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Let(A, m) be a Cohen-Macaulay local ringyf a Cohen-Macaulayl-module
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reduction number of an ideal is atmost two.
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INTRODUCTION

Let (A, m) be a Cohen-Macaulay(CM) local ring with infinite residue fiéld=
A/m. Let M be a CMA-module. Letl be proper ideal of heighi > 1. Let
Gr(A) = ,501"/I""! be the associated graded ring 4fwith respect tol
and letG;(M) = @D,,>0 "M /I M be the associated graded moduleldf
with respect tal, considered a&/;(A) module. LetF(I) = @,~,I"/mI" be
the fiber cone and lek7 (M) = @,,~, "M /mI"M be the fiber cone of with
respect taM/, considered as a gradéd(/) module. We define analytic spread of
an ideal to be the Krull dimension &f(I) and denote it by(7). Analogously the
analytic spread of an ideal with respectitd is defined to be the dimension of
Fr(M) and denote this bip, (7).

We say that an ideal C I is reduction ofl with respect toM if there ex-
ists a natural numbet such that/7"M = ™M for all n > m. We define
rj(I, M) to be the least suct. A reductionJ of I is called minimal if it is mini-
mal with respect to inclusion. Reduction numbetr afith respect ta\/ is defined
as follows,

r(I, M) = min{r;(I, M) | J is minimal reduction of I with respect to M }.

It is well known that if J is a minimal reduction of with respect talM then
p(J) = Uy (I). Theheightof an ideall with respect tal/, denoted byht (1) is
defined to be the numbeéif{dim Mp | P € Supp(M/IM)}. Analytic deviation
of an ideall with respect taM is the differencé;(I) — htys(I) and we denote
it by adas (7). We prove in Lemma 1.6 théit, (1) < /(1) < dim M. Thus we
always havead,;(I) > 0. Anideal I in A is said to be a&omplete intersection
with respect to)M if I is minimally generated il by an M —regular sequence.
Anideal! is said to begenerically a complete intersectiovith respect taf if Ip
is complete intersection for all minimal primése Supp(M/IM).

WhenM = A andi(I) = ht(I) i.e. whenI has analytic deviation zero there
has been a lot of research regarding the CM propert df4). When analytic
deviation is positive not much is known. However considerable efforts have been
made to understand the case when analytic deviation is one or two (See [7, 4, 9].
When analytic deviation is either one or two then Huckaba and Huneke show that
if I is generically complete intersection of analytic deviation one and reduction
number at most one then the associated graded ring and Rees ring are CM (see 7,
Theorem 2.9] and [8, Theorem 2.1]). These conditions were generalized by many
authors (see [5 and 9)).
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It is of some interest to extend results in case of rings and ideals to the case
of modules. A systematic account of this transition from rings to the modules is
given in the notes of Rossi and Valla, see [11]. In the notes of Rossi-Valla, to do
the transition from rings to modules, techniques of Hilbert functions, superficial
sequences, Valabrega-Valla criterion etc. are used as the basic tools. Unfortunately
in the case of ideals of analytic deviation one, theory of Hilbert functions doesn’t
work as plainly as it works in the casenmfprimary ideals. Assumit(7) = d > 1
and((l) = d + 1. Let I be generically a complete intersection ard) < 1.
Huckaba and Huneke in their paper (7, [Theorem 2.9]) proveGihatl) is CM if
depth(A/I) > dim(A/I) — 1. In this paper we extend this result of Huckaba and
Huneke to modules.

Theoreml — Let (A, m) be a Cohen-Macaulay local ring ant/ a Cohen-
Macaulay A—module. Lef be an equidimensional ideal of analytic deviation one
with respect taV/. Assuméit, (1) = s > 1, (I, M) < 1,and ] is generically a
complete intersection with respectié. If depth(M/IM) > dim(M/IM) — 1
thenG (M) is Cohen-Macaulay.

We next extend to the module case the result 8bHand Huneke ([6, Propo-
sition 2.2]) on Cohen-Macaulayness@f(A). The condition-(Z, M) < 1 of the
above theorem is now replaced by the weaker condifidhn 1"t M = JI"M
for all n > 2. But we make an extra assumption that(/) = dim M.

Theorem2 — Let (A, m) be a Cohen-Macaulay ring and/ be a Cohen-
Macaulay A—module of dimensiod > 1. Let | be an unmixed ideal with respect
to M such thathty,(I) = d — 1 = s andly(I) = d. Assumel is generically
a complete intersection with respectié. Let .J be a minimal reduction of sat-
isfying the condition/M N I"*'M = JI"M for all n > 2. ThenG;(M) is
Cohen-Macaulay.

In section 5 we extend Burch’s inequality to modules.

Theorem3 — Let (A, m) be local, ] an ideal inA. Let M be anA—module.
Then
Iy(I) < dim M — inf{depth(M/I"M) | n > 1}.

It is of some interest to know when the bound is attained. We generalize the
result of Eisenbud and Huneke to show that the bound is attained when associated
graded module of the ideal is CM, see ([3, Proposition 3.3]).

Theorem4 — Let (A, m) be local,] an ideal inA. Let M/ be anA—module.
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Supposé& (M) is CM. Then

Ip(I) = dim M — inf{depth(M/I"M) | n > 1}.

In section 1 we introduce notation and state some preliminary results. In sec-
tion 2 we extend the techniques of Huckaba and Huneke to the module case i.e.
whenM is a CM module. As in the ring case the conditiaid, M) < 1 plays an
important role. In section 3 we prove Theorem 1 mentioned above. In section 4
we prove Theorem 2. In section 5 we prove Theorem 3 where Burch’s inequality
is proved in the module case. We then prove Theorem 4 wherein the bound in the
Theorem 3 is attained under the assuption tat)/) is CM. In the last section
we provide examples of ideals of analytic deviation one with respect to modules.
We make the following observations for maximal CM modules:

(i) If I is generically complete intersection with respectdtéhen it is so with
respect taVf.

(i) ho(2) < htar(D) < Lar(D) < 1(D).

(i) If ad(I) = 1 thenady(I) < 1.

We thus see that for maximal CM modules our results can be applied to get the
Cohen-Macaulayness 6f;(M).

1. PRELIMINARIES

In this paper all rings are commutative Noetherian and all modules are assumed
to be finitely generated. LétA, m) be a CM local ring with infinite residue field

k = A/m. Let M be a C-MA-module. Let/ be a proper ideal witht,; (1) =

d > 1. We say an ideal in A is unmixedwith respect toM if all associated
primes ofM /I M have same height. We shall denote the sequence, a4 by a.
Anideal! in A is said to be equidimensional with respecMoif dim(M/PM) =
dim(M /I M) for all minimal primesP of Supp(M/IM).

The following result is well known. We include it here for the lack of suitable
reference.

Lemmal.1 — LetA be aring,M be anA—module LetZ andN be A—submodules
of M such thatLp C Np forall P € Ass(M/N) thenL C N.
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PrRoOOF : Consider the submodul® = (L + N)/N of M/N. If P is an
associated prime af//N then by assumptio®pr = 0. Now sinceAss(D) C
Ass(M/N) it follows that Ass(D) is empty set. S@ = 0. ThereforeL C N.

Lemmal.2 —LetA be Cohen-Macaulay and be a Cohen-Macaulayl—module.
Assume that is an M —regular sequence. Thew/(a)'M is Cohen-Macaulay
A/(a)*—module for alli > 1.

PROOF: SinceSupp(M/(a)'M) = Supp(M/(a) M) we have the following

dim ((aj)\fM ) —dm <(a];4M ) '

Consider the following exact sequence

0 — ()" *M/(a)'M — M/(a)'M — M/(a)""'M — 0

By [2, Theorem 1.1.8] we see théd)'~1M/(a)'M = @;‘?:1 M/(a)M for
somek. The result now follows using induction @an O

When A is Cohen-Macaulay we know thagtade(I) = ht(I). Similarly we
have,

Lemmal.3 — Let(A, m) be a local ring and lef\/ be a Cohen-Macaulay
A—module. Then
grade(I, M) = htys(I).

PROOF: If htys (1) = Othenitis esay to see thgtade(I, M) = 0. So assume
thatht/(I) = s > 1. So

htpr(I) = inf{dim Mp | P € Supp(M/IM)}
= inf{depth Mp | P € Supp(M/IM)}.
Observe that ifP € V(I) \ Supp(M) thendepth Mp = co. So we have the

following

htps(I) = inf{depth Mp | P € V(I)}
= grade(I, M).

Remarkl.4 : LetJ be reduction of with respect taV/ then we see that
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Supp(M/IM) = Supp(M/J M)

To see this letP € Supp(M/JM). Supposel ¢ P then since fom > 0
I M = JI"M we haveMp = JpMp. This gives usMp = 0 contradicting
the fact thatP? € Supp(M). SoI C P and hence’ € Supp(M/IM). The other
inclusion is obvious.

Remarkl.5 : Let] be anideal iMd andM an A—module thergrade(I, M) <
(1)

The following result is well known in the case of rings.

Lemmal.6 — Let(A, m) be a Cohen-Macaulay local ring/ be a Cohen-
Macaulay A—module. Then

ht]V[(I) < lM(I) < dim M.

PROOF: Letly(I) = s. Let J be minimal reduction of with respect to
M. Sou(J) = s. From Remark 1.4 it follows thatim M /IM = dim M/JM.
Hencegrade(I, M) = grade(J, M). SinceM is Cohen-Macaulay it follows from
Lemma 1.3 thaht/(I) = grade(Z, M). By Remark 1.5 we havgrade(.J, M) <
p(J). Sohty(I) < Ip(I). For the other inequality we observe that(M) is
quotient ofG;(M). Therefore; (M) < dim G;(M) = dim M.

2. BAsIC TECHNIQUES

In this section we prove some basic results which we shall often use in subsequent
sections.

Proposition2.1 — Let A be a local ring,M be anA—module. Let/ be an
ideal of A with htp, (1) = s > 1.

(i) If ais anM —regular sequence withy, ..., as € I then

i=d

(a)M/(a)IM = @(M/IM).

=1
(i) If ¢ € AisanM —regular element, then

depth(M/cIM) > min{depth(M/IM),depth(M/(c)M)}.
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(iii) SupposeV! is Cohen-Macaulay is anM —regular sequence ihthat gen-
erates] generically with respect td/, andc € I such that

Supp(M/IM) = Supp(M/(a,c)M)

then((a)™M :pr ) N I™M = (a)™ M for all positive integersn, n.

PrROOF: (i) Let J = (a4, ...,as). By [2, 1.1.8] we have
M/IM[Xy, ..., X = @ "M/ T M.
n>0

Therefored;_, M/JM = JM/J*M. Now tensoring with?/I gives the result.

(if) Consider the exact sequence

(c)M M M

0— — —
cIM cIM (e)M

— 0.

Sincec is M —regular we havéc) M /cIM = M/IM. So by [2, 1.2.9]
depth(M/cIM) > min{depth(M/IM),depth(M/(c)M)}

(i) Fix m > 1. Let Ass(M/(a)™ M) = { Py, ..., Py, Q1,...,Q1}, wherel C
Pifori=1,..,kandl € Q;fori =1, ...,1. We write(a)™M = LNN whereL is
the intersection of primary componentsaj™ M belonging to{ P, ..., P} andN
is the intersection of the primary component$®f™ M belonging to{Q1, ..., Q;}.

Using Lemma 1.2 we have that'/(a)™ M is Cohen-Macaulay. So we have
ht(P;) = ht(Q;) = s forall 4, j.

Claim: ™M C L.

Note thatAss(M/L) = {P,..., P;}. Since{ay,...,as} generated generi-
cally with respect ta\/ and{ P, ..., P} C Min(M/IM) we have(I™M)p, =
(a)pMp, C (L)p, for all P; € Ass(M/L). It follows from Lemma 1.1 that
I"™M C L. Thus the claim is true.

It is clear that(a)” M C ((a)™M :pr ¢™) N I™M. For reverse inclusion let
c"t € (a)™M wheret € I M. Thusc"t € LN N = (a)™ M.

Sincel ¢ Q; fori = 1,...,l andSupp(M/IM) = Supp(M/(a,c)M), we
must havec” ¢ Q; fori = 1,...,1. For if ¢ € @Q; thenc € Q; which gives
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(a,¢)™ C Q;. ButthenI C @, becaus&upp(M/IM) = Supp(M/(a,c)M).
This is not possible sincE¢ Q;.

Now let N = Ny N Ny N ...N N; be a primary decomposition df. Since
¢ Q;fori=1,..,landQ; = y/ann(M/N;) it follows thatc"M ¢ N; for
i =1,...,1. Sincec"t € N; andN; is Q;—primary submodule we get thate N;
fori =1,..,01. Thust € N.Sot € NNI™M C NN L= (a)™M and the result
follows.

The following result allows us to choose good generating set for minimal re-
ductions of ideals having analytic deviation one. This is known in the ring case. We
present a proof of it in the module case. This proof is different from that available
in the literature.

Lemma2.2 — Let (A, m) be a Cohen-Macaulay local ring/ be Cohen-
Macaulay A— module. Let! be an ideal inA andJ be a minimal reduction of
w.r.t. M. Lethty (1) = s > 1 andip (1) = htpr(I) + 1. Assumel is generically
a complete intersection w.rf/. Then there exist$ay, ..., as} an M —regular se-
quence and an M —regular element such thdt= (ay, ..., as, ¢) with {ay, ..., as}
generating generically w.r.tA/.

PROOF: Let A = Min(Supp(M/IM)) = {P,...,P,} andMin(M) =
{Q1,...,Qn}. Sincel is generically a complete intersection we have Foe A,
Ip = (x1,...,xzs) Where{zy, ..., x5} is Mp—regular sequence iRp.

Since Jp is a reduction oflp we have that/p = Ip forall P ¢ A. We
therefore havelimy p,) Jp,/P;Rp,Jp, = s. We also havelimy J/mJ = s + 1
sinceJ is minimal reduction of andi;(I) = s+ 1.

Consider the following natural maps

Now letT = {JNQ1,JNQ2,...,J NQn}. Consider the images ofN Q; in
J/mJ. SetV; = (JNQ; +mJ)/mJ C J/mJ. Sincegrade(I, M) = grade(J, M)
we get that/ ¢ Q; for eachi. So by Nakayama’s lemman Q; +mJ # J. Thus
Vi C J/mJ are proper subspaces ffmJ. SetK; = ¢; *(0). Note that sincd is
generically a complete intersectioli; are ideals properly contained ih Let W;
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be the image oK in J/mJ. SinceK; are proper inJ so by Nakayama’s lemma it
follows thatWW; are proper subspaces.jiimJ. Now sinceJ/mJ is a vector space
over an infinite field there exists, € J/mJ \ {UL,; Ti UL, 20i}. Note first that
ay is one of the minimal generators df Clearlya; ¢ JN@Q;forl1 <i <m
so thata; is M —regular element. Also sincg; ¢ K; for 1 < i < n we have
a1/1 ¢ P;Rp,Jp,. Hencea; /1 is one of the minimal generators gp, .

Now going modulo(a;) and repeating the same argument we can chagse
such that{a;, as} is an M —regular sequence. Again as abayg'1 is one of the
minimal generators of p,. We continue doing so and arrive at the §et, ..., as}.

By our choice this is aid/ —regular sequence which forms a part of minimal gen-
erating set of/. Also {a1/1, ...,as/1} is part of minimal generating set dp,.

Sincedimk(Pl.) in/Pisz.in = swe gethZ. = (al/l, cees as/l). Since(dl, ceey ds)
is a proper subspace df'mJ we can choose € J/mJ \ {U", T; U(as, ..., as) }-
Clearlycis M —regular. Sincelimy J/mJ = s+1 we getthat//mJ = (a4, ..., s, ©).
Hence it generatesgenerically.

Lemma2.3 —Let(A, m) be a Cohen-Macaulay local ringg/ a Cohen-Macaulay
A— module,] an ideal inR with ht;(I) = s > 1. Supposelim A/I > 1. Let
{a1,...,as} be anM —regular sequence ihthat generateg generically. Let €

be anM —regular element such thét, c)IM = I2M. Then forl < i < n we
have

(i) I"M = (a)'I" M + "I M.
(i) (a)’M N I'M = (a)'c" M.
(i) (a)'M NI"M = (a) """ M.
(iv) aj,...,a%is aG(M)—regular sequence.

PROOF: (i) Fix n > 1.

Fori = n. We have(a)" M C I"M. Therefore(a)" M + I"M = I"M. Also
note that whem = 1 we havei = 1. Hence(a)M + IM = I M.
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Soletn > 2 and letl <i <n — 1. Sincel?M = (a,c)I M we have

=l +( )Z n—i= 1)[MJF(( Yt L (Y IM
)Z((a)” L PTNIM 4 (@) e (0 DI
@)i((g)Jr(C))” - 1IM+C” “((a) + ()M

(i) Clearly (a)! MNc™ ' I'M D (a)'c"~ M. For the other inclusion let*~t €
(a)!M wheret € I'M. This gives ug € ((a)'M :p; %) = (a)*M (by Propo-
sition 2.1(ii)). Therefore™ it € (a)'c"~*M giving us the other inclusion. So (ii)
follows.

(iii) By (i) we have I" M = (a)' 1" M + ¢"~*'I'M. So

(a))M NI"M = N (@) "M 4 "' T'M)
'TVM A+ (a)'M N M
)

)'M
)"
VI M + (a)'c™ "M (by (i) above)
)
)'

\ S

(a
=(a
= (
( Z(ITL 1M+(C)TL lM)
= (a)'1"'M forn > 1andl <i<n.

(iv) Takingi = 1 in (iii) above we get(a)M N I"M = (a)I"*M for all
n > 1. So from Valabrega-Valla Theorem [12, 2.6] it follows thdt ..., o} is a
G (M)—regular sequence.

Theorem2.4— Let (A, m) be a Cohen-Macaulay local rindy/ be a Cohen-
Macaulay A—module andl an ideal in A with hty;(I) = s > 1. Suppose
dimA/I > 1. Let{ay,...,as} be anM —regular sequence id that generates
I generically and let € I be anM —regular element such that, ¢c)IM = I*M.
Then forl <7 < n we have

depth( ) > min{depth(M/I*M), dim(M/IM) — 1}.

((@)" + I")M

PROOF: Fixn > 1.
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Fori = n. We have(a)"M C I"M. Therefore(a)"M + I"M = I" M. So
depth(M/((a)™ + I"")M ) = depth(M/I" M ). The result follows in this case.

Soletl < i < n — 1. By Lemma 2.3(i)we writel"M = (a)'I" "M +
M.

So(a)'M + I"M = (a)'M + ¢"~*I' M. Consider the usual exact sequence

M M
0— . — — . @ — — , — 0.
(a))M Ner—tI'M (a)!M eIt M (a)!M + I"M

Using Lemma 1.2 and 1.3 we get the following

dim(M/IM) = dim(M) — grade(I, M)
=dim(M) — s
— dim(M/(a)' M)

It follows from [2, 1.2.9] that

depth(Wj\in) > depth( (a])\fM @ c”‘%iM)

or
depth(M/((a)" + I")M) = depth(M/((a)'M N "I M)) — 1.

Case (i): depth(((a)imw) > depth( (a])‘fM@cn_%M)
> min{depth( (])” ), depth (#NM)}

By Lemma 1.2 we havéepth (M /(a)*M) = dim M /I M. Note also that since
htps (1) > 1 we have from Proposition 2.1 (ii) that

) > mln{depth( M ) depth( M )} depth( M

depth .
epth( M)

M
i M
This takes care of the first case.

M

Case(ii):  depth( (@73 0 T

) = depth( ) — 1.

((@)" + I")M
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By Lemma 2.3 (ii) we havéa)'M N " *I'M = (a)'c"*M. Now by the
Proposition 2.1(i) we get

M . M
) min{depth( (@M

AV

depth( .

i) M ), depth(

et M )}

M
= h -
dept ((g)ZM)
. M
Sodepth(M/((a)!M N " I'M)) — 1 > dim(M/IM) — 1 and the result
follows.

3. COHEN-MACAULAYNESS OF ASSOCIATEDGRADED MODULE

Let (A,m) be a CM local ring. Let/ be an ideal inA with ht(I) = d > 1
andi(I) = d + 1. Let I be generically a complete intersection ard) < 1.
Huckaba and Huneke in their paper ([7, Theorem 2.9]) prove@hgtl) is CM

if depth(A/I) > dim(A/I) — 1. In Theorem 3.6 we extend this result to CM
modules.

>
<

For the purpose of induction we need the following result.
Lemma3.1 — Let(A, m) be local ring,I an ideal inA and A/ an A—module.
If z € m\ Jandz* is G;(M)-regular element then

5 = )

whereM = M/xM.

PROOF: SetT = A/(x) andK = (I,z)/(x). Let R(I, M) = @5, ['M1’
andT (K, M) = @,~, K'Mt'. We first show thal (K, M) = R(I, M) /(x)R(I, M).
We observe that

. I''z) - I'M+axM I'M
KlM:(VI)M: +$ ~

(x) tM zMNI'M’

Sincez* is G(M)-regular we have M N I'M = zI* M for all i. Hence
M  _ I'M

aMNIM — zI'M




IDEALS OF ANALYTIC DEVIATION 85

and we derive the isomorphisms

=Prm t’”@ IM R(I,M)/(x)R(I, M).

i>0 i>0

This isomorphism implies that

R(I,M) _ T(K,M)

mRG.) /() (R, )

Hencely (1) = (L, z)/(x)). ]

Our main focus in this thesis is to look at maximal Cohen-Macaulay modules
M and generically a complete intersection ideaisith i,(/) = d = dim A and
htps(I) = d — 1. In this case ifr(I, M) < 1 then the following result shows that
G1(M) is Cohen-Macaulay. This result is an essential ingredient in the proof of
Theorem 3.6.

Theorem3.2 — Let (A, m) be a Cohen-Macaulay local ring andf/ be a
Cohen-MacaulayA—module. Let/ be an ideal inA of analytic deviation one
with respect taM. Assumeént (1) = s > 1, r(I, M) < 1, and I is generically
a complete intersection with respectid. If dim(M/IM) = 1 thenG(M) is
Cohen-Macaulay.

PROOF: Let.J be a minimal reduction of such that/TM = I?M. Choose
{ay,...,as,c} asin Lemma 2.2. By Lemma 2.3(iii) we hay@nI" M = (a)I" ' M.
Now by the Proposition 2.3(iv) we get thgi], ..., a%} is Gr(M)—regular.

Sincedim(M/IM) = 1 we havedim(M) = s + 1. To show thatG;(M)
is Cohen-Macaulay it is enough to find a regular sequence of length in the
graded maximal ideah/J €, ~, I"/I"*1. Choosey € m such thaf{ay, ..., as, y}
is anM —regular sequence. Note thgt € m/Jandc* € /12

Claim1: {aj, ...,a%, y* + ¢*} is Gr(M)-regular sequence.

So let(y* + ¢*)(u(0)* + u(n)*) = aj(r(0)* + ... +ri(n)*) + ... +
aX(rs(0)* 4 ... + rs(n)*) Wheredeg( (1)) =1 anddeg(r]( ))*) = i for eachs.
We show that:(0)* + ... + u(n)* € (af, ..., a})G(M). This can be achieved by
reducingn and using induction. This we do in the following claims.

Claim1.1:u(n)* € (aj,...,al)Gr(M) forn > 1.
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Let u(i) andr;(:) be liftings ofu(i)* andr;(i)* respectively fol0 < i < n
and1l < j < s. From the relation above we havén)c — ajri(n) — ... —
asrs(n) € I""2M wherer;(n) € I"M. Henceu(n)c € (a)I™ M + I+ M. Writ-
ing I""2M = (a)I" 1M + cI™ 1 M it follows thatu(n)c € (a)I"M + cI™ 1 M.
Hence there exists € 1"+ M such thatu(n)c — be € (a)M i.e. (u(n) — b)c €
(a)M. Sincen > 1,u(n)—b € ((a)M :pr c)(VIM. By Lemma 2.1(ii)((a) M :ams
¢)NIM = (a)M. Thusu(n) — b € (a)M. Sou(n) —b € (a)M () I"M. Since
()M N I"M = (a)I""' M we see thati(n) € (a)I"~'M + I M. It follows
thatu(n)* € (af, ...,a%)Gr(M).

cey g

Thus we can reduce if n > 1. So suppose now that= 0.
Claim1.2 :u(0)* = 0.

Sincen = 0 we must havgu(0) € IM andcu(0) —ayri1(0) — ... —asrs(0) €
I?M. Writing I2M = (a)IM + cIM we see thatu(0) € (a)M + cIM. Thus
cyu(0) € y(a)M +cyI M. Hence there exists € I M such that(yu(0)—yby) €
(a)M. But sinceyu(0) — yby € IM we obtainyu(0) —yby € ((a)M :pr ¢c)NIM.
Soyu(0) — yb; € (a)M by Lemma 2.1. Also sincéay, ..., as, y} is M —regular
sequence it follows that(0)—b; € (a) M. Henceu(0) € IM which givesu(0)* =
0. This proves our claim. Hena&; (M) is Cohen-Macaulay.

Following lemma shows that a certain set of primes is a Zariski closed set. This
fact is used in the proof of the main theorem. This is similar to a result in [?].

Lemma3.3 — Let(A, m) be Cohen-Macaulay local ring ad be a Cohen-
Macaulay A—module. Letl an ideal inA with ht;;(I) = s > 1. Then the set

N ={Q € Spec(A) | Q D I andlg is not a complete intersection w.rit/g }

is Zariski closed.

PROOF: We show thatV¢ is Zariski open. Sincerade(I, M) = htys (1) it
follows from [2, 1.6.19] thaiV® = {Q € Spec(A) | I is generated by elements
}.Let P € N¢and solp = Apzy + ... + Apxz,. We may assume that, € A.
Consider the linear map : A* — I defined byp(aq, ...aq) = a121 + ... + agzs.
Let C be the cokernel of this map. Localizing the exact sequetice— I —
C — 0 at a prime ideal) we get an exact sequence

Ay —Ig —Cq—0
and when) = P we getCy = 0. Clearly Supp(C) = V(annC) is closed set

in Spec(A) andP ¢ Supp(C). SetV = SpecA \ Supp(C). Clearly V' is open.
Notice thatCg = 0 for Q@ € V. ThusP € V' C N°. HenceN¢ is an open set. O



IDEALS OF ANALYTIC DEVIATION 87

In the proof of the main theorem we need an element whicky {3\ ) —regular
for the purpose of induction. Following proposition guarantees the existence of
such an element.

Proposition3.4 — Let (4, m) be a Cohen-Macaulay local ring and a
Cohen-MacaulayA—module. Let/ be an ideal of analytic deviation one with
respect toM. Assumehty (1) = s > 1, r(I,M) < 1, and! is generically a
complete intersection with respectié. If = is regular onM//((a) + I™) M for all
n > 1thenz* is G;(M)—regular.

PrROOF: ChooseJ = (ay, ..., as,c) @ minimal reduction of as in Theorem
3.2. Notice{a,...,a’} is G;(M)—regular sequence by Proposition 2.3(iv). It
suffices to show thafaj, ..., a%,z*} is a regular sequence because under any per-
mutation it would again form a regular sequence. Sacfet(n)* = ajri(n —
1)* + ...+ airs(n — 1)* be homogeneous relation of degred_et u(i) andr; (i)
be liftings of u(i)* andr;(i)* respectively for0 < i < n andl < j < s.
Thuszu(n) — airi(n — 1) — ... — agrs(n — 1) € I M. Thereforexu(n) €
(a)M + I"*1M. Sincez is M/((a) + I™)M —regular it follows thatu(n) €
((a) + I"*YYM N I"M. Since((a) + "M N I"M = (a)I**M + "M by
2.3(iii) we haveu(n) € (a)I" 1M + I"M. Henceu(n)* € (al,...,a})G(M).
Sox* is Gy(M)—regular.

Lemma3.5 — Let(A, m) be a Cohen-Macaulay local ring afid a Cohen-
Macaulay A—module. Let/ be an equidimensional ideal with respect\towith
htM(I) =s>1.

(i) If z € mandP € Min(M/zM) thenhty, (P) < 1.
If @ € Supp(M/IM) thenhty (1) = htaz, (Ig)-

If zis M/IM—regular and)) € Min(M/(I,z)M) then(I, z) is equidimen-
sional with respect td/. In particularht (I, z) = s + 1.

PROOF: (i) Let P € Min(M/xM). Clearlyz(A/ann M) = (z,ann M)/ ann M) C
P/ ann M. By Krull's Principal Ideal theorem we havé 4/ .y, 17 (P/ ann M) <
1. Thereforedim Mp = dim Ap/ann Mp < 1. Thusht,;(P) < 1.

(ii) First observe that = grade(I, M) < grade(lq, Mg) = ht, (Ig). Since
I is equidimensional w.r.tM we haveht; (1) = htys(P) for P € Min(M/IM).
Let P € Min(M/IM) be such tha” C Q. ClearlyIy € PAg andann Mg C
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PAg. Hence

htMQ(IQ) < dim(MQ)pAQ =dim Mp = htM(P) =S.

Thereforeht (1) = hta, (1g)-

(iii) Since Q € Min(M/(I,z)M) we getQ/I Min(z(%/f%)). Note that
we have

Wt (Q/1) = dim(M/IM) g
= dim Mg/ Io My
= dim Mg — grade(Ig, Mq)
= htp(Q) — htps(I) by (ii) above.

By (i) above we get thahty; ;p(Q/1) < 1. Whenhty, rp (Q/I) = 0 it
follows thatht;(Q) = htas (7). This is not possible since is M /I M —regular.
Sohty v (Q/I) = 1. Hencehty, (Q) = s + 1. Thus(7, x) is equidimensional
with respect taVf andhtys (I, z) = s + 1. O

We now prove one of the main theorems of this paper. In the case of inter-
esti.e. wherdim M = d andht; (/) = d — 1 the conditiondepth(M/IM) >
dim(M /IM)—1 of the theorem below is trivially satisfied. The conditigd, M) <
1 however is an important condition. This is crucially used in the proof of the the-
orem.

Theorem3.6— Let (A, m) be a Cohen-Macaulay local ring and a Cohen-
Macaulay A—module. Lef be an equidimensional ideal of analytic deviation one
with respect taV/. Assumeéuty, (1) = s > 1,7(I, M) < 1, and[ is generically a
complete intersection with respectié. If depth(M/IM) > dim(M/IM) — 1
thenG (M) is Cohen-Macaulay.

PROOF: Assumedepth(M/IM) > dim(M/IM) — 1. Let J be a minimal
reduction ofl such that/ TM = I?M. Choos€{ay, ..., as, c} asin Lemma 2.2. By
Proposition 2.3(iv) we get thdta], ..., a%} is Gy(M)—regular. To showG(M)
is Cohen-Macaulay it is enough to find a regular sequence of letigih\/ in
the graded maximal ideat/J ,~, 3"/3"1. We have found first elements of
this regular sequence namely;, ..., a*}. We now want to findlim M — s =
dim(M/IM) many elements. We do this by induction dim(A//IM). When
dim(M/IM) = 1 thenG;(M) is Cohen-Macaulay by Theorem 3.2. Suppose
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dim(M/IM) = m > 1 and assume the claim is truedifm(A//IM) < m. Now
consider the following set

N ={Q € Spec(A) | Q D I andl is not a complete intersection w.rit/g }

By the Lemma 3.3 the séY is Zariski closed and hend€ N Supp(M) = V(B)
for some idealB containingl. Sincel is generically a complete intersection it is
easily seen thdtty;(B) > s. Thus the set

2A = NNSupp(M)N{Q € Spec(A) | Q@ D I and htp(Q) = s+ 1}
C Min{Supp(M/BM)}
and sal is a finite set.

Consider the following set

B ={Q € Spec(A) | Q € Ass(M/((a) + I")M) for somen > 1} UMin(A)

Observe that
M . M/(@)M

(@) +1IMM — I"(M/(a)M)
It follows that®B is a finite set(see [1]). By Theorem 2.4 we have fomaft 1

depth( ) > min{depth(M/IM),dim(M/IM) — 1}

M
((a) +1Im)M
By assumptionrlepth(M /IM) > dim(M /IM)—1 which gives the following
depth(M/((a) + I")M) > dim(M/IM) —1 > 1.

Sincedim(A/I) > 1 anddepth(M/((a)+I1")M) > 1 we see thain ¢ AUDB.
Hence we can choose an elemerg m \ o gUBD. Thenz satisfies the following
S

conditions:
(i) z isregular onM/((a) + I")M foralln > 1 asz ¢ ‘B.
(i) htar (I, x) = s + 1 by Lemma 3.5(jii).
(ii) (1, x) is generically a complete intersection: ligtc Min{Supp(M/(I,z)M)}.

So by Lemma 3.5(iii) we gelit;;(Q) = s+ 1. Alsox ¢ P for P € 2 it
follows thatQ ¢ N. SoIg is complete intersection. Also sinaeis M /IM-
regular it follows tha(Z, =) is complete intersection.
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SetK = ((1;;), T = A/(x) and M = M/xM. By our choice ofz, z is
A—regular. Sdl" Is Cohen-Macaulay. We now have

(@) htp(I) = ht;(K).

(b) dim(M/KM) = m — 1.

(c) depth(M /K M) > dim(M /K M) — 1.

(a) and (b) are easy to see. For (c) we argue as follows:

Sincex is M/IM-regular we havelepth(M /K M) = depth(M/IM) — 1.
So by assumptiodepth(M /K M) > dim(M/IM) — 2. By (b) above it follows
thatdepth(M /K M) > dim(M /K M) — 1.

Sincex is regular oM/ /((a) +I™)M for all n > 1 it follows from Proposition
3.4 thatz™* is G(M)—regular. So by Lemma 3.1 we gl (1) = [;;(K). Thus
r(K,M) < r(I,M) < 1. Now if @ € Min{Supp(M/(I,z)M)} thenI is a
complete intersection since ¢ Q if Q@ € N (by our choice ofr). HenceK
is generically a complete intersection. Therefore the induction hypotheses are all
satisfied for the paif M, K} so we conclude that i (M) = G (M) /(x*)G (M)
is Cohen-Macaulay. Hene&; (M) is Cohen-Macaulay. This completes the proof
of the theorem. O

4. 1DEALS OF REDUCTION NUMBER AT MOST TwWO

We now weaken one of the assumptions of the above theorem. Namely we replace
the condition (I, M) < 1 by the condition/M NI M = JI"M for alln > 2.

Note that whenr(I, M) < 2 this intersection condition is satisfied. We assume
thatiy; (/) = dim M. Under this condition we get the Cohen-Macaulayness of
G(M). This we do in the following theorem where we generalize the theorem of
Hubl R. and Huneke C. ([6, Proposition 2.2])to the module case.

Theorem4.1— Let (A, m) be a Cohen-Macaulay ring an#l/ be a Cohen-
Macaulay A—module of dimensiod > 1. Let | be an unmixed ideal with respect
to M such thatht,;(I) = d — 1 = s andiy (I) = d. Assumel is generically
a complete intersection with respectié. Let .J be a minimal reduction of sat-
isfying the condition/M N I"'M = JI"M for all n > 2. ThenG;(M) is
Cohen-Macaulay.

PROOF: We first note that by Lemma 2.2 there exigts, ..., as } anM —regular
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sequence and an M —regular element such that = (a4, ..., as,¢) such that
{a1,...,as} generateg generically with respect td/. We claim the following:

Claim: a7, ...,a} is Gy (M)—regular.
From Valabrega-Valla criterion [12, 2.6] it is enough to show that
(@M NI"IM = (a)I"M  for all n > 1.

We prove this by induction on. There is nothing to show whem = 0. So let
n = 1. We first observe thata)! is unmixed ideal with respect td/. This is
because by 2.1(iii) we have

1=s

(a)M/(a)IM = EB(M/IM).
=1
Now the short exact sequence
0— (Q)M/(Q)IM — M/(Q)IM — M/(Q)M —0
implies that

Ass(M/(a)IM) C Ass((a)M/(a)IM) U Ass(M/(a) M)
= Min(M/IM) U Min(M/(a)M).

Since! is unmixed with respect td/ and M /(a)M is Cohen-Macaulay, all
these primes have the same height. Hefagé is unmixed. We now have to show
(a)M N I?M C (a)IM. As (a)I is unmixed by Lemma 1.1 it is enough to check
this at the minimal primes ofa)!. So letP € Min(M/(a)IM). If I C P then
P € Min(M/IM) and therefore

((@)M)p = (IM)p,
sincel is generically a complete intersection with respectfo
Hence

(@M NI*M)p C ((a)M)p N (I*M)p
C(I*M)p
(@) IM)p.



92 GANESH S. KADU

If I ¢ Pthen(IM)p = Mp and therefore

(@M NI*M)p C ((@)M)p = ((a)IM)p.
Hence(a)M N I?M C (a)IM.

Now letn > 2. We show the following
(@)M N I"TIM C (a)I"M.
By assumption we have
(@M NI"M C IM NI M = JI"M.

Letm € (a)M N I"*1 M and so we have
()m=>37_,am; € (a)M.

(iym =37 ajuin; + cn.

wherem;,n; € M,u; € I" andn € I" M. Hence

S
cn = Zai(mi —u;n;) € (a)M.
i=1

So we get from 2.1(iii) that

ne (@M ¢)NI"M = (a)M N I"M.

Now by induction hypothesis it follows that € (a)I"~'M and so the claim
is proved since € 1.

LetS = Gr(A4)/(a7,...,a%), N =Gr(M)/(a7,...,a%)Gr(M). We show that
N is Cohen-Macaulay. Sinc&m(/N) = 1 andS is graded local it is enough to
show thath—soc(N) = (0) whereh—soc(N) = (0 :y m) is the homogeneous
socle of N. We assume the contrary i.e. let* € N be a non-zero homogeneous
element belonging tb—soc(NN). So we havéma, G )m* = (0).

If deg(m*) = 0, thenm* = m + IM for somem € M. It follows that
mam C I, which contradicts to the fact that' /I M is Cohen-Macaulay.
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Suppose now thateg(m*) > 1. We now replaced by A, I by I and M by
M where bar denotes reduction by, ..., as). As a},...,a* is G;(M)—regular
sequence we have

Gr(M) =Gr(M)/(ai, ...,a5)Gr(M) = N.

Note that/ = (¢) is a reduction ofl with respect taM. Since(a) C J we
have the following equality

JM NI M = JI"M for eachn > 2.
Hence we may assume that= 0. Now setm* := m + I"T!M for some
m € I"M \ I"*1 M. Sincen > 1 and(ma, S )m* = (o) we get the following

em € "M N ()M =1"?MnNJM = JI" M.

So there exista € I"*1 M such that(m — n) = 0.

Hencem —n € (0 :a; ¢)NIM = 0 by Proposition 2.1(iii). Thusn € 1" 1M
a contradiction. This completes the proof of the theorem. |

5. GENERALIZATION TO BURCH'S INEQUALITY

Let (A, m) be a local ring and an ideal inA. Following inequality known as
Burch’s inequality is well known.

I(I) < dim A — inf{depth(A/I") | n > 1}.

The bound is attained whef;(A) is CM. This is proved by Eisenbud and
Huneke (see [3, Proposition 3.3]). In this section we prove the inequality in the
module case and also show that bound is attained whén/) is CM. To prove
Burch’s inequality for modules we need the following lemma. The proof is analo-
gous to the one given in [10, 2.1]. We gilt= G(A).

Lemmab.1 — Let(A, m) be a local ring and/ be anA—module. Then

grade (m®, & (9M)) = inf{depthM/IT"M | n > 1}.
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PROOF: Letr = grade (m®, & (9M)) ands = inf{depth M/I"M | n > 1}.
We prove the result by induction on

Letr = 0. Then there exist® € Ass G;(M) such thatm® C B. ThusP =
(0 :¢ f) for some homogeneoyse G;(M). Letn = deg(f). Sincemf = o, we
get thatm € Assg &1 (IM)n C Ass MM/I"TIM. Thereforedepth(M /1" M) = 0.

Now assume that > 0. Given anya € m such that its image id/;(R) is
G(M)—regular, then it easily follows thatis regular onM /1™ M for anyn > 1.
Hence we get > 0. We setS = A/aA,n =m&, J =JI& andN = M/aM. By
Valabrega-Valla theorem [12, 2.6] we haWe(N ) = G(M)/aG(M). Therefore
grade (n&(J), &;(M)) = t — 1. By the induction hypothesis, we have

inf{depth N/I"N |n>1} =r — 1.

Sincea is M /I" M —regular, we have thalepth(M /1" M) = depth(N/I"N)+1
for anyn > 1. The conclusion now follows. O

We now prove Burch’s inequality,

Theorem5.2— Let (A, m) be local,I an ideal inA. LetAM be anA—module.
Then
Iy (I) < dim M — inf{depth(M/I"M) | n > 1}.

PROOF:

lM(I) = dim G[(M)/‘ﬂl@ﬂ%)
< dim G;(M) — grade(m®, & (9M))
= dim M — inf{depth M/I"M | n > 1} (By Lemma5.1).

Finally we extend Eisenbud and Huneke’s result to modules,

Theorem 5.3 —tet (A, m) be local,l an ideal inA. Let M be anA—module.
Supposé&r (M) is Cohen-Macaulay. Then

Iy (1) = dim M — inf{depth(M/I"M) | n > 1}.

PROOF: Let s = inf{depth(M/I"M) | n > 1}. We prove the result by
induction ons. So suppose first that = 0. SetJ = m&; (). By definition
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Iy (1) = dim(Gp(M)/JGr(M)). We first show thagrade(J, G;(M)) = 0. Now
suppose on the contrary that

grade(J, G;(M)) > 0. So we can choose an element m \ J such thatt* €
A/I is a nonzero divisor o7 (M). It then follows thatz is nonzero divisor on
M/I"M foralln > 1. This contradicts to the fact that= 0. Thusgrade(J, G;(M))
= 0. SinceG(M) is Cohen-Macaulay we get the following

dim(Gr(M)/JG(M)) = dim(Gr(M)) — grade(J, G1(M))
— dim(G; (M)

Hencel /(1) = dim(M). Now lets > 0. SincelJ,,~.; Ass(M/I™ M) is afinite
set (see [1]) we can choose dn-regular element: € m which is also regular on
the modules\//I" M for all n > 1. It follows thatz* € A/I is G;(M)—regular.
We therefore have

Gr(M)/(a")G1(M) = G7(M)
wherel = TA/(z) andM = M/(z)M. SinceG;(M) is Cohen-Macaulay and
x* is G(M)—regular we get that/;(M) is Cohen-Macaulay. Thuim (M) =
dim(M) + 1. Using Lemma 3.1 it follows thaty; (1) = [5/(I). Sincex is regular
sequence on the modulgs/ 1™ M we havelepth(M /I" M) = depth(M/I"M)—
1. Hence
inf{depth(M /I"M) |n>1} =s — 1.

The result now follows by induction hypothesis.

6. EXAMPLES

Let A be a CM ring of dimensiod > 2. Let I be an ideal inA with ht(I) =
d—1>1andl(l) = d. Supposd is generically a complete intersection. Lt

be a maximal CMA—module withdim M /IM = 1. In this section we show that
ideals of analytic deviation one in the ring case can be carried over to the case of
maximal CM modules. This is the content of the following lemma.

Lemmab.1 — Let A be a CM ring of dimensiod > 2. Let M be a maximal
CM A—module. Let/ be an ideal il with ht(/) = d—1 > 1 anddim M /IM =
1. Then

(i) If 1 is generically a complete intersection with respecttinen it is so with
respect ta\/.
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(ii) If ad(I) = 1 thenad, (I) < 1.

PROOF: (i) We show that/p is generated by p—regular sequence for all
primes P € Min{Supp(M/IM)}. So let P € Min{Supp(M/IM)}. Since
dim M/IM = 1andht(I) = d—1 we see thablin{Supp(M/IM)} C Min(A/I).
Now sincel is generically a complete intersectidip, is generated byl p—regular
sequence. We note that sineec Supp(M /IM), Mp is maximal CMA p—module.
So generators ofp form an M p—regular sequence. Thug is a complete inter-
section with respect td/p. Hencel is generically a complete intersection with
respect ta/.

(i) Note first thatht(/) = hty/(I) = d — 1. From Lemma 1.6 we have
htar (1) < Iy (I). It is easy to see that for any idealone had (1) < I(I).
Thus

ht(1) = hty (1) < Iy (1) < U(T).

The result now follows.

Remark6.2 : Supposed(/) = 1 then from the Lemma 6.1 above it follows
thatad s (1) < 1. Thus eitherd;(I) = 0 oradas (1) = 1.

(i) In the case whend,,(I) = 0 we can use Valabrega-Valla theorem to study
Cohen-Macaulayness 6f;(M).

(i) Whenady/ (1) = 1 andr(I, M) < 2 we are in the situation of Theorem
3.6. Thus it follows from Theorem 3.6 th&t;(1/) is CM.

(i) When ad/(I) = 1 andr(I, M) < 2 then it follows from Theorem 4.1
thatG (M) is CM.
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