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Let (A, m) be a Cohen-Macaulay local ring,M a Cohen-MacaulayA-module
of dimensiond ≥ 1 andI a proper ideal of analytic deviation one with re-
spect toM. In this paper we study the Cohen-Macaulayness of associated
graded module of a Cohen-Macaulay module. We show that ifI is generi-
cally a complete intersection of analytic deviation one and reduction number
at most one with respect toM thenGI(M) is Cohen-Macaulay. When ana-
lytic spread ofI with respect toM equalsd we prove a similar result when
reduction number of an ideal is atmost two.
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INTRODUCTION

Let (A,m) be a Cohen-Macaulay(CM) local ring with infinite residue fieldk =
A/m. Let M be a CMA-module. LetI be proper ideal of heightd ≥ 1. Let
GI(A) =

⊕
n≥0 In/In+1 be the associated graded ring ofA with respect toI

and letGI(M) =
⊕

n≥0 InM/In+1M be the associated graded module ofM
with respect toI, considered asGI(A) module. LetF (I) =

⊕
n≥0 In/mIn be

the fiber cone and letFI(M) =
⊕

n≥0 InM/mInM be the fiber cone ofI with
respect toM, considered as a gradedF (I) module. We define analytic spread of
an ideal to be the Krull dimension ofF (I) and denote it byl(I). Analogously the
analytic spread of an ideal with respect toM is defined to be the dimension of
FI(M) and denote this bylM (I).

We say that an idealJ ⊆ I is reduction ofI with respect toM if there ex-
ists a natural numberm such thatJInM = In+1M for all n ≥ m. We define
rJ(I,M) to be the least suchm. A reductionJ of I is called minimal if it is mini-
mal with respect to inclusion. Reduction number ofI with respect toM is defined
as follows,

r(I,M) = min{rJ(I, M) | J is minimal reduction of I with respect to M}.

It is well known that ifJ is a minimal reduction ofI with respect toM then
µ(J) = lM (I). Theheightof an idealI with respect toM, denoted byhtM (I) is
defined to be the numberinf{dimMP | P ∈ Supp(M/IM)}. Analytic deviation
of an idealI with respect toM is the differencelM (I) − htM (I) and we denote
it by adM (I). We prove in Lemma 1.6 thathtM (I) ≤ lM (I) ≤ dimM. Thus we
always haveadM (I) ≥ 0. An ideal I in A is said to be acomplete intersection
with respect toM if I is minimally generated inA by anM−regular sequence.
An idealI is said to begenerically a complete intersectionwith respect toM if IP

is complete intersection for all minimal primesP ∈ Supp(M/IM).

WhenM = A andl(I) = ht(I) i.e. whenI has analytic deviation zero there
has been a lot of research regarding the CM property ofGI(A). When analytic
deviation is positive not much is known. However considerable efforts have been
made to understand the case when analytic deviation is one or two (See [7, 4, 9].
When analytic deviation is either one or two then Huckaba and Huneke show that
if I is generically complete intersection of analytic deviation one and reduction
number at most one then the associated graded ring and Rees ring are CM (see 7,
Theorem 2.9] and [8, Theorem 2.1]). These conditions were generalized by many
authors (see [5 and 9]).
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It is of some interest to extend results in case of rings and ideals to the case
of modules. A systematic account of this transition from rings to the modules is
given in the notes of Rossi and Valla, see [11]. In the notes of Rossi-Valla, to do
the transition from rings to modules, techniques of Hilbert functions, superficial
sequences, Valabrega-Valla criterion etc. are used as the basic tools. Unfortunately
in the case of ideals of analytic deviation one, theory of Hilbert functions doesn’t
work as plainly as it works in the case ofm-primary ideals. Assumeht(I) = d ≥ 1
and l(I) = d + 1. Let I be generically a complete intersection andr(I) ≤ 1.
Huckaba and Huneke in their paper (7, [Theorem 2.9]) prove thatGI(A) is CM if
depth(A/I) ≥ dim(A/I)− 1. In this paper we extend this result of Huckaba and
Huneke to modules.

Theorem1 — Let (A,m) be a Cohen-Macaulay local ring andM a Cohen-
Macaulay A−module. LetI be an equidimensional ideal of analytic deviation one
with respect toM. AssumehtM (I) = s ≥ 1, r(I, M) ≤ 1, andI is generically a
complete intersection with respect toM . If depth(M/IM) ≥ dim(M/IM) − 1
thenGI(M) is Cohen-Macaulay.

We next extend to the module case the result of Hübl and Huneke ([6, Propo-
sition 2.2]) on Cohen-Macaulayness ofGI(A). The conditionr(I, M) ≤ 1 of the
above theorem is now replaced by the weaker conditionJM ∩ In+1M = JInM
for all n ≥ 2. But we make an extra assumption thatlM (I) = dimM.

Theorem2 — Let (A,m) be a Cohen-Macaulay ring andM be a Cohen-
Macaulay A−module of dimensiond > 1. Let I be an unmixed ideal with respect
to M such thathtM (I) = d − 1 = s and lM (I) = d. AssumeI is generically
a complete intersection with respect toM. Let J be a minimal reduction ofI sat-
isfying the conditionJM ∩ In+1M = JInM for all n ≥ 2. ThenGI(M) is
Cohen-Macaulay.

In section 5 we extend Burch’s inequality to modules.

Theorem3 — Let (A, m) be local,I an ideal inA. LetM be anA−module.
Then

lM (I) ≤ dimM − inf{depth(M/InM) | n ≥ 1}.

It is of some interest to know when the bound is attained. We generalize the
result of Eisenbud and Huneke to show that the bound is attained when associated
graded module of the ideal is CM, see ([3, Proposition 3.3]).

Theorem4 — Let (A, m) be local,I an ideal inA. LetM be anA−module.
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SupposeGI(M) is CM. Then

lM (I) = dimM − inf{depth(M/InM) | n ≥ 1}.

In section 1 we introduce notation and state some preliminary results. In sec-
tion 2 we extend the techniques of Huckaba and Huneke to the module case i.e.
whenM is a CM module. As in the ring case the conditionr(I, M) ≤ 1 plays an
important role. In section 3 we prove Theorem 1 mentioned above. In section 4
we prove Theorem 2. In section 5 we prove Theorem 3 where Burch’s inequality
is proved in the module case. We then prove Theorem 4 wherein the bound in the
Theorem 3 is attained under the assuption thatGI(M) is CM. In the last section
we provide examples of ideals of analytic deviation one with respect to modules.
We make the following observations for maximal CM modules:

(i) If I is generically complete intersection with respect toA then it is so with
respect toM.

(ii) ht(I) ≤ htM (I) ≤ lM (I) ≤ l(I).

(iii) If ad(I) = 1 thenadM (I) ≤ 1.

We thus see that for maximal CM modules our results can be applied to get the
Cohen-Macaulayness ofGI(M).

1. PRELIMINARIES

In this paper all rings are commutative Noetherian and all modules are assumed
to be finitely generated. Let(A, m) be a CM local ring with infinite residue field
k = A/m. Let M be a C-MA-module. LetI be a proper ideal withhtM (I) =
d ≥ 1. We say an idealI in A is unmixedwith respect toM if all associated
primes ofM/IM have same height. We shall denote the sequencea1, ..., ad by a.
An idealI in A is said to be equidimensional with respect toM if dim(M/PM) =
dim(M/IM) for all minimal primesP of Supp(M/IM).

The following result is well known. We include it here for the lack of suitable
reference.

Lemma1.1 — LetA be a ring,M be anA−module LetL andN beA−submodules
of M such thatLP ⊆ NP for all P ∈ Ass(M/N) thenL ⊆ N.
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PROOF : Consider the submoduleD = (L + N)/N of M/N. If P is an
associated prime ofM/N then by assumptionDP = 0. Now sinceAss(D) ⊆
Ass(M/N) it follows thatAss(D) is empty set. SoD = 0. ThereforeL ⊆ N.

Lemma1.2 — LetA be Cohen-Macaulay andM be a Cohen-MacaulayA−module.
Assume thata is anM−regular sequence. ThenM/(a)iM is Cohen-Macaulay
A/(a)i−module for alli ≥ 1.

PROOF : SinceSupp(M/(a)iM) = Supp(M/(a)M) we have the following

dim
(

M

(a)iM

)
= dim

(
M

(a)M

)
.

Consider the following exact sequence

0 −→ (a)i−1M/(a)iM −→ M/(a)iM −→ M/(a)i−1M −→ 0

By [2, Theorem 1.1.8] we see that(a)i−1M/(a)iM ∼= ⊕k
j=1 M/(a)M for

somek. The result now follows using induction oni. 2

WhenA is Cohen-Macaulay we know thatgrade(I) = ht(I). Similarly we
have,

Lemma1.3 — Let (A, m) be a local ring and letM be a Cohen-Macaulay
A−module. Then

grade(I, M) = htM (I).

PROOF: If htM (I) = 0 then it is esay to see thatgrade(I, M) = 0. So assume
thathtM (I) = s ≥ 1. So

htM (I) = inf{dimMP | P ∈ Supp(M/IM)}
= inf{depthMP | P ∈ Supp(M/IM)}.

Observe that ifP ∈ V (I) \ Supp(M) thendepthMP = ∞. So we have the
following

htM (I) = inf{depthMP | P ∈ V (I)}
= grade(I,M).

2

Remark1.4 : LetJ be reduction ofI with respect toM then we see that
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Supp(M/IM) = Supp(M/JM)

To see this letP ∈ Supp(M/JM). SupposeI * P then since forn À 0
In+1M = JInM we haveMP = JP MP . This gives usMP = 0 contradicting
the fact thatP ∈ Supp(M). SoI ⊆ P and henceP ∈ Supp(M/IM). The other
inclusion is obvious.

Remark1.5 : LetI be an ideal inA andM anA−module thengrade(I, M) ≤
µ(I).

The following result is well known in the case of rings.

Lemma1.6 — Let (A, m) be a Cohen-Macaulay local ring,M be a Cohen-
Macaulay A−module. Then

htM (I) ≤ lM (I) ≤ dimM.

PROOF : Let lM (I) = s. Let J be minimal reduction ofI with respect to
M. Soµ(J) = s. From Remark 1.4 it follows thatdimM/IM = dimM/JM.
Hencegrade(I,M) = grade(J,M). SinceM is Cohen-Macaulay it follows from
Lemma 1.3 thathtM (I) = grade(I,M). By Remark 1.5 we havegrade(J,M) ≤
µ(J). So htM (I) ≤ lM (I). For the other inequality we observe thatFI(M) is
quotient ofGI(M). ThereforelI(M) ≤ dimGI(M) = dimM.

2. BASIC TECHNIQUES

In this section we prove some basic results which we shall often use in subsequent
sections.

Proposition2.1 — LetA be a local ring,M be anA−module. LetI be an
ideal ofA with htM (I) = s ≥ 1.

(i) If a is anM−regular sequence witha1, ..., as ∈ I then

(a)M/(a)IM ∼=
i=d⊕

i=1

(M/IM).

(ii) If c ∈ A is anM−regular element, then

depth(M/cIM) ≥ min{depth(M/IM), depth(M/(c)M)}.
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(iii ) SupposeM is Cohen-Macaulay,a is anM−regular sequence inI that gen-
eratesI generically with respect toM , andc ∈ I such that

Supp(M/IM) = Supp(M/(a, c)M)

then((a)mM :M cn) ∩ ImM = (a)mM for all positive integersm,n.

PROOF : (i) Let J = (a1, ..., as). By [2, 1.1.8] we have

M/JM [X1, ..., Xs] ∼=
⊕

n≥0

JnM/Jn+1M.

Therefore
⊕s

i=1 M/JM ∼= JM/J2M. Now tensoring withR/I gives the result.

(ii) Consider the exact sequence

0 −→ (c)M
cIM

−→ M

cIM
−→ M

(c)M
−→ 0.

Sincec is M−regular we have(c)M/cIM ∼= M/IM. So by [2, 1.2.9]

depth(M/cIM) ≥ min{depth(M/IM), depth(M/(c)M)}

(iii) Fix m ≥ 1. Let Ass(M/(a)mM) = {P1, ..., Pk, Q1, ..., Ql}, whereI ⊆
Pi for i = 1, ..., k andI * Qi for i = 1, ..., l. We write(a)mM = L∩N whereL is
the intersection of primary components of(a)mM belonging to{P1, ..., Pk} andN
is the intersection of the primary components of(a)mM belonging to{Q1, ..., Ql}.

Using Lemma 1.2 we have thatM/(a)mM is Cohen-Macaulay. So we have
ht(Pi) = ht(Qj) = s for all i, j.

Claim: ImM ⊆ L.

Note thatAss(M/L) = {P1, ..., Pk}. Since{a1, ..., as} generatesI generi-
cally with respect toM and{P1, ..., Pk} ⊆ Min(M/IM) we have(ImM)Pi =
(a)m

Pi
MPi ⊆ (L)Pi for all Pi ∈ Ass(M/L). It follows from Lemma 1.1 that

ImM ⊆ L. Thus the claim is true.

It is clear that(a)mM ⊆ ((a)mM :M cn) ∩ ImM. For reverse inclusion let
cnt ∈ (a)mM wheret ∈ ImM. Thuscnt ∈ L ∩N = (a)mM.

SinceI * Qi for i = 1, ..., l andSupp(M/IM) = Supp(M/(a, c)M), we
must havecn /∈ Qi for i = 1, ..., l. For if cn ∈ Qi then c ∈ Qi which gives
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(a, c)m ⊆ Qi. But thenI ⊆ Qi becauseSupp(M/IM) = Supp(M/(a, c)M).
This is not possible sinceI * Qi.

Now let N = N1 ∩ N2 ∩ ... ∩ Nl be a primary decomposition ofN. Since
cn /∈ Qi for i = 1, ..., l andQi =

√
ann(M/Ni) it follows that cnM * Ni for

i = 1, ..., l. Sincecnt ∈ Ni andNi is Qi−primary submodule we get thatt ∈ Ni

for i = 1, ..., l. Thust ∈ N. Sot ∈ N ∩ ImM ⊆ N ∩ L = (a)mM and the result
follows.

The following result allows us to choose good generating set for minimal re-
ductions of ideals having analytic deviation one. This is known in the ring case. We
present a proof of it in the module case. This proof is different from that available
in the literature.

Lemma2.2 — Let (A, m) be a Cohen-Macaulay local ring,M be Cohen-
Macaulay A− module. LetI be an ideal inA andJ be a minimal reduction ofI
w.r.t. M. Let htM (I) = s ≥ 1 andlM (I) = htM (I) + 1. AssumeI is generically
a complete intersection w.r.t.M. Then there exists{a1, ..., as} anM−regular se-
quence andc anM−regular element such thatJ = (a1, ..., as, c) with {a1, ..., as}
generatingI generically w.r.tM.

PROOF : Let A = Min(Supp(M/IM)) = {P1, ..., Pn} and Min(M) =
{Q1, ..., Qm}. SinceI is generically a complete intersection we have forP ∈ A,
IP = (x1, ..., xs) where{x1, ..., xs} is MP−regular sequence inRP .

SinceJP is a reduction ofIP we have thatJP = IP for all P ∈ A. We
therefore havedimk(Pi) JPi/PiRPiJPi = s. We also havedimk J/mJ = s + 1

sinceJ is minimal reduction ofI andlM (I) = s + 1.

Consider the following natural maps

φ : J → J

mJ

ψi : J → JPi

PiRPiJPi

Now letT = {J ∩Q1, J ∩Q2, ..., J ∩Qm}. Consider the images ofJ ∩Qi in
J/mJ. SetVi = (J ∩Qi +mJ)/mJ ⊆ J/mJ. Sincegrade(I, M) = grade(J,M)
we get thatJ * Qi for eachi. So by Nakayama’s lemmaJ ∩Qi + mJ 6= J. Thus
Vi ⊂ J/mJ are proper subspaces ofJ/mJ. SetKi = ψ−1

i (0). Note that sinceI is
generically a complete intersection,Ki are ideals properly contained inJ. Let Wi
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be the image ofKi in J/mJ. SinceKi are proper inJ so by Nakayama’s lemma it
follows thatWi are proper subspaces inJ/mJ. Now sinceJ/mJ is a vector space
over an infinite field there exists̄a1 ∈ J/mJ \ {⋃m

i=1 Vi

⋃n
i=1 Wi}. Note first that

a1 is one of the minimal generators ofJ. Clearly a1 /∈ J ∩ Qi for 1 ≤ i ≤ m
so thata1 is M−regular element. Also sincea1 /∈ Ki for 1 ≤ i ≤ n we have
a1/1 /∈ PiRPiJPi . Hencea1/1 is one of the minimal generators ofJPi .

Now going modulo(a1) and repeating the same argument we can choosea2

such that{a1, a2} is anM−regular sequence. Again as abovea2/1 is one of the
minimal generators ofJPi . We continue doing so and arrive at the set{a1, ..., as}.
By our choice this is anM−regular sequence which forms a part of minimal gen-
erating set ofJ. Also {a1/1, ..., as/1} is part of minimal generating set ofJPi .

Sincedimk(Pi) JPi/PiRPiJPi = s we getJPi = (a1/1, ..., as/1). Since(ā1, ..., ās)
is a proper subspace ofJ/mJ we can choosēc ∈ J/mJ \ {⋃m

i=1 Vi

⋃
(ā1, ..., ās)}.

Clearlyc isM−regular. Sincedimk J/mJ = s+1 we get thatJ/mJ = (ā1, ..., ās, c̄).
Hence it generatesI generically.

Lemma2.3 — Let(A, m) be a Cohen-Macaulay local ring,M a Cohen-Macaulay
A− module,I an ideal inR with htM (I) = s ≥ 1. SupposedimA/I ≥ 1. Let
{a1, ..., as} be anM−regular sequence inI that generatesI generically. Letc ∈ I
be anM−regular element such that(a, c)IM = I2M. Then for1 ≤ i ≤ n we
have

(i) InM = (a)iIn−iM + cn−iIiM.

(ii) (a)iM ∩ cn−iIiM = (a)icn−iM.

(iii ) (a)iM ∩ InM = (a)iIn−iM.

(iv) a∗1, ..., a
∗
s is aGI(M)−regular sequence.

PROOF : (i) Fix n ≥ 1.

For i = n. We have(a)nM ⊆ InM. Therefore(a)nM + InM = InM. Also
note that whenn = 1 we havei = 1. Hence(a)M + IM = IM.
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So letn ≥ 2 and let1 ≤ i ≤ n− 1. SinceI2M = (a, c)IM we have

InM = ((a) + (c))n−1IM

= ((a)n−1 + (a)n−1c + ... + (c)n−1)IM

= ((a)n−1 + ... + (a)icn−i−1)IM + ((a)i−1cn−i + ... + (c)n−1)IM

= (a)i((a)n−i−1 + ... + cn−i−1)IM + cn−i((a)i−1 + ... + (c)i−1)IM

= (a)i((a) + (c))n−i−1IM + cn−i((a) + (c))i−1IM

= (a)iIn−iM + cn−iIiM.

(ii) Clearly (a)iM∩cn−iIiM ⊇ (a)icn−iM. For the other inclusion letcn−it ∈
(a)iM wheret ∈ IiM. This gives ust ∈ ((a)iM :M cn−i) = (a)iM (by Propo-
sition 2.1(ii)). Thereforecn−it ∈ (a)icn−iM giving us the other inclusion. So (ii)
follows.

(iii) By (i) we haveInM = (a)iIn−iM + cn−iIiM. So

(a)iM ∩ InM = (a)iM ∩ ((a)i)In−iM + cn−iIiM)

= (a)iIn−iM + (a)iM ∩ cn−iIiM

= (a)iIn−iM + (a)icn−iM (by (ii) above).

= (a)i(In−iM + (c)n−iM)

= (a)iIn−iM for n ≥ 1 and1 ≤ i ≤ n.

(iv) Taking i = 1 in (iii) above we get(a)M ∩ InM = (a)In−1M for all
n ≥ 1. So from Valabrega-Valla Theorem [12, 2.6] it follows thata∗1, ..., a

∗
s is a

GI(M)−regular sequence.

Theorem2.4— Let (A, m) be a Cohen-Macaulay local ring,M be a Cohen-
Macaulay A−module andI an ideal in A with htM (I) = s ≥ 1. Suppose
dimA/I ≥ 1. Let {a1, ..., as} be anM−regular sequence inI that generates
I generically and letc ∈ I be anM−regular element such that(a, c)IM = I2M.
Then for1 ≤ i ≤ n we have

depth(
M

((a)i + In)M
) ≥ min{depth(M/IiM), dim(M/IM)− 1}.

PROOF : Fix n ≥ 1.
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For i = n. We have(a)nM ⊆ InM. Therefore(a)nM + InM = InM. So
depth(M/((a)n + In)M) = depth(M/InM). The result follows in this case.

So let 1 ≤ i ≤ n − 1. By Lemma 2.3(i)we writeInM = (a)iIn−iM +
cn−iIiM.

So(a)iM + InM = (a)iM + cn−iIiM. Consider the usual exact sequence

0 −→ M

(a)iM ∩ cn−iIiM
−→ M

(a)iM

⊕ M

cn−iIiM
−→ M

(a)iM + InM
−→ 0.

Using Lemma 1.2 and 1.3 we get the following

dim(M/IM) = dim(M)− grade(I, M)
= dim(M)− s

= dim(M/(a)iM)

It follows from [2, 1.2.9] that

depth(
M

((a)i + In)M
) ≥ depth(

M

(a)iM

⊕ M

cn−iIiM
)

or
depth(M/((a)i + In)M) = depth(M/((a)iM ∩ cn−iIiM))− 1.

Case (i): depth(
M

((a)i + In)M
) ≥ depth(

M

(a)iM

⊕ M

cn−iIiM
)

≥ min{depth(
M

(a)iM
), depth(

M

cn−iIiM
)}

By Lemma 1.2 we havedepth(M/(a)iM) = dimM/IM. Note also that since
htM (I) ≥ 1 we have from Proposition 2.1 (ii) that

depth(
M

cn−iIiM
) ≥ min{depth(

M

IiM
), depth(

M

cM
)} = depth(

M

IiM
).

This takes care of the first case.

Case(ii): depth(
M

((a)i + In)M
) = depth(

M

((a)iM ∩ cn−iIiM)
)− 1.
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By Lemma 2.3 (ii) we have(a)iM ∩ cn−iIiM = (a)icn−iM. Now by the
Proposition 2.1(i) we get

depth(
M

cn−i(a)iM
) ≥ min{depth(

M

(a)iM
), depth(

M

cn−iM
)}

= depth(
M

(a)iM
)

= dim(
M

IM
).

So depth(M/((a)iM ∩ cn−iIiM)) − 1 ≥ dim(M/IM) − 1 and the result
follows.

3. COHEN-MACAULAYNESS OF ASSOCIATEDGRADED MODULE

Let (A, m) be a CM local ring. LetI be an ideal inA with ht(I) = d ≥ 1
and l(I) = d + 1. Let I be generically a complete intersection andr(I) ≤ 1.
Huckaba and Huneke in their paper ([7, Theorem 2.9]) prove thatGA(I) is CM
if depth(A/I) ≥ dim(A/I) − 1. In Theorem 3.6 we extend this result to CM
modules.

For the purpose of induction we need the following result.

Lemma3.1 — Let(A,m) be local ring,I an ideal inA andM anA−module.
If x ∈ m \ I andx∗ is GI(M)-regular element then

lM̄ (
(I, x)
(x)

) = lM (I)

whereM̄ = M/xM.

PROOF : SetT = A/(x) andK = (I, x)/(x). Let R(I, M) =
⊕

i≥0 IiMti

andT (K, M̄) =
⊕

i≥0 KiM̄ti. We first show thatT (K, M̄) ∼= R(I, M)/(x)R(I, M).
We observe that

KiM̄ =
(Ii, x)
(x)

M̄ =
IiM + xM

xM
∼= IiM

xM ∩ IiM
.

Sincex∗ is GI(M)-regular we havexM ∩ IiM = xIiM for all i. Hence

IiM

xM ∩ IiM
∼= IiM

xIiM



IDEALS OF ANALYTIC DEVIATION 85

and we derive the isomorphisms

T (K, M̄) =
⊕

i≥0

KiM̄ti ∼=
⊕

i≥0

IiM

xIiM
ti ∼= R(I, M)/(x)R(I,M).

This isomorphism implies that

R(I, M)
mR(I,M)

∼= T (K, M̄)
m/(x)T(K, M̄)

.

HencelM (I) = lM̄ ((I, x)/(x)). 2

Our main focus in this thesis is to look at maximal Cohen-Macaulay modules
M and generically a complete intersection idealsI with lM (I) = d = dimA and
htM (I) = d − 1. In this case ifr(I, M) ≤ 1 then the following result shows that
GI(M) is Cohen-Macaulay. This result is an essential ingredient in the proof of
Theorem 3.6.

Theorem3.2 — Let (A, m) be a Cohen-Macaulay local ring andM be a
Cohen-MacaulayA−module. LetI be an ideal inA of analytic deviation one
with respect toM. AssumehtM (I) = s ≥ 1, r(I,M) ≤ 1, and I is generically
a complete intersection with respect toM. If dim(M/IM) = 1 thenGI(M) is
Cohen-Macaulay.

PROOF : Let J be a minimal reduction ofI such thatJIM = I2M. Choose
{a1, ..., as, c} as in Lemma 2.2. By Lemma 2.3(iii) we have(a)∩InM = (a)In−1M.
Now by the Proposition 2.3(iv) we get that{a∗1, ..., a∗s} is GI(M)−regular.

Sincedim(M/IM) = 1 we havedim(M) = s + 1. To show thatGI(M)
is Cohen-Macaulay it is enough to find a regular sequence of lengths + 1 in the
graded maximal idealm/I

⊕
n≥1 In/In+1. Choosey ∈ m such that{a1, ..., as, y}

is anM−regular sequence. Note thaty∗ ∈ m/I andc∗ ∈ I/I2.

Claim1: {a∗1, ..., a∗s, y∗ + c∗} is GI(M)-regular sequence.

So let (y∗ + c∗)(u(0)∗ + ... + u(n)∗) = a∗1(r1(0)∗ + ... + r1(n)∗) + ... +
a∗s(rs(0)∗ + ... + rs(n)∗) wheredeg(u(i)∗) = i anddeg(rj(i)∗) = i for eachi.
We show thatu(0)∗ + ... + u(n)∗ ∈ (a∗1, ..., a

∗
s)GI(M). This can be achieved by

reducingn and using induction. This we do in the following claims.

Claim1.1 : u(n)∗ ∈ (a∗1, ..., a
∗
s)GI(M) for n ≥ 1.
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Let u(i) andrj(i) be liftings ofu(i)∗ andrj(i)∗ respectively for0 ≤ i ≤ n
and 1 ≤ j ≤ s. From the relation above we haveu(n)c − a1r1(n) − ... −
asrs(n) ∈ In+2M whereri(n) ∈ InM. Henceu(n)c ∈ (a)InM +In+2M. Writ-
ing In+2M = (a)In+1M + cIn+1M it follows thatu(n)c ∈ (a)InM + cIn+1M.
Hence there existsb ∈ In+1M such thatu(n)c − bc ∈ (a)M i.e. (u(n) − b)c ∈
(a)M. Sincen ≥ 1, u(n)−b ∈ ((a)M :M c)

⋂
IM. By Lemma 2.1(ii)((a)M :M

c)
⋂

IM = (a)M. Thusu(n) − b ∈ (a)M. Sou(n) − b ∈ (a)M
⋂

InM. Since
(a)M

⋂
InM = (a)In−1M we see thatu(n) ∈ (a)In−1M + In+1M. It follows

thatu(n)∗ ∈ (a∗1, ..., a
∗
s)GI(M).

Thus we can reducen if n ≥ 1. So suppose now thatn = 0.
Claim 1.2 : u(0)∗ = 0.

Sincen = 0 we must haveyu(0) ∈ IM andcu(0)−a1r1(0)− ...−asrs(0) ∈
I2M. Writing I2M = (a)IM + cIM we see thatcu(0) ∈ (a)M + cIM. Thus
cyu(0) ∈ y(a)M +cyIM. Hence there existsb1 ∈ IM such thatc(yu(0)−yb1) ∈
(a)M. But sinceyu(0)−yb1 ∈ IM we obtainyu(0)−yb1 ∈ ((a)M :M c)∩ IM.
Soyu(0) − yb1 ∈ (a)M by Lemma 2.1. Also since{a1, ..., as, y} is M−regular
sequence it follows thatu(0)−b1 ∈ (a)M. Henceu(0) ∈ IM which givesu(0)∗ =
0. This proves our claim. HenceGI(M) is Cohen-Macaulay.

Following lemma shows that a certain set of primes is a Zariski closed set. This
fact is used in the proof of the main theorem. This is similar to a result in [?].

Lemma3.3 — Let(A,m) be Cohen-Macaulay local ring andM be a Cohen-
Macaulay A−module. LetI an ideal inA with htM (I) = s ≥ 1. Then the set

N = {Q ∈ Spec(A) | Q ⊃ I andIQ is not a complete intersection w.r.t.MQ }
is Zariski closed.

PROOF : We show thatN c is Zariski open. Sincegrade(I,M) = htM (I) it
follows from [2, 1.6.19] thatN c = {Q ∈ Spec(A) | IQ is generated bys elements
}. Let P ∈ N c and soIP = AP x1 + ... + AP xs. We may assume thatxi ∈ A.
Consider the linear mapφ : As −→ I defined byφ(a1, ...ad) = a1x1 + ... + adxs.
Let C be the cokernel of this map. Localizing the exact sequenceAs −→ I −→
C −→ 0 at a prime idealQ we get an exact sequence

As
Q −→ IQ −→ CQ −→ 0

and whenQ = P we getCQ = 0. ClearlySupp(C) = V (annC) is closed set
in Spec(A) andP /∈ Supp(C). SetV = SpecA \ Supp(C). ClearlyV is open.
Notice thatCQ = 0 for Q ∈ V. ThusP ∈ V ⊆ N c. HenceN c is an open set. 2
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In the proof of the main theorem we need an element which isGI(M)−regular
for the purpose of induction. Following proposition guarantees the existence of
such an element.

Proposition 3.4 — Let (A,m) be a Cohen-Macaulay local ring andM a
Cohen-MacaulayA−module. LetI be an ideal of analytic deviation one with
respect toM. AssumehtM (I) = s ≥ 1, r(I, M) ≤ 1, and I is generically a
complete intersection with respect toM . If x is regular onM/((a)+ In)M for all
n ≥ 1 thenx∗ is GI(M)−regular.

PROOF : ChooseJ = (a1, ..., as, c) a minimal reduction ofI as in Theorem
3.2. Notice{a∗1, ..., a∗s} is GI(M)−regular sequence by Proposition 2.3(iv). It
suffices to show that{a∗1, ..., a∗s, x∗} is a regular sequence because under any per-
mutation it would again form a regular sequence. So letx∗u(n)∗ = a∗1r1(n −
1)∗ + ... + a∗srs(n− 1)∗ be homogeneous relation of degreen. Let u(i) andrj(i)
be liftings of u(i)∗ and rj(i)∗ respectively for0 ≤ i ≤ n and 1 ≤ j ≤ s.
Thusxu(n) − a1r1(n − 1) − ... − asrs(n − 1) ∈ In+1M. Thereforexu(n) ∈
(a)M + In+1M. Sincex is M/((a) + In)M−regular it follows thatu(n) ∈
((a) + In+1)M ∩ InM. Since((a) + In+1)M ∩ InM = (a)In−1M + InM by
2.3(iii) we haveu(n) ∈ (a)In−1M + InM. Henceu(n)∗ ∈ (a∗1, ..., a

∗
s)GI(M).

Sox∗ is GI(M)−regular.

Lemma3.5 — Let(A,m) be a Cohen-Macaulay local ring andM a Cohen-
Macaulay A−module. LetI be an equidimensional ideal with respect toM with
htM (I) = s ≥ 1.

(i) If x ∈ m andP ∈ Min(M/xM) thenhtM (P ) ≤ 1.

If Q ∈ Supp(M/IM) thenhtM (I) = htMQ
(IQ).

If x is M/IM−regular andQ ∈ Min(M/(I, x)M) then(I, x) is equidimen-
sional with respect toM. In particularhtM (I, x) = s + 1.

PROOF: (i) Let P ∈ Min(M/xM). Clearlyx(A/ annM) = (x, annM)/ annM) ⊆
P/ annM. By Krull’s Principal Ideal theorem we havehtA/ ann M (P/ annM) ≤
1. ThereforedimMP = dimAP / annMP ≤ 1. ThushtM (P ) ≤ 1.

(ii) First observe thats = grade(I, M) ≤ grade(IQ,MQ) = htMQ
(IQ). Since

I is equidimensional w.r.t.M we havehtM (I) = htM (P ) for P ∈ Min(M/IM).
Let P ∈ Min(M/IM) be such thatP ⊆ Q. ClearlyIQ ⊆ PAQ andannMQ ⊆
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PAQ. Hence

htMQ
(IQ) ≤ dim(MQ)PAQ

= dimMP = htM (P ) = s.

ThereforehtM (I) = htMQ
(IQ).

(iii) Since Q ∈ Min(M/(I, x)M) we getQ/I ∈ Min( M/IM
x(M/IM)). Note that

we have

htM/IM (Q/I) = dim(M/IM)Q/I

= dimMQ/IQMQ

= dimMQ − grade(IQ,MQ)
= htM (Q)− htM (I) by (ii) above.

By (i) above we get thathtM/IM (Q/I) ≤ 1. WhenhtM/IM (Q/I) = 0 it
follows thathtM (Q) = htM (I). This is not possible sincex is M/IM−regular.
SohtM/IM (Q/I) = 1. HencehtM (Q) = s + 1. Thus(I, x) is equidimensional
with respect toM andhtM (I, x) = s + 1. 2

We now prove one of the main theorems of this paper. In the case of inter-
est i.e. whendimM = d andhtM (I) = d − 1 the conditiondepth(M/IM) ≥
dim(M/IM)−1 of the theorem below is trivially satisfied. The conditionr(I, M) ≤
1 however is an important condition. This is crucially used in the proof of the the-
orem.

Theorem3.6— Let (A,m) be a Cohen-Macaulay local ring andM a Cohen-
Macaulay A−module. LetI be an equidimensional ideal of analytic deviation one
with respect toM. AssumehtM (I) = s ≥ 1, r(I, M) ≤ 1, andI is generically a
complete intersection with respect toM . If depth(M/IM) ≥ dim(M/IM) − 1
thenGI(M) is Cohen-Macaulay.

PROOF : Assumedepth(M/IM) ≥ dim(M/IM) − 1. Let J be a minimal
reduction ofI such thatJIM = I2M. Choose{a1, ..., as, c} as in Lemma 2.2. By
Proposition 2.3(iv) we get that{a∗1, ..., a∗s} is GI(M)−regular. To showGI(M)
is Cohen-Macaulay it is enough to find a regular sequence of lengthdimM in
the graded maximal idealm/I

⊕
n≥1 In/In+1. We have found firsts elements of

this regular sequence namely{a∗1, ..., a∗s}. We now want to finddimM − s =
dim(M/IM) many elements. We do this by induction ondim(M/IM). When
dim(M/IM) = 1 thenGI(M) is Cohen-Macaulay by Theorem 3.2. Suppose
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dim(M/IM) = m > 1 and assume the claim is true ifdim(M/IM) < m. Now
consider the following set

N = {Q ∈ Spec(A) | Q ⊃ I andIQ is not a complete intersection w.r.t.MQ}
By the Lemma 3.3 the setN is Zariski closed and henceN ∩ Supp(M) = V (B)
for some idealB containingI. SinceI is generically a complete intersection it is
easily seen thathtM (B) > s. Thus the set

A = N ∩ Supp(M) ∩ {Q ∈ Spec(A) | Q ⊃ I and htM (Q) = s + 1}
⊆ Min{Supp(M/BM)}

and soA is a finite set.

Consider the following set

B = {Q ∈ Spec(A) | Q ∈ Ass(M/((a) + In)M) for some n ≥ 1} ∪Min(A)

Observe that
M

((a) + In)M
=

M/(a)M
In(M/(a)M)

It follows thatB is a finite set(see [1]). By Theorem 2.4 we have for alln ≥ 1

depth(
M

((a) + In)M
) ≥ min{depth(M/IM),dim(M/IM)− 1}

By assumptiondepth(M/IM) ≥ dim(M/IM)−1 which gives the following

depth(M/((a) + In)M) ≥ dim(M/IM)− 1 ≥ 1.

Sincedim(A/I) > 1 anddepth(M/((a)+In)M) ≥ 1 we see thatm /∈ A∪B.
Hence we can choose an elementx ∈ m \ ∪

Q∈A∪B
Q. Thenx satisfies the following

conditions:

(i) x is regular onM/((a) + In)M for all n ≥ 1 asx /∈ B.

(ii) htM (I, x) = s + 1 by Lemma 3.5(iii).

(iii) (I, x) is generically a complete intersection: LetQ ∈ Min{Supp(M/(I, x)M)}.
So by Lemma 3.5(iii) we gethtM (Q) = s + 1. Also x /∈ P for P ∈ A it

follows thatQ /∈ N. So IQ is complete intersection. Also sincex is M/IM -
regular it follows that(I, x)Q is complete intersection.
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Set K = (I,x)
(x) , T = A/(x) and M̄ = M/xM. By our choice ofx, x is

A−regular. SoT is Cohen-Macaulay. We now have

(a)htM (I) = htM̄ (K).

(b) dim(M̄/KM̄) = m− 1.

(c) depth(M̄/KM̄) ≥ dim(M̄/KM̄)− 1.

(a) and (b) are easy to see. For (c) we argue as follows:

Sincex is M/IM -regular we havedepth(M̄/KM̄) = depth(M/IM) − 1.
So by assumptiondepth(M̄/KM̄) ≥ dim(M/IM) − 2. By (b) above it follows
thatdepth(M̄/KM̄) ≥ dim(M̄/KM̄)− 1.

Sincex is regular onM/((a)+In)M for all n ≥ 1 it follows from Proposition
3.4 thatx∗ is GI(M)−regular. So by Lemma 3.1 we getlM (I) = lM̄ (K). Thus
r(K, M̄) ≤ r(I, M) ≤ 1. Now if Q ∈ Min{Supp(M/(I, x)M)} thenIQ is a
complete intersection sincex /∈ Q if Q ∈ N (by our choice ofx). HenceK
is generically a complete intersection. Therefore the induction hypotheses are all
satisfied for the pair{M̄,K} so we conclude thatGK(M̄) ∼= GI(M)/(x∗)GI(M)
is Cohen-Macaulay. HenceGI(M) is Cohen-Macaulay. This completes the proof
of the theorem. 2

4. IDEALS OF REDUCTION NUMBER AT MOST TWO

We now weaken one of the assumptions of the above theorem. Namely we replace
the conditionr(I, M) ≤ 1 by the conditionJM ∩In+1M = JInM for all n ≥ 2.
Note that whenr(I, M) ≤ 2 this intersection condition is satisfied. We assume
that lM (I) = dimM. Under this condition we get the Cohen-Macaulayness of
GI(M). This we do in the following theorem where we generalize the theorem of
Hübl R. and Huneke C. ([6, Proposition 2.2])to the module case.

Theorem4.1 — Let (A, m) be a Cohen-Macaulay ring andM be a Cohen-
Macaulay A−module of dimensiond > 1. Let I be an unmixed ideal with respect
to M such thathtM (I) = d − 1 = s and lM (I) = d. AssumeI is generically
a complete intersection with respect toM. Let J be a minimal reduction ofI sat-
isfying the conditionJM ∩ In+1M = JInM for all n ≥ 2. ThenGI(M) is
Cohen-Macaulay.

PROOF: We first note that by Lemma 2.2 there exists{a1, ..., as} anM−regular
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sequence andc an M−regular element such thatJ = (a1, ..., as, c) such that
{a1, ..., as} generatesI generically with respect toM. We claim the following:

Claim : a∗1, ..., a
∗
s is GI(M)−regular.

From Valabrega-Valla criterion [12, 2.6] it is enough to show that

(a)M ∩ In+1M = (a)InM for all n ≥ 1.

We prove this by induction onn. There is nothing to show whenn = 0. So let
n = 1. We first observe that(a)I is unmixed ideal with respect toM. This is
because by 2.1(iii) we have

(a)M/(a)IM ∼=
i=s⊕

i=1

(M/IM).

Now the short exact sequence

0 −→ (a)M/(a)IM −→ M/(a)IM −→ M/(a)M −→ 0

implies that

Ass(M/(a)IM) ⊆ Ass((a)M/(a)IM) ∪Ass(M/(a)M)
= Min(M/IM) ∪Min(M/(a)M).

SinceI is unmixed with respect toM andM/(a)M is Cohen-Macaulay, all
these primes have the same height. Hence(a)I is unmixed. We now have to show
(a)M ∩ I2M ⊆ (a)IM. As (a)I is unmixed by Lemma 1.1 it is enough to check
this at the minimal primes of(a)I. So letP ∈ Min(M/(a)IM). If I ⊆ P then
P ∈ Min(M/IM) and therefore

((a)M)P = (IM)P ,

sinceI is generically a complete intersection with respect toM.

Hence

((a)M ∩ I2M)P ⊆ ((a)M)P ∩ (I2M)P

⊆ (I2M)P

= ((a)IM)P .
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If I * P then(IM)P = MP and therefore

((a)M ∩ I2M)P ⊆ ((a)M)P = ((a)IM)P .

Hence(a)M ∩ I2M ⊆ (a)IM.

Now letn ≥ 2. We show the following

(a)M ∩ In+1M ⊆ (a)InM.

By assumption we have

(a)M ∩ In+1M ⊆ JM ∩ In+1M = JInM.

Let m ∈ (a)M ∩ In+1M and so we have
(i) m =

∑s
i=1 aimi ∈ (a)M.

(ii)m =
∑s

i=1 aiuini + cn.
wheremi, ni ∈ M, ui ∈ In andn ∈ InM. Hence

cn =
s∑

i=1

ai(mi − uini) ∈ (a)M.

So we get from 2.1(iii) that

n ∈ ((a)M :M c) ∩ InM = (a)M ∩ InM.

Now by induction hypothesis it follows thatn ∈ (a)In−1M and so the claim
is proved sincec ∈ I.

Let S = GI(A)/(a∗1, ..., a
∗
s), N = GI(M)/(a∗1, ..., a

∗
s)GI(M). We show that

N is Cohen-Macaulay. Sincedim(N) = 1 andS is graded local it is enough to
show thath–soc(N) = (0) whereh–soc(N) = (0 :N m) is the homogeneous
socle ofN. We assume the contrary i.e. letm∗ ∈ N be a non-zero homogeneous
element belonging toh–soc(N). So we have(mA,S+)m∗ = (0).

If deg(m∗) = 0, then m∗ = m + IM for somem ∈ M. It follows that
mAm ⊆ IM, which contradicts to the fact thatM/IM is Cohen-Macaulay.
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Suppose now thatdeg(m∗) ≥ 1. We now replaceA by Ā, I by Ī andM by
M̄ where bar denotes reduction by(a1, ..., as). As a∗1, ..., a

∗
s is GI(M)−regular

sequence we have

GĪ(M̄) = GI(M)/(a∗1, ..., a
∗
s)GI(M) = N.

Note thatJ̄ = (c̄) is a reduction of̄I with respect toM̄. Since(a) ⊆ J we
have the following equality

J̄M̄ ∩ Īn+1M̄ = J̄ ĪnM̄ for eachn ≥ 2.

Hence we may assume thats = 0. Now setm∗ := m + In+1M for some
m ∈ InM \ In+1M. Sincen ≥ 1 and(mA,S+)m∗ = (0) we get the following

cm ∈ In+2M ∩ (c)M = In+2M ∩ JM = JIn+1M.

So there existsn ∈ In+1M such thatc(m− n) = 0.

Hencem−n ∈ (0 :M c)∩ IM = 0 by Proposition 2.1(iii). Thusm ∈ In+1M
a contradiction. This completes the proof of the theorem. 2

5. GENERALIZATION TO BURCH’ S INEQUALITY

Let (A, m) be a local ring andI an ideal inA. Following inequality known as
Burch’s inequality is well known.

l(I) ≤ dimA− inf{depth(A/In) | n ≥ 1}.

The bound is attained whenGI(A) is CM. This is proved by Eisenbud and
Huneke (see [3, Proposition 3.3]). In this section we prove the inequality in the
module case and also show that bound is attained whenGI(M) is CM. To prove
Burch’s inequality for modules we need the following lemma. The proof is analo-
gous to the one given in [10, 2.1]. We putG = GI(A).

Lemma5.1 — Let(A,m) be a local ring andM be anA−module. Then

grade (mG, GI(M)) = inf{depthM/InM | n ≥ 1}.
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PROOF: Let r = grade (mG, GI(M)) ands = inf{depthM/InM | n ≥ 1}.
We prove the result by induction onr.

Let r = 0. Then there existsP ∈ AssGI(M) such thatmG ⊆ P. ThusP =
(0 :G f) for some homogeneousf ∈ GI(M). Let n = deg(f). Sincemf = 0, we
get thatm ∈ AssR GI(M)n ⊆ AssM/In+1M. Thereforedepth(M/InM) = 0.

Now assume thatr > 0. Given anya ∈ m such that its image inGI(R) is
GI(M)−regular, then it easily follows thata is regular onM/InM for anyn ≥ 1.
Hence we gets > 0. We setS = A/aA, n = mS, Ī = IS andN = M/aM. By
Valabrega-Valla theorem [12, 2.6] we haveGĪ(N) = GI(M)/aGI(M). Therefore
grade (nG(Ī), GĪ(N)) = r− 1. By the induction hypothesis, we have

inf{depthN/InN | n ≥ 1} = r − 1.

Sincea isM/InM−regular, we have thatdepth(M/InM) = depth(N/InN)+1
for anyn ≥ 1. The conclusion now follows. 2

We now prove Burch’s inequality,

Theorem5.2— Let (A, m) be local,I an ideal inA. LetM be anA−module.
Then

lM (I) ≤ dimM − inf{depth(M/InM) | n ≥ 1}.

PROOF :

lM (I) = dim GI(M)/mGI(M)
≤ dim GI(M)− grade(mG,GI(M))

= dimM − inf{depthM/InM | n ≥ 1} (By Lemma 5.1).

2

Finally we extend Eisenbud and Huneke’s result to modules,

Theorem 5.3 —Let (A, m) be local,I an ideal inA. LetM be anA−module.
SupposeGI(M) is Cohen-Macaulay. Then

lM (I) = dimM − inf{depth(M/InM) | n ≥ 1}.

PROOF : Let s = inf{depth(M/InM) | n ≥ 1}. We prove the result by
induction ons. So suppose first thats = 0. Set J = mGI(A). By definition
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lM (I) = dim(GI(M)/JGI(M)). We first show thatgrade(J,GI(M)) = 0. Now
suppose on the contrary that
grade(J,GI(M)) > 0. So we can choose an elementx ∈ m \ I such thatx∗ ∈
A/I is a nonzero divisor onGI(M). It then follows thatx is nonzero divisor on
M/InM for all n ≥ 1. This contradicts to the fact thats = 0. Thusgrade(J,GI(M))
= 0. SinceGI(M) is Cohen-Macaulay we get the following

dim(GI(M)/JGI(M)) = dim(GI(M))− grade(J,GI(M))
= dim(GI(M))

HencelM (I) = dim(M). Now lets > 0. Since
⋃

n≥1 Ass(M/InM) is a finite
set (see [1]) we can choose anA−regular elementx ∈ m which is also regular on
the modulesM/InM for all n ≥ 1. It follows thatx∗ ∈ A/I is GI(M)−regular.
We therefore have

GI(M)/(x∗)GI(M) = GĪ(M̄)

whereĪ = IA/(x) andM̄ = M/(x)M. SinceGI(M) is Cohen-Macaulay and
x∗ is GI(M)−regular we get thatGĪ(M̄) is Cohen-Macaulay. Thusdim(M) =
dim(M̄) + 1. Using Lemma 3.1 it follows thatlM̄ (Ī) = lM (I). Sincex is regular
sequence on the modulesM/InM we havedepth(M̄/ĪnM̄) = depth(M/InM)−
1. Hence

inf{depth(M̄/ĪnM̄) | n ≥ 1} = s− 1.

The result now follows by induction hypothesis.

6. EXAMPLES

Let A be a CM ring of dimensiond ≥ 2. Let I be an ideal inA with ht(I) =
d− 1 ≥ 1 andl(I) = d. SupposeI is generically a complete intersection. LetM
be a maximal CMA−module withdimM/IM = 1. In this section we show that
ideals of analytic deviation one in the ring case can be carried over to the case of
maximal CM modules. This is the content of the following lemma.

Lemma6.1 — LetA be a CM ring of dimensiond ≥ 2. Let M be a maximal
CM A−module. LetI be an ideal inA with ht(I) = d−1 ≥ 1 anddimM/IM =
1. Then

(i) If I is generically a complete intersection with respect toA then it is so with
respect toM.
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(ii) If ad(I) = 1 thenadM (I) ≤ 1.

PROOF : (i) We show thatIP is generated byMP−regular sequence for all
primes P ∈ Min{Supp(M/IM)}. So let P ∈ Min{Supp(M/IM)}. Since
dimM/IM = 1 andht(I) = d−1 we see thatMin{Supp(M/IM)} ⊆ Min(A/I).
Now sinceI is generically a complete intersection,IP is generated byAP−regular
sequence. We note that sinceP ∈ Supp(M/IM), MP is maximal CMAP−module.
So generators ofIP form anMP−regular sequence. ThusIP is a complete inter-
section with respect toMP . HenceI is generically a complete intersection with
respect toM.

(ii) Note first thatht(I) = htM (I) = d − 1. From Lemma 1.6 we have
htM (I) ≤ lM (I). It is easy to see that for any idealI one haslM (I) ≤ l(I).
Thus

ht(I) = htM (I) ≤ lM (I) ≤ l(I).

2

The result now follows.

Remark6.2 : Supposead(I) = 1 then from the Lemma 6.1 above it follows
thatadM (I) ≤ 1. Thus eitheradM (I) = 0 or adM (I) = 1.

(i) In the case whenadM (I) = 0 we can use Valabrega-Valla theorem to study
Cohen-Macaulayness ofGI(M).

(ii) When adM (I) = 1 andr(I,M) ≤ 2 we are in the situation of Theorem
3.6. Thus it follows from Theorem 3.6 thatGI(M) is CM.

(iii) When adM (I) = 1 andr(I,M) ≤ 2 then it follows from Theorem 4.1
thatGI(M) is CM.
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