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In this article, we discusg® 9-class operators and“™**-class operators
which can be viewed as a "localization” of the notions of topological ergod-
icity and weakly mixing respectively.
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1. INTRODUCTION AND PRELIMINARIES

A discrete dynamical system is simply a continuous mapfiingX — X where
X is a complete separable metric space. For X, the orbit ofx underT is
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Orb(T,x) = {x,T(z), T*(z),...} whereT™ = ToTo---oT is then'! iteration
of T

In this paper, we are interested in the case of That a bounded linear opera-
tors on a Banach spacé. There have been many dynamical properties discussed
such as hypercyclic, frequently hypercyclic, topological mixing, Devaney chaos
and so on. Specially, ones gave characterizations of these properties for unilateral
backward weighted shift operators.

Let us recall some basic notions and conclusions in dynamical systems (see
[1], [2] and [6]).

Let A = {n};, be asubsetdf. Denotelm,n| = {m,m+1,...,n—1,n}
for any two integersn, n € N withm < n. A is said to be thick, if for each € N
there existsV € N such thafN +1, N +n] C A. DenoteF; the family of all thick
sets. A is said to be syndetic, fup(ni+1 — nk) < oo, i.e., A has bounded gaps.
DenoteF; the family of all syndketic setsA is said to be thickly syndetic, if for
anyn € N there exists a syndetic s€t < s < ... such that@l[s;?, sj +n] C A.
j=

DenoteF;, the family of all thickly syndetic sets.

The lower density o is defined by
lim inf A0 n =1

n—oo n

Similarly, the upper density od is defined by

A 1,...,n—1
hmsup n{()? Y 7n }) > O

n—00 n

LetT : X — X be an operator acting on a separable Banach sfgaé®r any
U,V C X andz € X, define

Np(z,V)={neN;T"(z) e V},

and
Np(U, V) ={n e N;T"(U)[|V # ¢}.
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Then we can use these sets to describe some notations of dynamical proper-
ties. For any nonempty open subséts” C X, if Np(U, V) is nonempty (or
infinite), thenT" is called hypercyclic; iftNy (U, V) is a thick set, thefT" is called
topologically weakly mixing; ifNp (U, V') is cofinite (i.e., it contain&V, +oo) for
someN € N), thenT is called topologically mixing; itN;(U, V') is a syndetic set,
thenT is called topologically ergodic. If there exists a vectoe X such that for
any open subsefs C X, Np(x, V) has positive lower density, théh is called
frequently hypercyclic.

Let [P be the classical Banach space of absolutélypower summable se-
quencest = (x1,z2,...) and we usdg| - ||, to represent its norm. LeR =
{wn}22, be a bounded sequence of nonzero complex numbers ang ket the
projection fromi? to then'® coordinate, i.eq,(z) = x, forn > 1. The unilateral
backward weighted shift operatérwith weight sequence is defined on? by

Tn o T(x) = wppy1, foralln>1,
wherex = (z1, zo, .. .).

Proposition1.1 — Supposé’ is a weighted backward shift operator 6h
1 < p < oo, with weight sequencéw, }°° ;. Denotef(n) as

ﬁ(n):Hwi, for n=1,2,... ,

=1

then

(I) ([7]) T is Devaney chaotic if and only i} W < o0;
n=1

(II) ([3]) T is topologically mixing if and only iflim |3(n)| = occ.

(LIT) ([9]) T is hypercyclic if and only ifI" is weakly mixing, if and only if

limsup |3(n)] = oco.

In the present article, we shall discug&9-class operators and*“™*-class
operators which can be viewed as a "localization” of the notions of topologi-
cal ergodicity and weakly mixing respectively. This is inspired by the work of
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G. Costakis and A. Manoussos. In their article [4], J-class operators are well dis-
cussed.

Definition1.2 — LetT : X — X be an linear operator acting on a Banach
spaceX andx € X. TheJ-set ofz is defined by

J(x) ={y € X : there exist a strictly increasing sequence of positive
integers {ky,} and a sequence {x,} C X such that x,, — = and

T (25) — y}

or equivalently

J(x) ={y € X : for every pair of neighborhoods U,V of x,y respectively,
Nr(U,V) is ainfinite set}.

Furthermore,z is called a J-vector if/(z) = X and7 is called a J-class
operator if there exists a nonzero J-vector.
A characterization of hypercyclic operators through J-sets had been given.

Proposition1.3 — LetT : X — X be an operator acting on a separable
Banach spac&’. The following are equivalent.

() T is hypercyclic;
(i) For everyz € X it holds that/(z) = X;

(i) The setA = {x € X : J(z) = X} is dense inX.

2. J¢r9-CLASS AND J¥™%-CLASS OPERATORS

Definition2.1 — LetT : X — X be an linear operator acting on a Banach space
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X andz € X. TheJ"9-set ofx is defined by

J(x) ={y € X : for every pair of neighborhoods U,V of x,y respectively,
Nr(U,V)is a syndetic set.}

Furthermorey is called aJ"9-vector if J9(z) = X andT is called aJ¢"9-
class operator if there exists a nonzdfé9-vector.

Proposition2.2 — LetT : X — X be a linear operator acting on a separable
Banach spac&’. Then

(i) The set of allJ¢"9-vectors is closed;
(i) For any J¢"9-vectorz and any\ € C, Az is aJ<"9-vector.

PrROOF: (i) Let {z,,} be a sequence of*"9-vectors andc,, — x asn — oo.
Given any nonempty open sitin X and any neighborhood” of z. Then there
existsn € N such thatz,, € W. Consequently, there is a neighborhdéf x,,
such thaty C W. SinceNy(U,V) C Np(W, V), thenN¢ (W, V) is a syndetic
set and hence is aJ¢"9-vector.

(i) Let = be aJ¢"9-vector and\ € C. Suppose\ # 0. Given any nonempty
open set/ in X and any neighborhoadd of A\z. Denotel/’ = %U ={\y;y € U}
andV’ = %V = {\y;y € V}. ThenU’ andV"’ are two nonempty open sets and
Nr(U’, V") is syndetic. Notice thal,(U,V) = Np(U’, V). Therefore \z is a
Jer9-vector. Since%x — 0 asn — oo, then0 is aJ<"9-vector by (i).

Now it is not difficult to give a characterization of topological ergodicity by
Je9 sets.

Proposition2.3 — LetT : X — X be a linear operator acting on a separable
Banach spac&’. The following are equivalent.

() T is topologically ergodic;

(I) For everyz € X it holds that/<"9(x) = X,
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(Ill) The setA = {z € X : J9(z) = X} is dense inX.
We shall show another version of a useful lemma in [2].

Lemma2.4 — LetT : X — X be a linear operator acting on a separable
Banach spac& and letz be a J-vector.

(i) For any neighborhootl” of 0, any neighborhood@ of z and any nonempty
open subsel in X, the setsVy (U, W) and N¢ (W, V') are thick.

(if) Suppose that all the seté, (U, V') (| N (W, V') are nonempty, fot/, V, W
as above. Then all these sets are thick.

PrROOF: Notice that0 is a J-vector ifT" is a J-class operator. If we replage
being J-vector to the condition @fbeing hypercyclic, the proof of [2] also holds.

Proposition2.5 — LetT : X — X be a linear operator acting on a separable
Banach spac&. If x, y are any twaJ<"9-vectors, then: + y is aJ-vector.

PROOF: Suppose that andy are two.J9-vectors. Given any nonempty
open setV in X and any neighborhoold of z + y. There exist a neighborhood
U, of z, a neighborhood/; of , a neighborhood” of 0 and a nonempty open set
V' CVsuchthat/; + Uy = {a+b;a € Uy andb € Uy} CU andV' + W =
{a+b;a € V'andb e W} C V. By Lemma2.4Np(U;, W) is thick. In addition,
Np(Usp, V') is syndetic. ThusNy(U, W) 2 Np(Uy, W) Np(Us2, V') # ¢ and
consequently + y is a.J-vector.

Lemmaz2.6 [8] — Suppose€l’ is a weighted backward shift operator &h
1 < p < oo, with weight sequencéw,, }°° ;. Then the following conditions are
equivalent:

(I) T is topologically ergodic;
(II) ForanyK > 0, the set{n € N; |3(n)| > K} is syndetic;

(III) ForanyK > 0, the set{n € N; |3(n)| > K} is thickly syndetic.
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Theorem?2.7 — Suppose thal’ is a weighted backward shift operator &h
1 < p < oo, with weight sequencéw,, }5° ;. Then the following conditions are
equivalent:

(i) T is a J¢"9-class operator;
(ii) 0 is a J"9-vector;
(7i1) T is topologically ergodic

PROOF: (i) = (ii) and(izi) = (i) are obvious. It suffices to prove:) =
(73t). Suppose thatis a.J¢"9-vector. Then the proof dff) = (/I) in Lemma 2.6
also holds, consequently the det € N; |5(n)| > K} is syndetic for any’ > 0
and hencd’ is topologically ergodic.

Similarly, we can introduce a "localization” of the notion of weakly mixing.

Definition2.8 — LetT : X — X be an linear operator acting on a Banach
spaceX andz € X. TheJ¥™*-get ofz is defined by

JUmiE(x) = {y € X : for every pair of neighborhoods U,V of x,y respectively,
Nr(U,V)is a thick set}.

Furthermore is called aJ¥™=-vector if J¥™*(z) = X andT is called a
JY™iT_class operator if there exists a nonzgtty™'*-vector.

A characterization of topological weakly mixing '™ sets is easily ob-
tained.

Proposition2.9 — LetT : X — X be a linear operator acting on a separable
Banach spac&’. The following are equivalent.

(I) T is weakly mixing;
(I) For everyz € X it holds that/¥™*(z) = X;

() The setA = {z € X : J¥™%(z) = X} is dense inX.
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Theorem2.10— LetT : X — X be a linear operator acting on a separable
Banach spaceX .If z is a J°"9-vector, thenr is a J*™*-vector. Furthermore, if’
is a.J¢"9-class operator, theff is a J*™*-class operator.

PROOF: Suppose that is a J¢"9-vector. Given any neighborhodd of =
and any nonempty open subdétin X. There exist a neighborhodd’ of z, a
nonempty open subsé&t’ and a neighborhootl’ of 0 such thaty’ + W C U
andV/ + W C V. By Lemma 2.4 Np(U’, W) is thick. In addition, N (W, V")
is syndetic. ThusNy(U, V) 2 Np(U', W) Nr(W, V') # ¢ and consequently
Nr(U,V) is thick by Lemma 2.4. O

In [4], J™*-class operators have been discussed.

Definition2.11 — LetT : X — X be an linear operator acting on a Banach
spaceX andz € X. TheJ™*-set ofn is defined by

J™e (1) = {y € X : there exist a sequence {x,} C X such that

Ty — xand T"(zy,) — y}
or equivalently

J™(x) = {y € X : for every pair of neighborhoods U,V of x,y respectively,
Nr(U,V)is a cofinite set}.

Furthermore,r is called aJ™*-vector if J™*(z) = X andT is called a
J™M%-class operator if there exists a nonzeft/*-vector.

Proposition2.12 [4] — LetT : X — X be a linear operator acting on a
separable Banach spa&e The following are equivalent.

(i) T is mixing;
(i) For everyz € X it holds that/™* (z) = X;

(iii) The setA = {z € X : J™*(z) = X} is dense inX.
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Now one can see
J™ME _ class = J9 — class = JY™ — class = J — class.

Specially, they are equivalent for backward unilateral weighted shift¥¢N).
This is a straightforward corollary of the following conclusion from [5].

Proposition2.13 [5] — LetT : [*°(N) — [°°(N) be a backward unilateral
weighted shifts with positive weightsy,, } ,en. Then the following are equivalent.

(i) T is aJ-class operator;

(ii) T is aJ™-class operator;

n
(iii) nlglgo(;gg Zl;[l Qitj) = F00.
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