectiveC[G]-
module, thenrP (κ) = 0 for the conjugacy classes of elements of infinite order.

This conjecture is still open.

For recent advancements in this direction see [6], [15], [16], [18], [19], [20],

[21], [37], [43], [55], [56].

A fundamental question in the theory of group algebras is the determination of

their structure and the computation of primitive central idempotents. Of particular

interest is the case ofk[G] whenk is a prime field, i.e., the fieldQ of rationals or

the finite fieldFp of p elements for some primep. My recent work with Gurmeet

K. Bakshi, Shalini Gupta and Ravi S. Kulkarni has been directed to this problem

([13], [7], [8], [12]).

Another problem concerning group rings that I have been interested in for some

time now is that of Jordan decomposition.
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Let V be a finite-dimensional vector space over a perfect fieldk andα : V →
V a linear transformation. Thenα can be written in one and only one way as

α = β + γ, β diagonalizable,γ nilpotent andβγ = γβ; furthermore,β, γ are

polynomials inα with coefficients fromk. This decomposition ofα is called its

Jordan decomposition. If G is a finite group, then every elementα of the group

algebrak[G] induces a linear transformation from thek-vector spacek[G] to itself

by left multiplication and hence has a Jordan decomposition as above, i.e.,α can

be written in the formα = αs + αn, whereαs andαn both lie ink[G] (and are

polynomials inα over k), αs is semisimple (i.e., satisfies a polynomial ink[X]
with no repeated roots),αn is nilpotent, andαsαn = αnαs. Thus, in particular,

if G is a finite group, then every elementα of the rational group algebraQ[G]
has a unique Jordan decomposition. We say that the integral group ringZ[G] has

additive Jordan decomposition(AJD) if, for every elementα ∈ Z[G], both the

semisimple and the nilpotent componentsαs, αn also lie inZ[G]. If α ∈ Q[G] is

an invertible element, then the semisimple componentαs is also invertible and so

α = αsαu with αu (= 1 + α−1
s αn) unipotent andαsαu = αuαs. Furthermore,

such a decomposition is again unique. We say that the integral group ringZ[G]
hasmultiplicative Jordan decomposition(MJD) if both the semisimple component

αs and the unipotent componentαu of every invertible elementα ∈ Z[G] lie in

Z[G]. To characterize finite groups whose integral group rings have additive (resp.

multiplicative) Jordan decomposition is an interesting problem (see [29]).

With the complete answer for the characterization of finite groups whose inte-

gral group rings possess AJD having been available [28], the focus in recent years

has been on the multiplicative Jordan decomposition, a problem that is still unre-

solved.

Problem3 — Characterize the finite groupsG whose integral group ringsZ[G]
possess multiplicative Jordan decomposition.

We summarize here the progress on this problem. Both the quaternion group

of order 8 and the dihedral group of order 8 have the MJD property [1].



GROUP ALGEBRAS 101

Out of the nine non-abelian groups of order 16, the integral group rings of

exactly five of them have the MJD property ([1], [44]).

There are exactly three non-abelian groups of order 32 whose integral group

ring have the MJD property but not the AJD property and, ifG is a finite 2-group of

order at least 64, thenZ[G] has the MJD property if and only ifG is a Hamiltonian

group [30]. The case of finite3-groups is almost settled by the following result.

Theorem11 [34], [35] — The integral group rings of the two non-abelian

groups of order 27 have the multiplicative Jordan decomposition property; and

integral group rings of all other non-abelian groups of 3-power order do not have

this property except possibly the group of order 81 which is the central product of

a cyclic group of order 9 with the non-abelian group of order 27 of exponent 3.

Another recent progress towards the general solution is the following result.

Theorem12 [35] — A finite 2, 3-groupG with order divisible by 6 satisfies the

MJD property if and only if

(i) G = Sym3, the symmetric group of degree 3,

or

(ii) G = 〈x, y |x3 = 1, y4 = 1, y−1xy = x−1〉, a group of order 12,

or

(iii) G = Q8 × C3, the direct product of the quaternion group of order 8 with

the cyclic group of order 3.

For another perspective about the notion of Jordan decomposition see [50].

Finally, let us consider torsion units. Let G be a finite abelian group and let

α =
∑

g∈G α(g)g ∈ Z[G] be such that
∑

g∈G α(g) = 1 andαn = 1 for some

n ≥ 1, then, by Theorem 4,
∑

g∈G α(g)2 ≤ 1. Consequently,α(g) is non-zero

for exactly one elementg ∈ G, and for that elementα(g) = 1. We thus have the

following well-known result.
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Theorem13 [27] — If G is a finite abelian group, then the torsion units in its

integral group ringZ[G] are exactly the elements±g (g ∈ G).

For arbitrary groups, the following conjecture is still unresolved.

Conjecture2 — If G is a finite group andα ∈ Z[G] is a torsion unit of augmen-

tation 1, then there exists an invertible elementβ ∈ Q[G] and an elementg ∈ G

such thatβ−1αβ = g.

Luthar-Passi [32] verified Zassenhaus conjecture for the alternating groupA5.

Their method has since been used successfully by various authors to confirm this

conjecture in several other cases (see e.g., [9], [10], [11], [26], [36]).

For an extension of the above result to torsion units in matrix group rings see

[14], [33], [41], [42].
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