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1. INTRODUCTION

Let M be a connected realn-dimensional submanifold of real codimensionp im-
mersed in a real(n+p)-dimensional quaternionic K̈ahler manifoldM with quater-
nionic Kähler structure{F, G, H}. If there exists a subbundleν of the normal
bundleTM⊥ such that

Fνx ⊂ νx, Gνx ⊂ νx, Hνx ⊂ νx,

Fν⊥x ⊂ TxM, Gν⊥x ⊂ TxM, Hν⊥x ⊂ TxM
(1.1)

for eachx ∈ M , whereν⊥ is the complementary orthogonal subbundle toν in
TM⊥, then such a submanifold is calledQR-submanifoldof M ([2]) and the di-
mension ofν, the QR-dimensionof that ([5, 7, 10, 11]). A real hypersurface
is a QR-submanifold of zeroQR-dimension. When the ambient manifoldM is
a quaternionic projective spaceQP (n+p)/4, real hypersurfaces have been investi-
gated by many authors ([3, 12, 13]) under conditions concerning with shape oper-
ator.

In this paper we shall studyn-dimensionalQR-submanifolds of(p − 1) QR-
dimension immersed inQP (n+p)/4 and prove the following theorem as a general-
ization of Lawson’s result ([12, Theorem 4]) about real hypersurfaces.

Theorem1 — LetM be ann-dimensional, compact, minimalQR-submanifold
of (p− 1) QR-dimension immersed inQP (n+p)/4. If the scalar curvature ofM is
greater or equal ton2 + 7n− 6, thenM is π(S4s+3(r1)× S4t+3(r2)) (r2

1 + r2
2 =

1, s + t = (n− 3)/4), whereπ is the Hopf fibrationSn+4 → QP (n+1)/4.

Remark: The above main theorem was provided in [10] under the condition
that the distinguished normal vector fieldξ is parallel with respect to the normal
connection∇⊥.

The present authors would like to express their sincere gratitude to the referee
for his valuable suggestions to develop this paper.

2. PRELIMINARIES

Let M be a real(n + p)-dimensional quaternionic K̈ahler manifold. Then, by
definition, there is a3-dimensional vector bundleV consisting of tensor fields of
type (1,1) overM satisfying the following conditions(a), (b) and(c) :
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(a) In any coordinate neighborhoodU , there is a local basis{F , G, H} of V
such that

F 2 = −I, G2 = −I, H2 = −I,

FG = −GF = H, GH = −HG = F, HF = −FH = G.
(2.1)

(b) There is a Riemannian metricg which is Hermitian with respect to all of
F , G andH.

(c) For the Riemannian connection∇ with respect tog


∇F

∇G

∇H


 =




0 r −q
−r 0 p
q −p 0







F
G
H


 (2.2)

wherep, q andr are local1-forms defined inU . Such a local basis{F, G,H} is
called acanonical local basisof the bundleV in U(cf. [6]).

As a direct consequence of (2.1), we can easily see that every quaternionic
Kähler manifold is orientable(cf. [6]).

From now on, we consider a realn-dimensionalQR-submanifoldM of (p−1)
QR-dimension immersed inM . Then it is clear from (1.1) that there is a naturally
distinguished unit normal vector fieldξ to M such thatFξ, Gξ, Hξ ∈ TM . We
denote these unit vector fields tangent toM by

U = −Fξ, V = −Gξ, W = −Hξ. (2.3)

Then it is clear from (2.1) and (2.3) that

FU = ξ, GV = ξ. HW = ξ. (2.4)

On the other hand, each tangent spaceTxM is decomposed as

TxM = Dx ⊕D⊥x ,

whereDx is the maximal quaternionic invariant subspace ofTxM defined by

Dx = TxM ∩ FTxM ∩GTxM ∩HTxM

andD⊥x its orthogonal complement inTxM . In this case, we can see thatD⊥x =
Span{U, V, W} because of (2.1), (2.3), (2.4) and the definition ofDx, and so
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D : x 7→ Dx defines an(n− 3)-dimensional distribution onM (for details, see [2,
11]) andn = 4m + 3 for some integerm. ThusM can be dealt with a quternionic
CR-submanifold in the sense of Barros-Chen-Urbano ([1]). Furthermore, we have

FTxM, GTxM, HTxM ⊂ TxM ⊕ Span{ξ}

and consequently, for any tangent vector fieldX and for a local orthonormal basis
{ξα}α=1,...,p (ξ1 := ξ) of normal vectors toM , we have the following decompo-
sition in tangential and normal components :

FX = φX + u(X)ξ, GX = ψX + v(X)ξ, HX = θX + w(X)ξ, (2.5)

Fξα = −Uα + P1ξα, Gξα = −Vα + P2ξα, Hξα = −Wα + P3ξα (2.6)

for α = 1, . . . , p. Then it is easily seen that{φ, ψ, θ} and{P1, P2, P3} are skew-
symmetric endomorphisms acting onTxM andTxM⊥, respectively. Moreover,
the Hermitian property of{F, G,H} combined with (2.5) and (2.6) implies

g(X, Uα) = u(X)δ1α, g(X,Vα) = v(X)δ1α, g(X, Wα) = w(X)δ1α

and hence we obtain

g(U1, X) = u(X), g(V1, X) = v(X), g(W1, X) = w(X),
Uα = 0, Vα = 0, Wα = 0, α = 2, . . . , p.

(2.7)

On the other hand, comparing (2.3) with (2.6) in the case ofα = 1, we have
U1 = U , V1 = V , W1 = W , which together with (2.3) and (2.7) implies

g(U,X) = u(X), g(V, X) = v(X) g(W,X) = w(X), (2.8)

P1ξ = 0, P2ξ = 0, P3ξ = 0. (2.9)

So (2.6), (2.7) and (2.9) yield

Fξα =
p∑

β=2

P1αβξβ, Gξα =
p∑

β=2

P2αβξβ, Hξα =
p∑

β=2

P3αβξβ (2.10)

for α = 2, . . . , p, where we have put

P1ξα =
p∑

β=1

P1αβξβ, P2ξα =
p∑

β=1

P2αβξβ, P3ξα =
p∑

β=1

P3αβξβ.
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In the sequel we shall use the notationsU , V , W instead ofU1, V1, W1, re-
spectively.

Applying F to the first equation of (2.5), and using (2.1), (2.3), (2.5) and (2.8),
we have

φ2X = −X + u(X)U, u(φX) = 0.

Similarly, the second and the third equations of (2.5) also imply

φ2X = −X + u(X)U, ψ2X = −X + v(X)V, θ2X = −X + w(X)W,
(2.11)

u(φX) = 0, v(ψX) = 0, w(θX) = 0. (2.12)

From (2.12) and the skew-symmetry ofφ, ψ andθ, it follows that

φU = 0, ψV = 0, θW = 0. (2.13)

Applying G andH respectively to the first equation of (2.5), and using (2.1),
(2.3) and (2.5), we have

θX + w(X)ξ = −ψ(φX)− v(φX)ξ + u(X)V,

ψX + v(X)ξ = θ(φX) + w(φX)ξ − u(X)W,

respectively. Thus we can see that

ψ(φX) = −θX + u(X)V, v(φX) = −w(X),
θ(φX) = ψX + u(X)W, w(φX) = v(X).

(2.14)

Therefore, according to similar method as the above, the second and the third
equations of (2.5) also yield respectively

φ(ψX) = θX + v(X)U, u(ψX) = w(X),
θ(ψX) = −φX + v(X)W, w(ψX) = −u(X),

(2.15)

φ(θX) = −ψX + w(X)U, u(θX) = −v(X),
ψ(θX) = φX + w(X)V, v(θX) = u(X).

(2.16)

From (2.13), (2.14), (2.15) and (2.16), it follows that

ψU = −W, v(U) = 0, θU = V, w(U) = 0,

φV = W, u(V ) = 0, θV = −U, w(V ) = 0,
φW = −V, u(W ) = 0, ψW = U, v(W ) = 0.

(2.17)
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The equations (2.8) and (2.11) - (2.17) tell us thatM admits the so-called
almost contact3-structure (for definition, see [8]).

On the other hand, by means of (2.10), we can take a local orthonormal basis
{ξ, ξa, ξa∗ , ξa∗∗ , ξa∗∗∗}a=1,...,q:=(p−1)/4 of normal vectors toM such that

ξa∗ := Fξa, ξa∗∗ := Gξa, ξa∗∗∗ := Hξa. (2.18)

Now, let∇ be the Levi-Civita connection onM and let∇⊥ the normal con-
nection ofTM⊥ induced from∇. Then Gauss and Weingarten formulae are given
by

∇XY = ∇XY + h(X, Y ), (2.19)

(i) ∇Xξ = −AX +∇⊥Xξ = −AX +
q∑

a=1

{sa(X)ξa + sa∗(X)ξa∗ + sa∗∗(X)ξa∗∗

+ sa∗∗∗(X)ξa∗∗∗},
(2.20)

(ii) ∇Xξa = −AaX − sa(X)ξ +
q∑

b=1

{sab(X)ξb + sab∗(X)ξb∗+sab∗∗(X)ξb∗∗

+ sab∗∗∗(X)ξb∗∗∗},

(iii) ∇Xξa∗ = −Aa∗X − sa∗(X)ξ +
q∑

b=1

{sa∗b(X)ξb + sa∗b∗(X)ξb∗

+ sa∗b∗∗(X)ξb∗∗ + sa∗b∗∗∗(X)ξb∗∗∗},

(iv) ∇Xξa∗∗ = −Aa∗∗X − sa∗∗(X)ξ +
q∑

b=1

{sa∗∗b(X)ξb + sa∗∗b∗(X)ξb∗

+ sa∗∗b∗∗(X)ξb∗∗ + sa∗∗b∗∗∗(X)ξb∗∗∗},

(v) ∇Xξa∗∗∗ = −Aa∗∗∗X − sa∗∗∗(X)ξ+
q∑

b=1

{sa∗∗∗b(X)ξb + sa∗∗∗b∗(X)ξb∗

+ sa∗∗∗b∗∗(X)ξb∗∗ + sa∗∗∗b∗∗∗(X)ξb∗∗∗}
for any vector fieldsX, Y tangent toM , wheres′s are coefficients of the normal
connection∇⊥. Here and in the sequelh denotes the second fundamental form
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andA, Aa, Aa∗ , Aa∗∗ andAa∗∗∗ the shape operators corresponding to the normals
N , Na, Na∗ , Na∗∗ andNa∗∗∗ , respectively. They are related by

h(X,Y ) = g(AX, Y )ξ +
q∑

a=1

{g(AaX,Y )ξa + g(Aa∗X,Y )ξa∗

+ g(Aa∗∗X,Y )ξa∗∗ + g(Aa∗∗∗X,Y )ξa∗∗∗}.
(2.21)

By means of (2.1), (2.2), (2.3), (2.5), (2.18) and(2.20)(i)−(v), it can be easily
verified that

(i) AaX = −φAa∗X + sa∗(X)U =− ψAa∗∗X + sa∗∗(X)V = −θAa∗∗∗X

+ sa∗∗∗(X)W,

(ii) Aa∗X = φAaX − sa(X)U = ψAa∗∗∗X − sa∗∗∗(X)V =− θAa∗∗X+
sa∗∗(X)W,

(iii) Aa∗∗X = −φAa∗∗∗X + sa∗∗∗(X)U = ψAaX − sa(X)V = θAa∗X−
sa∗(X)W,

(iv) Aa∗∗∗X = φAa∗∗X − sa∗∗(X)U = −ψAa∗X + sa∗(X)V = θAaX

− sa(X)W,

(2.22)

(i) sa(X) = −u(Aa∗X) = −v(Aa∗∗X) = −w(Aa∗∗∗X),

(ii) sa∗(X) = u(AaX) = v(Aa∗∗∗X) = −w(Aa∗∗X),

(iii) sa∗∗(X) = −u(Aa∗∗∗X) = v(AaX) = w(Aa∗X),

(iv) sa∗∗∗(X) = u(Aa∗∗X) = −v(Aa∗X) = w(AaX). (2.23)

Moreover, sinceφ, ψ, θ are skew-symmetric andAa, Aa∗ , Aa∗∗ , Aa∗∗∗ are sym-
metric,(2.22)(i)−(iv) together with (2.8) yield

g((Aaφ + φAa)X, Y ) = sa(X)u(Y )− sa(Y )u(X),
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(i) g((Aaψ + ψAa)X, Y ) = sa(X)v(Y )− sa(Y )v(X),

g((Aaθ + θAa)X, Y ) = sa(X)w(Y )− sa(Y )w(X),

g((Aa∗φ + φAa∗)X, Y ) = sa∗(X)u(Y )− sa∗(Y )u(X), (ii)

g((Aa∗ψ + ψAa∗)X,Y ) = sa∗(X)v(Y )− sa∗(Y )v(X),

g((Aa∗θ + θAa∗)X, Y ) = sa∗(X)w(Y )− sa∗(Y )w(X),

g((Aa∗∗φ + φAa∗∗)X,Y ) = sa∗∗(X)u(Y )− sa∗∗(Y )u(X),

(iii) g((Aa∗∗ψ + ψAa∗∗)X,Y ) = sa∗∗(X)v(Y )− sa∗∗(Y )v(X),

g((Aa∗∗θ + θAa∗∗)X,Y ) = sa∗∗(X)w(Y )− sa∗∗(Y )w(X),

g((Aa∗∗∗φ + φAa∗∗∗)X, Y ) = sa∗∗∗(X)u(Y )− sa∗∗∗(Y )u(X),

(iv) g((Aa∗∗∗ψ + ψAa∗∗∗)X,Y ) = sa∗∗∗(X)v(Y )− sa∗∗∗(Y )v(X),

g((Aa∗∗∗θ + θAa∗∗∗)X,Y ) = sa∗∗∗(X)w(Y )− sa∗∗∗(Y )w(X). (2.24)

On the other side, we can take an orthonormal basis{ei}i=1,...,n=4m+3 of tan-
gent vectors toM such that

em+1 := φe1, . . . , e2m := φem, e2m+1 := ψe1, . . . , e3m := ψem,

e3m+1 := θe1, . . . , e4m := θem, e4m+1 := U, e4m+2 := V, e4m+3 := W.

(2.25)

ReplacingX by φei in (2.23)(i), we have

sa(φei) = −g(Aa∗φei, U) = −g(Aa∗∗φei, V ) = −g(Aa∗∗∗φei,W ),

which together with (2.13) and(2.24)(ii) implies

sa(φei) = −sa∗(ei) = −g(Aa∗∗φei, V ).

On the other hand, it follows from (2.8), (2.17),(2.23)(ii) and(2.24)(iii) that

g(Aa∗∗φei, V ) = g(Aa∗∗ei,W ) = −sa∗(ei)
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and consequently

sa(φei) = sa∗(ei) = 0, i = 1, . . . , m. (2.26)

Similarly, replacingX byψei andθei in (2.23)(i), respectively, and using (2.8),
(2.17) and(2.23)(iii) − (2.24)(iv), we also have

sa(ψei) = −g(Aa∗ψei, U) = −sa∗∗(ei) = −g(Aa∗∗∗ψei, W ),
sa(θei) = −g(Aa∗θei, U) = −g(Aa∗∗θei, V ) = −sa∗∗∗(ei).

But it follows from (2.24)(ii) and(2.24)(iv) that

g(Aa∗ψei, U) = g(Aa∗ei, ψU) = −g(Aa∗ei,W ) = −sa∗∗(ei),
g(Aa∗θei, U) = g(Aa∗ei, θU) = g(Aa∗ei, V ) = −sa∗∗∗(ei),

and consequently

sa(ψei) = sa(θei) = sa∗∗(ei) = sa∗∗∗(ei) = 0, i = 1, . . . , m. (2.27)

Next, replacingX byφei in (2.23)(ii)−(2.23)(iv), respectively, and using (2.8),
(2.17),(2.23)(iii), (2.23)(iv) and(2.24)(i), we can obtain

sa∗(φei) = sa(ei) = g(Aa∗∗∗ei, W ) = g(Aa∗∗ei, V ),
sa∗∗(φei) = −sa∗∗∗(ei), sa∗∗∗(φei) = sa∗∗(ei).

But, it is clear from(2.23)(i) that

sa(ei) = −g(Aa∗∗ei, V ) = −g(Aa∗∗∗ei,W ),

which together with (2.27) and the above equations yields

sa(ei) = sa∗(φei) = sa∗∗(φei) = sa∗∗∗(φei) = 0, i = 1, . . . ,m. (2.28)

ReplacingX by ψei andθei, respectively, in(2.23)(ii)−(2.23)(iv), we can also
have

sa∗(ψei) = sa∗∗∗(ei), sa∗∗(ψei) = sa(ei) sa∗∗∗(ψei) = −sa∗(ei),
sa∗(θei) = −sa∗∗(ei), sa∗∗(θei) = sa∗(ei) sa∗∗∗(θei) = sa(ei),
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which combined with (2.26) - (2.28) implies

sa∗(ψei) = sa∗∗(ψei) = sa∗∗∗(ψei) = sa∗(θei) = sa∗∗(θei)
= sa∗∗∗(θei) = 0, i = 1, . . . , m.

(2.29)

Since the ambient manifold is a quaternionic Kähler manifold, differentiating
the first equation of (2.5) covariantly, we can obtain

(∇Y φ)X = r(Y )ψX − q(Y )θX + u(X)AY − g(AY, X)U,

(∇Y u)X = r(Y )v(X)− q(Y )w(X) + g(φAY, X)
(2.30)

with the help of (2.2), (2.5), (2.10), (2.19),(2.20)(i) and (2.21).

Similarly, from the second and the third equations of (2.5), we also obtain

(∇Y ψ)X = −r(Y )φX + p(Y )θX + v(X)AY − g(AY, X)V,

(∇Y v)X = −r(Y )u(X) + p(Y )w(X) + g(ψAY,X),
(2.31)

(∇Y θ)X = q(Y )φX − p(Y )ψX + w(X)AY − g(AY,X)W,

(∇Y w)X = q(Y )u(X)− p(Y )v(X) + g(θAY,X).
(2.32)

Differentiating the first equation of (2.3) covariantly, and using (2.2), (2.3),
(2.5) and(2.20)(i), we have

∇Y U = r(Y )V − q(Y )W + φAY. (2.33)

Similarly, from the second and the third equations of (2.3), we also have

∇Y V = −r(Y )U + p(Y )W + ψAY, (2.34)

∇Y W = q(Y )U − p(Y )V + θAY. (2.35)

If the ambient manifoldM is a quaternionic space formM
(n+p)/4(c), that

is, a quaternionic K̈ahler manifold of constantQ-sectional curvaturec, then its
curvature tensorR satisfies

R(X, Y )Z =
c

4
{g(Y,Z)X − g(X,Z)Y + g(FY, Z)FX − g(FX, Z)FY

− 2g(FX, Y )FZ + g(GY,Z)GX − g(GX,Z)GY − 2g(GX,Y )GZ

+ g(HY, Z)HX − g(HX,Z)HY − 2g(HX, Y )HZ}
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for X, Y, Z tangent toM (cf. [6]). Hence by means of the equation of Gauss, we
can easily verify that the Ricci tensor Ric(Y,Z) turns out to be

Ric(Y,Z) =
c

4
{(n + 8)g(Y, Z)− 3(u(Y )u(Z) + v(Y )v(Z) + w(Y )w(Z))}

+ (trA)g(AY,Z)− g(AY, AZ) +
q∑

a=1

{(trAa)g(AaY,Z) + (trAa∗)g(Aa∗Y, Z)

+ (trAa∗∗)g(Aa∗∗Y, Z) + (trAa∗∗∗)g(Aa∗∗∗Y,Z)} −
q∑

a=1

{g(AaY,AaZ)

+ g(Aa∗Y, Aa∗Z) + g(Aa∗∗Y, Aa∗∗Z) + g(Aa∗∗∗Y, Aa∗∗∗Z)}

and consequently the scalar curvatureρ is given by

ρ =
c

4
(n + 9)(n− 1) + (trA)2 − trA2 +

q∑

a=1

{(trAa)2 + (trAa∗)2

+ (trAa∗∗)2 + (trAa∗∗∗)2} −
q∑

a=1

{trA2
a + trA2

a∗ + trA2
a∗∗ + trA2

a∗∗∗}.

(2.36)

Moreover, by means of the equation of Codazzi, we also have

g((∇XA)Y − (∇Y A)X, Z) =
c

4
{g(φY, Z)u(X)− g(φX, Z)u(Y )

− 2g(φX, Y )u(Z) + g(ψY, Z)v(X)− g(ψX,Z)v(Y )− 2g(ψX, Y )v(Z)
+ g(θY, Z)w(X)− g(θX, Z)w(Y )− 2g(θX, Y )w(Z)}

−
q∑

a=1

{g(AaX, Z)sa(Y )− g(AaY, Z)sa(X) + g(Aa∗X,Z)sa∗(Y )

− g(Aa∗Y,Z)sa∗(X) + g(Aa∗∗X, Z)sa∗∗(Y )− g(Aa∗∗Y,Z)sa∗∗(X)
+ g(Aa∗∗∗X,Z)sa∗∗∗(Y )− g(Aa∗∗∗Y,Z)sa∗∗∗(X)}

(2.37)

for anyX, Y, Z tangent toM .
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3. AN INTEGRAL FORMULA ON A COMPACT QR-SUBMANIFOLD OF

MAXIMAL QR-DIMENSION

Let M be a realn-dimensionalQR-submanifold of(p − 1) QR-dimension im-

mersed in a quaternionic space formM
(n+p)/4(c).

We now put

T := ∇UU +∇V V +∇W W + (divU)U + (divV )V + (divW )W

and take the same orthonormal basis{ei}i=1,...,n=4m+3 of tangent vectors toM as
given in (2.25). Since divU =

∑n
i=1 g(ei,∇eiU), making use of (2.17) and (2.32)

- (2.34), we obtain

T = φAU + ψAV + θAW, (3.1)

g(T,U) = g(T, V ) = g(T, W ) = 0. (3.2)

We note thatT is a global vector field defined onM .

Now, for later use we shall compute divT =
∑n

i=1 g(ei,∇eiT ).

First of all, differentiating (3.1) covariantly, and using (2.29) - (2.34), we have

∇XT ={u(AU) + v(AV ) + w(AW )}AX

− g(A2U,X)U − g(A2V, X)V − g(A2W,X)W
+ φAφAX + ψAψAX + θAθAX

+ φ(∇XA)U + ψ(∇XA)V + θ(∇XA)W,

from which, taking account of (2.8), (2.11), (2.13), (2.14) - (2.17) and (2.25),

divT =trA{u(AU) + v(AV ) + w(AW )} − u(A2U)− v(A2V )− w(A2W )

+
n∑

i=1

{g(φAφAei, ei) + g(ψAψAei, ei) + g(θAθAei, ei)}

−
m∑

i=1

{g((∇eiA)φei − (∇φei
A)ei + (∇ψei

A)θei − (∇θei
A)ψei, U)

+ g((∇eiA)ψei − (∇ψei
A)ei + (∇θei

A)φei − (∇φei
A)θei, V )

+ g((∇eiA)θei − (∇θeiA)ei + (∇φeiA)ψei − (∇ψeiA)φei, W )}
− g((∇V A)W − (∇W A)V, U)− g((∇W A)U − (∇UA)W,V )
− g((∇UA)V − (∇V A)U,W ).

(3.3)



SCALAR CURVATURE OFQR-SUBMANIFOLDS 121

On the other hand, using (2.11), (2.13),(2.23)(i)−(2.23)(iv), (2.26)-(2.28) and
(2.37), we can easily obtain

(i)
m∑

i=1

g((∇eiA)φei − (∇φeiA)ei, U) = −(n− 3)c
8

. (3.4)

Similarly, taking account of (2.11), (2.13),(2.23)(i)−(2.23)(iv), (2.26) - (2.28)
and (2.37), we also have

(ii)
m∑

i=1

g((∇eiA)ψei − (∇ψei
A)ei, V ) = −(n− 3)c

8
,

(iii)
m∑

i=1

g((∇eiA)θei − (∇θeiA)ei,W ) = −(n− 3)c
8

.

(3.4)

Moreover, making use of (2.11), (2.14) - (2.16),(2.23)(i) − (2.23)(iv), (2.26) -
(2.28) and (2.37), it can be similarly verified that

(i)
m∑

i=1

g((∇ψeiA)θei − (∇θeiA)ψei, U) = −(n− 3)c
8

,

(ii)
m∑

i=1

g((∇θeiA)φei − (∇φeiA)θei, V ) = −(n− 3)c
8

,

(iii)
m∑

i=1

g((∇φeiA)ψei − (∇ψeiA)φei,W ) = −(n− 3)c
8

.

(3.5)

Furthermore, by means of (2.37), a direct computation yields

g((∇V A)W − (∇W A)V, U) + g((∇W A)U − (∇UA)W,V )
+ g((∇UA)V − (∇V A)U,W ) = 0.

(3.6)

Inserting(3.4)(i) − (3.4)(iii), (3.5)(i) - (3.5)(iii) and (3.6) back into (3.3), the
equation (3.3) turns out to be

divT =
3(n− 3)c

4
+ trA{u(AU) + v(AV ) + w(AW )} − u(A2U)− v(A2V )

− w(A2W ) +
n∑

i=1

{g(φAφAei, ei) + g(ψAψAei, ei) + g(θAθAei, ei)}.

(3.7)
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On the other hand, by using (2.8), (2.11) - (2.12) and (2.14) - (2.17), we can
easily verify that

n∑

i=1

{g(φAφAei, ei) + g(ψAψAei, ei) + g(θAθAei, ei)}

=
1
2
{‖φA−Aφ‖2 + ‖ψA−Aψ‖2 + ‖θA−Aθ‖2} − 3trA2

+ u(A2U) + v(A2V ) + w(A2W ).

Then, the last equation together with (3.7) implies

divT =
3(n− 3)c

4
+ trA{u(AU) + v(AV ) + w(AW )} − 3trA2

+
1
2
{‖φA−Aφ‖2 + ‖ψA−Aψ‖2 + ‖θA−Aθ‖2}.

(3.8)

Moreover, from (2.36) and (3.8), we have

divT =
1
2
{‖φA−Aφ‖2 + ‖ψA−Aψ‖2 + ‖θA−Aθ‖2} − 3

p∑

α=1

(trAα)2

+ trA{u(AU) + v(AV ) + w(AW )}+ 3{ρ− c

4
(n2 + 7n− 6)}

+ 3
q∑

a=1

{trA2
a + trA2

a∗ + trA2
a∗∗ + trA2

a∗∗∗}.

Thus we have

Lemma3.1 — LetM be ann-dimensional compactQR-submanifold of(p−1)
QR-dimension immersed inM

(n+p)/4(c). Then the following equality is valid :

∫

M
[
1
2
{‖φA−Aφ‖2 + ‖ψA−Aψ‖2 + ‖θA−Aθ‖2} − 3

p∑

α=1

(trAα)2

+ trA{u(AU) + v(AV ) + w(AW )}+ 3{ρ− c

4
(n2 + 7n− 6)}

+ 3
q∑

a=1

{trA2
a + trA2

a∗ + trA2
a∗∗ + trA2

a∗∗∗}] ∗ 1 = 0.
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4. THE PROOF OFMAIN THEOREM

Let M be a realn-dimensional compact, minimalQR-submanifold of(p − 1)
QR-dimension immersed in a quaternionic space formM

(n+p)/4(c).

Owing to Lemma 3.1, we have

Lemma4.1 — LetM be ann(≥ 7)-dimensional compact, minimalQR-submanifold

of (p − 1) QR-dimension immersed inM
(n+p)/4(c). If the scalar curvatureρ

of M is greater or equal toc4(n2 + 7n − 6), thenAα = 0, α = 2, . . . , p and
sa = sa∗ = sa∗∗ = sa∗∗∗ = 0, namely, the distinguished normal vector fieldξ is
parallel with respect to the normal connection∇⊥. Moreover the equalities

Aφ = φA, Aψ = ψA, Aθ = θA (4.1)

are valid onM andc > 0.

PROOF: It is clear from Lemma 3.1 that our assumption implies both (4.1) and
the following

Aa = 0, Aa∗ = 0, Aa∗∗ = 0, Aa∗∗∗ = 0, a = 1, · · · , q,

which together with(2.23)(i) − (2.23)(iv) yields

sa = sa∗ = sa∗∗ = sa∗∗∗ = 0, a = 1, · · · , q,

and consequently the distinguished normal vector fieldξ is parallel with respect
to the normal connection because of(2.20)(i). On the other hand, (4.1) combined
with (2.11) yields

AU = λU, AV = λV, AW = λW (λ := u(AU) = v(AV ) = w(AW ))

and hence (3.1) impliesT = 0 identically onM . Thus from (3.8) and the above
facts, it follows that trA2 − (n − 3)c/4 = 0 and hencec ≥ 0. Whenc = 0,

that is, the ambient manifoldM
(n+p)/4(c) is a real(n + p)-dimensional Euclidean

spaceR\+√ identified with the quaternionic number spaceQ(\+√)/4
, the shape

operatorA is also identically zero onM . HenceM is totally geodesic inR\+√,
which is a contradiction sinceM is compact. Thusc can not be zero which implies
our final assertion. 2
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From now on, in order to get our main theorem, it is enough to consider that
the ambient manifold is a quaternionic projective spaceQP (n+p)/4 of constantQ-
sectional curvature4 because of Lemma 4.1. LetN0(x) = {ξ ∈ TxM⊥ : Aξ = 0}
andH0(x) the maximal quaternionic invariant subspace ofN0(x), that is,

H0(x) = N0(x) ∩ FN0(x) ∩GN0(x) ∩HN0(x).

Then Kwon and the second author of this paper have proved the following
theorem in their paper [9] :

TheoremK-P — LetM be ann-dimensional real submanifold of real(n+p)-
dimensional quaternionic projective spaceQP (n+p)/4. If the orthogonal comple-
mentH1(x) of H0(x) in TM⊥ is invariant under the parallel translation with
respect to the normal connection andq is the constant dimension ofH1(x), then
there exists a real(n + q)-dimensional totally geodesic quaternionic projective
spaceQP (n+q)/4 such thatM ⊂ QP (n+q)/4.

In our case, we see thatN0(x) = Span{ξ2(x), . . . , ξp(x)}. In fact, as a conse-
quence of Lemma 4.1,Aα = 0 for α = 2, . . . , p. Hence

Span{ξ2(x), . . . , ξp(x)} ⊂ N0(x).

On the other hand, for anyξ′ in N0(x), we can putξ′ =
∑p

α=1 λαξα. But
A′ξ =

∑p
α=1 λαAα = λ1A = 0 sinceAα = 0 for α = 2, . . . , p. Henceλ1 = 0

and consequently,ξ′ ∈ Span{ξ2(x), . . . , ξp(x)}. Moreover, (2.10) implies

N0(x) = H0(x) = Span{ξ2(x), . . . , ξp(x)}.

ThusH1(x) = Span{ξ1(x)} and so our assumption yields thatH1(x) is in-
variant under parallel translation with respect to the normal connection. Therefore
we can apply Theorem K-P and obtain the following theorem.

Theorem4.2— LetM be ann-dimensional compact, minimalQR-submanifold
of (p− 1) QR-dimension immersed inQP (n+p)/4. If the scalar curvature ofM is
greater or equal ton2 +7n−6, then there exists a real(n+1)-dimensional totally
geodesic quaternionic projective spaceQP (n+1)/4 such thatM ⊂ QP (n+1)/4.

Finally we shall give the proof of the main theorem stated in§1.

Proof of main theorem: By means of Theorem 4.2, the submanifoldM can be
regarded as a real hypersurface ofQP (n+1)/4 which is totally geodesic inQP (n+p)/4.
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Tentatively we denoteQP (n+1)/4 by M ′ and byi1 the immersion ofM into M ′

and byi2 the totally geodesic immersion ofM ′ into QP (n+p)/4. Then it is clear
from (2.19) that

∇′i1Xi1Y = i1∇XY + h′(X, Y ) = i1∇XY + g(A′X, Y )ξ′,

where∇′ is the induced connection onM ′ from that ofQP (n+p)/4, h′ the second
fundamental form ofM in M ′ andA′ the corresponding shape operator to a unit
normal vector fieldξ′ to M in M ′.

Sincei = i2 ◦ i1 andM ′ is totally geodesic inQP (n+p)/4, we can easily see
that (2.21) and (4.3) imply

ξ = i2ξ
′, A1 = A′.

SinceM ′ is a quaternionic invariant submanifold ofQP (n+p)/4, for anyX in TM
we get

Fi2X = i2F
′X, Gi2X = i2G

′X, Hi2X = i2H
′X,

where{F ′, G′, H ′} is the induced quaternionic Kähler structure onM ′. Thus it
follows from the first equation of (2.5) that

FiX = Fi2 ◦ i1X = i2F
′i1X = i2(i1φ′X + u′(X)ξ′)

= iφ′X + u′(X)i2ξ′ = iφ′X + u′(X)ξ

for any tangent vector fieldX to M . Comparing this equation with the first equa-
tion of (2.5), we haveφ = φ′ andu = u′. Similarly, we also have

φ = φ′, ψ = ψ′, θ = θ′, u = u′, v = v′, w = w′,

which combined with Lemma 4.1 implies

A′φ′ = φ′A′, A′ψ′ = ψ′A′, A′θ′ = θ′A′.

Now applying the theorem ([13], Theorem 10) due to the second author, we can
conclude thatM = π(S4s+3(r1)× S4t+3(r2)) (r2

1 + r2
2 = 1, s + t = (n− 3)/4),

whereπ is the Hopf fibrationSn+4 → QP (n+1)/4. It completes the proof of main
theorem.
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