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1. INTRODUCTION

In 1961, [7] established an elementary but very basic geometric lemma for multi-
valued mappings by the mean of his own generalization of the classical Knaster-
Kuratowski-Mazurkievicz theorem [2, 3] used this fact to prove the Fan-Browder
fixed-point theorem, which is a more convenient form of Fan’s lemma. Later, by
establishing the existence of selection functions for set-valued mappings with open
fibers in product spaces, Deguire and Lassonde gave some fixed-point theorems in
product spaces for both compact and non-compact domains (see [6]). Readers may
consult[1,5, 8,9, 11, 13].

On the other hand, in the last few years, several important concepts of nonlinear
analysis have been extended from an Euclidean space to a Riemannian manifold
setting in order to go further in the study of the convexity theory, the fixed point
theory, the variational inequality and related topics. In fact, a manifold is not a lin-
ear space. In this setting the linear space is replaced by a Hadamard manifold and
the line segment by a geodesic in [14,16,17]. In 2003, [12] introduced and studied
the variational inequality on Hadamard manifolds. Some existence theorems of
solutions for the variational inequality are proved in [10].

Motivated and inspired by the research works mentioned above, in this paper,
we are interested in investigating generalized Browder-type fixed point theorems
on Hadamard manifolds. As applications, some existence results of solutions for
maximal element theorems, section theorems, a Ky Fan-type Minimax Inequality
and non-cooperative games on Hadamard manifolds are obtained.

2. PRELIMINARIES

First we recall some definitions in [4,12]. L&Y, g) be a complete finite-dimensional
Riemannian manifold with the Levi-Civita connectignon M. Letz € M and let
T.,.M denote the tangent spacerab M. We denote by, -),. the scalar product on
T,;M with the associated norif- ||, where the subscript is sometimes omitted.
Forz,y € M, letc : [0,1] — M be a piecewise smooth curve joiningo y.
Then the arc-length of is defined byl(c) = fol l(t)]|dt, while the Riemannian
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distance frome to y is defined byd(z, y) := inf. I(c), where the infimum is taken
over all piecewise smooth curves: [0,1] — M joining x to y. Recall that a
curvec : [0,1] — M joining z to y is a geodesic it(0) = z, ¢(1) = y and
Ve = 0,Vt € [0,1]. A geodesia : [0,1] — M joining x to y is minimal if its
arc-length equals its Riemannian distance betweandy. By the Hopf-Rinow
Theorem (see [4]), i/ is additionally connected, theid/, d) is a complete met-
ric space, and there is at least one minimal geodesic joinitogy. Moreover, the
exponential map at, exp, : 7,M — M is well-defined ol M. Clearly, a
curvec : [0,1] — M is a minimal geodesic joining to y if and only if there
exists a vectov € T, M such that|v|| = d(x,y) andc(t) = exp,(tv) for each
te[0,1].

Definition 2.1 — A Hadamard manifold/ is a simply-connected complete
Riemannian manifold of non-positive sectional curvature.

Throughout the remainder of the paper, we always assumeMhi a m-
dimensional Hadamard manifold. The following result is well-known and will be
useful.

Proposition2.1 [15] — Letxz € M. Then,exp, : T,M — M is a diffeo-
morphism, and for any two points y € M, there exists a uniqgue normal geodesic
joining x to y, which is in fact a minimizing geodesic.

A curvec : [0,1] — M is a minimal geodesic joining to y, thenc(1) =
exp, v = y. By Proposition 2.1, we haverp, ! (y) = v. Thuse(t) = exp, (texp; ! y).
The geodesic connecting two points is uniqgue on Hadamard manifold, so just say
it geodesic but not necessarily minimal geodesic.

Remark2.1 : (i) The exponential mapping and its inverse are continuous on
Hadamard manifolds; (ii) For any ¢ € M, the geodesic joiningto q isexp,,(t expgl q)
fort € [0,1].

In [12], geodesic convexity is introduced by Nemeth.

Definition2.2 [12] — A setK C M is said to be geodesic convex if, for any
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p,q € K, the geodesic joining to ¢ is contained inkK, i.e., for anyp,q € K,
exp,(t (3){ij1 q) € K forallt € [0,1].

In this paper, we introduce strongly geodesic convexity on Hadamard mani-
folds.

Definition2.3 — A setK C M is said to be strongly geodesic convex if, for
any giveno € M and for anyp, q € K, exp,((1 —t)exp; ' p +texp,q) € K
forallt € [0,1].

Remark2.2 : Wherno = p € K andqg € K,
exp,((1 —1t) expo_1 p+t expo_1 q) = exp,(t expgl q).
Hence we have

strongly geodesic convexitys- geodesic convexity

Lemma2.1 — K C M is strongly geodesic convex if and only if, for any
giveno € M and for any finite{zy,--- ,z,} C K, A1,---, A\, € [0,1] with
S A =1, we haveexp, (31 | Ajexp, ;) € K.

PROOF: It is enough to prove=, because= is trivial. We use mathemat-
ical induction. Whenn = 1,2, the statement is true. Suppose that it is true
for somen, we only prove thaexp, <Zf:+11 A exp; ! xz) € K for any finite
{21, &ns1} C K, A1, g1 € [0,1] with 3270, = 1. Without loss of
generality, we can assume tlat )\, < 1. Thus,

21_7:1-

i—1 /\n—i-l
Since it is true fom, then

n
)Y
Y 1= exp, (Z 1_71 exp, ! .I‘Z> c K.

i=1

Hence, we have

exPy(Ant1€xp, " Tny1 + (1 — Apy1) exp, ' y) € K.
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Since
expy(Ant1exp, Tng1 4+ (1= Ang1)exp,y)

n
-1 -1
= exp, ()\n+1 exp,  Tp41 + E exp, :L'i>,
i=1

then

n+1
exp, (Z A exp, ! $Z> € K.

=1
This completes the proof.

Definition 2.4 — A setS C M, the smallest strongly geodesic convex set
containing$ is defined byGco(S), called strongly geodesic convex hull §f

Next, the representation theorem of strongly geodesic convex hull is given.

Lemma2.2 — LetS C M, ando be any given point in\/.

Geo(S) = {expo (Z A exp, ! :):Z> :

i=1

VI, - ,Tn € S5, ,Ap € [0,1],2)\1‘:1}.
=1

ProoFr: Denote

D = {expo <Z A expg1 xz> :

i=1

Vi, @ € SiAL, -, Ay € [0,1],2)\2-:1}.
=1

() We proveD C Geo(S).

For any finite{xy, - -+ ,2,} C S C Gco(S), A1, -+, An € [0, 1] with 3"\ =
1, sinceGeo(S) is strongly geodesic convex by the definition 2.4, then, by lemma 2.1,

exp, <Z \; exp, ! xl> € Geo(S5).

=1
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ThusD C Geo(S).
(1) We proveGceo(S) C D.

Foranyz,y € D, there existny, mo, finite {x1, - ;2 } TS, A1, -, Ay €
[0,1] with >>7"% A; = 1, and finite{y1, - - - , Ym,} C S, p1, -+, my, € [0, 1] with
o2 i = 1 such that

mi ma2
T = exp, (Z A exp, ! :vz) , Y= exp, (Z i exp, ' yz> .

=1 =1
Hence, for any € [0, 1], we have

exp, (t exp;1 xr + (1-1) exp;1 Y)

mi m2
= exp, (Z tAiexp, 'z + Z(l — t)piexp, ! yi> .

=1 =1

Since

mi mo
D> (-t =1,
i=1 i=1

then
expo(texp,lx + (1 —t)exp,ly) € D.

Thus D is strongly geodesic convex. SinSeC D, thenGeo(S) C D by the
definition 2.3.

This completes the proof.
We also need the following result, which are due to Nemeth [12].

Lemma2.3 [12] — If K C M is nonempty, compact and geodesic convex,
then every continuous functioh: X — K has a fixed point.

By Remark 2.2, we have:
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Lemma2.4 — If K C M is nonempty, compact and strongly geodesic convex,
then every continuous functigh: K — K has a fixed point.

Definition2.5 — Let X andY be two Hausdorff topological spaces, ahd
X = Y be a set-valued mapping,

(1) If, for any open subse? of Y with O O F(z), there exists an open neigh-
borhoodU (x) of « such thatD > F(z') for anyz’ € U(x), F is said to be upper
semicontinuous at € X

(2) If F'is upper semicontinuous on eache X, F'is said to be upper semi-
continuous onx;;

(3) If, for any open subsed of Y with O F(x) # 0, there exists an open
neighborhood/(z) of z such thalO (" F(2') # () for anya’ € U(x), F is said to
be lower semicontinuous atc X;

(4) If F is lower semicontinuous on eaghe X, I is said to be lower semi-
continuous onX;

(B)foranyy € Y, F1(y) = {z € X|y € F(x)}.

3. MAIN RESULTS

Throughout this paper, Iéf be a Hadamard manifold be a nonempty, strongly
geodesic convex and compact subset of a Hadamard mandifolthd o be any
given point inM .

Theorem3.1— Let X be a nonempty, strongly geodesic convex and compact
subset ofM. Suppose that' : X = X andH : X = X are two set-valued
mappings with the following conditions:

(1) foranyz € X, GeoH(x) C F(x);
(2) for anyx € X, there existg € X such thatr € intH ~'(y);

Then there exists* € X such thatz* € F(z*).
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PROOF: By condition (2), we have
X =JimHE ().
yeX

Since X is nonempty and compact, then there exists a finite number of
intH Y (y1), - -+ ,intH *(y,) such that

n
X = U intH 1 (y;).
i=1

Let {o;]i = 1,--- ,n} be the partition of unity subordinate to open covering
{intH Y(y;)li =1,--- ,n} of X, i.e.,

n
0 < ay(x) <1, Zai(x)zl, VeeX,i=1,---,n;
i=1

and ifz ¢ intH'(y;) for somej, thena;(z) = 0.
Now we consider a functiori : X — X, defined by
f(z) = exp, (o (x) exp, Ly 4+ - + an(z) exp, L yn), Vo € X.

Then f is continuous, and by Lemma 2.4, there exigts € X such that
fla*) =",

Letl = {i € {1,---,n}{ai(z*) > 0}, then} . ;a;(z*) = 1 andz* ¢
intH ' (y;) ¢ H ' (y;) foralli € I,i.e.,y; € H(z*) for eachi € I. Thus, we
have

x* = f(z*) = exp, (Z ai(x*)empo_lyi) € GeoH(x*) C F(x").

el
This completes the proof.

Remark3.1 : If H=!(y) is open inX for eachy € X and H(z) # () for
all z € X, then, for anyz € X, there existyy € X such thaty € H(x), i.e.,
r € H '(y) = intH '(y). The condition (2) of theorem 3.1 is obtained. Thus
we have the following corollary:
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Corollary 3.1 — Let X be a nonempty, strongly geodesic convex and compact
subset ofM. Suppose that’ : X = X andH : X = X are two set-valued
mappings with the following conditions:

(1) foranyx € X, GeoH (z) C F(x);

(2) for anyy € X, H '(y) is open inX;
(B)H(x) #0forallz € X.

Then there exists* € X such that:* € F(z*).

WhenH(z) = F(z) for all z € X, we have the following corollary, which
can be regarded as the Fan-Browder fixed point theorem on Hadamard manifolds.

Corollary 3.2 — Let X be a nonempty, strongly geodesic convex and compact
subset of\/. Suppose thak’ : X = X is a set-valued mapping with the following
conditions:

(1) for anyz € X, F(x) is nonempty and strongly geodesic convexin
(2) for anyy € X, F~!(y) is open inX.
Then there exists* € X such that:* € F'(z*).

Next we give a maximal element theorem on Hadamard manifolds by theorem
3.1.

Theorem3.2— Let X be a nonempty, strongly geodesic convex and compact
subset ofM. Suppose thatl : X = X andB : X = X are two set-valued
mappings with the following conditions:

(1) Foreachz € X, z & GcoB(x).
(2) If A(x) # 0, then there existg € X such thatr € intB~!(y).
Then there exists* € X such thatd(z*) = 0.

PROOF: Suppose the contrary, thet{z) # () for all z € X. By Theorem 3.1,



138 ZHE YANG AND YONG JIAN PU
there existst* € X such thatr* € GcoB(z*), which contradict the fact that
x & GeoB(z) for eachr € X. This completes the proof.

Remark3.2 : If A(z) C B(x) for eachz € X, andA(x) # 0, then there exists
y € X such thaty € A(z) C B(z). Thusz € B~!(y). We have the following
corollary:

Corollary 3.3 — Let X be a nonempty, strongly geodesic convex and compact
subset ofM. Suppose thal : X = X andB : X = X are two set-valued
mappings with the following conditions:

(1) For eachr € X, A(x) C B(x).

(2) Foreachr € X, x & GeoB(x).

(3) For eachy € X, B~!(y) is open inX.

Then there exists* € X such thatd(z*) = 0.

In the case wher = B, Corollary 3.3 become the following result:

Corollary 3.4 — Let X be a nonempty, strongly geodesic convex and compact
subset ofV/. Suppose thatl : X = X is a set-valued mapping with the following
conditions:

(1) For eachr € X, x & GeoA(x).

(2) Foreachy € X, A~1(y) = {x € X|y € A(x)} is open inX.

Then there exists* € X such thatd(z*) = 0.

Next we prove a new section theorem on Hadamard manifolds by theorem 3.1.

Theorem3.3— For each i = 1,--- ,n, let X; be a nonempty, strongly
geodesic convex and compact subset of a Hadamard madifoldet

szzf1;¥h‘X_i: I x-

i=1 1< <,
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LetAq,---,A,and By, -, B, be2n subsets ofX,
Az(.%) = {.%'_Z‘ S X_i](a:i,x_i) S Ai}, Az(ac_z) = {J?Z S Xz‘(.%'z,l'_z) S Ai},
BZ(J,’%) = {a:_i S X_i\(a:i,x_i) S Bi}, Bl(:ll_z) = {J}Z S XZ’(J}“.T_Z) S Bz}
such that

(1) Foreachi =1,--- ,n,and anyz_; € X_;, there existy; € X; such that
Tr_; € intBi(yi);

(2) Foreachi =1,--- ,n,and anyz_; € X_;, GeoB;(x_;) C A;(x_;).

Then

n

ﬂAz’#@.

=1

PROOF: We define set-valued mappings: X = X andH : X = X by

where
Fi(x—;) = {yi € Xi|(yi,x—i) € Ai}, Hi(x—) = {yi € Xil(yi,z—i) € B;}.

By condition (2),GcoH (z) C F(z) for all z € X. Further, by condition (1),
for anyx € X, there existy € X such that: € intH(y). Thus, by theorem 3.1,
there exists* € X such that:* € F(z*), i.e.,

ﬂ&¢0
=1
Next, we study a Ky Fan-type Minimax Inequality on Hadamard manifolds.

First, we define the strongly geodesic concave functions on Hadamard manifolds.

Definition3.1 — Let K C M be strongly geodesic convex subset arik any
given pointinM. A function f : K — R is called strongly geodesic concave if,
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foranyz; € K,t; >0,i=1,--- ,nwith ) "  t; = 1, we have

f (GXPO(Z texp, ! l‘z‘)) > th‘f(mz‘);
i1

i=1

[ is called strongly geodesic quasi-concave if, for agye K, t; > 0, i =
L,---,nwith} "  t; =1, we have

T ie{l, - n

f (expo(Ztiexpgl :z:l)> >  min }{f(:):l)}
i=1

Theorem3.4— Let X be a nonempty, compact and strongly geodesic convex
subset of a Hadamard manifol/, and letf : X x X — R be a real-valued
function onX x X such that

(1) for eachy € X, x — f(x,y) is lower semicontinuous oK;

(2) foreachr € X,y — f(z,y) is strongly geodesic quasi-concave &
(3) f(x,z) <Oforall x € X.

Then there exists* € X such thatf(z*,y) < 0forall y € X.

PrROOF: We define the set-valued mappidg: X = X by

F(z) ={y € X[f(z,y) > 0}.

Suppose the contrary, then, for amye X, there existgy € X such that
y € F(z),i.e., F(z) # 0 foranyz € X. By condition (1),F~!(y) is open in
X for all y € X. By condition (2),F(x) is strongly geodesic convex. Hence, by
corollary 3.2, there exists* € X suchthat* € F(z*),i.e., f(z*, 2*) > 0, which
contradict the facf (x,z) < 0 for all x € X. This completes the proof.

4. APPLICATION TO GAMES

Next we shall use the new results to prove some new existence theorems of Nash
equilibrium points on Hadamard manifolds.
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Consider thes—person non-cooperative gafié/, X;, f;} on Hadamard man-
ifolds. Assume that

(1) I ={1,---,n}isthe set of players;
(2) for eachi € I, the nonempty seX;; is the strategy set ath player;
(3) foreachi € I, f; : [[,c; Xi — R s the payoff function ofth player.

We Sha” nOteX,i = H]EI\{’L} Xj, r—; = (-7;17 oty Ti—1, L4100 ,-’L‘n) €
X i,z = (zj,z_;) € X. 2" = (z},2*,;) € X is called a Nash equilibrium point
if, for each: € I,
filz},z*;) = max f;(u;,x*,).

U €X;

Theorem4.1 — Consider then—person non-cooperative gamg I, X;, f;}
on Hadamard manifolds satisfying the following conditions:

(1) for eachi € I, X; is a nonempty, compact and strongly geodesic convex
subset of a Hadamard manifold;;

(2) for eachi € I, f; is upper semicontinuous oX;

(3) for eachi € I and each fixed,; € X, fi(u;, ) is lower semicontinuous on
X i

(4) for each fixedi—; € X_;, fi(-,u_;) is strongly geodesic quasi-concave on
X;.

Then there exists at least one Nash equilibrium point

PROOF: We define the set-valued mappidgz) = [[,.; Ai(x), where

Ai(x) = {yi € Xilfi(zi,x—3) < filys,x—4)}, Vo € X.

By condition (2,3),4; ' (yi) = {z € X|fi(zi,2—i) < fi(yi,x—:)} is open in
X for eachi € I, thenA~!(y) = N;¢; A7 (y;) is openinX forally € X.
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Suppose that there exists € X such thatr € GcoA(z), then there exist
o€ M,y € Ax),j =1,---,mandt; > 0,7 = 1,--- ,mwith 37" 1 t; = 1
such thatr = exp, (Z}L tjexp, yj>. Since, for each fixed ; € X, fi(-,u_;)
is strongly geodesic quasi-concave ¥y then

m
fi(miyz i) = fi | exp,(O_tjeapy'yl),x—i | > min  filyl,x),
]:1 ]E{l,"',ﬂ’b}

which contradict the fact that € A(x) forall j =1,--- ,m, i.e.,
fi(zi,z—) < fi(yf,x,i), Vji=1,---,m.

By corollary 3.4, there exists* € X such thatd(z*) = 0, i.e., f;(z],z*;) >
fi(us, z* ;) forall u; € X; and for eachi € I.

Theorem4.2 — Consider then—person non-cooperative gamig I, X;, f;}
on Hadamard manifolds satisfying the following conditions:

(1) for eachi € I, X; is a nonempty, compact and strongly geodesic convex
subset of a Hadamard manifold;;

(2) foreachi € I, | f; is upper semicontinuous oX;
(3)foreachy € X, x — > ", fi(yi, z—;) is lower semicontinuous ok ;

(4) for eachz € X,y — >°I", fi(yi,x—;) is strongly geodesic quasi-
concave onx.

Then there exists at least one Nash equilibrium point

PROOF: We define the functiop : X x X — R, where

n

oz, y) =D filyirw—i) = filwnw-0)), Yy = (i, y—), & = (zi,2) € X.

i=1

By condition (2—4), we can check that

(i) for eachy € X, v — ¢(x,y) is lower semicontinuous oX ;
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(i) for eachz € X, y — (=, y) is strongly geodesic quasi-concave Xn
(i) p(z,xz) <Oforallz € X.

By theorem 3.4, there exisiS € X such thatp(z*,y) < Oforally € X. For
eachi € I and anyu; € X;, lety = (u;,2* ;) € X, then

e(@y) = filu,2ly) — filz" 22) <0,
fl(x;‘,a:*,z) = glea)é fl(ul,$*,l)

5. CONCLUSION

In this paper, we study the generalized Browder-type fixed point theorem on Hadamard
manifolds, which can be regarded as a generalization of the Browder-type fixed
point theorem for the set-valued mapping on an Euclidean space to a Hadamard
manifold. As applications, maximal element theorems, section theorems, a Ky
Fan-type Minimax Inequality and existence theorems of Nash equilibrium for non-
cooperative games on Hadamard manifolds are established.
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