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In this paper we investigate a class of two-dimensional complex Finsler spaces,

calledη-Einstein, in [3]. The holomorphic sectional curvatures of such spaces,

in directions of the local complex Berwald frames{l, m, l̄, m̄} and{λ, µ, λ̄, µ̄}
are studied. We classify some subclasses ofη-Einstein spaces, with respect

to the horizontal holomorphic sectional curvature in directionλ. Finally, a

special approach is devoted to the holomorphic bisectional curvatures of the

two - dimensionalη-Einstein spaces.
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1. INTRODUCTION

In complex Finsler geometry there are not so many known classes of complex

Finsler metrics. Besides the significant Kobayashi, Caratheodory and Wu metrics
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(see [1, 12]), which quickened the study of such Finsler geometry, we know two

rather trivial classes of complex Finsler metrics: the complex Finsler metrics which

come from Hermitian metrics on the base manifold (the purely Hermitian metrics

in [15]), and the locally Minkowski complex metrics. Recently, we initiated the

study of the complex Randers metrics, ([6]), or, more generally the complex Finsler

spaces with(α, β)−metrics. Another class of complex Finsler metrics, introduced

by us in [3], is that of theη-Einstein metrics, with its subclass of generalized Ein-

stein metrics, ([4]).

The study of the holomorphic curvatures of the complex Finsler metrics is a

challenging problem in complex Finsler geometry. Therefore, the main purpose

of the present paper is to characterize the holomorphic sectional and bisectional

curvatures of the 2-dimensionalη-Einstein spaces.

The tools of our study are succinct described in§ 2. These are the Chern-Finsler

complex linear connection and the local complex Berwald frames{l, m, l̄, m̄} and

{λ, µ, λ̄, µ̄} in which the orthogonality is with respect to a Hermitian structure,

defined by the fundamental metric tensor of a2-dimensional complex Finsler space

on the holomorphic tangent manifoldT ′M , ([5]). The local Berwald frames are

not only a local geometrical machinery, but these also satisfy important properties

which contain three main real invariants which live onT ′M : one vertical curvature

invariantI and two horizontal curvature invariantsK andW.

By means of these invariants we are able to characterize the horizontal and

vertical holomorphic sectional curvatures of such spaces, (in§3). Some character-

izations of the 2-dimensionalη-Einstein spaces come from the exploration of the

hh̄− Riemann type tensors, (Theorems 3.1, 3.2). Further on, we find the necessary

and sufficient conditions thatK should be a constant, (Theorems 3.3, 3.4). The

Proposition 3.1. is the key of the next results. We find when the non-purely Her-

mitianη-Einstein spaces, with additional condition of weakly Kähler, haveK = 0
andW ≤ 0, (Theorem 3.5). Moreover, it is shown that there are only two types

of weakly Kähler generalized Einstein metrics, in two dimensional case. Namely,

these are either purely Hermitian withK = W = constant or non-purely Hermi-

tian withK = 0, (Theorem 3.6). Another result is that any 2-dimensional Kähler
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η-Einstein space is either purely Hermitian withK = W = constant andI = 0
or non-purely Hermitian withK = W = I|j = 0, (Theorem 3.7). We obtain an

interesting non-purely Hermitian subclass ofη-Einstein spaces which hasK equal

to a constantc 6= 0 andW = 2c − L |Ω|2, (Theorem 3.8).

In §4, we investigate the holomorphic bisectional curvatures, in directions of

the local complex Berwald frames for a2-dimensional complex Finsler space. As

applications, we discuss about the holomorphic bisectional curvatures of the 2-

dimensionalη-Einstein spaces, (Theorems 4.2, 4.3).

The global validity of the all obtained results is incessantly studied.

2. PRELIMINARIES

For the beginning we shall make a survey of 2 - dimensional complex Finsler geom-

etry with Chern-Finsler complex linear connection and the local complex Berwald

frames. Here are set the basic notions and terminology. For more details, see [1,

15, 5].

2.1 Complex Finsler spaces

Let M be a2 - dimensional complex manifold,z = (zk)k=1,2 are the complex co-

ordinates in a local chart. The holomorphic tangent bundleT ′M is itself a complex

manifold, and the coordinates in a local chart will be denoted byu = (zk, ηk)k=1,2.

A complex Finsler spaceis a pair(M, F ), whereF : T ′M → R+ is a smooth

homogeneous function, i.e.F (z, λη) = |λ|F (z, η), ∀λ ∈ C, and the Hermitian

matrix
(
gij̄(z, η)

)
is positive defined, withgij̄ := ∂2L

∂ηi∂η̄j andL := F 2. Then,gij̄

is called the fundamental metric tensor of the complex Finsler space.

Consider the sections of the complexified tangent bundle ofT ′M. LetV T ′M ⊂
T ′(T ′M) be the vertical bundle, locally spanned by{ ∂

∂ηk }, andV T ′′M its conju-

gate. The idea of complex nonlinear connection, briefly(c.n.c.), is an instrument

in ’linearization’ of the geometry ofT ′M manifold. A(c.n.c.) is a supplementary

complex subbundle toV T ′M in T ′(T ′M), i.e. T ′(T ′M) = HT ′M⊕V T ′M. The
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horizontal distributionHuT ′M is locally spanned by{ δ
δzk = ∂

∂zk−N j
k

∂
∂ηj }, where

N j
k(z, η) are the coefficients of the(c.n.c.). The pair{δk := δ

δzk , ∂̇k := ∂
∂ηk } will

be called the adapted frame of the(c.n.c.) which obey to the change rulesδk =
∂z′j
∂zk δ′j and∂̇k = ∂z′j

∂zk ∂̇′j . By conjugation, everywhere is obtained an adapted frame

{δk̄, ∂̇k̄} onT ′′u (T ′M). The dual adapted bases are{dzk, δηk} and{dz̄k, δη̄k}.

Next, let us consider theSasakitype lift of the metric tensorgij̄ ,

G = gij̄dzi ⊗ dz̄j + gij̄δη
i ⊗ δη̄j . (2.1)

There exists an unique Hermitian connectionD, of (1, 0)− type, which satis-

fies in additionDJXY = JDXY, for all X horizontal vectors andJ the natural

complex structure of the manifold, called the Chern-Finsler connection (cf. [1]),

in brief C − F , which have a special meaning in complex Finsler geometry. The

C − F connection is locally given by the following coefficients (cf. [15]):

Nk
j = gmk ∂glm

∂zj
ηl = Lk

ljη
l ; Li

jk = gliδkgjl ; Ci
jk = gli∂̇kgjl, (2.2)

whereDδk
δj = Li

jkδi, D∂̇k
∂̇j = Ci

jk∂̇i, etc. Further on, theC − F connection is

the main tool in this study.

The nonzero curvatures of theC − F connection are denoted by

R(δh, δk̄)δj = Ri
jk̄hδi ; R(∂̇h, δk̄)δj = Ξi

jk̄hδi ; R(δh, ∂̇k̄)δj

= P i
jk̄hδi; (2.3)

R(δh, δk̄)∂̇j = Ri
jk̄h∂̇i ; R(∂̇h, δk̄)∂̇j = Ξi

jk̄h∂̇i ; R(δh, ∂̇k̄)∂̇j

= P i
jk̄h∂̇i;

R(∂̇h, ∂̇k̄)δj = Si
jk̄hδi ; R(∂̇h, ∂̇k̄)∂̇j = Si

jk̄h∂̇i,

where

Ri
jhk

= −δhLi
jk − δh(N l

k)C
i
jl ; Ξi

jhk
= −δhCi

jk = Ξi
khj

; (2.4)

P i
jhk

= −∂̇hLi
jk − ∂̇h(N l

k)C
i
jl ; Si

jhk
= −∂̇hCi

jk = Si
khj

.

The Riemann tensor

R(W,Z, X, Y ) : = G(R(X, Y )W,Z), (2.5)

R(W,Z, X, Y ) = R(Z, W, Y,X)
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for W,X, Z, Y horizontal or vertical vectors, has the followinghh̄−, hv̄−, vh̄−,

vv̄− components:Rj̄ih̄k := glj̄R
l
ih̄k

; Pj̄ih̄k := glj̄P
l
ih̄k

; Ξj̄ih̄k := glj̄Ξl
ih̄k

; Sj̄ih̄k =:
glj̄S

l
ih̄k

, which have propertiesRijkh = Rjihk ; Ξijkh = Pjihk; Pijkh =
Ξjihk ; Sijkh = Sjihk = Shijk, whereRijkh := Rı̄jk̄h, etc., (see [15], p. 77).

Let us recall that in [1]’s terminology, the complex Finsler space(M,F ) is

strongly K̈ahler iff T i
jk = 0, Kähler iff T i

jkη
j = 0 andweakly K̈ahler iff gilT

i
jkη

jηl

= 0, whereT i
jk := Li

jk − Li
kj . In [11] it is proved that strongly K̈ahler and K̈ahler

notions actually coincide. We notice that in the particular case of complex Finsler

metrics which come from Hermitian metrics onM, so-calledpurely Hermitian

metricsin [15], (i.e. gij = gij(z)), all those nuances of K̈ahler are the same.

In [3] we introduced and studied a special class of complex Finsler spaces,

called by usη− Einstein, briefly (η − E). Similarly, a 2-dimensional complex

Finsler space is called(η − E), if there exists two smooth functionsKi(z, η) :
T ′M → R, i = 1, 2, such that

Rjk = K1(z, η)Lgkj + K2(z, η)ηkη̄j , (2.6)

whereRjk := Rj̄ih̄kη
iηh = −glj(δhN l

k)η
h andηk := ∂L

∂ηk .

If we takeK1(z, η) = K2(z, η) then such(η − E) spaces are referred to as

generalized Einstein, briefly (g.E), in [4].

2.2. The local complex Berwald frames

In [5] we introduced the local complex Berwald frames. By means of these, an

exhaustive study of 2 - dimensional complex Finsler spaces is made in [5]. Here,

we shall summarize some basic results. We setl := li∂̇i and its dual form is

ω = liδη
i, where

li =
1
F

ηi and li =
1
F

gij̄ η̄
j = gij̄l

j̄ . (2.7)

An orthonormal frame in the vertical bundleV T ′M , which is2 - dimensional

in any point, is given byl = li∂̇i andm = mi∂̇i, where

m =
1√
g
(−l2∂̇1 + l1∂̇2) (2.8)
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in a fixed chart. Then{l,m, l̄, m̄}, with m given by (2.8) is called the local complex

Berwald frame of the space. Indeed, since the local frame is orthonormal we have:

lili = mimi = 1 andlimi = lim
i = 0, whereli = gij̄l

j̄ andmi = gij̄m
j̄ .

We specify that (2.8) provides only a local frame, because the set of natural

local basis in every chart does not have tensorial character. More precisely, we

can check thatm′ = T
|T |m, at the local change of charts, whereT is the Jacobi

determinant of changes. This show thatm is not a vector, it depends on the local

change. Therefore, it will say thatm from (2.8) is a pseudo-vector. Althoughm

from (2.2) depends on the local changes of the coordinates, it is very important in

our study, in a fixed chart. Certainly, further on we will be very careful with the

global validity of our assertions.

With respect to the local complex Berwald frame,∂̇k andgij̄ are decomposed

as follows∂̇i = lil + mim and hence,gij̄ = lilj̄ + mimj̄ . From here it is deduced

Ci
jk = gm̄i∂̇kgjm̄ = Alimkmj + Bmimkmj , (2.9)

whereA := mjmklhCh
kj andB := mhmkmjCh

jk.

Now, via the natural isomorphism between the bundlesV T ′M andT ′M , com-

posed with the horizontal lift ofHT ′M, we obtain the following orthonormal local

frame onHCT ′M, {λ := liδi, µ = miδi, λ̄ := lı̄δı̄, µ̄ = mı̄δı̄}.

UsingLi
jk = gm̄iδkgjm̄ it results

Li
jk = Jliljlk + Ulimjlk + V liljmk + Xlimjmk (2.10)

+Omiljlk + Y mimjlk + Emiljmk + Hmimjmk,

whereJ := ljlkliL
i
jk, U := mjlkliL

i
jk, V := ljmkliL

i
jk, X := mjmkliL

i
jk,

O := ljlkmiL
i
jk, Y := mjlkmiL

i
jk, E := ljmkmiL

i
jk, H := mjmkmiL

i
jk.

Note thatU = V and Y = E characterize the K̈ahler spaces and for any

weakly Kähler space we haveU = V.
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Denoting by” p ” , ” | ” , ”̄p” and”̄|”, theh−, v−, h−, v− covariant derivatives

with respect toC − F connection, respectively, in [5] it is proved:

li|j =
−1
2F

lilj ; li|j̄ =
1

2F
lilj̄ +

1
F

mimj̄ ; F |j =
1
2
lj ; (2.11)

li|j =
1
F

δi
j −

1
2F

ljl
i ; li|j̄ =

−1
2F

lj̄l
i ; li|j = li|j̄ = li|j = li|j̄ = 0;

mi|j =
−1
2F

ljm
i +

B

2
mjm

i ; mi|j̄ =
1

2F
lj̄m

i − 1
F

mj̄l
i − B̄

2
mj̄m

i;

mi|j =
1

2F
milj − 1

F
limj − B

2
mimj ; mi|j̄ =

−1
2F

milj̄ +
B̄

2
mimj̄ ;

mi|j = −1
2
[(J + Y )lj + (V + H)mj ]mi;

mi|j̄ =
1
2
[(J̄ + Ȳ )lj̄ + (V̄ + H̄)mj̄ ]mi ;

mi
|j =

1
2
[(J + Y )lj + (V + H)mj ]mi;

mi
|j̄ = −1

2
[(J̄ + Ȳ )lj̄ + (V̄ + H̄)mj̄ ]m

i

and theirs conjugates.

Also, the formula (4.1) from [5] say that for any2 - dimensional complex

Finsler space it is true

A|s̄ms̄ = −AB̄ +
B

F
. (2.12)

Moreover, the class of purely Hermitian spaces is characterized byA = 0 (and

owing to (2.12),B = 0). So that, any such space with|A| 6= 0 is not purely

Hermitian.

Theorem2.1 [5] — Let (M,F ) be a2 - dimensional complex Finsler space. If

it is a non-purely Hermitian K̈ahler space, then̄A|0 + FĀ(J + Y ) = 0.

With respect to the local complex Berwald frames, thevv̄−, hv̄−, vh̄−, hh̄−
Riemann type tensors are

Sr̄jhk = Imh̄mr̄mjmk ; (2.13)
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Ξrjhk = −[A|h̄lr̄ + A(J̄ + Ȳ )lr̄lh̄ + A(V̄ + H̄)lr̄mh̄ (2.14)

+B|h̄mr̄ +
B

2
(J̄ + Ȳ )mr̄lh̄ +

B

2
(V̄ + H̄)mr̄mh̄]mjmk = Pjrkh ;

Rr̄jh̄k = Klr̄ljlh̄lk + Wmr̄mjmh̄mk (2.15)

−[
1
F

Ō|0 −
1
2
Ō(J + Y )]lr̄mjlh̄lk − [

1
F

O|0̄ −
1
2
O(J̄ + Ȳ )]mr̄ljlh̄lk

−J̄|smslr̄ljlh̄mk − [O|s̄ms̄ − 1
2
O(V̄ + H̄)]mr̄ljmh̄lk

−[V|s̄ms̄ +
1
2
V (V̄ + H̄)]lr̄ljmh̄mk − 1

F
Ē|0mr̄ljlh̄mk

− 1
F

E|0̄lr̄mjmh̄lk − [
1
F

Y|0̄ + BO|0̄ −
1
2
FBO(J̄ + Ȳ )]mr̄mjlh̄lk

−E|s̄ms̄mr̄ljmh̄mk − [
1
F

H̄|0 +
1
2
H̄(J + Y ) + B̄Ē|0]mr̄mjmh̄lk

−Ē|smslr̄mjmh̄mk − [
1
F

H|0̄ +
1
2
H(J̄ + Ȳ ) + BE|0̄]mr̄mjlh̄mk

−J|s̄ms̄lr̄ljmh̄lk − [Ō|sms − 1
2
Ō(V + H)]lr̄mjlh̄mk,

whereI := −B|s̄ms̄ − BB̄
2 is thevertical curvature invariant, K := − 1

F J|0̄ and

W :=−H|s̄ms̄− 1
2H(V̄ +H̄)−BFE|s̄ms̄ are thehorizontal curvature invariants.

In [5] we speak about two horizontal holomorphic sectional curvatures, one in

directionλ and other in directionµ, defined as

Kh
F,λ(z, η) := 2R(λ, λ̄, λ, λ̄) = 2K ; Kh

F,µ(z, η) = 2R(µ, µ̄, µ, µ̄) = 2W.

(2.16)

Therefore, there exists two vertical holomorphic sectional curvatures, one in

the directionl and other in the directionm, defined as

Kv
F,l(z, η) := 2R(l, l̄, l, l̄) = 0 ; Kv

F,m(z, η) = 2R(m, m̄,m, m̄) = 2I. (2.17)

Immediately consequences of the weakly Kähler property are the equations

(Lemma 4.2, from [5]):

1
F

Ō|0 −
1
2
Ō(J + Y )−AO|0̄ +

1
2
FAO(J̄ + Ȳ ) = J̄|sms; (2.18)

1
F

Ē|0 − FAO|s̄ms̄ +
1
2
FAO(V̄ + H̄) = V|s̄ms̄ +

1
2
V (V̄ + H̄).
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3. SPECIAL PROPERTIES OF THE2-DIMENSIONAL (η −E) COMPLEX

FINSLER SPACES

In this section, our goal is to characterize 2 - dimensional(η−E) complex Finsler

spaces by means of the horizontal curvature invariantsK andW. Further on,

everywhere the index0 means the contraction byη, for exampleP i
0hk

:= P i
jhk

ηj .

Lemma3.1 — For anyX ∈ Γ0(T ′M) the following properties hold true:

i) X|k̄|j̄ −X|j̄ |k̄ = C ı̄
j̄k̄

X|̄ı;

ii) X|k̄|j −X|j |k̄ = −P i
0k̄j

X|i.

PROOF : Indeed, we have
[
δj̄ , ∂̇k̄

]
X = Lı̄

k̄j̄

(
∂̇ı̄X

)
= Lı̄

k̄j̄
X |̄ı and

[
δj , ∂̇k̄

]
X = −P i

0k̄j
∂̇iX = −P i

0k̄j
X|i.

On the other hand,
[
δj̄ , ∂̇k̄

]
X = δj̄

(
∂̇k̄X

)
− ∂̇k̄(δj̄X) = δj̄ (X|k̄)− ∂̇k̄(X|j̄)

= X|k̄|j̄ + Lı̄
k̄j̄

X |̄ı −X|j̄ |k̄ − C ı̄
j̄k̄

X|̄ı and

[
δj , ∂̇k̄

]
X = δj

(
∂̇k̄X

)
− ∂̇k̄(δjX) = δj (X|k̄)− ∂̇k̄(X|j)

= X|k̄|j −X|j |k̄.

From the above relations it results i) and ii). 2

Firstly, writing the identity i) from Lemma 3.1 forJ

J |r̄|s̄ − J|s̄|r̄ = C n̄
s̄r̄J|n̄. (3.1)

and taking into accountJ |k̄ = − 1
2F Jlk̄ + 1

F Omk̄ (see [5], Proposition 4.2 i) and

(2.11), hence

J |r̄|s̄ = − 1
2F

J|s̄lr̄ + [
1
F

O|s̄ −
1

2F
O(J̄ + Ȳ )ls̄ − 1

2F
O(V̄ + H̄)ms̄]mr̄. (3.2)
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Secondly, usingJ|s̄ = −K ls̄ + J|h̄mh̄ms̄ and (2.11), we obtain

J|s̄|r̄ = −
(

K |r̄ +
1

2F
K lr̄+

1
F

J|r̄

)
ls̄ + J|h̄|r̄mh̄ms̄. (3.3)

Plugging (3.2) and (3.3) into (3.1), it results

− 1
2F J|s̄lr̄ + 1

F O|s̄mr̄ +
(
K |r̄ + 1

2F K lr̄+ 1
F J|r̄ − 1

2F O(J̄ + Ȳ )mr̄

)
ls̄

−
(
J|h̄|r̄mh̄ + 1

2F O(V̄ + H̄)mr̄

)
ms̄ = (−ĀK+B̄J|h̄mh̄)mr̄ms̄ which con-

tracted byls̄ andms̄mr̄ respectively, leads to

K|r̄ = − 1
F

[J|h̄mh̄ +
1
F

O|0̄ −
1
2
O(J̄ + Ȳ )]mr̄; (3.4)

ĀK = J|h̄|r̄mh̄mr̄ + B̄J|h̄mh̄ − 1
F

O|s̄ms̄ +
1

2F
O(V̄ + H̄).

Theorem3.1 — Let (M, F ) be a connected 2 - dimensional complex Finsler

space. Then it is(η − E) if and only if J̄|sms = 0 and 1
F O|0̄ − 1

2O(J̄ + Ȳ ) = 0.

In this case, the functionsKi(z, η), i = 1, 2, are related by

K1(z, η) + K2(z, η) = K(z) ; K1(z, η) = − 1
F

Ē|0

and

FĀK = −O|s̄ms̄ +
1
2
O(V̄ + H̄).

PROOF : By (2.15)

Rr̄k = Rr̄jh̄kη
j η̄h = LRr̄jh̄kl

jlh̄

= L
{
Klr̄lk − [ 1

F O|0̄ − 1
2O(J̄ + Ȳ )]mr̄lk − J̄|smslr̄mk − 1

F Ē|0mr̄mk

}

= L
[− 1

F Ē|0gkr̄ +
(
K + 1

F Ē|0
)
lr̄lk

]

−L
{
[ 1
F O|0̄ − 1

2O(J̄ + Ȳ )]mr̄lk + J̄|smslr̄mk

}
.

So that,(M, F ) is (η − E), i.e. Rr̄k = K1(z, η)Lgkr̄ + K2(z, η)ηkη̄r if and

only if J̄|sms = 0 and 1
F O|0̄− 1

2O(J̄ + Ȳ ) = 0, which work globally onM. Thus,

it resultsK1(z, η) = − 1
F Ē|0 andK2(z, η) = K + 1

F Ē|0.
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Now, by the first identity from (3.4), we haveK|r̄ = 0 and by conjugation,

K|r = 0. These mean thatK depends onz only onM . The second identity from

(3.4) complete the proof. 2

Theorem3.2 — Let (M, F ) be a connected 2 - dimensional complex Finsler

space. Suppose that it is weakly Kähler,K depends onz only and|A|2 6= 4
L onM .

Then, the space is(η −E).

PROOF : SinceK = K(z), the first identity from (2.18) isJ|h̄mh̄ = − 1
F O|0̄ +

1
2O(J̄+Ȳ ), which plugged into (2.18) gives2J̄|sms = AFJ|h̄mh̄. By conjugation,

2J|h̄mh̄ = ĀF J̄|sms. The last two relations lead to(4 − |A|2L)J|h̄mh̄ = 0, and

so, it followsJ|h̄mh̄ = − 1
F O|0̄ + 1

2O(J̄ + Ȳ ) = 0. 2

Contracting the Bianchi identity

Akl

{
Rr̄jh̄k|l − Pr̄js̄kR

s
0̄lh

}
+ Rr̄jh̄nTn

kl = 0, (3.5)

(see [15], p. 77), bȳηrηj η̄hηk it implies

FK|l −K|0ll − J̄|s|0msml + FKlklnTn
kl − FJ̄|smslkmnTn

kl = 0. (3.6)

Theorem3.3— Let (M,F ) be a connected 2 - dimensional(η − E) complex

Finsler space. If it is weakly K̈ahler, thenK is a constant on(M, F ).

PROOF: Since(M,F ) is (η−E), K does not depend onη. The identity (3.6),

together with the weakly K̈ahler property and̄J|s|0ms = 0, yield K|l = 1
F K|0ll.

But, using ii) from Lemma 3.1, we have0 = K|k̄|j = K|j |k̄.

On the other hand,

K|l|r̄ = − 1
2LK|0lllr̄ + 1

F K|0|r̄ll + 1
F K|0( 1

2F lllr̄ + 1
F mlmr̄).

It follows thatK|0 = 0 and soK|l = 0, which is equivalent to∂K
∂zl = 0, i.e. K

is a constant on(M, F ).

Theorem3.4— Let (M,F ) be a connected 2 - dimensional(η − E) complex

Finsler space withK = c a nonzero constant onM. Then(M, F ) is weakly K̈ahler.
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PROOF : SubstitutingK|l = J̄|sms = 0 in the relation (3.6) it follows that

LKlklnTn
kl = 0. Consequently,lklnTn

kl = 0, sinceK = c 6= 0 2

Observe that the above Theorems give necessary and sufficient conditions that

a connected 2 - dimensional(η − E) complex Finsler space should be of constant

horizontal holomorphic curvature in directionλ, i.e. Kh
F,λ(z, η) = 2c. It is in-

teresting for us to see what happen with the horizontal holomorphic curvature in

directionµ, in this case.

Let us setΦ := A|0̄ +AF (J̄ + Ȳ ), Ω := A|k̄m
k̄ +A(V̄ +H̄). The following is

a list of properties concerning the 2 - dimensional weakly Kähler(η − E) spaces.

Proposition31. — Let(M,F ) be a connected 2 - dimensional(η−E) complex

Finsler space. If it is weakly K̈ahler, then

i) cAL = Φ|0 − F (J + Y )Φ;

ii) E|0̄ = −Fc
2 (1 + |A|2 L);

iii) V|s̄ms̄ + 1
2V (V̄ + H̄) = − c

2(1− |A|2 L);

iv) Y|0̄ = −Fc
2 (1− |A|2 L) + F |Φ|2 ;

v) H|0̄+
F
2 H(J̄+Ȳ ) = −ALFc

2

(
B̄ − FĀB

)
+ ĀL

2 [Φ|kmk−(V +H)Φ]+LΦΩ̄;

vi) E|s̄ms̄ = −Fc
2

(
B̄ − FĀB

)− AF
2 [Φ̄|k̄m

k̄ − (V̄ + H̄)Φ̄];
vii) W = c(1 + |A|2 L)− F (E|s̄ms̄)|lml − 3

2BFE|s̄ms̄ − L |Ω|2 , wherec is

the constant value ofK.

PROOF : Let us consider the Bianchi identity, (see [15], p. 77),

Rr̄jhk|l − Ξr̄jhl|k − Pr̄js̄kP
s
0̄lh

+ Sr̄js̄lR
s̄
0̄kh

+ Rr̄jhnCn
kl = 0. (3.7)

In order to prove the statements i)-vii), we use Theorem 3.3, the covariant

derivatives (2.11) and the expressions of thevv̄−, hv̄−, vh̄−, hh̄− Riemann type

tensors: (2.13), (2.14) and (2.15).

Contracting into (3.7) bȳηrmj η̄hηk, using
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Rr̄jhk|lη̄rmj η̄hηk = −R0̄j0lm
j = F 2[Ō|sms− 1

2Ō(V +H)]ml = −F 3Acml;

Pr̄js̄kη̄
r = Sr̄js̄lη̄

r = Cn
klη

k = 0 and

Ξr̄jhl|kη̄
rmj η̄hηk = −F [Φ|0 − F (J + Y )Φ]ml, the assertion i) follows.

The contraction with̄ηrηjm̄hηk of (3.7),

Rr̄jhk|lη̄rηjm̄hηk = −R0̄lh̄0m̄
h −R0̄0h̄lm̄

h + 1
LR0̄00̄0ml

= F 2[ 1
F Ē|0 + V|s̄ms̄ + 1

2V (V̄ + H̄) + c]ml andΞr̄jhkη
j = 0 lead to

1
F

Ē|0 + V|s̄ms̄ +
1
2
V (V̄ + H̄) = −c.

On the other hand, by the second identity from (2.18), we have

1
F

Ē|0 − V|s̄ms̄ − 1
2
V (V̄ + H̄) = −LAĀc.

The last two relations give ii) and iii).

Now, contracting again (3.7) bȳmrηj η̄hηk, hence

Rr̄jhk|lm̄rηj η̄hηk = F 2(c + 1
F Y|0̄ + 1

F E|0̄)ml and

Pr̄js̄kP
s
0̄lh

m̄rηj η̄hηk = F 2 |Φ|2 ml.

It results[c+ 1
F Y|0̄ + 1

F E|0̄−|Φ|2]ml = 0. Hereby,Y|0̄ = −cF −E|0̄ +F |Φ|2,

which together with ii) implies iv).

Next we prove v) and vi). First we contract (3.7) withη̄rmj η̄hmkml and so,

(R0̄j0̄km
jmk)|lml−BR0̄j0̄km

jmk−Ξ0̄j0l|km
jmkml+R0̄j0̄nCn

klm
jmkml =

0.

This implies that

A|lmlLc = −[Φ|kmk + (V + H)Φ]. (3.8)

The contraction of (3.7) bȳmrηj η̄hmkml implies
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(Rr̄00̄km̄
rmk)|lml−(Rr̄l0̄km̄

rmk +Pr̄0s̄kP
s
0̄l0

m̄rmk−Rr̄00nCn
klm̄

rmk)ml =
0, which gives

H|0̄ + F
2 H(J̄ + Ȳ ) = FĒ|0|lml + LΦΩ̄. Now, this together with ii), (3.8) and

(2.12) invoice v).

The contraction of (3.7) bȳmrηjm̄hηkml gives

(Rr̄0h̄0m̄
rm̄h)|lml + BRr̄0h̄0m̄

rm̄h −Rr̄lh̄0m̄
rm̄hml −Rr̄0h̄lm̄

rm̄hml

−Pr̄0s̄0P
s
0̄lh

m̄rm̄hml = 0, which is equivalent to

LcĀ|lml + 1
F H̄|0 + 1

2H̄(J + Y ) + B̄Ē|0 + E|s̄ms̄ + BĀLc = F Φ̄Ω.

Using ii), v) and (2.12), we obtain vi).

For vii) we contract (3.7) with̄mrηjm̄hmkml and we deduce

(Rr̄0h̄km̄
rm̄hmk)|lml + B

2 Rr̄0h̄km̄
rm̄hmk

+ 1
LR0̄0h̄km̄

hmk −Rr̄lh̄km̄
rm̄hmkml + 1

LRr̄00̄km̄
rmk

−Pr̄0s̄kP
s
0̄lh

m̄rm̄hmkml + Rr̄0hnCn
klm̄

rm̄hmkml = 0.

From here it follows

−F (E|s̄ms̄)|lml− B
2 FE|s̄ms̄−V|s̄ms̄− 1

2V (V̄ +H̄)−W− 1
F Ē|0 +AĀLc−

BFE|s̄ms̄ = L |Ω|2 , which leads to vii). The global validity of the above state-

ments results by straightforward computations. 2

Note thatΦ = 0 impliesΩ = 0, but the converse is not true, (see [5]). Next,

some consequences of the above Proposition will be established. From vii) and

(2.16), it immediately results.

Corollary 3.1 — Let(M, F ) be a connected 2 - dimensional(η −E) complex

Finsler space. If it is weakly K̈ahler, then

Kh
F,µ(z, η) = 2c(1 + |A|2 L)− 2F (E|s̄ms̄)|lml − 3BFE|s̄ms̄ − 2L |Ω|2 .
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Remark that the conditions which assure thatKh
F,λ(z, η) = 2c is a constant on

M are not suffice such that to implyKh
F,µ(z, η) is also a constant onM .

Corollary 3.2 — Let(M, F ) be a connected 2 - dimensional(η −E) complex

Finsler space which is weakly Kähler and|A| 6= 0.

i) Then,Kh
F,λ(z, η) = 0 if and only if Φ|0 = F (J + Y )Φ.

ii) If Φ|kmk = (V + H)Φ then

W = c(1 + |A|2 L)− Lc

2
(I +

1
2
FĀB2 + FĀB|kmk)− L |Ω|2 . (3.9)

PROOF : Proposition 3.1 i) gives the equivalence i), which work globally on

M. By Proposition 3.1 vi) we haveE|s̄ms̄ = −Fc
2

(
B̄ − FĀB

)
, which substituted

into vii) gives (3.9), owing to (2.11). Their global validity complete the proof.2

Theorem3.5— Let (M,F ) be a connected 2 - dimensional(η − E) complex

Finsler space which is weakly Kähler, |A| 6= 0 and

Φ|k = Φ[(J + Y )lk + (V + H)mk].

Then

Kh
F,λ(z, η) = 0 andKh

F,µ(z, η) = −2L |Ω|2 ≤ 0.

Moreover,Kh
F,µ(z, η) is a constant onM if and only ifΩ = α

F , whereα ∈ C.

PROOF : It results by Corollary 3.2 and Proposition 3.1 vi) and vii). 2

As a consequence of Theorem 3.1 and Proposition 3.1 ii), we obtain

Proposition3.2 — Let(M,F ) be a connected 2 - dimensional(η−E) complex

Finsler space. If it is weakly K̈ahler, thenK1(z, η) = c
2(1+|A|2 L) andK2(z, η) =

c
2(1− |A|2 L).

Theorem3.6 — Let (M,F ) be a connected 2 - dimensional(g.E) complex

Finsler space. If(M,F ) is weakly K̈ahler, then it is either purely Hermitian with

Kh
F,λ(z, η) = Kh

F,µ(z, η) = 2c or it is non-purely Hermitian withKh
F,λ(z, η) = 0.
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PROOF : By Proposition 3.2, under assumption of(g.E), i.e. K1(z, η) =
K2(z, η), it follows c |A|2 L = 0. This implies either|A| = 0, i.e. (M, F ) is

purely Hermitian or|A| 6= 0 andc = 0. Now, making|A| = 0 in Proposition 3.1 it

resultsK = W = c. 2

Theorem3.7— Let (M, F ) be a connected 2 - dimensional(η − E) complex

Finsler space. If(M,F ) is Kähler, then it is either purely Hermitian or it is non-

purely Hermitian withK = W = I|j = 0.

PROOF : The assumption of K̈ahler givesΦ = Ω = 0. Now, using Proposition

3.2 i), it resultscAL = 0, and so, either|A| = 0, i.e. (M,F ) is purely Hermitian,

or |A| 6= 0 andc = 0. Moreover,Ω = 0 and|A| 6= 0 imply K = W = 0.

Also, in this second case, the identity ii) from Lemma 3.1 isB|k̄|j−B|j |k̄ = 0.

But, the relations (2.11), (2.12) andI := −B|s̄ms̄ − BB̄
2 lead toB|k̄|j − B|j |k̄ =

−I|jmk̄. Hence,I|j = 0. 2

Note that the first class of spaces, obtained in the preceding Theorem, has the

horizontal holomorphic sectional curvatures in directionsλ andµ equal to the same

constant value2c andI = 0. But, there are2 - dimensional complex Finsler spaces

with I = 0, which are not purely Hermitian, (see Proposition 4.1 from [5]). More-

over, the second class, obtained above, has propertyRr̄jh̄k = 0. Thus, the horizon-

tal holomorphic sectional curvature in any direction of such spaces is also zero.

Theorem3.8— Let (M, F ) be a connected 2 - dimensional(η − E) complex

Finsler space withK = c a nonzero constant onM. If |A|2 = 1
L then,

Rr̄k = cLgkr̄ andW = 2c− L |Ω|2 .

Moreover,Kh
F,µ(z, η) = 4c − 2|α|2 is a constant onM if and only ifΩ = α

F ,

whereα ∈ C.

PROOF : Taking into account Theorem 3.4 and Proposition 3.2 it resultsK1 =
c andK2 = 0. Hence,Rr̄k = cLgkr̄.

Now, the assumption|A|2 = 1
L together with (2.12), (3.8) and Proposition 3.1

vi) givesE|s̄ms̄ = 0. So that, by Proposition 3.1 vii), we obtainW = 2c−L |Ω|2,
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which impliesKh
F,µ(z, η) = 4c − 2L |Ω|2 . By means of this form ofKh

F,µ(z, η),
the equivalence from Theorem is true. 2

Remark3.1 : Note that any 2 - dimensional complex Finsler space which

satisfiesRr̄k = Ψ(z, η)Lgkr̄ is a (η − E) space withK1(z, η) = Ψ(z, η) and

K2(z, η) = 0. Moreover, if it is weakly K̈ahler, the Proposition 3.1 involves

|A|2 = 1
L andΨ = c.

4. HOLOMORPHICBISECTIONAL CURVATURES

We define thehorizontal holomorphic bisectional curvaturein directions{λ, µ}
by

Bh
F,λ,µ(z, η) := 2R(λ, λ̄, µ, µ̄) + 2R(µ, µ̄, λ, λ̄) (4.1)

and thevertical holomorphic bisectional curvaturein directions{l, m} by

Bv
F,l,m(z, η) := 2R(l, l̄,m, m̄) + 2R(m, m̄, l, l̄). (4.2)

Theorem4.1— Let (M, F ) be a 2 - dimensional complex Finsler space. Then

i) Bh
F,λ,µ(z, η) = −2[V|s̄ms̄+ 1

2V (V̄ +H̄)]−2[ 1
F Y|0̄+BO|0̄− 1

2FBO(J̄+Ȳ )];

ii) Bv
F,l,m(z, η) = 0.

PROOF : By (2.5) and (2.15),

R(λ, λ̄, µ, µ̄) = lr̄ljmh̄mkRr̄jhk = −[V|s̄ms̄ + 1
2V (V̄ + H̄)] and

R(µ, µ̄, λ, λ̄) = mr̄mjlh̄lkRr̄jhk = 1
F Y|0̄ + BO|0̄ − 1

2FBO(J̄ + Ȳ ), which

imply i).

Similarly, by (2.5) and (2.13),R(l, l̄, m, m̄) = lr̄ljmh̄mkSr̄jhk = 0 and

R(m, m̄, l, l̄) = mr̄mjlh̄lkSr̄jhk = 0, and so ii).

Changing the local coordinates(zk, ηk)k=1,2 into (z′k, η′k)k=1,2, it results
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V ′
|s̄m

s̄ + 1
2V ′(V̄ ′ + H̄ ′) = V|s̄ms̄ + 1

2V (V̄ + H̄) and

1
F Y ′

|0̄ + B′O′
|0̄− 1

2FB′O′(J̄ ′ + Ȳ ′) = 1
F Y|0̄ + BO|0̄− 1

2FBO(J̄ + Ȳ ), which

complete the proof. 2

Suggested by [10], we consider here twomixed holomorphic bisectional cur-

vaturesin directions{λ,m} and{l, µ} , respectively. Namely,

BF,λ,m(z, η) : = 2R(λ, λ̄,m, m̄) + 2R(m, m̄, λ, λ̄);

BF,l,µ(z, η) : = 2R(l, l̄, µ, µ̄) + 2R(µ, µ̄, l, l̄).

But, due to (2.3), (2.4) and (2.5), it resultsR(λ, λ̄,m, m̄) = R(µ, µ̄, l, l̄) = 0.

So that,

BF,λ,m(z, η) = 2R(m, m̄, λ, λ̄) = 2Rr̄jh̄km
r̄mjlh̄lk

= −2[ 1
F Y|0̄ + BO|0̄ − 1

2FBO(J̄ + Ȳ )] and

BF,l,µ(z, η) = 2R(l, l̄, µ, µ̄) = 2Rr̄jh̄kl
r̄ljmh̄mk = −2[V|s̄ms̄+ 1

2V (V̄ +H̄)].

These, together with Theorem 4.1, involve

Corollary 4.1 — Let(M,F ) be a 2 - dimensional complex Finsler space. Then,

Bh
F,λ,µ(z, η) = BF,l,µ(z, η) + BF,λ,m(z, η).

Theorem4.2— Let (M, F ) be a connected 2 - dimensional(η − E) complex

Finsler space. Then

Bh
F,λ,µ(z, η) = −2[V|s̄ms̄ +

1
2
V (V̄ + H̄)]− 2

F
Y|0̄. (4.3)

Moreover,

i) if it is weakly Kähler, thenBh
F,λ,µ(z, η) = 2c(1− |A|2 L)− 2 |Φ|2 ;

ii) if it is K ähler non-purely Hermitian , thenBh
F,λ,µ(z, η) = 0.

iii) if it is K ähler purely Hermitian, thenBh
F,λ,µ(z, η) = 2c.
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PROOF : Since(M, F ) is (η − E), O|0̄ − 1
2FO(J̄ + Ȳ ) = 0, and so (4.3) is

true. i) results by Proposition 3.1 iii) and iv). The assertions ii) and iii) follow by

Theorem 3.7. 2

Further more by above considerations, immediately results

Corollary 4.2 — Let(M, F ) be a connected 2 - dimensional(η −E) complex

Finsler space. Then,

BF,λ,m(z, η) = − 2
F

Y|0̄ ; BF,l,µ(z, η) = −2[V|s̄ms̄ +
1
2
V (V̄ + H̄)]. (4.4)

Moreover,

i) if it is weakly Kähler, thenBF,λ,m(z, η) = BF,l,µ(z, η)−2 |Φ|2 andBF,l,µ(z, η) =
c(1− |A|2 L);

ii) if the space is K̈ahler non-purely Hermitian, then it is with vanishing mixed

holomorphic bisectional curvatures;

iii) if it is K ähler purely Hermitian, thenBF,l,µ(z, η) = BF,λ,m(z, η) = c.

Theorem4.3— Let (M,F ) be a connected 2 - dimensional(η − E) complex

Finsler space. If(M,F ) is weakly K̈ahler and|A|2 = 1
L , then

Bh
F,λ,µ(z, η) = −2 |Φ|2 ≤ 0.

Moreover,Bh
F,λ,µ(z, η) is a constant onM if and only ifΦ = β, whereβ ∈ C.

PROOF : It results by Theorem 4.2 i), under assumption|A|2 = 1
L . 2
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