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1. INTRODUCTION

Let M be a connected realdimensional submanifold of real codimensipim-
mersed in a redl + p)-dimensional quaternionicahler manifoldM with quater-
nionic Kahler structure{ ', G, H}. If there exists a subbundle of the normal
bundleT’ M such that

Fv, Cvy, Guy Cury, Huy Cuy,

Fvf cT,M, Guy CT,M, Hv}cCT,M (1)
for eachz € M, wherev is the complementary orthogonal subbundle/tm
TM+, then such a submanifold is calléfR-submanifoldof M ([2]) and the di-
mension ofv, the Q R-dimensionof that ([5, 7, 10, 11]). A real hypersurface

is a Q R-submanifold of zera) R-dimension. When the ambient manifald is

a quaternionic projective spacgP("*+?)/4, real hypersurfaces have been investi-
gated by many authors ([3, 12, 13]) under conditions concerning with shape oper-
ator.

In this paper we shall study-dimensionaly R-submanifolds ofp — 1) QR-
dimension immersed i@ P("*?)/* and prove the following theorem as a general-
ization of Lawson’s result ([12, Theorem 4]) about real hypersurfaces.

Theoreml — Let M be am-dimensional, compact, minim@R-submanifold
of (p — 1) QR-dimension immersed iQ P("7)/4, If the scalar curvature o/ is
greater or equal tov? + 7n — 6, thenM is w(S45+3(ry) x SH+3(rg)) (r? 412 =
1, s+t = (n — 3)/4), wherer is the Hopf fibrations"+4 — QP(»+1)/4,

Remark: The above main theorem was provided in [10] under the condition
that the distinguished normal vector figfds parallel with respect to the normal
connectionv.

The present authors would like to express their sincere gratitude to the referee
for his valuable suggestions to develop this paper.

2. PRELIMINARIES

Let M be a real(n + p)-dimensional quaternionic aler manifold. Then, by
definition, there is &-dimensional vector bundl& consisting of tensor fields of
type (1,1) overM satisfying the following conditionéa), (b) and(c) :
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(a) In any coordinate neighborhodd there is a local basi§F, G, H} of V/
such that

F?=—-], G*=—-I, H> = —1I,

2.1
FG=-GF=H, GH=-HG=F, HF = -FH = G. @1

(b) There is a Riemannian metricwhich is Hermitian with respect to all of
F,GandH.

(c) For the Riemannian connectidnwith respect tq;

VF 0 r —q F
VG|l=|-r 0 p G (2.2)
VH q —-p O H

wherep, q andr are locall-forms defined in{. Such a local basi§F, G, H} is

called acanonical local basisf the bundlel” in Z/(cf. [6]).

As a direct consequence of (2.1), we can easily see that every quaternionic
Kahler manifold is orientable(cf. [6]).

From now on, we consider a realdimensional) R-submanifold\ of (p—1)
QR-dimension immersed in/. Then it is clear from (1.1) that there is a naturally
distinguished unit normal vector fiefdto M such thatF’é, G, HE € TM. We
denote these unit vector fields tangenfifoby

U=-F¢, V=-G¢ W=-—HE (2.3)

Thenitis clear from (2.1) and (2.3) that

FU=¢ GV =¢ HW=¢ (2.4)

On the other hand, each tangent spag#/ is decomposed as
T.M =D, & D7,
whereD,, is the maximal quaternionic invariant subspacé&pi/ defined by
D,=T.MNFI,MNGL,MNHT, M

andD;- its orthogonal complement ifi, M. In this case, we can see tHag =
Span{U,V,W} because of (2.1), (2.3), (2.4) and the definitionZaf, and so



112 HYANG SOOK KIM AND JIN SUK PAK

D : z — D, defines arin — 3)-dimensional distribution o/ (for details, see [2,
11]) andn = 4m + 3 for some integef. ThusM can be dealt with a quternionic
C R-submanifold in the sense of Barros-Chen-Urbano ([1]). Furthermore, we have

FT,M, GT,M, HT,M C T,M & Span{¢}

and consequently, for any tangent vector fi&ldand for a local orthonormal basis
{&ata=1,.p (& = &) of normal vectors td//, we have the following decompo-
sition in tangential and normal components :

FX = ¢X +u(X)¢, GX =vX +v(X)¢, HX =0X +w(X)¢, (2.5)

Féo=~Us+ Pila, Géo=—Va+ Pola, Héo=-Wo+Psta (26)

fora=1,...,p. Thenitis easily seen thdt, v, 0} and{ P, P», P;} are skew-
symmetric endomorphisms acting @hM and T, M, respectively. Moreover,
the Hermitian property of F, G, H} combined with (2.5) and (2.6) implies

9(X,Us) = u(X)010,  9(X, Vo) =0(X)010, 9(X, Wa) = w(X)d1a
and hence we obtain

g(U1, X) = u(X), g(V1,X) =v(X), g(Wi,X) =w(X),

2.7)
Uy,=0, V=0, Wy =0, a=2,...,p.

On the other hand, comparing (2.3) with (2.6) in the case of 1, we have
U, =U,V; =V, W; =W, which together with (2.3) and (2.7) implies

g(U, X) = u(X), g(V,X)=v(X) g(W,X)=w(X), (2.8)

PE=0, P=0, PE=0. (2.9)

So (2.6), (2.7) and (2.9) yield

p D D
F&a = ZPM,@‘fﬁ, Géoz = ZP&IBgﬁ’ Hfa = Z‘P&lﬁgﬁ (210)
=2 B=2 B=2

fora=2,...,p, where we have put

p p p
Piéa = Piapls, Préa= Pupls, Psla=Y Piags.
B=1 8=1 =1
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In the sequel we shall use the notatidnsV, W instead ofUy, Vi, W1, re-
spectively.

Applying F to the first equation of (2.5), and using (2.1), (2.3), (2.5) and (2.8),
we have
@X = —X +u(X)U, u(¢X)=0.
Similarly, the second and the third equations of (2.5) also imply

*X = X +u(X)U, *X =X +v(X)V, 0*°X =—-X +w(X)W,

(2.11)
u(¢X) =0, v(¥X)=0, w(@X)=0. (2.12)

From (2.12) and the skew-symmetry@fiy andd, it follows that
oU =0, ¢V =0, OW =0. (2.13)

Applying G and H respectively to the first equation of (2.5), and using (2.1),
(2.3) and (2.5), we have

0X + w(X)E = —v(¢X) — v(¢X)§ + u(X)V,

PX 4+ 0(X)§ = 0(0X) + w(gX)§ — u(X)W,
respectively. Thus we can see that

P(9X) = —0X +u(X)V, v(¢X) = —w(X),

(2.14)
B(6X) = BX +u(X)W, w(¢X) = v(X).

Therefore, according to similar method as the above, the second and the third
equations of (2.5) also yield respectively

P X) = 0X +o(X)U, u(yX) = w(X),

(X)) = —pX +v(X)W, w@X) = —u(X), (2.15)
P(0X) = X +w(X)U, u(0X)=—v(X), (2.16)
P(OX) =X +w(X)V, v(0X)=u(X). '

From (2.13), (2.14), (2.15) and (2.16), it follows that
YyU=-W, vU)=0, U=V, wlU)=0,
oV =W, w(V)=0, 0V =-U wlV)=0, (2.17)
oW ==V, u(W)=0, vyW =U, o(W)=0.
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The equations (2.8) and (2.11) - (2.17) tell us thatadmits the so-called
almost contacB-structure (for definition, see [8]).

On the other hand, by means of (2.10), we can take a local orthonormal basis
{&.€ar Ear Eare s Eaver bamt,... g=(p—1)/4 OF NOrMal vectors td/ such that

Car = F&a, Lo =G,  Earer := HE,. (2.18)

Now, let V be the Levi-Civita connection o/ and letV+ the normal con-
nection of A+ induced fromV. Then Gauss and Weingarten formulae are given
by

VxY =VxY +h(X,Y), (2.19)

(i) Vxé=—AX +Vxé=—AX + Z{sa )ea + Sax (X)Eqe + Sqee (X )Eqne

a=1
g (X)Egens ),
(2.20)
(i) Vx& =— X)E+ Z{Sab )& + Sabe (X) &b+ +Sabrr (X)Epe=
+ Sapeer (X)Epere },

q
(i) Vx&or = —Awr X — 50 (X)E+ D {5ar5(X)& + 5av+ (X) &

(iv) Vo = —AgX — X)&+ Z{Sa**b )& + Saxspr (X)&pr

—|— Sa**b**( )gb** + Sa**b*** (X)gb***}7

(V) ﬁxé-a*** = —Aa***X —_ Sa*** 5—’— Z{Sa***b gb —|— Sa***b*( )gb*

+ Sa***b**( )gb** + Sxrxprkk (X)éb***}

for any vector fieldsX, Y tangent tolM, wheres’s are coefficients of the normal
connectionV+. Here and in the sequél denotes the second fundamental form
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andA, A,, A, Ay and A+~ the shape operators corresponding to the normals
N, Ny, Ngx, Ng=« and Ny, respectively. They are related by

q
h(X,Y) = g(AX, )6+ ) {9(AaX, Y ) + 9(Aa X, Y )Eur

a=1
+ 9(Agee X, Y )are + g(Agees X, Y )res )
(2.21)

By means of (2.1), (2.2), (2.3), (2.5), (2.18) af20);)_(v), it can be easily
verified that

(i) AaX = —¢Aes X + 50+ (X)U = — ) Ager X + 8qon (X)V = —0Agees X

(i) ApX = pAaX — $0(X)U = thAgees X — sqeen (X)V = — 0 A X+
Sqex (X)W,

(111) Aa**X = _d)Aa***X + S (X)U = ¢ACLX - Sa(X)V = QAG*X—
sa (X)W,

(iv)  Agees X = GAgee X — Sqer (X)U = =) Age X + 50+(X)V = 04, X

— sa(X)W,
(2.22)
() $a(X) = —u(Ag=X) = —0(Age- X) = —w(Agess X),
(i) S0 (X) = w(AxX) = v(Agees X) = —w(Age- X),
(ifl)  Sqe(X) = —u(Ageer X) = v(AX) = w(AgX),
(V) Sgrer(X) = u(Ages X) = —0(Ag- X) = w(A,X). (2.23)

Moreover, since, v,  are skew-symmetric andl,, Ag«, Agx=, Ag== are sym-
metric, (2.22) 3 (iv) together with (2.8) yield

g((Aa¢ + ¢Aa)X7 Y) = Sa(X)u<Y) - SG(Y)U(X)7
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(1) 9((Aa + 9 A) X, Y) = sa(X)o(Y) = 5a(Y)0(X),
9((Aad +044)X,Y) = so(X)w(Y) — sa(Y)w(X),
9((Aar @ + ¢Aa) X, Y) = s (X)u(Y) — sa« (Y)u(X), (i)
9((Aat) + P Aa+) X, Y) = s (X)0(Y) = sa- (V)v(X),
9((Agr0 +0A44-) X, Y) = s (X)w(Y) —
9((Agr @+ PAg+) X, Y) = sgox (X)u(Y) — 5o+ (YV)u(X),
(i) g((Ae=t) + P Aa=) X, Y) = saee (X)0(Y) — s (V)0 (X),
J((Ager0 + 0 A ) X, Y) = sgox (X)w(Y) — 82+ (Y)w(X),

J((Agrrrp + PAges ) X, Y) = sgres (X)u(Y) — sgeex (Y )u(X),

(iv) G(Agresth + P Ages ) X, Y) = Sguen (X)0(Y) = 80+ (V)0 (X),

G(Agreeb + 04 ) X,Y) = sges (X)0(Y) = s (V)w(X).  (2.24)
On the other side, we can take an orthonormal bgsis—1 .. n,—4m+3 Of tan-
gent vectors ta\/ such that
Emtl = PE1, ..., € = Py, €amtl = Ve1,...,E3m = Ve,

e3m+i1 = 0e1, ... eqn = bem, eamy1 :=U, esmi2: =V, eqnyz = W.
(2.25)

ReplacingX by ¢e; in (2.23)), we have
Sa(¢€i) == —Q(Aa“f)ei? U) = _g(Aa**d)ei? V) = —g(Aa***¢€i, W)7
which together with (2.13) an@.24) ;) implies

sa(dei) = —sax(ei) = —g(Aar=pe;, V).

On the other hand, it follows from (2.8), (2.172.23) ;) and(2.24) 4 that

g(Aa**¢ei7 V) = g(Aa**eia W) = —Sa* (67,)
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and consequently
Sa(pei) = sgx(€;) =0, i=1,...,m. (2.26)

Similarly, replacingX by ¢e; andfe; in (2.23);), respectively, and using (2.8),
(2.17) and(2.23) ;1) — (2-24)3v), we also have

Sa(@bei) = —Q(Aa*@bei’ U) = —Sa** (el) = _g(Aa***¢eia W)7
Sq(0e;) = —g(Ag-0e;,U) = —g(Ag=+0ei, V) = —sg=x=(€;).

But it follows from (2.24) 53y and(2.24) ;) that

Q(Aa*lbeiv U) = g(Aa*ehwU) = _g(Aa*ei7 W) = —Sg** (ei)7
g(Ag=0e;,U) = g(Aa=e;, 0U) = g(Agre;, V) = —sg0x (€5),

and consequently
Sa(e;) = sq(fe;) = sgx=(€i) = Sax==(€;) =0, 1=1,...,m. (2.27)
Next, replacingX by ¢e; in (2.23) ;) —(2.23) 4v), respectively, and using (2.8),
(2.17),(2.23) 311), (2.23) (4v) @nd(2.24) 3y, we can obtain
Sa* (¢€z) = Sa(ei) = g(Aa***eia W) = g(Aa**% V)7
Sg** (¢€z) = —Sg*** (ei)y Sq*** <¢ez> = Sg** (el)
But, itis clear from(2.23) ) that
sa(€i) = —g(Ag==ei, V) = —g(Agreei, W),
which together with (2.27) and the above equations yields

Sa(€;) = Sqx(de;) = Sar=(ge;) = sgeex(Pe;) =0, i=1,...,m. (2.28)

ReplacingX by ie; andde;, respectively, if2.23) ;) — (2.23) iy, we can also
have

Sax(e;) = saeee(€i),  Sar(Ye;) = saler)  Saws (ei) = —sax(e4),

Sax(0e;) = —sgx=(€;), Sax=(0€;) = Sax(€i)  Sq===(0€;) = sa(ei),
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which combined with (2.26) - (2.28) implies

Sax(Ve;) = sqe (Ye;) = sgrex(Ye;) = 8o+ (0e;) = sa++(0e;)

2.29
:Sa***(eei):(L Zzl,,m ( )

Since the ambient manifold is a quaternionigifer manifold, differentiating
the first equation of (2.5) covariantly, we can obtain

(Vy@)X = r(Y)pX = g(Y)0X +u(X)AY —g(AY.0U. ) o
(Vyu)X =r(Y)v(X) — q(Y)w(X) + g(¢AY, X) '

with the help of (2.2), (2.5), (2.10), (2.192.20)4) and (2.21).
Similarly, from the second and the third equations of (2.5), we also obtain

(Vy)X = —r(Y)oX +p(Y)0X +v(X)AY — g(AY, X)V,

(2.31)
(Vyv)X = —r(Y)u(X) + p(Y)w(X) + g(p AY, X),

(Vy0)X =q(YV)pX —p(Y)pX + w(X)AY — g(AY, X)W,

(Vyw)X = g(Y)u(X) = p(Y)o(X) + g(0AY, X). (2.:32)

Differentiating the first equation of (2.3) covariantly, and using (2.2), (2.3),
(2.5) and(2.20) 4), we have

VyU = r(Y)V — g(Y)W + ¢AY. (2.33)

Similarly, from the second and the third equations of (2.3), we also have
VyV = —r(Y)U + p(Y)W + 9 AY, (2.34)

VyW = q(Y)U — p(Y)V + 0AY. (2.35)

If the ambient manifold) is a quaternionic space forﬂ(”+p)/4(c), that

is, a quaternionic Bhler manifold of constan)-sectional curvature, then its
curvature tensoR satisfies

R(X,Y)Z zg{g(Y, )X — g(X,2)Y + g(FY,Z)FX — g(FX, Z)FY

—29(FX,Y)FZ + g(GY, Z)GX — g(GX, Z)GY —29(GX,Y)GZ
+g(HY,Z)HX — g(HX, Z)HY — 29(HX,Y)HZ}
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for X,Y, Z tangent toM (cf. [6]). Hence by means of the equation of Gauss, we
can easily verify that the Ricci tensoi®RY, Z) turns out to be

Ric(Y,Z) = Z{(n +8)g(Y,Z) = 3(u(Y)u(Z) +v(Y)v(Z) + w(Y)w(Z))}

+ (trA)g(AY, Z) — g(AY, AZ) + > {(trAs)g(AaY, Z) + (trAe-)g(AaY, Z)
a=1
q
+ (trAge ) g(Aqe Y, Z) + (trAgees)g(Aaen Y, 2)} =Y {9(AY, AuZ)
a=1
+ Q(Aa*K Aa* Z) + g(Aa**Ya Aa**Z) + Q(Aa***Yy Aa***Z)}

and consequently the scalar curvatpiie given by

p=7(n+9)(n—1) + (trA4)’ —trA” + ;{(tma)? + (trAge)?

q
+ (trAge«)? + (tr Agee)?} — Z{trAg +trAZ, 4 trAZ. +trA2.L).

a=1

(2.36)

Moreover, by means of the equation of Codazzi, we also have

g((VxAY = (VyA)X, Z) = Lg(8Y, Z)u(X) - g(6X, Z)u(Y)
—29(¢ X, Y)u(Z) + g(bY, Z)v(X) — g(¥ X, Z)v(Y) — 29(¢¥ X, Y)v(Z)
+g(0Y, Z)w(X) — g(0X, Z)w(Y) —29(0X,Y)w(Z)}

- Z{Q(AaXa Z)Sa(y) - g(AaY, Z)Sa(X) + g(Aa*Xa Z)Sa* (Y)
a=1

- g(Aa*K Z)Sa* (X) + g(Aa**Xa Z)Sa** (Y) - g(Aa**Y7 Z)sa** (X)
+ g(Aa***X7 Z)Sa*** (Y) - g(Aa***Y7 Z)Sa*** (X)}
(2.37)

forany X, Y, Z tangent ta\/.
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3. AN INTEGRAL FORMULA ON A COMPACT (Q R-SUBMANIFOLD OF
MAXIMAL @ R-DIMENSION

Let M be a realn-dimensional@ R-submanifold of(p — 1) @ R-dimension im-
mersed in a quaternionic space ford " ”/* (c).

We now put
T :=VyU+VyV + VW + (divU)U + (divV)V + (divW )W

and take the same orthonormal bagis};—1 ... n—4m+3 Of tangent vectors td/ as
givenin (2.25). Since@dU = >, g(e;, V¢, U), making use of (2.17) and (2.32)
- (2.34), we obtain
T=¢pAU + AV + AW, (3.1)
9g(T,U) = g(T,V) = g(T, W) = 0. (3.2)

We note thafl" is a global vector field defined al¥ .
Now, for later use we shall computéd” = >"" | g(e;, V¢, T).

First of all, differentiating (3.1) covariantly, and using (2.29) - (2.34), we have
VxT ={u(AU) + v(AV) + w(AW)} AX
— (AU, XU — g(A?V, X))V — g(A’W, X)W
+ QAPAX + Y AYAX + HAOAX
+o(VxA)U +p(Vx AV +0(Vx AW,
from which, taking account of (2.8), (2.11), (2.13), (2.14) - (2.17) and (2.25),
divT =tr A{u(AU) +v(AV) + w(AW)} — u(A*U) — v(A2V) — w(A*W)

+) {g(pApAei,e;) + g(VApAe;, e5) + g(0AD Ae;, e;)}
=1

— > {9(Ve,A)de; — (Ve A)ei + (Ve A)e; — (Voe, A)tbe;, U)

=1
+ g((Ve, A)be; — (Vye, A)ei + (Voe, A)pei — (Ve A)bei, V)
+9((Ve, A)be; — (Voe, A)ei + (Ve A)pei — (Ve A)dei, W)}
—g(Vv AW — (Vw AV, U) — g(VwA)U — (Vo A)W, V)
—9((VuA)V = (Vy A)U,W).

(3.3)
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On the other hand, using (2.11), (2.1@).23) ;) — (2.23)4v), (2.26)-(2.28) and
(2.37), we can easily obtain

(n— 3)0.

0 > 9(VeA)per — (Ve A)ei, U) = — 3

i=1

(3.4)

Similarly, taking account of (2.11), (2.13R.23) 5) — (2.23) (1), (2.26) - (2.28)
and (2.37), we also have

m

@) Y o((VeiAes — (Ve A)er, V) =~ 2
o - (3.4)
(iii) ; 9((Ve, A)ei — (Ve A)ei, W) = —————.

Moreover, making use of (2.11), (2.14) - (2.18),23) ) — (2.23)v), (2.26) -
(2.28) and (2.37), it can be similarly verified that

0 D0V Aei — (Var, A 1) =~
i=1
) Yoo Ao — (Voo Aier, V) = -2 3
1=1
() D 0((Voe Ao — (Vye, Ao, W) = ~ =
=1

Furthermore, by means of (2.37), a direct computation yields

g(VvA)W — (VwA)V,U) + g(Vw AU — (Vu AW, V) (3.6)
+g((Vy AV — (Vy AU, W) = 0. '
Inserting(3.4) ;) — (3.4) iy, (3-5)1) - (3-5) iy and (3.6) back into (3.3), the
equation (3.3) turns out to be

B0 4 b AQu(AD) + 0(AV) + w(AW)} — u(A%0) = u(42V)

divT =
— w(A2W) + Z{g(gﬁAq&Aei, i)+ g(pApAe;,e;) + g(0ADAe;, e;)}.
i=1
(3.7)
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On the other hand, by using (2.8), (2.11) - (2.12) and (2.14) - (2.17), we can
easily verify that

> {9(pAdAei,ei) + g(p A Aei, e5) + g(0 A0 Aei, e)}
=1

=164~ AGIP + 1A — AY|> + 64 — A9|1?) — 3t 47
+ u(A%U) + v(A%V) + w(A2W).

Then, the last equation together with (3.7) implies

3(n—3)

divT = € FtrA{u(AU) + v(AV) + w(AW)} — 3trA2

, (3.8)
+5{lleA - Ag|* + [[vA — Av|* + ||0A — A9}

Moreover, from (2.36) and (3.8), we have

p
divT = {04 — AG|P + [6A — AP + 164 — ABJ?} — 3" (tr A,

a=1

+trA{u(AU) + v(AV) + w(AW)} + 3{p — 2(712 +7n —6)}

q
+3 Z:{trA?Z +trAZ 4 trAZL 4 trAZLL ).

a=1

Thus we have

Lemma3.1 — LetM be ann-dimensional compac® R-submanifold ofp—1)
QR-dimension immersed inZ "% (). Then the following equality is valid :

p
[ G164 - AGIP + 104 - AV + |04 - A0} —3 ) (tr Ao
M

a=1

+trA{u(AU) + v(AV) + w(AW)} + 3{p — §<n2 +7n—6)}

q
+3) {trAl +trAZ +trAZ. +tr A%} x 1 =0.

a=1
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4. THE PROOF OFMAIN THEOREM

Let M be a realn-dimensional compact, minima) R-submanifold of(p — 1)
@ R-dimension immersed in a quaternionic space defﬁ”*pV“@).

Owing to Lemma 3.1, we have

Lemmad.1 — LetM be ann(> 7)-dimensional compact, minimé R-submanifold

of (p — 1) QR-dimension immersed iM("“)/“(c). If the scalar curvature
of M is greater or equal tq(n2 + ™ — 6), thenA, = 0, « = 2,...,p and
Sa = Sar = Sar = Sq»+ = 0, namely, the distinguished normal vector figlés
parallel with respect to the normal connectiGr. Moreover the equalities

Ap = A, AYp =vA, Af=0A (4.1)
are valid onM andc > 0.

PROOF: ltis clear from Lemma 3.1 that our assumption implies both (4.1) and
the following

Ay =0, Agp=0, Apx=0, Ag=0, a=1,---,q,
which together with(2.23) 4) — (2.23) 4, yields
Sa:Sa*:Sa**:Sa***:O, a:]"”'7Q7

and consequently the distinguished normal vector fieisl parallel with respect
to the normal connection because(f20);). On the other hand, (4.1) combined
with (2.11) yields

AU =AU, AV =2V, AW =AW (X :=u(AU) = v(AV) = w(AW))

and hence (3.1) implie§ = 0 identically on) . Thus from (3.8) and the above
facts, it follows thatt4? — (n — 3)c/4 = 0 and hence: > 0. Whenc = 0,

that is, the ambient manifoW("+p)/4(c) is a real(n + p)-dimensional Euclidean
A
space7%\+\/ identified with the quaternionic number spa@(e\+\/)/ , the shape

. . . . L\t
operatorA is also identically zero od/. HenceM is totally geodesic irR = v,
which is a contradiction sinc&/ is compact. Thus can not be zero which implies
our final assertion. O
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From now on, in order to get our main theorem, it is enough to consider that
the ambient manifold is a quaternionic projective sp@d¢&”+»)/4 of constanty-
sectional curvaturé because of Lemma 4.1. L&k (z) = {¢ € T,M~* : A¢ = 0}
and Hy(z) the maximal quaternionic invariant subspacé\gfz), that is,

Ho(l‘) = N(](l‘) N FN()(.Z‘) N GN()(.%) N HN(](J})

Then Kwon and the second author of this paper have proved the following
theorem in their paper [9] :

TheoremK-P — Let M be ann-dimensional real submanifold of re@h + p)-
dimensional quaternionic projective spae”(™?)/4. |f the orthogonal comple-
ment Hy(z) of Hy(z) in TM+* is invariant under the parallel translation with
respect to the normal connection ands the constant dimension éf, (z), then
there exists a realn + ¢)-dimensional totally geodesic quaternionic projective
spaceQ P("t9)/4 such that\l ¢ QP +9)/4,

In our case, we see thaf(z) = Span{&(z),...,&(z)}. Infact, as a conse-
guence of Lemma 4.4, =0 fora = 2,...,p. Hence

Span{&(x),...,&(x)} C No(z).

On the other hand, for an§/ in Ny(z), we can putt’ = > 2 _, \*¢,. But
Ap =30 A0 = MA = 0sinced, = 0fora =2,...,p. Hencex! =
and consequently/ € Span{&(z),...,&,(x)}. Moreover, (2.10) implies

No(x) = Ho(x) = Span{&a(x), ..., ()}

ThusH;(x) = Span{&1(z)} and so our assumption yields thdg (z) is in-
variant under parallel translation with respect to the normal connection. Therefore
we can apply Theorem K-P and obtain the following theorem.

Theoremd4.2— Let M be ann-dimensional compact, minim&@ R-submanifold
of (p — 1) QR-dimension immersed i@ P("*+?)/4_ |f the scalar curvature of\/ is
greater or equal to:? + 7n — 6, then there exists a reéh + 1)-dimensional totally
geodesic quaternionic projective spa@é("t1)/4 such that\/ ¢ QP +1/4,

Finally we shall give the proof of the main theorem stategllin

Proof of main theoremBy means of Theorem 4.2, the submanifdldcan be
regarded as a real hypersurfac&d?(™1)/4 which is totally geodesic ity P("+7)/4,
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Tentatively we denot€ P("t1)/4 by M’ and byi; the immersion of\/ into M’
and byi, the totally geodesic immersion af’ into Q P("*tP)/4_ Then it is clear
from (2.19) that

Vixt1V =aVxY +1h(X,Y) =i VxY +g(A'X,Y)¢,

whereV’ is the induced connection oW’ from that of Q P("»)/4 b/ the second
fundamental form of\/ in M’ and A’ the corresponding shape operator to a unit
normal vector field’ to M in M'.

Sincei = iy 0 4; and M’ is totally geodesic irQ P("+P)/4, we can easily see
that (2.21) and (4.3) imply

§=ixf, A=A

SinceM’ is a quaternionic invariant submanifold @P("+?)/4, for any X in T M
we get

FisX = iosF'X, GisX = isG'X, HisX = isH'X,

where{F’,G', H'} is the induced quaternionic#ler structure od/’. Thus it
follows from the first equation of (2.5) that

FiX = Figoi1 X = ioF'i1 X = is(i1¢' X +u/(X)¢)
=i/ X +u'(X)izl =i¢/ X +u/(X)€

for any tangent vector fiel& to M. Comparing this equation with the first equa-
tion of (2.5), we have) = ¢’ andu = «/. Similarly, we also have

p=¢,p=v",0=0 u=u,v=0" w=1,
which combined with Lemma 4.1 implies
A/¢/ — (z)/A/ A/w/ — w/AI Alel — 9/14/
Now applying the theorem ([13], Theorem 10) due to the second author, we can
conclude thaf\/ = 7(S*¥3(r) x S#*3(ra)) (rf +r3 =1, s+t = (n—3)/4),

wherer is the Hopf fibrations™t* — QP("+1)/4_ |t completes the proof of main
theorem. O
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