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Let C be a smooth (irreducible) curve of degréén P2. Let P? — P be
the Veronese embedding and Tt denote the homogeneous ideal®fon
P5. In this note we explicitly write down the minimal free resolutionZef

ford > 2.
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1. INTRODUCTION

In [3], the author has remarked, " It is very exceptional to be able to construct the
whole resolution explicitly, let alone to be able to do so by hand!.” This remark of
Lazarfeld motivated us to try to explicitly calculate whole resolutions of projective

varieties.
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In this paper we have explicitly calculated the whole resolutions of the Veronese
embedding of plane curves. We look at the even and odd degree curves separately
and get the explicit resolution for both.

Let C be a smooth and irreducible projective curve dntbe an ample line
bundle onC', generated by its global sections. Thekletermines a morphism

&y :C — P(H(L)) =P"

wherer = h°(L) — 1. Also we have that ifL is very ample, thenb; is an
embedding.

Let Z¢ be the homogeneous ideal @fin P" and.S, homogeneous coordinate
ring of the projective spac®
Let R = S/Z¢, then the minimal graded free resolution/®fs the following exact
sequence of free modules:

where eaclty; is a direct sum of twists af, i.e.

E; = ®;5(—a;),

And the mapsg;'s in the above exact sequence are given by matrices of homo-
geneous forms and none of the entries in the above matrices are non-zero constants.
Note thatEy = S and the image ofi; is the ideal ofS, Z..

In this note we look at”, a smooth(irreducible) curve of degrdesuch that
C — P?(hereL is O¢(1)). Now because of the Veronese embedding, we get an
embedding o in P> which is nothing but the embedding 6fin P° due to the
very ample line bundleD(2). We explicitly calculate minimal free resolution of
Zc and in particular get the equations definifign P°. Most of the definitions in
this note are from [1] and [2].
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NOTATIONS

Thefirst syzygy modulis defined as the image of, in E; in the exact sequence
(A) and is denoted by SyZZc).

The k™ syzygy modulés defined inductively to be the module of syzygies of
the (k — 1)% syzygy moduleHence we have the following inductive relation:

SyZ'(Z¢) = Syz' (SyZ~ ' (Z¢))

2. RESOLUTIONS OFVERONESEEMBEDDING
Considers : P? — P such that fop = (ag, a1, a2) € P?,

U(p) = (G?V apai, apaz, CL%, a1az, a%)

This is called thé/eronese embeddirad P? in P° [2].

Now if 2o, Zo1, Zo2, Z11, Z12, Z22 denote homogeneous coordinate®drthen
one has a description of P?) as the zeros of the six minors of the followiBg 3
symmetric matrix.

Too To1 o2
o1 T11 T12

To2 Ti2 T2
Moreover we also get a map,
0 : klzoo, o1, o2, T11, T12, T22] — k[z0, 21, 2]

such thatﬁ(xij) = ZiTj VO<i< <2

Also the defining equations of this embedding are:

_ 2
Agp = 11222 — T1y
Ag1 = zo1222 — T12T02
Ag2 = zo1Z12 — To2T11
2
A1y = xooT22 — Ty
A1z = 2ooZ12 — To2T01

_ 2
A9y = TooT11 — Z(H;
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Notice that,

ker(&) =< Al‘,j,vo << j <2 >

From now we will denotdc[xoo, 01,202, L11,L12, 3322] asS. And ford ¢ Z,
S(d) is the gradeds module such tha¥(d),, = Sgin

Theorem1 [4] — The idealZp2 of o(P?) in P° has the following resolution.

where,

My

Mo

Aoo,

Zo2
—Z12

x22

o1
—T11
—Z02

T12
—X22

0

0

Aot

Z02

—ZT12

€22

Z0oo

—Z01
Z02
—Z02

Z12
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Zo1
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Loo

To2
—Z01
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—Z12

All?

—0
zo1
Z02

—Z11

22

A127

0

Zo1

—Z11

Z12

Ao

oo

0

Z0o2
—x11

Z12

0— S(—4)% % 5(-3)#8 1 5(—2)=0 M 75, 0
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o2

(1)

)

®3)
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3. RESOLUTIONS OFPLANE CURVES IN THE VERONESEEMBEDDING

Let C be a smooth(or irreducible) curve such th@t;— P2. Hence C is given by

a irreducible polynomial in three variables. Now recall that— P°. Hence we
haveC — P2 % P°. We will compute the syzygies of the homogeneous ideal
Z,(c) using this embedding and the resolution of the Veronese embedding above.
Let C be defined by the polynomidl of degreed in three variables. Hence,

C = Z(f(xo, x1,2))

Let,
_ 3k
f= Y agerhriah

itjt+k=d

3.1: Degree off is even

We haved is even (sa@m), and

— i .9 ..k
f= 2 ajkzieich

i+j+k=2m

Lemma2 — Im(0) is a sub-algebra oK [z, z1, z2] and is generated by even
polynomials.

PROOF: To prove thatf € Im(#). We split f in four parts, depending on the
parities ofi,j k, i.e., f = fL + fIT + fHT 4 f1V with;

I _ i,.J ..k
=3 ajkehaias

i+j+k=d,
,j,k even

and so on.

Casel : Wheni, j, k are all even, consider
s i ik
F = Z WijkToT1 25,

i+j+k=d
i,7,k even
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Notice thatd(FT) = !

Casell : Wheni is even,j andk odd, consider

S
pIl_ I
= AijkTool11 Too T12
i+j+k=d
i even
7,k odd

Similarly as Case W(F) = f1I

Caselll : With ¢ is odd,j is even,k is odd consider

111 i-1 j k=1
— 2 2 2
= E: QAijkToy T11L99 L02

i+j+k=d

jeven

i,k odd

g(FIIT) — £1IT

CaselV : iis odd,j is odd,k is even consider,

i—1 j—1 k

FIV= Y aipaed o1 235m0r
i+j+k=d
k even
1,7 odd
Q(FIV) — fIv
Now let,
F—Fl.plI  plI  pIv

Then

o(F) = f

Hencef € Im(6).

Lemma3 —LetG € S such that(G homogeneous an&(0(F)) C Z(0(G)) C
P2, whereF is a irreducible polynomial of even degree. TH&re< F, A; ; : 0 <
i< j<2>.
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PROOF: Letf(G) = g, theng is a homogeneous polynomial and,

Z(f) c 2(9)
= g € (f) asC'is airreducible curve and hengds irreducible hence,
g = f.h for someh homogeneous ik [z, 1, x2]
Now f andg are even degree implies thais of even degree hencgH € S,

homogeneous such thatH ) = h.
Thusé(G) =0(F).0(H) =60(F.H),

=0(G—-FH)=0
= G — F.H € ker(0)

=G-FH= Z A;;S;; for someS;; € S, S;; homogeneous
0<i<j<2

=Ge<FA;:0<i<j<2>
This completes the proof of the lemma.

Now recall M, and M3 from equations (2) and (3), from now we will denote
them as below: Let us denote ti&row of M, asW; and;™ row of M5 asGj, for
1 <i<8andj =1,2,3. Hence we get,

My=[ Wi, W, Wy, Wi, Ws, We, Wi, Wy (+)
Mgz[Gl, G, Gg] ()

Theorem4 — Let C be an irreducible curve of even degree shy= 2m,
m > 1. The homogeneous ide&d of o(C) in P? has the following resolution.

0— S(—m—4)% X354 g 5(—m—3)%"
B2 5(=3)¥ @ S(—m —2)¥0 2 §(—2)%6
®S(-m) = § — §/Ic — 0 (4)
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where,
o = { [Mi], F} (5)
Let
ar = (W, Wy, Wi, Wi, Wi, W§, Wi, W,
Uoo, Uot, Up2, U1, Uiz, Us2] (6)
where
Wi
W’L/ = [ 0 ] \V/’L — ]., ,8

with W; as in (¥)

Hence,
My —Flg
a9 =
0 My
Let
_ | [F1]
o ]
where
Ik — ith position T.
i — 10 0, ..., 1 , 0, ..., 0 isak x 1 vector
013:|: ,1’ /2’ é, Hy, ..., Hg} 7)
where,
G.
Gl = [(_)] fori=1,2,3

whereG; as in (**) and[0] is a0 matrix of appropriate dimension, hence we have,

[ M; —FIy
a3 =

0 Mo
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Now let

(S (56 (Fem) ] e

Hence we can write that,

[~ F.I?]

T )

PrROOF: From Lemma 3, it is clear that

Oé1=[A007 Aot, Doz, A1, Arg, Agp, F

Now consider,

[A, B] € kerag, where

A= apo, Go1, o2, a1, a2, a22

wherea;; € S, homogeneous. AndB € S, homogeneous theh, ; a;;.A;j +
B.F =0
=0(B.F)=0

=6(B).f=0
= Be<A;:0<i<j<2>

Hence,B = ) (b;;A;;) for some homogeneous polynomia)s € S.
= Z(aij + bZ]F)AU =0
Now if a;; + b;;.F' = 0 for all (a,5, b;;) then such @A, B] is generated by ;.
If not then,= >"(a;; + b F) € SYyZ (< Ay : 0<i < j<2>)

Hence, the relations betweéyy; andF' are generated by;; : 0 < i < j <2
andW/ :k=1,...,8.

163
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Hence we get,

ker(a1) C Im(ag)

Now consider .

A = [ago, apl, @o2, aii, aiz, a2 G55 € S, aij homogeneous
V0 <i<j<2and,
B = [ (bk) } ,bi, € S, homogeneous

such thafA, B] € ker(az) then,

Z a;;.Uij + Z bk.WIQZO

0<i<j<2 1<k<8
= Zaiinj =0
7;7.]‘
As the last column of eacl/, k = 1, ..., 8 is zero and the last column 6f;
ISAUfOI'OS’ng <2
>Ae<Wp:k=1,...,8>

Let A=) (cxWk), for some homogeneous

polynomial,c, € S

= =Y WiF.Ids+ Y bWi =0
k k

whereld, is an x n identity matrix.

= Z Wi(—cpF +b;) =0
ik

Hence if—ci.F' + b, = 0 for all &, this impliesb, = ¢.F for all k then such
(bk, ai;) are generated by [[F.[I7]] ,[W;]] > fori=1,...,8. And if not then,
= [(—CkF + bk)Ik]k:L...,G S Syzl(< W;:j=1,...,8 >).
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Hence the relations betweé¥, andU;; are generated bg, and Hj,. So, [A
B] € Im(«3). Hence we get,

ker(ag) C Im(as)

Now consider
T
Let,[ A B ] € kerag then,A = { ai, as, as,a4, as, ag, a7, ag } )

a; € S, homogeneous far=1,...,8 B = [ (br) } b € S, homogeneous for

k=1,2,3and
i k
= ZaiWi =0

As the last six columns of eacH,, k = 1,2, 3 are zero.

=Ae<Gy:p=1,2,3>

LetA =3, (c,G),), for some homogeneous polynomial,c S.

Then we havey", (c,Gp).(F.Idg) + >, by.G =0

=Y (¢p.F.Idg +by) G, =0
p

Now if ¢,.F' + b, = 0 for everyp, thenb, = —c,.F for all p, then we can
say that([b,), [c]) is generated by ([-F.I}],[I?]) : i = 1,2,3 >, hence
([bp], [ax]) is generated by: ([—F.I?],[G;])i=1,2,3 >

Also from Theorem 1 we have that) : k = 0,1,2 are independent. Hence
SyzZ (< Gj,H; : i =1,23andj = 1,...8 >) =< ([-F.I}],[G]) : i =
1,2,3 >

Hence, [A,B]€ Im(ay).
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And so, ker &3)C Im(ay)

Also, from the representations @f wherel < < 4, we getthato;.a ;41 =0
wherel < j <3

Hence, we know that Infoj41) C ker(a;) wherel < j <3

So the resolution ird4) is exact.

3.2. Degree of fis odd
Recall

_ i,k
F= ), agrrhridh

i+j+k=d

Now let fo = zo.f , f1 = x1.f , fo = xo.f

Then f,, is of even degree and hence according to Casé¢,Ac Im(0) for
n=20,1,2

Lemma5 — LetG € k[zgo, zo1, o2, 211, 12, T22] Such that,G homoge-
neous and
Z(0(Fp)) N Z(0(F1)) N Z(0(Fy)) C Z(0(G)) C P2 ThenG €< Fy, A;j: 0 <
E<2,0<i<j<2>.

PROOF: Now letd(G) = g, then degreg) is even.

Z(fo)NZ2(f1) N 2(f2) C Z(g)

= Z(f) € 2(9)
= g € (f)asC is an irreducible curve and hengas irreducible
= g = f.h for someh € k[zg, x1, z2]
= h # 1 as degred is odd while degreg is even

=g= Z fih; for some homogeneous even degree polynoniiats k[z, 1, 2]
i=0,1,2

=G= Zi:O,l,Z FH;, WhereG(Hi) =h; Vi = 0,1, 2.
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Such aH;, exists as the degree bf is even.

= 0(G - Z F;H;) =0

i=0,1,2
= G- Y FH € ker()
i=0,1,2
= G = Z F,H; + Z AijSij for some Sij € k[a?()o, C ,.CCQQ]
i=0,1,2 i,j=0,1,2

= (G e< FkvAij 21,0, k=0,1,2 >
Lemmab — Im(0) is a sub-algebra oK [z, z1, x2] and is generated by even
polynomials.

ProoOF: Like in the case of degree ¢f being even we splif in four parts
depending on the parities @fj , .

Casel : i, j, k are all odd. Let

i—1 j—1 k—1

Leth; = Zaijk‘rog Ti7 Tog
igk
B o= > aikted @17 wy) 712
i+j+k=d
-1 41 kel
BT o= > ikl 117 23 202
itjth=d
-1 i1 k4l
R = Z @ij ko) T1i Loy Tol
i+jt+k=d
Then,
Fy' = 200z12hs
BT = anizeehr

I
Fy' = Txoowerhy
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Casell : i odd,j even,k even. Now

-1 § ok
Leth;; = E AijkToo T11T9s
i7j9k
i+1 J k
I R R
Fo = E : @ijkTop Ti1T3o
i+j+k=d
I =Lk
Fy = E : @i kTop Ti1T32T01
i+j+k=d
1—1 J k
T 5 5
Fy = E @i jkTo) T11T32T02
i+j+k=d
Then,
I
Fo'" = xoohir
I
Fi"" = zoithir
I
Fy'" = xoohy

Caselll : i even,j odd,k even. Now

i -1 k
Lethrr = E aijkxgoarlf $222
i7j7k
I P
R = YT aigrader,? v
i+j+k=d
i i+l k
I1I 5 5= 3
Fy = E, Qi j kTooT1T Lo
i+j+k=d
i j—1 k
III 5 5 3
F = E: Qi j kTHHT1T THpT12
i+j+k=d

Then,
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11

Fy = xothrrr
11

Fy = z1hr
11

Fy = zi2h1Ir

CaselV : i even,j even,k odd. Now

i J k=1

Lethpy = E aijkxgo$121m222
i7j7k
v i§ k=1
R = ) aiaagerhived oy
it+j+k=d
v P4 k=1
_ .2 0.2 3
VAR E: Qi jkTopT11 oy T12
it+j+k=d
i J k+1
o R T I
Fy = E, Qi,5,kL0oL11L22
itjrk=d
Then,
v
Fy = xop2hpv
v
Fy = xzp2hv
v
Fy = x2hrv

F, = 1B +FE"T+F"M L FVvn=0,1,2

Also noticefd(F},) = f, forn =0,1,2

Theorem7 — Let C be an irreducible curve of odd degree say= 2m — 1,

for m > 2. The idealZ¢ of o(C) in P® has the following resolution.

0= S(—m—4) 8(—2)%8 g (—m —2)®6 B4 g(_g)e8
©5(—m —1)% B §(-2)%6 o

SE(—m) s §/70 -0 9)

169
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PrROOF: From Lemma 3 and Lemma 5, it is clear that

ﬂlZ[Aom Ao1, Aoz, Arr, A, Ao, Fy, Fi, FQ,}

Now considerd = [ aoo, ao1l, a2, a11, 12, @922 } a;;j € S, homo-

geneous/0 <i<j<2andB = { by, b1, bo ] whereb; € S, homogeneous,
for k =0,1,2 such thafA B] € kerp;. Hence

Z aij-Dij + zk: bp-Fy =0 (10)
i
= 0(%:(bk.Fk)) =0
= ;(Q(bk).fk) =0
= ;(e(bk).f.xk) =0
= Zk:(e(bk).xk) =0

Letd(by) = By, then degree 0By, is even. Then,

B = (B, B1, B>)" € SyZ'(z0, 21, 22)

Now by simple computation we get

T T2 0
SyzZ' (zg, x1,22) =< | —z0 |, 01, T2 | >
0 —X0 —I

henceB €< Yy, Y7, Y5 > where,
= ( X1, —X0, 0 )

Vi= (2, 0, - )

( 07 2, —I1 )

i

Ys
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But degree ofB,, is even, henceB €< z,Y; : k,1 =0,1,2 >.

Hence,(by, b1,b2) €< Y : k, 1 =0,1,2 >

where
Yoo = ( To1, —xoo, O )
Yo1 = ( r11, —wo1, O )
Y02 = ( ri2, —Zo2, 0O )
Yio = ( zo2, 0, —oo )
Y = ( z12, 0, —zo )
Yi2 = ( Ta2, 0, —o2 )
Yoo = ( 0, o2, —zo1 )
Yo1 = ( 0, w12, —rn )
Yoo = ( 0, w22, —12 )
Also note that,
Y02 = Y11 — Yoo

Claim: The set{Yqo, Yo1, Y10, Y11, Y12, Yoo, Y21, Yoo } is linearly independent
If not, then there exists;;, 7, j = 0,1, 2 and(4, j) # (0, 2), such that,

Z aijifijk =0fork=0,1,2

,J

This implies that,

apoTo1 + ap1x11 + a10To2 + a11x12 + a12z22 =0
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Now as,z;; are independent variables forj = 0, 1,2, we get that

apo = ap1 = a1p = a11 = a2 =0

Similarly we also have that,
ap2T02 + a21x12 + a2T22 =0

So we get that,

app = ap1 = @10 = A11 = a12 = A9 = a1 = a2 =0
Hence the sefYyo, Yo1, Y10, Y11, Yi2, Yoo, Yo1, Yoo } is linearly independent.

Now substituting allY;; for i, j = 0,1, 2 except forYy, for b in (10) we get,
the following 8 vectors,

) T
‘/00 = 0’ O, —.’L‘O()h,[, O, h]V, h][[? D/OO] :|

) T
Vbl = 0, O, h[v, O, _fUllhIa _hffa [}/01] i|

) T
VlO = 07 $00h17 O, h/[\/, h[[]a 07 [Yl()] :|

) T
Viv = | zoohr, hiv, 0, 0, —hir, —xahs, [Yi] ]

) T
V12 — 07 —h]][, 0, —h[[7 —:ngh[, 07 [}GQ] ]

} T
Voo =1 0, hrv, hrrr, xiihr, 0, —zoohy, [Yzo] }

- T
Vor = | hrv, xuihr, —hr, 0, 0, O, [Yzl]]

- T
Voo = | —hrrr, —hrr, x22hr, 0, 0, O, [Yzz]}
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Let,

- AT
Voo = _ [Hoo] [Yoo |

- AT
Vo1 = i [Ho1] [Yo1] ]

- AT
Vio = i [Hio] [Y10] ]

- 1T
Vit = i [Hi1] [Yi1] ]

- AT
Vio = | [Hi2] [Yi2]

- AT
Voo = | [Hao] [Y2o]

- AT
Vo1 = | [Ho1] [Yai]

- AT
Voo = | [Hao| [Y22]

And,H:[[Hoo]a [Ho1], [Hiol, [Hui], [Hio], [Hxol|, [Ha1], [Ha2]

Now all the relations betweefi,’s andA;;'s are generated byj,;'s andW,’s
and all the relations between only;;’s are generated biy/,,,’'s. Hence all relations
betweenF;,, A, are generated by, W,.

Hence Syz(< F,,A;; >) =< W},, Vi >. Hence
Go= | W] WY - ) V]
whereW, = [ (Wi] (0] } with [0] a1l x 3 zero vector

Hence we can writ@), as

173
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By = [ ML) H

0 Y

This implies that kef3;) C Im (52).

Also from the representation of thig and3» and from the fact that/; My = 0
we get that3, 5, = 0.

So we have, kép;) = Im(52) .

Now consider,A = (a;;) such thata;; € S homogeneous an® = (by),
whereb;, € S, homogeneous such that B] € ker(32). Then we have,

STAIH Y [+ bWi=0 (11)
k
Now as all the entries in the last 3 columns in eachigfare zero we have,
D> ai¥iy =0
ij
Now it can be computed that SY#;;) =< L; : 1 <i < 6 > where,
Ll = 02, 07 —Z01, 07 Oa 200, Oa 0 :|
Ly =| 12, o2, —x11, —xo1, 0, o1, Zoo, O ]
Ls=| w22, 0, —m12, xo2, —wo1, 0, 0, =g }
L4 = 05 12, 07 —T11, Oa 07 Z01, 0 :|

Ls =10, x22, 0, 0, —z11, —o12, =02, 96'01}

Lﬁ = Oa Oa 07 €r22, —IT12, —I22, Oa 02 i|
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So substituting.;, i = 0, ..., 6 for B in (11) we get the following 6 vectors,

,,];N\
I

U‘N\
I

@N\
I

Let

And,

- T
0, 0, 0, aoohs, 0, 0, —hrv, hur, (L] |
- T
0, 0, zoohr, O, —hur, —hrv, xuhr, ha, [Lo] }
- T
—xoohr, —hrv, O, —hpur, O, hur, hmo, x22hr, [Lg]}
- T
0, 0, —hrvy, —zuhr, hug, ziihr, 0, 0, [Ly4] }

) T
_—hfv, —x11hr, hrr, ko, —xs2hr, 0, 0, 0 [Ls}]

- T
| s hor, 0,000,000 —aahy, 0,0, [LG]}

1T
K= | [Ki [L4] |
K= | 1K) () |
K= K] (sl |
K= ]
K= | K] (L) |
Kg=| [Kg] [L6]_T

K = [[K] K] K] [Ki (K] [Kal | .
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Now all the relations betweeVi;’s andW),’s are generated byK]’s, G}’s,
1 <1 < 6,k = 1,23} and all the relations between only;,’s (which are
actually W,,,) are generated bg’s. Hence we have that all relations between
{{Vi;},{W},}} are generated byK;’s,G}’s }. So ,
Syz' (< Vi, Wj >) =< G}, K| >. So we get that,

AR A AN
where,G, = [ (Gi] [0] } where[0] is an appropriate dimensional zero matrix.

Hence we can write that,

M; K
”33_[ 0 L

This implies that kefB2) € Im(33). Also from the representation of th#&
and(s; and from the fact thad/s M3 = 0 we get thatFs 53 = 0.

So we have, képB2) = Im((s) .

Now considerd = (A;), such that4; € S, homogeneous anl = (B,), such
that B, € S, homogeneous such thgt B] € ker(33). Then we have,

S A[K L]+) BiGp=0 (12)
l k

Hence we have,

ZAlLlT =0
l

(as the last eight columns 6f;’s are zero entries)
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Now it can be computed that SyZ.;) =< J’ > where,

2
127 — T11222

—Z02212 + T01T22
J = L1102 — T01%12
1’022 — Z00T22
—T01702 + T0oT12

2
Zo1” — TooT11

Like earlier, substituting/’ in (12) we getJ.

—xoox12hr — Toohir — o1 hirr — xo2hrv

—x11202h1 + Tos hir + x11hir + x12hry

—xo1222hr — To2hir — Ti2hir — x20hyy

7]

J
Let, 7 =

Now all the relations betweek;’'s and G’s are generated by and there
are no relations between onfy,'s as there are no non-trivial relations between
Gi's. Hence all relations betweed;, G) are generated by/. Hence
SyZ' (< K;, G}, >) =< J >. Hence

This implies that ke33) C Im(34).

But from the representation gf; and 5, and from the fact that there are no
non-trivial relations between the columns f; we get that,335, = 0. So we
have, kef3s) = Im(3y).
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This proves that, the resolution in (9) is a complex. And hence this completes
the proof of the theorem.
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