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In this paper we investigate a class of two-dimensional complex Finsler spaces,
calledn-Einstein, in [3]. The holomorphic sectional curvatures of such spaces,
in directions of the local complex Berwald framsm, I, m} and{\, u, A, i}

are studied. We classify some subclasses-Bfnstein spaces, with respect

to the horizontal holomorphic sectional curvature in directionFinally, a
special approach is devoted to the holomorphic bisectional curvatures of the
two - dimensionah-Einstein spaces.
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1. INTRODUCTION

In complex Finsler geometry there are not so many known classes of complex
Finsler metrics. Besides the significant Kobayashi, Caratheodory and Wu metrics
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(see [1, 12]), which quickened the study of such Finsler geometry, we know two
rather trivial classes of complex Finsler metrics: the complex Finsler metrics which
come from Hermitian metrics on the base manifold (the purely Hermitian metrics
in [15]), and the locally Minkowski complex metrics. Recently, we initiated the
study of the complex Randers metrics, ([6]), or, more generally the complex Finsler
spaces with{«, 3)— metrics. Another class of complex Finsler metrics, introduced
by us in [3], is that of the)-Einstein metrics, with its subclass of generalized Ein-
stein metrics, ([4]).

The study of the holomorphic curvatures of the complex Finsler metrics is a
challenging problem in complex Finsler geometry. Therefore, the main purpose
of the present paper is to characterize the holomorphic sectional and bisectional
curvatures of the 2-dimensionglEinstein spaces.

The tools of our study are succinct describefl 1 These are the Chern-Finsler
complex linear connection and the local complex Berwald frafhes, [, m} and
{\, u, A, i} in which the orthogonality is with respect to a Hermitian structure,
defined by the fundamental metric tensor @fdimensional complex Finsler space
on the holomorphic tangent manifold M, ([5]). The local Berwald frames are
not only a local geometrical machinery, but these also satisfy important properties
which contain three main real invariants which live®B/ : one vertical curvature
invariantI and two horizontal curvature invariariSandWw.

By means of these invariants we are able to characterize the horizontal and
vertical holomorphic sectional curvatures of such spaceg3jinSome character-
izations of the 2-dimensionatEinstein spaces come from the exploration of the
hh— Riemann type tensors, (Theorems 3.1, 3.2). Further on, we find the necessary
and sufficient conditions th& should be a constant, (Theorems 3.3, 3.4). The
Proposition 3.1. is the key of the next results. We find when the non-purely Her-
mitian n-Einstein spaces, with additional condition of weaklgt{er, havdk = 0
andW < 0, (Theorem 3.5). Moreover, it is shown that there are only two types
of weakly Kahler generalized Einstein metrics, in two dimensional case. Namely,
these are either purely Hermitian wik = W = constant or non-purely Hermi-
tian with K = 0, (Theorem 3.6). Another result is that any 2-dimensionéhl€r
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n-Einstein space is either purely Hermitian wikh = W = constant and = 0
or non-purely Hermitian witlK = W = I); = 0, (Theorem 3.7). We obtain an
interesting non-purely Hermitian subclassyeEinstein spaces which h&€ equal
to a constant # 0 andW = 2¢ — L|Q 2 (Theorem 3.8).

In §4, we investigate the holomorphic bisectional curvatures, in directions of
the local complex Berwald frames foradimensional complex Finsler space. As
applications, we discuss about the holomorphic bisectional curvatures of the 2-
dimensionah-Einstein spaces, (Theorems 4.2, 4.3).

The global validity of the all obtained results is incessantly studied.

2. PRELIMINARIES

For the beginning we shall make a survey of 2 - dimensional complex Finsler geom-
etry with Chern-Finsler complex linear connection and the local complex Berwald
frames. Here are set the basic notions and terminology. For more details, see [1,
15, 5].

2.1 Complex Finsler spaces

Let M be a2 - dimensional complex manifold, = (zk)k:ﬁ are the complex co-
ordinates in a local chart. The holomorphic tangent budle is itself a complex
manifold, and the coordinates in a local chart will be denoted by/(2*, Wk)k:m-

A complex Finsler spacis a pair(M, F'), whereF : T'"M — R™ is a smooth
homogeneous function, i.e&£'(z, \n) = |A\|F(z,n), YA € C, and the Hermitian
%L

matrix (g;3(z,7)) is positive defined, witly,; := oo andL = F?2. Then,g;;

is called the fundamental metric tensor of the complex Finsler space.
Consider the sections of the complexified tangent bundlé bf. Let VT’ M C
T'(T" M) be the vertical bundle, locally spanned {)3%}, andVT” M its conju-
gate. The idea of complex nonlinear connection, brigfly.c.), is an instrument
in ’linearization’ of the geometry of” M manifold. A (c.n.c.) is a supplementary
complex subbundle 0T’ M in T (T"M),i.e. T(T'M) = HT'"M & VT'M. The
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horizontal distribution, 7" M is locally spanned by’ = ——Ng 87673} where
Nj(z,m) are the coefficients of the.n.c.). The pair{dy := 5> L O = 677’“} will

be called the adapted frame of then.c.) which obey to the change rulég =

%jkj 5;. andd, = gj,f c‘); By conjugation, everywhere is obtained an adapted frame

{67, 0z} onT”(T'M). The dual adapted bases 4", 61} and{dz", 577" }.

Next, let us consider th®asaktype lift of the metric tensoy;;,
G = g;dz" ® d& + gg;6n' @ o1 (2.1)
There exists an unique Hermitian connectionof (1,0)— type, which satis-
fies in additionD ;xY = JDxY, for all X horizontal vectors and the natural
complex structure of the manifold, called the Chern-Finsler connection (cf. [1]),
in brief C' — F, which have a special meaning in complex Finsler geometry. The
C — F connection is locally given by the following coefficients (cf. [15]):

9 - . -
Nk = gmk 22T gim 1 LY nl L —gh&kgﬂ ; C’?k:g“akgf

Vi a j 77 - J ]l’ (22)

whereDs, 6; = ijéi, Dakaj = C;?kéi, etc. Further on, thé€’ — F connection is
the main tool in this study.

The nonzero curvatures of tlie— F' connection are denoted by
R(0,03)0; = Rip,0i; R(On, 6)8; = Eip, 05 R(On, )5

= P;khéz, (2.3)

= P;kha”
R(On, 0)6; = S50 R(Oh, 0p)0; = Sip, 0,

where
Ry, = —0L% — 0y R(NOCo Eie = —05Ch = S (2.4)
Py = —OpLj — Op(NR)Cjy Sﬁ-m = —05Cjp = SZﬁj-

The Riemann tensor

R(W, Z, Y)W, Z), (2.5)
1%
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for W, X, Z,Y horizontal or vertical vectors, has the following—, ho—, vh—,
vo— componentsR;, := g5 Ry 5 Pine = 95 P55 Sqine = 955515 Sqink =
9550, Which have propertie® 5,z = R;m. 5 Egw = P Pjwn =
S 3 Siwn = Sjin = Sniger WhereR 5,5 = Ry p,, etc., (see [15], p. 77).

)

Let us recall that in [1]'s terminology, the complex Finsler spaté, F) is
strongly Kahleriff 77, = 0, Kahleriff 77,7/ = 0 andweakly Kahleriff g, 77, 7/7
= 0, whereT}, := L% — L; ;. In[11] itis proved that strongly Ehler and Khler
notions actually coincide. We notice that in the particular case of complex Finsler
metrics which come from Hermitian metrics dd, so-calledpurely Hermitian
metricsin [15], (i.e. g;; = g;;(2)), all those nuances ofbler are the same.

In [3] we introduced and studied a special class of complex Finsler spaces,
called by usn— Einstein briefly (n — E). Similarly, a 2-dimensional complex
Finsler space is calleth — E), if there exists two smooth functions;(z,n) :

T'M — R, 4= 1,2, such that

71 = Ki(z,n)Lgy; + Kao(z, m)nen;, (2.6)
whereR;;, := Rypn'" = —g;5(65Ny)7" anduy, := gTL’C'

If we take K (z,n) = Ka(z,n) then such(n — E) spaces are referred to as
generalized Einstejrbriefly (¢.F), in [4].

2.2. The local complex Berwald frames

In [5] we introduced the local complex Berwald frames. By means of these, an
exhaustive study of 2 - dimensional complex Finsler spaces is made in [5]. Here,
we shall summarize some basic results. Welset [{9; and its dual form is
w = l;6n°, where
1 1 -
I'= Fﬁz and l; = ng-;n] = gijl7- (2.7)

An orthonormal frame in the vertical bundi€Z” A, which is2 - dimensional

in any point, is given by = 1!9; andm = m'd;, where

m = \2(—@8’1 +110y) (2.8)
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in a fixed chart. The#l, m, [, m}, withm given by (2.8) is called the local complex
Berwald frame of the space. Indeed, since the local frame is orthonormal we have:
Ill; = m'm; = 1 andl*m; = ;m' = 0, wherel; = gz-jlj andm; = gijmj.

We specify that (2.8) provides only a local frame, because the set of natural
local basis in every chart does not have tensorial character. More precisely, we
can check thatn’ = %m at the local change of charts, whéfeis the Jacobi
determinant of changes. This show thais not a vector, it depends on the local
change. Therefore, it will say that from (2.8) is a pseudo-vector. Although
from (2.2) depends on the local changes of the coordinates, it is very important in
our study, in a fixed chart. Certainly, further on we will be very careful with the

global validity of our assertions.

With respect to the local complex Berwald frande,and g;; are decomposed
as followsd; = ;1 + m;m and henceg,-; = l;l; + m;m;. From here it is deduced

Cix = 9™ Okgjm = Al'mym; + Bm'mym;, (2.9)

whereA := mjmkthﬁj andB := mhmkijjhk.

Now, via the natural isomorphism between the bun#&$)/ and7’ M, com-
posed with the horizontal lift off 7’ M, we obtain the following orthonormal local
frame onHoT' M, {\ :=116;, p=mid;, \:=10'6;, i =m'6}.

Using L%, = g™ g it results
e = JULl + Ul'mgly, + VIVmy, + XUmgmy, (2.10)

—i—Omiljlk + Ymimjlk + Emiljmk + Hmimjmk,

whereJ — ljlklisz, U = mjlkliLék, V = ljmkliL§k, X = mjmkliLék,
O — ljlkmiLék, Y — mjlkmiLékv E = ljmkmiL;ka H = mjmkmiLé-k.

Note thatU = V andY = FE characterize the &hler spaces and for any
weakly Kahler space we havé = V.
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Denotingby’ 17,7 | 7 ,”" and”|”, theh—, v—, h—, T— covariant derivatives
with respect taC — F connection, respectively, in [5] it is proved:

-1 1 1
Ll = ﬁlilj s il = ll + lem] ; Pl = §lj; (2.11)
7 ) 1 i, 7 7 .
Py = 7%~ 55kl vl|3 ﬁlal Ly =1l =1 =1;=0;
i —1 B i 1 1 . B
m'; = 2Flm+2m]m;m] 2Fl]m—le—§m]m;
1 1 — B
milj = gpmily = glimg = Fmimg s mily = Smmaly £+ S mimg;
1
my; = _*[(J"i‘y)l' + (V+H)mj]mi;
my; = [(J+Y)l + (V + H)mj]m; ;
mi; = 5[(J+Y)zj+(V+H)mj}m
i Loz 5 AT i

and theirs conjugates.

Also, the formula (4.1) from [5] say that for ar/- dimensional complex
Finsler space it is true
. _ B
Moreover, the class of purely Hermitian spaces is characterizetd-by (and
owing to (2.12),B = 0). So that, any such space witd| # 0 is not purely

Hermitian.

Theorem2.1[5] — Let (M, F') be a2 - dimensional complex Finsler space. If
it is a non-purely Hermitian Bhler space, thedl, + FA(J +Y) = 0.

With respect to the local complex Berwald frames, the-, ho—, vh—, hh—
Riemann type tensors are

S ik = = Impmzm;my, ; (2.13)
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S = —Apls + A + V)l + AV + H)lpmy, (2.14)
+Bms + g(j-F Y )ymily, + g(f + H)memglmymy = P, ;

Renr = Klisljlply + Wmemgmpmy, (2.15)
—[%Om - %O(J )yl — [%om - %O(J V) malli

_ 1
—J|sm?lslilymy — [Om® — iO(V + H)mglymgly

—[Vism® + %V(‘_/ + H)|lzlymgmy, — %Emmfljlﬁmk
—%E‘Olfmjmhlk — [%YIG + BOp — %FBO(j—i— V) memiily
—E|§m‘§mfljm;lmk - [%I:Im + %I:I(J +Y)+ BElo]mfmijlk
—Esm®lrmympmy, — [%HIG + %H(j+ Y) + BE|mzmylpmy,
—Jsm®lslymply — [Osm® — %O(V + H)Jlrmglpmy,

wherel := —Bl|sm® — BTB is thevertical curvature invariantK := _%JIG and
W :=—H;m*— 1 H(V + H) — BF E;zm* are thehorizontal curvature invariants.

In [5] we speak about two horizontal holomorphic sectional curvatures, one in
direction A and other in directioq, defined as

Kfa(z,m) = 2RO\ AN N) = 2K 5 K2 (2,m) = 2R(p, fi, 4, fI) = 2W.
(2.16)
Therefore, there exists two vertical holomorphic sectional curvatures, one in
the direction and other in the directiom, defined as

Kpy(z,n) :=2R(L,1,1,1) =0 ; Kp,,(2,1) = 2R(m,m,m,m) =2I. (2.17)
Immediately consequences of the weaklghter property are the equations
(Lemma 4.2, from [5]):

1 - _ 1 o _
700 = 500 +Y) = A0 + JFAO(J +Y) = Jm*; (2.18)

N

1 - s 1 _ — -1 _
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3. SPECIAL PROPERTIES OF THE2-DIMENSIONAL (1 — E') COMPLEX
FINSLER SPACES

In this section, our goal is to characterize 2 - dimensignat £') complex Finsler
spaces by means of the horizontal curvature invariétand W. Further on,
everywhere the index means the contraction by for exampleP. := P;gkﬁj-

Lemma3.1 — For anyX € I'°(T' M) the following properties hold true:

) X g5 — Xjjle = O3 X

i) Xy — Xjsle = — P X s

PrRoOOF: Indeed, we have

5, 05) X = L (&X) = 7. X|; and
6,00 X = fpgkja'ix = —Py Xl

On the other hand,

52,05 X = 65 (a',gx) — (65X) = 65 (X ) — Fp(X}5)

= X‘fcﬁ —i—L%jX’g — mec — CJEI_CXW and

[5j7 3;;} X =9 (315X) — 0p(0;X) = 6; (X 1) — Op(X);)
= Xz — X5

From the above relations it results i) and ii). O
Firstly, writing the identity i) from Lemma 3.1 faof
Jlrs — Jislr = Candlin- (3.1)
and taking into account|;; = —5=JI; + =Om;, (see [5], Proposition 4.2 i) and
(2.11), hence

1 1 1 - 5 1 _ _
Ilrs = —ﬁjwlf + {f0|§ - ﬁO(J +Y)ls - ﬁO(V + H)mg|mz. (3.2)
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Secondly, using/js = —Kls + Jmml_lmg and (2.11), we obtain
1 1 5
J|§’T—: — K’F—FﬁKlf—f—FJIf l§+J‘;l|fm mgs. (33)

Plugging (3.2) and (3.3) into (3.1), it results
—zpJjslr + 0smr + (Kl + gpKlrt £Jjr = 5pO0(] +Y)mz) Is

- (Jm’fmﬁ + =0V + ﬁ)mf) ms = (_AK‘FBJ‘Emﬁ)mfmg which con-
tracted byi®* andm*m’” respectively, leads to

_ S - | L
_ Mo By T b ) 5
AK = Jplrm"m” + BJm FO|5m + 2FO(V+H).

Theorem3.1— Let (M, F') be a connected 2 - dimensional complex Finsler
space. Then itign — E) if and only if J,m® = 0 and £0g — 210(J +Y) = 0.
In this case, the functionk;(z,n), i = 1,2, are related by

Ky (z) + Ka(zn) = K(2) ; Ko (20) =~ Fg
and i P
FAK = ~Ojgm® + O(V + H).
PROOF: By (2.15)
Ry = Ry’ " = LRijkljlﬁ
= L{Klzl, — [$0p — 30(J + Y)Imzly — Jjgm®lemy, — £ Ejgmzmy, }
=L [-+Eogr + (K+ #Ep) lrlk]
—L {[%0\6 —20(J +Y)|msli + Jismflpmy } .

So that,(M, F)is (n — E), i.e. Rs, = K1(2,n)Lgir + Ka(z,n)nen, if and
only if Ji;m* = 0 and 0,5 — 30(J +Y) = 0, which work globally onM. Thus,
itresultsKy(z,n) = —+Ejp andKs(z,m) = K + +E.
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Now, by the first identity from (3.4), we havK | = 0 and by conjugation,
K|, = 0. These mean th& depends on only on M. The second identity from
(3.4) complete the proof. O

Theorem3.2— Let (M, F') be a connected 2 - dimensional complex Finsler
space. Suppose that it is weaklider, K depends on only and|A|? # % onM.
Then, the space ig) — E).

ProoF: SinceK = K(z), the first identity from (2.18) isf‘,;mﬁ = _%Olﬁ +
30(J+Y), which plugged into (2.18) givesJ/|;m* = AFJ;m". By conjugation,
2Jj;m" = AF.J;m®. The last two relations lead ta — |A[>L).J,m" = 0, and
so, it follows.Jj;m" = =405 + 30(J +Y) = 0. O

Contracting the Bianchi identity

Al {Rfjﬁk\l - PijkR%m} + Rijpn i = 0, (3.5)
(see [15], p. 77), by 71" it implies
FKy; — Kol; — Jjsom*my + FKI* I, T — FJgm*Fm, T = 0. (3.6)
Theorem3.3— Let (M, F') be a connected 2 - dimensiora — E) complex
Finsler space. If it is weakly &hler, thenK is a constant orfM, F).

PROOF: Since(M, F) is (n— E), K does not depend ap The identity (3.6),
together with the weakly &hler property andﬁswmS =0, yieldK; = %Kmll.
But, using ii) from Lemma 3.1, we hawe= K| ; = K;|;.

On the other hand,
K|y = —op Kjolilr + $Kjolrl + £Ko(gplls + gmime).

It follows thatK, = 0 and soK; = 0, which is equivalent t(%% =0,ie. K
is a constant oM, F).

Theorem3.4— Let (M, F') be a connected 2 - dimensional — E) complex
Finsler space witlK = ¢ a nonzero constant ab/. Then(), F) is weakly Kahler.
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PROOF : SubstitutingK; = J|8m3 = 0 in the relation (3.6) it follows that
LKI*I1, T = 0. Consequently*1,T7; = 0, sinceK = ¢ # 0 O

Observe that the above Theorems give necessary and sufficient conditions that
a connected 2 - dimension@j — E) complex Finsler space should be of constant
horizontal holomorphic curvature in direction i.e. K} ,(z,7) = 2¢. Itis in-
teresting for us to see what happen with the horizontal holomorphic curvature in
directiony, in this case.

Letus seth := Ajg+ AF(J+Y), Q2 1= AgmF + A(V + H). The following is
a list of properties concerning the 2 - dimensional weakélr(n — E) spaces.

Proposition31. — Let(M, F') be a connected 2 - dimensiorig ') complex
Finsler space. If it is weakly &hler, then

) CAL = B — F(J +Y)®;
i) Bjp = —%5°(1+|A[" L);

iii) Vigm® + 3V(V + H) = —£(1 - |A]> L);

V) Yjo = — (1~ |A" L) + F |9

V) Ho+ EH(J+Y) = —ALFC (B — FAB)-+AL (@ ymb— (V+ H)®|+ Lo,

Vi) Bjgm® = —5¢ (B — FAB) — AL[@pmb — (V + H)®;
Vi) W = ¢(1 + |A]* L) — F(Ejgm®)|im! — $BFEzm® — L|Q|*, wherec s
the constant value dK.

PROOF: Let us consider the Bianchi identity, (see [15], p. 77),

Rl = S — Prisk P + Srjsi Ry + Ro Ci= 0. (3.7)
In order to prove the statements i)-vii), we use Theorem 3.3, the covariant
derivatives (2.11) and the expressions of thie-, ho—, vh—, hh— Riemann type

tensors: (2.13), (2.14) and (2.15).

Contracting into (3.7) by m’7"n*, using
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Rfjgk]lﬁrmjﬁhnk = —R()jmmj = FQ[O‘SmS—%O(V—i—H)]mZ = —F3Acmy;
Prjsiil” = Srizi” = Cpyn* = 0 and
Epmp? M = —F[®)g — F(J +Y)®]my, the assertion i) follows.
The contraction with;" 7 m/n* of (3.7),
Ryl ' mn* = —Rgpgm” — Roopym® + 1 Roogormu
= F2[§Ejg + Vism® + 3V(V + H) + Jm; and=, 5,77 = 0 lead to
1_ o1
fE“) + Vigm® + 5V(V +H)=—c.
On the other hand, by the second identity from (2.18), we have
1 I T ]
The last two relations give ii) and iii).
Now, contracting again (3.7) by n’7"n*, hence
R lim™ /it n* = F2(c + Y5 + #Ejg)m; and
Pfjng(—fmm’"njﬁhn"” = F? |(I)|2 my.

It resultsc+ %Y|@+%E‘6— 1®%m; = 0. HerebyY|g = —cF — Eg+ F B2,
which together with ii) implies iv).

Next we prove v) and vi). First we contract (3.7) wiffrn/7m*m! and so,

IR SNy AN I ) Tk = Gkl L . M Tkl
(ROjOkmjm im — BRgjgrm?m —~0j01|kmjm m' + Rg 5, Ciym/ m m’ =

This implies that
Alm'Le = —[®pmF + (V + H)D). (3.8)

The contraction of (3.7) by 7im*m! implies



120 NICOLETA ALDEA

N N ok 5 =k Y -
(Rrooem"m")[;m’ — (Rpgpm"m”™ + Pros Pogm m” — Rygg, Cpym™ m”®)m' =
0, which gives

Hjg+SH(J+Y) = FEj|ym! + L&Q. Now, this together with ii), (3.8) and
(2.12) invoice v).

The contraction of (3.7) by n/m"n*m! gives

(Roorom"m™)|im' + BRygpom” m" — RypommMm’ — Ry m"m"m!
—ngOPgmmehml = 0, which is equivalent to

LeAlym' + 3 Hjg+ 3H(J +Y) 4+ BEj + Ejsm® + BALc = FOQ.
Using ii), v) and (2.12), we obtain vi).

For vii) we contract (3.7) withn"n/m/ m*m! and we deduce

e he kN[l L B - re bk
(Regpem™ m" " m®)im’ + 5 Ryoppm™mm
+ %R()oﬁkmhmk — Ryjm™mmFm! + %RFO(_)kmrmk
—ngkPgmmT’mhm’“ml + R, Crym™mhmPm! = 0.

From here it follows

—F(Ejsm®)im! = SFEsm® —Vigm® — 3V (V+H) - W — 5 Ejg+ AALc—
BFEjzm® = L |Q|2 , which leads to vii). The global validity of the above state-
ments results by straightforward computations. O

Note thatd = 0 implies{2 = 0, but the converse is not true, (see [5]). Next,
some consequences of the above Proposition will be established. From vii) and
(2.16), itimmediately results.

Corollary 3.1 — Let(M, F') be a connected 2 - dimensior{gl— E) complex
Finsler space. If it is weakly &hler, then

K} (2,n) = 2c(1+ |A] L) — 2F (Ejgm®)[ym! — 3BF Ejgm* — 2L Q.
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Remark that the conditions which assure thdt, (z,7) = 2cis a constant on
M are not suffice such that to impl‘fl’;iw(z, n) is also a constant of/ .

Corollary 3.2 — Let(M, F') be a connected 2 - dimensiorigl— E) complex
Finsler space which is weaklyédkler and A| # 0.

i) Then, K}, (z,n) = Oifand only if &, = F(J +Y)®.
i) If ®;m* = (V + H)® then

L 1 i
W =c(1+|A]PL) — 70(1 + 3FPAB + FABm*) — LIQf.  (39)

PrROOF: Proposition 3.1 i) gives the equivalence i), which work globally on
M. By Proposition 3.1 vi) we havé|;m® = —££ (B — F AB), which substituted
into vii) gives (3.9), owing to (2.11). Their global validity complete the prodfi

Theorem3.5— Let (M, F') be a connected 2 - dimensional — E) complex
Finsler space which is weakly&ler, |A| # 0 and

Dy, = [(J + Yl + (V + H)my.
Then

K&y (z,m) =0andK} ,(z,n) = —2L |9 < 0.
Moreover,K}i}u(z, n) is a constant onV if and only ifQ2 = %, wherea € C.
PROOF: It results by Corollary 3.2 and Proposition 3.1 vi) and vii). O

As a consequence of Theorem 3.1 and Proposition 3.1 ii), we obtain

Proposition3.2 — Let(M, F') be a connected 2 - dimensiorig E') complex
Finsler space. Ifitis weakly &hler, thenk; (z,n) = §(1+|A\2L) andKs(z,n) =
51— AP L).

Theorem3.6 — Let (M, F') be a connected 2 - dimensiongl. E) complex
Finsler space. If{ M, F') is weakly Kahler, then it is either purely Hermitian with
K}t \(z,m) = Kp,,(2,1) = 2c or itis non-purely Hermitian with(; , (z,7) = 0.
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PROOF : By Proposition 3.2, under assumption @fE), i.e. Ki(z,n) =
Ks(z,n), it follows ¢|A|> L = 0. This implies eithejA| = 0, i.e. (M, F) is
purely Hermitian ot A| # 0 andc = 0. Now, making| 4| = 0 in Proposition 3.1 it
resultsKk = W =c. O

Theorem3.7— Let (M, F') be a connected 2 - dimensional — £) complex
Finsler space. I M, F)) is K&hler, then it is either purely Hermitian or it is non-
purely Hermitian withK = W =1; = 0.

PROOF: The assumption of &hler givesd = () = 0. Now, using Proposition
3.21), itresultscAL = 0, and so, eithefA| = 0, i.e. (M, F') is purely Hermitian,
or|A| # 0 andc = 0. Moreover,Q2 = 0 and|A| # 0 imply K = W = 0.

Also, in this second case, the identity ii) from Lemma 3.BI§U - B\j|15 =0.
But, the relations (2.11), (2.12) adid= —B|sm* — £F lead toB|;; — Bj;|; =
—I|jm,;. Hence,IU =0. O

Note that the first class of spaces, obtained in the preceding Theorem, has the
horizontal holomorphic sectional curvatures in directidrsdy equal to the same
constant valu@c andI = 0. But, there are - dimensional complex Finsler spaces
with I = 0, which are not purely Hermitian, (see Proposition 4.1 from [5]). More-
over, the second class, obtained above, has propgrty, = 0. Thus, the horizon-
tal holomorphic sectional curvature in any direction of such spaces is also zero.

Theorem3.8— Let (M, F') be a connected 2 - dimensiong — £) complex
Finsler space withK = ¢ a nonzero constant oh/. If |A|* = 1 then,

Ry, = cLggr andW = 2c — L|Q)?.

Moreover,Kl’éyu(z,n) = 4c — 2|a|? is a constant on\/ if and only ifQ = &,
wherea € C.

PROOF: Taking into account Theorem 3.4 and Proposition 3.2 it resti]ts=
candK, = 0. Hence,R7;, = cLggr.

Now, the assum|otiot‘14|2 = % together with (2.12), (3.8) and Proposition 3.1
Vi) givesE‘gmg = (. So that, by Proposition 3.1 vii), we obtalWW = 2c— L |Q|2,
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which impIiesKﬁM(z, n) = 4¢ — 2L |Q|* . By means of this form OK?;M(Z, n),

the equivalence from Theorem is true. O

Remark3.1 : Note that any 2 - dimensional complex Finsler space which
satisfiesRy, = U(z,n)Lgir is a(n — E) space withK;(z,n7) = ¥(z,n) and
Ks(z,n) = 0. Moreover, if it is weakly Kahler, the Proposition 3.1 involves
AP = L and¥ = c.

4. HOLOMORPHICBISECTIONAL CURVATURES

We define thehorizontal holomorphic bisectional curvatuie directions{\, u}
by
Biau(z:m) = 2RO\, X, s 1) + 2R(p, i, A, N) (4.1)

and thevertical holomorphic bisectional curvatuie directions{l, m} by

By m(z:m) :=2R(1, I,m,m) 4+ 2R(m,m,1,1). (4.2)

Theorem4.1— Let (M, F') be a 2 - dimensional complex Finsler space. Then
i) Bty (2:m) = =2[Vism®+ 3V (V+H)|=2[+ Y5+ BOjg— s FBO(J+Y)];

i) By (z,m) = 0.

PrROOF: By (2.5) and (2.15),

RO\, g ) = MEmMm* Rz = —[Vism® + JV(V + H)] and

R(u i, A\, A) = m™mIMFR_p = £Yjg + BOjg — $FBO(J +Y'), which
imply i).

Similarly, by (2.5) and (2.13)R(,1,m, ) = F¥mPmkS, 5 = 0 and
R(m,m,1,1) = mfmjlhlksfﬂk =0, and so ii).

Changing the local coordinatés®, "), _15 into (2, 7/%), _1, it results
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Viem® + gV!(V! + H') = Vism® + 3V(V + H) and

%Ylg +B'0f — sFB'O'(J' +Y') = Y5+ BOp — 3FBO(J +Y), which

complete the proof. O

Suggested by [10], we consider here tmixed holomorphic bisectional cur-
vaturesin directions{\, m} and{l, u} , respectively. Namely,

Bram(z,n) :2R()\,5\,m,m)—|—2R(m,m,)\,5\);
Bpyu(zm) : =2R(, 1 p, 1) + 2R(u, 3, 1,1).

But, due to (2.3), (2.4) and (2.5), it resuR$\, A\, m,m) = R(u, i, 1,1) = 0.
So that,

Bpam(z,n) = 2R(m, m, \, X) = 2R, zm mI P 1F

= —2[+Y]5+ BO;; — $FBO(J +Y)] and

Bruyu(zm) = 2R(L, 1, p, [1) = 2Ry 7 mlmP = —2[Viom® + 3V(V+ H)).
These, together with Theorem 4.1, involve

Corollary4.1 — Let(M, F') be a 2 - dimensional complex Finsler space. Then,

B%’,A,u(zv 77) = BF,l,M(Zv 77) + BF,A,m(Z, 77)'

Theorem4.2— Let (M, F') be a connected 2 - dimensional — F) complex
Finsler space. Then

o1 2
Bl au(z,m) = —2[Vism® + 5V(v + H)| - Yo (4.3)

Moreover,
i) if it is weakly Kahler, thenBY: ,  (z,7) = 2¢(1 — [A]° L) — 2|®|*;
ii) if it is K ahler non-purely Hermitian , theﬁ}7A7u(z, n) = 0.

iii) if it is K ahler purely Hermitian, theB%/\ M(z, n) = 2c.
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PROOF: Since(M, F) is (n — E), Og — 3FO(J +Y) = 0, and so (4.3) is
true. i) results by Proposition 3.1 iii) and iv). The assertions ii) and iii) follow by
Theorem 3.7. |

Further more by above considerations, immediately results

Corollary 4.2 — Let(M, F') be a connected 2 - dimensiorigl— E) complex
Finsler space. Then,

2 < 1.
Bram(z,m) = —FY\() ; Briu(z,m) = —2[Vism® + §V(V +H).  (4.4)

Moreover,

i) ifitis weakly Kahler, themBr \ ,(2,1m) = Bryu(z,1)—2|®* andBp, .(z,1) =
c(1— A L);

ii) if the space is Khler non-purely Hermitian, then it is with vanishing mixed
holomorphic bisectional curvatures;

iii) if it is K @hler purely Hermitian, the®r; ,(2,7) = Bpam(z,1n) = c.

Theorem4.3— Let (M, F') be a connected 2 - dimension@al — E') complex
Finsler space. I{ M, F) is weakly Khler and|A|* = 1, then

Bau(zm) = —2]@> < 0.

Moreover,Bfé’A “(z, n) is a constant o/ if and only if® = 3, whereg € C.

PROOF: It results by Theorem 4.2 i), under assumptjﬂrh2 = % O
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