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1. INTRODUCTION

In 1961, [7] established an elementary but very basic geometric lemma for multi-

valued mappings by the mean of his own generalization of the classical Knaster-

Kuratowski-Mazurkievicz theorem [2, 3] used this fact to prove the Fan-Browder

fixed-point theorem, which is a more convenient form of Fan’s lemma. Later, by

establishing the existence of selection functions for set-valued mappings with open

fibers in product spaces, Deguire and Lassonde gave some fixed-point theorems in

product spaces for both compact and non-compact domains (see [6]). Readers may

consult [1, 5, 8, 9, 11, 13].

On the other hand, in the last few years, several important concepts of nonlinear

analysis have been extended from an Euclidean space to a Riemannian manifold

setting in order to go further in the study of the convexity theory, the fixed point

theory, the variational inequality and related topics. In fact, a manifold is not a lin-

ear space. In this setting the linear space is replaced by a Hadamard manifold and

the line segment by a geodesic in [14,16,17]. In 2003, [12] introduced and studied

the variational inequality on Hadamard manifolds. Some existence theorems of

solutions for the variational inequality are proved in [10].

Motivated and inspired by the research works mentioned above, in this paper,

we are interested in investigating generalized Browder-type fixed point theorems

on Hadamard manifolds. As applications, some existence results of solutions for

maximal element theorems, section theorems, a Ky Fan-type Minimax Inequality

and non-cooperative games on Hadamard manifolds are obtained.

2. PRELIMINARIES

First we recall some definitions in [4,12]. Let(M, g) be a complete finite-dimensional

Riemannian manifold with the Levi-Civita connection5 onM . Letx ∈ M and let

TxM denote the tangent space atx toM . We denote by〈·, ·〉x the scalar product on

TxM with the associated norm‖ · ‖x, where the subscriptx is sometimes omitted.

For x, y ∈ M , let c : [0, 1] −→ M be a piecewise smooth curve joiningx to y.

Then the arc-length ofc is defined byl(c) =
∫ 1
0 ‖ċ(t)‖dt, while the Riemannian
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distance fromx to y is defined byd(x, y) := infc l(c), where the infimum is taken

over all piecewise smooth curvesc : [0, 1] −→ M joining x to y. Recall that a

curvec : [0, 1] −→ M joining x to y is a geodesic ifc(0) = x, c(1) = y and

5ċċ = 0, ∀t ∈ [0, 1]. A geodesicc : [0, 1] −→ M joining x to y is minimal if its

arc-length equals its Riemannian distance betweenx andy. By the Hopf-Rinow

Theorem (see [4]), ifM is additionally connected, then(M, d) is a complete met-

ric space, and there is at least one minimal geodesic joiningx to y. Moreover, the

exponential map atx, expx : TxM −→ M is well-defined onTxM . Clearly, a

curvec : [0, 1] −→ M is a minimal geodesic joiningx to y if and only if there

exists a vectorv ∈ TxM such that‖v‖ = d(x, y) andc(t) = expx(tv) for each

t ∈ [0, 1].

Definition 2.1 — A Hadamard manifoldM is a simply-connected complete

Riemannian manifold of non-positive sectional curvature.

Throughout the remainder of the paper, we always assume thatM is a m-

dimensional Hadamard manifold. The following result is well-known and will be

useful.

Proposition2.1 [15] — Letx ∈ M . Then,expx : TxM −→ M is a diffeo-

morphism, and for any two pointsx, y ∈ M , there exists a unique normal geodesic

joining x to y, which is in fact a minimizing geodesic.

A curve c : [0, 1] −→ M is a minimal geodesic joiningx to y, thenc(1) =
expx v = y. By Proposition 2.1, we haveexp−1

x (y) = v. Thusc(t) = expx(t exp−1
x y).

The geodesic connecting two points is unique on Hadamard manifold, so just say

it geodesic but not necessarily minimal geodesic.

Remark2.1 : (i) The exponential mapping and its inverse are continuous on

Hadamard manifolds; (ii) For anyp, q ∈ M , the geodesic joiningp to q is expp(t exp−1
p q)

for t ∈ [0, 1].

In [12], geodesic convexity is introduced by Nemeth.

Definition2.2 [12] — A setK ⊂ M is said to be geodesic convex if, for any
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p, q ∈ K, the geodesic joiningp to q is contained inK, i.e., for anyp, q ∈ K,

expp(t exp−1
p q) ∈ K for all t ∈ [0, 1].

In this paper, we introduce strongly geodesic convexity on Hadamard mani-

folds.

Definition2.3 — A setK ⊂ M is said to be strongly geodesic convex if, for

any giveno ∈ M and for anyp, q ∈ K, expo((1 − t) exp−1
o p + t exp−1

o q) ∈ K

for all t ∈ [0, 1].

Remark2.2 : Wheno = p ∈ K andq ∈ K,

expo((1− t) exp−1
o p + t exp−1

o q) = expp(t exp−1
p q).

Hence we have

strongly geodesic convexity⇒ geodesic convexity.

Lemma2.1 — K ⊂ M is strongly geodesic convex if and only if, for any

given o ∈ M and for any finite{x1, · · · , xn} ⊂ K, λ1, · · · , λn ∈ [0, 1] with∑n
i=1 λi = 1, we haveexpo

(∑n
i=1 λi exp−1

o xi

) ∈ K.

PROOF : It is enough to prove⇒, because⇐ is trivial. We use mathemat-

ical induction. Whenn = 1, 2, the statement is true. Suppose that it is true

for somen, we only prove thatexpo

(∑n+1
i=1 λi exp−1

o xi

)
∈ K for any finite

{x1, · · · , xn+1} ⊂ K, λ1, · · · , λn+1 ∈ [0, 1] with
∑n+1

i=1 λi = 1. Without loss of

generality, we can assume that0 < λn+1 < 1. Thus,

n∑

i=1

λi

1− λn+1
= 1.

Since it is true forn, then

y := expo

(
n∑

i=1

λi

1− λn+1
exp−1

o xi

)
∈ K.

Hence, we have

expo(λn+1 exp−1
o xn+1 + (1− λn+1) exp−1

o y) ∈ K.
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Since

expo(λn+1 exp−1
o xn+1 + (1− λn+1) exp−1

o y)

= expo

(
λn+1 exp−1

o xn+1 +
n∑

i=1

exp−1
o xi

)
,

then

expo

(
n+1∑

i=1

λi exp−1
o xi

)
∈ K.

This completes the proof.

Definition 2.4 — A setS ⊂ M , the smallest strongly geodesic convex set

containingS is defined byGco(S), called strongly geodesic convex hull ofS.

Next, the representation theorem of strongly geodesic convex hull is given.

Lemma2.2 — LetS ⊂ M , ando be any given point inM .

Gco(S) =

{
expo

(
n∑

i=1

λi exp−1
o xi

)
:

∀x1, · · · , xn ∈ S;λ1, · · · , λn ∈ [0, 1],
n∑

i=1

λi = 1

}
.

PROOF : Denote

D =

{
expo

(
n∑

i=1

λi exp−1
o xi

)
:

∀x1, · · · , xn ∈ S; λ1, · · · , λn ∈ [0, 1],
n∑

i=1

λi = 1

}
.

(I) We proveD ⊂ Gco(S).

For any finite{x1, · · · , xn} ⊂ S ⊂ Gco(S), λ1, · · · , λn ∈ [0, 1] with
∑n+1

i=1 λi =
1, sinceGco(S) is strongly geodesic convex by the definition 2.4, then, by lemma 2.1,

expo

(
n∑

i=1

λi exp−1
o xi

)
∈ Gco(S).
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ThusD ⊂ Gco(S).

(II) We proveGco(S) ⊂ D.

For anyx, y ∈ D, there existm1,m2, finite{x1, · · · , xm1} ⊂ S, λ1, · · · , λm1 ∈
[0, 1] with

∑m1
i=1 λi = 1, and finite{y1, · · · , ym2} ⊂ S, µ1, · · · , µm2 ∈ [0, 1] with∑m2

i=1 µi = 1 such that

x = expo

(
m1∑

i=1

λi exp−1
o xi

)
, y = expo

(
m2∑

i=1

µi exp−1
o yi

)
.

Hence, for anyt ∈ [0, 1], we have

expo(t exp−1
o x + (1− t) exp−1

o y)

= expo

(
m1∑

i=1

tλi exp−1
o xi +

m2∑

i=1

(1− t)µi exp−1
o yi

)
.

Since

m1∑

i=1

tλi +
m2∑

i=1

(1− t)µi = 1,

then

expo(t exp−1
o x + (1− t) exp−1

o y) ∈ D.

ThusD is strongly geodesic convex. SinceS ⊂ D, thenGco(S) ⊂ D by the

definition 2.3.

This completes the proof.

We also need the following result, which are due to Nemeth [12].

Lemma2.3 [12] — If K ⊂ M is nonempty, compact and geodesic convex,

then every continuous functionf : K −→ K has a fixed point.

By Remark 2.2, we have:
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Lemma2.4 — If K ⊂ M is nonempty, compact and strongly geodesic convex,

then every continuous functionf : K −→ K has a fixed point.

Definition2.5 — LetX andY be two Hausdorff topological spaces, andF :
X ⇒ Y be a set-valued mapping,

(1) If, for any open subsetO of Y with O ⊃ F (x), there exists an open neigh-

borhoodU(x) of x such thatO ⊃ F (x′) for anyx′ ∈ U(x), F is said to be upper

semicontinuous atx ∈ X;

(2) If F is upper semicontinuous on eachx ∈ X, F is said to be upper semi-

continuous onX;

(3) If, for any open subsetO of Y with O
⋂

F (x) 6= ∅, there exists an open

neighborhoodU(x) of x such thatO
⋂

F (x′) 6= ∅ for anyx′ ∈ U(x), F is said to

be lower semicontinuous atx ∈ X;

(4) If F is lower semicontinuous on eachx ∈ X, F is said to be lower semi-

continuous onX;

(5) for anyy ∈ Y , F−1(y) := {x ∈ X|y ∈ F (x)}.

3. MAIN RESULTS

Throughout this paper, letM be a Hadamard manifold,X be a nonempty, strongly

geodesic convex and compact subset of a Hadamard manifoldM ando be any

given point inM .

Theorem3.1— Let X be a nonempty, strongly geodesic convex and compact

subset ofM . Suppose thatF : X ⇒ X and H : X ⇒ X are two set-valued

mappings with the following conditions:

(1) for anyx ∈ X, GcoH(x) ⊂ F (x);

(2) for anyx ∈ X, there existsy ∈ X such thatx ∈ intH−1(y);

Then there existsx∗ ∈ X such thatx∗ ∈ F (x∗).
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PROOF : By condition (2), we have

X =
⋃

y∈X

intH−1(y).

Since X is nonempty and compact, then there exists a finite number of

intH−1(y1), · · · , intH−1(yn) such that

X =
n⋃

i=1

intH−1(yi).

Let {αi|i = 1, · · · , n} be the partition of unity subordinate to open covering

{intH−1(yi)|i = 1, · · · , n} of X, i.e.,

0 ≤ αi(x) ≤ 1,
n∑

i=1

αi(x) = 1, ∀x ∈ X, i = 1, · · · , n;

and ifx 6∈ intH−1(yj) for somej, thenαj(x) = 0.

Now we consider a functionf : X −→ X, defined by

f(x) = expo(α1(x) exp−1
o y1 + · · ·+ αn(x) exp−1

o yn), ∀x ∈ X.

Then f is continuous, and by Lemma 2.4, there existsx∗ ∈ X such that

f(x∗) = x∗.

Let I = {i ∈ {1, · · · , n}|αi(x∗) > 0}, then
∑

i∈I αi(x∗) = 1 andx∗ ∈
intH−1(yi) ⊂ H−1(yi) for all i ∈ I, i.e.,yi ∈ H(x∗) for eachi ∈ I. Thus, we

have

x∗ = f(x∗) = expo

(∑

i∈I

αi(x∗)exp−1
o yi

)
∈ GcoH(x∗) ⊂ F (x∗).

This completes the proof.

Remark3.1 : If H−1(y) is open inX for eachy ∈ X andH(x) 6= ∅ for

all x ∈ X, then, for anyx ∈ X, there existsy ∈ X such thaty ∈ H(x), i.e.,

x ∈ H−1(y) = intH−1(y). The condition (2) of theorem 3.1 is obtained. Thus

we have the following corollary:
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Corollary 3.1 — LetX be a nonempty, strongly geodesic convex and compact

subset ofM . Suppose thatF : X ⇒ X andH : X ⇒ X are two set-valued

mappings with the following conditions:

(1) for anyx ∈ X, GcoH(x) ⊂ F (x);

(2) for anyy ∈ X, H−1(y) is open inX;

(3) H(x) 6= ∅ for all x ∈ X.

Then there existsx∗ ∈ X such thatx∗ ∈ F (x∗).

WhenH(x) = F (x) for all x ∈ X, we have the following corollary, which

can be regarded as the Fan-Browder fixed point theorem on Hadamard manifolds.

Corollary 3.2 — LetX be a nonempty, strongly geodesic convex and compact

subset ofM . Suppose thatF : X ⇒ X is a set-valued mapping with the following

conditions:

(1) for anyx ∈ X, F (x) is nonempty and strongly geodesic convex inX;

(2) for anyy ∈ X, F−1(y) is open inX.

Then there existsx∗ ∈ X such thatx∗ ∈ F (x∗).

Next we give a maximal element theorem on Hadamard manifolds by theorem

3.1.

Theorem3.2— Let X be a nonempty, strongly geodesic convex and compact

subset ofM . Suppose thatA : X ⇒ X and B : X ⇒ X are two set-valued

mappings with the following conditions:

(1) For eachx ∈ X, x 6∈ GcoB(x).

(2) If A(x) 6= ∅, then there existsy ∈ X such thatx ∈ intB−1(y).

Then there existsx∗ ∈ X such thatA(x∗) = ∅.

PROOF : Suppose the contrary, thenA(x) 6= ∅ for all x ∈ X. By Theorem 3.1,
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there existsx∗ ∈ X such thatx∗ ∈ GcoB(x∗), which contradict the fact that

x 6∈ GcoB(x) for eachx ∈ X. This completes the proof.

Remark3.2 : If A(x) ⊂ B(x) for eachx ∈ X, andA(x) 6= ∅, then there exists

y ∈ X such thaty ∈ A(x) ⊂ B(x). Thusx ∈ B−1(y). We have the following

corollary:

Corollary 3.3 — LetX be a nonempty, strongly geodesic convex and compact

subset ofM . Suppose thatA : X ⇒ X andB : X ⇒ X are two set-valued

mappings with the following conditions:

(1) For eachx ∈ X, A(x) ⊂ B(x).

(2) For eachx ∈ X, x 6∈ GcoB(x).

(3) For eachy ∈ X, B−1(y) is open inX.

Then there existsx∗ ∈ X such thatA(x∗) = ∅.

In the case whenA = B, Corollary 3.3 become the following result:

Corollary 3.4 — LetX be a nonempty, strongly geodesic convex and compact

subset ofM . Suppose thatA : X ⇒ X is a set-valued mapping with the following

conditions:

(1) For eachx ∈ X, x 6∈ GcoA(x).

(2) For eachy ∈ X, A−1(y) = {x ∈ X|y ∈ A(x)} is open inX.

Then there existsx∗ ∈ X such thatA(x∗) = ∅.

Next we prove a new section theorem on Hadamard manifolds by theorem 3.1.

Theorem3.3 — For each i = 1, · · · , n, let Xi be a nonempty, strongly

geodesic convex and compact subset of a Hadamard manifoldMi. Let

X =
n∏

i=1

Xi, X−i =
∏

1≤j≤n,j 6=i

Xj .
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LetA1, · · · , An andB1, · · · , Bn be2n subsets ofX,

Ai(xi) = {x−i ∈ X−i|(xi, x−i) ∈ Ai}, Ai(x−i) = {xi ∈ Xi|(xi, x−i) ∈ Ai},
Bi(xi) = {x−i ∈ X−i|(xi, x−i) ∈ Bi}, Bi(x−i) = {xi ∈ Xi|(xi, x−i) ∈ Bi}

such that

(1) For eachi = 1, · · · , n, and anyx−i ∈ X−i, there existsyi ∈ Xi such that

x−i ∈ intBi(yi);

(2) For eachi = 1, · · · , n, and anyx−i ∈ X−i, GcoBi(x−i) ⊂ Ai(x−i).

Then
n⋂

i=1

Ai 6= ∅.

PROOF : We define set-valued mappingsF : X ⇒ X andH : X ⇒ X by

F (x) =
n∏

i=1

Fi(x−i), H(x) =
n∏

i=1

Hi(x−i),

where

Fi(x−i) = {yi ∈ Xi|(yi, x−i) ∈ Ai}, Hi(x−i) = {yi ∈ Xi|(yi, x−i) ∈ Bi}.

By condition (2),GcoH(x) ⊂ F (x) for all x ∈ X. Further, by condition (1),

for anyx ∈ X, there existsy ∈ X such thatx ∈ intH(y). Thus, by theorem 3.1,

there existsx∗ ∈ X such thatx∗ ∈ F (x∗), i.e.,

n⋂

i=1

Ai 6= ∅.

Next, we study a Ky Fan-type Minimax Inequality on Hadamard manifolds.

First, we define the strongly geodesic concave functions on Hadamard manifolds.

Definition3.1 — LetK ⊂ M be strongly geodesic convex subset ando be any

given point inM . A functionf : K −→ R is called strongly geodesic concave if,
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for anyxi ∈ K, ti ≥ 0, i = 1, · · · , n with
∑n

i=1 ti = 1, we have

f

(
expo(

n∑

i=1

ti exp−1
o xi)

)
≥

n∑

i=1

tif(xi);

f is called strongly geodesic quasi-concave if, for anyxi ∈ K, ti ≥ 0, i =
1, · · · , n with

∑n
i=1 ti = 1, we have

f

(
expo(

n∑

i=1

ti exp−1
o xi)

)
≥ min

i∈{1,··· ,n}
{f(xi)}.

Theorem3.4— Let X be a nonempty, compact and strongly geodesic convex

subset of a Hadamard manifoldM , and letf : X × X −→ R be a real-valued

function onX ×X such that

(1) for eachy ∈ X, x −→ f(x, y) is lower semicontinuous onX;

(2) for eachx ∈ X, y −→ f(x, y) is strongly geodesic quasi-concave onX;

(3) f(x, x) ≤ 0 for all x ∈ X.

Then there existsx∗ ∈ X such thatf(x∗, y) ≤ 0 for all y ∈ X.

PROOF : We define the set-valued mappingA : X ⇒ X by

F (x) = {y ∈ X|f(x, y) > 0}.

Suppose the contrary, then, for anyx ∈ X, there existsy ∈ X such that

y ∈ F (x), i.e., F (x) 6= ∅ for anyx ∈ X. By condition (1),F−1(y) is open in

X for all y ∈ X. By condition (2),F (x) is strongly geodesic convex. Hence, by

corollary 3.2, there existsx∗ ∈ X such thatx∗ ∈ F (x∗), i.e.,f(x∗, x∗) > 0, which

contradict the factf(x, x) ≤ 0 for all x ∈ X. This completes the proof.

4. APPLICATION TO GAMES

Next we shall use the new results to prove some new existence theorems of Nash

equilibrium points on Hadamard manifolds.
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Consider then−person non-cooperative gameΓ{I,Xi, fi} on Hadamard man-

ifolds. Assume that

(1) I = {1, · · · , n} is the set of players;

(2) for eachi ∈ I, the nonempty setXi is the strategy set ofith player;

(3) for eachi ∈ I, fi :
∏

i∈I Xi −→ R is the payoff function ofith player.

We shall noteX−i =
∏

j∈I\{i}Xj , x−i = (x1, · · · , xi−1, xi+1, · · · , xn) ∈
X−i, x = (xi, x−i) ∈ X. x∗ = (x∗i , x

∗
−i) ∈ X is called a Nash equilibrium point

if, for eachi ∈ I,

fi(x∗i , x
∗
−i) = max

ui∈Xi

fi(ui, x
∗
−i).

Theorem4.1 — Consider then−person non-cooperative gameΓ{I, Xi, fi}
on Hadamard manifolds satisfying the following conditions:

(1) for eachi ∈ I, Xi is a nonempty, compact and strongly geodesic convex

subset of a Hadamard manifoldMi;

(2) for eachi ∈ I, fi is upper semicontinuous onX;

(3) for eachi ∈ I and each fixedui ∈ Xi, fi(ui, ·) is lower semicontinuous on

X−i;

(4) for each fixedu−i ∈ X−i, fi(·, u−i) is strongly geodesic quasi-concave on

Xi.

Then there exists at least one Nash equilibrium pointx∗.

PROOF : We define the set-valued mappingA(x) =
∏

i∈I Ai(x), where

Ai(x) = {yi ∈ Xi|fi(xi, x−i) < fi(yi, x−i)}, ∀x ∈ X.

By condition (2,3),A−1
i (yi) = {x ∈ X|fi(xi, x−i) < fi(yi, x−i)} is open in

X for eachi ∈ I, thenA−1(y) =
⋂

i∈I A−1
i (yi) is open inX for all y ∈ X.
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Suppose that there existsx ∈ X such thatx ∈ GcoA(x), then there exist

o ∈ M , yj ∈ A(x), j = 1, · · · ,m andtj ≥ 0, j = 1, · · · ,m with
∑m

j=1 tj = 1

such thatx = expo

(∑m
j=1 tj exp−1

o yj
)

. Since, for each fixedu−i ∈ X, fi(·, u−i)
is strongly geodesic quasi-concave onXi, then

fi(xi, x−i) = fi


expo(

m∑

j=1

tjexp−1
o yj

i ), x−i


 ≥ min

j∈{1,··· ,m}
fi(y

j
i , x−i),

which contradict the fact thatyj ∈ A(x) for all j = 1, · · · ,m, i.e.,

fi(xi, x−i) < fi(y
j
i , x−i), ∀j = 1, · · · , m.

By corollary 3.4, there existsx∗ ∈ X such thatA(x∗) = ∅, i.e.,fi(x∗i , x
∗
−i) ≥

fi(ui, x
∗
−i) for all ui ∈ Xi and for eachi ∈ I.

Theorem4.2 — Consider then−person non-cooperative gameΓ{I,Xi, fi}
on Hadamard manifolds satisfying the following conditions:

(1) for eachi ∈ I, Xi is a nonempty, compact and strongly geodesic convex

subset of a Hadamard manifoldMi;

(2) for eachi ∈ I,
∑n

i=1 fi is upper semicontinuous onX;

(3) for eachy ∈ X, x −→ ∑n
i=1 fi(yi, x−i) is lower semicontinuous onX;

(4) for eachx ∈ X, y −→ ∑n
i=1 fi(yi, x−i) is strongly geodesic quasi-

concave onX.

Then there exists at least one Nash equilibrium pointx∗.

PROOF : We define the functionϕ : X ×X −→ R, where

ϕ(x, y) =
n∑

i=1

[fi(yi, x−i)− fi(xi, x−i)], ∀y = (yi, y−i), x = (xi, x−i) ∈ X.

By condition (2–4), we can check that

(i) for eachy ∈ X, x −→ ϕ(x, y) is lower semicontinuous onX;
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(ii) for eachx ∈ X, y −→ ϕ(x, y) is strongly geodesic quasi-concave onX;

(iii) ϕ(x, x) ≤ 0 for all x ∈ X.

By theorem 3.4, there existsx∗ ∈ X such thatϕ(x∗, y) ≤ 0 for all y ∈ X. For

eachi ∈ I and anyui ∈ Xi, let y = (ui, x
∗
−i) ∈ X, then

ϕ(x∗, y) = fi(ui, x
∗
−i)− fi(x∗, x∗−i) ≤ 0,

fi(x∗i , x
∗
−i) = max

ui∈Xi

fi(ui, x
∗
−i).

5. CONCLUSION

In this paper, we study the generalized Browder-type fixed point theorem on Hadamard

manifolds, which can be regarded as a generalization of the Browder-type fixed

point theorem for the set-valued mapping on an Euclidean space to a Hadamard

manifold. As applications, maximal element theorems, section theorems, a Ky

Fan-type Minimax Inequality and existence theorems of Nash equilibrium for non-

cooperative games on Hadamard manifolds are established.

REFERENCES

1. Q. H. Ansari and J. C. Yao, A fixed point theorem and its applications to the system

of variational inequalities,Bull. Austral Math. Soc., 59 (1999), 433–442.

2. F. E. Browder, The fixed point theory of multi-valued mappings in topological vec-

tor spaces,Math. Ann., 177(1968), 283–301. (1968).

3. F. E. Browder, A New generalization of the Schauder fixed point theorem,Math.

Ann., 174(1967), 285–290.

4. I. Chavel, Riemannian Geometry A Modern Introduction, Cambridge University

Press, 1993.

5. P. Deguire, Browder-Fan fixed point theorem and related results, Discuss,Nath.

Differential Incl., 15 (1995), 149–162.



144 ZHE YANG AND YONG JIAN PU

6. P. Deguire and M. Lassonde, Familles selectantes,Topol. Methods Nonlinear Anal.,

5 (1995), 261–269.

7. K. Fan, A generalization of Tychonoff’s fixed point theorem,Math. Ann., 142
(1961), 305–310.

8. K. Fan, : Extension of two fixed point theorems of F.E. Browder,Math. Z., 112
(1969), 234–240.

9. K. Fan, Some properties of convex sets related to fixed point theorems,Math. Ann.,

266(1984), 519–537.

10. S. L. Li, C. Li, Y. C. Liou and J. C. Yao, Existence of solutions for variational

inequalities on Riemannian manifolds,Nonlinear Analysis71 (2009), 5695–5706.

11. L. J. Lin, Applications of a fixed point Theorem in G-convex spaces,Nonlinear

Anal., 46 (2001), 601–608.

12. S. Z. Nemeth, Variational inequalities on Hadamard manifolds,Nonlinear Anal., 52
(2003), 1491–1498.

13. S. Prak, New topological versions of the FanCBrowder fixed point theorem,Non-

linear Anal., 47 (2001), 595–606.

14. T. Rapcsak, Smooth Nonlinear Optimization in Rn. Kluwer Academic Publishers,

1997.

15. T. Sakai, Riemannian Geometry. Translations of Mathematical Monographs 149,

American Mathematical Society, Providence, RI, 1996.

16. C. Udriste, Convex Functions and Optimization Methods on Riemannian Manifolds,

in: Mathematics and its Applications. Vol. 297, Kluwer Academic Publishers,

1994.

17. R. Walter, On the metric projections onto convex sets in Riemannian spaces,Arch.

Math., 25 (1974), 91–98.


