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In this paper, we introduce and study the generalized implicit vector vari-
ational inequality problems with set valued mappings in topological vector
spaces. We establish existence theorems for the solution set of these prob-
lems be nonempty compact and convex. Our results extend the results by
Fang and Huang [ Existence results for generalized implicit vector variational
inequalities with multivalued mappings, Indian J. Pure and Appl. Math.
36(2005), 629-640.]
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1. INTRODUCTION AND PRELIMINARIES

The vector variational inequality, as an important generalization of the scalar vari-
ational inequality, has been shown to have wide applications to vector optimization
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problems and vector equilibrium problems (see [1, 2, 4, 5, 10]). The first result on
the vector variational inequality is paper [9] by Giannessi, which studies the vector
variational inequality in the setting of a finite dimensional case. Later on, Chen and
Yang [4] studied the vector variational inequalities in infinite dimensional spaces.
The theory of vector variational inequalities can be used to study vector comple-
mentarity problems and multi-objective programming problems. For details, we
referto [1, 2, 8, 9, 10].

Throughout this paper, unless otherwise specified, we always EtdY be
real Hausdorff topological vector spacds, C X a nonempty convex sef; :
K — 2Y with pointed closed cone convex values (we recall that a sulhst
Y is convex cone and pointed whenevwerH+ A C Y,tA C A, fort > 0, and
AN —A = {0} respectively) wher@¥ denotes all the subsets &f Denote by
L(X,Y) the set of all continuous linear mappings frotninto Y. For any given
l € L(X,Y), = € X, let (I, z) denote the value dfatz. LetT : K — 25(XY)
andG : X x X — X be two mappings. Finally lef : K x K — 24XY) pe a
set-valued mapping. We need the following definitions and results in the sequel.

Definition1.1 — Let X andY be two topological spaces. A set-valued map-
pingG : X — 2Y is called:

(i) upper semicontinuous(u.s.c.) atc € X if for each open seV’ containing
G(z), there is an open sét containingz such that for eache U, G(t) CV; G
is said to be u.s.c. oX ifitisu.s.c. atallr € X.

(i) upper hemicontinuousif the restriction ofG on straight lines is upper
semicontinuous.

(i) lower semicontinuous(l.s.c.) atzx € X if for each open seV” with
G(xz)NV # (), there is an open sét containingr such that for eache U, G(¢)N
V #0; Gissaidtobel.s.c. oX ifitisl.s.c. atallz € X.

(iv) closedif the graph ofG, i.e., the sef{(z,y) : z € X,y € G(x)}, is a
closed setinX x Y.

(v) compactif the closure of range7, i.e., ¢l G(X), is compact, where
G(X) = Upex G(2).

(vi) continuousif G is both lower semi-continuous and upper semicontinu-
ous.

Lemmal.2 —[10, 12]. LetX andY be two topological spaces. Suppose that
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G : X — 2Y is a set-valued mapping. Then the following statements are true:
(a) If G is closed and compact, théhis u.s.c.

(b) If forany z € X, G(x) is compact, theid: is u.s.c. onX if and only if for
any net{z,} C X such thatc, — x and for everyy, € G(z,), there exist
y € G(x) and a subnefys} of {y.} such thatyg — y.

(c) If G is lower semicontinuous then for any closeédC Y any net{z,} C X
converging tar andG(z,) C C for all a imply thatG(z) C C.

Definition 1.3 — We say that the mapping : K — 2" is C-upper sign
continuous if, for alkz, y € K, the following implication holds:

G(l-tz+ty)ynC((1—-t)x+ty) #0, Vte ]0,1[= G(z)NC(x) # 0.

Remarkl.4 : Letf : K x K — R be a mapping. If we defin&'(z) =
{f(z,y)}, forall z,y € K, andC(z) = [0,00), then Definition 1.3 reduces
to the upper sign continuous introduced by Bianchi and Pini in [1]. The upper
sign continuity notion was first introduced by Hadjisavvas [10] for a single valued
mapping in the framework of variational inequality problems. Lebe a closed
convex cone and we defii&x) = D for all z € K then upper hemicontinuity of
G implies C-upper sign continuity of7. Let the values ofy be compact and its
graph closed. Hence upper hemicontinuity(dfmplies C-upper sign continuity
of G. Indeed letz, € G(z, = (1 — 1)z + 1y) N C(xy,). By Lemma 1.2 (b)(
notex, — x andG is upper hemicontinuous, that is u.s.c. on segments) there
are an element € G(z) and subsequencs,, of z, such thatz,, — z. Hence
(., 2n,,) — (z,2) and(zy, , zn, ) belongs to the graph @'. Thenz € G(z) N
C(z) ( note the graph of C is closed). This completes the proof of assertion. The
following example shows that the converse does not hold in generalX LetR
andK = R. MappingsG : R — R? andC : K — 2R defined by

Gy [0 it =0
IR i 240

andC(x) = [0, 00), for z € R, is C— upper sign continuous because G(x) N
C(z) for all z € K while G is not u.s.c. at zero.
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Definition 1.5 — Let E' be a topological vector space. A mappifg: M C
E — 2F is said to be a KKM mapping, if, for any finite sétC M,

CoA C F(A),

where cA denotes the convex hull of.

Lemmal.6 — [6, 7] LetM be a nonempty subset of a Hausdorff topological
vector spaces andF : M — 2M be a KKM mapping. IfF(z) is closed inF, for
everyx € M, and compact, for some € M, then

ﬂ F(x) #0.

reM
Definition1.7 — LetT : K — 2L(XY) pe a set valued mapping. Th&his
said to be

(i) stronglyC-pseudomonotone with respect@oif for any givenz,y € K,

(Tz,G(z,y)) € —intC(z) = (Ty,G(y,z)) C —intC(z).

(i) C-pseudomonotone with respect@oif for any givenz,y € K,

(Tz,G(x,y)) £ —C(x) \ {0} = (Ty,G(y, z)) € —C(x).

Remarkl.8: (a) Itis clear from Definition 1.7 that strongly*pseudomonotone
with respect toGG implies C-pseudomonotone with respect @ but the simple
exampleX = R?, Y =R, K any closed convex subset &f, T'(x) = {(0,0)},
for all z € K andG is an arbitrary function fromX x X to X shows that the
converse is not valid in general.

(b) If we defineG(z,y) = y — g(z) whereg : K — K is a mapping, then
Definition 1.7(ii) collapses to the Definition 2.3(ii) in [8].

Examplel.9: LetX = K = R,Y = R?andC(z) = P = {(z,y) € R?:
x>0, y >0}, forallz,y € K. Let us define

1) ~{( 5 )} Glo) =y - andg(a) =z
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Then, obviously,T(a:) C L(X,Y). If we takey < z, x < 0, then(T'(z),y —

x) = {(y—:z:)(az %)} ¢ —intP since(y — x)z > 0 and (T'(y),y — x) =
{(y — z)(y,y*)} € P becausdy — z)y* < 0 and soT is not stronglyC- pseu-
domonotone mapping with respectg¢in the sense of Huang and Fang [8]. While,
if (T'(y),y —x) € —int P then(z — y)(y,y*) € int P. Thusz —y > 0
andy > 0 which imply that(T'(z),2 — y) = (z — y)(z,2?) € int P and so
(T'(z),y — x) ¢ —int P. This shows thaf" is stronglyC-pseudomonotone with
respect ta~ as introduced in Definition 1.7.

2. MAIN RESULTS

In this section, we consider the following generalized implicit vector variational
inequality problems in the topological vector space setting:

(IVWI1,) find 2z € K suchthat (Tz, G(z,y)) € —intC(x), Vye€ K,

and
(IWI,) find z € K suchthat (Tz,G(z,y)) £ —C(z)\ {0}, Vye€ K.

Clearly, a solution of problem (IV¥5) is also a solution of problem (IV\{).
Note that ifG(z,y) = 0, for all (x,y) € X x X, then the solution set of (IV\{))
and (IVVly) are equal to the sét. Moreover, ifG(x,y) = 0, for all y € X, then
x is a solution of (IVVh) and (IVVIz).

Example2.1 — LetX =R, K =[1,2], Y =R?andC(z) = {(¢,s) €
R?:0 < s < tx},forallz € K. LetT(z) = {(t,txr) € R? : t € R} and
G(z,y) =1, forall z,y € K. One can check that = 1 is a solution (IVV}) and
is not a solution of (IVV4).

Example2.2 — Consider the following linear program:

mm{z CiTi (i)ieqg € R"with >0, Az =10},

whereA (is a matrix),c = (¢;)7_; € R", b € R™ are fixed.

Now if we defineX = R", K = {z € R" : = > 0, Az = b}( note
K is closed and convex)y = R, C(x) = [0,00),G(z,y) = y — « and define
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T(x) = {c}, for all z € K, then the above linear program is a special case of
(IVVI4).

The following lemmas play a key role in this section. Furthermore, they im-
prove Lemmas 2.3 and 2.4, respectively, of [8]. Precisely, they extend Lemmas 2.3
and 2.4 of [8] from Banach spaces to topological vector spaces, omit the closedness
of C : K — 2V, replace the special cage,y) — y — g(z), whereg : K — K
is a mapping, with a general mappifg y) — G(x,y), and upper sign continuity
with upper hemicontinuity.

Lemma2.3 — Suppose that
(1) for each fixedy, the mappinge — (T'z, G(x,y)) is upper sign continuous ;
(2) T is C-pseudomonotone with respectdg
(3) (Tx,G(z,x)) N C(x) # ( for everyz € K;

(4) G(z,y) is affine in the second variable.

Then for any givery € K, the following are equivalent:

() (Ty,G(y,2)) £ —Cly) \ {0}, VzeK;
(i) (Tz,G(z,y)) € -C(z), VzeK

PrROOF: The fact(i) = (ii) directly follows from the definition of”- pseu-
domonotonicity with respect t&. Now let(i:) hold andz be an arbitrary element
of K. Hence (ii) implies that

(Tz,G(2t,y)) € —C(2t), vt €]0, 1], (2.1)

wherez; =y + t(z — y).
We claim that,  for alk €]0, 1],
(Tz,G(2t,2)) N Clz) #£ 0, (2.2)
Otherwise, we have, for some=|0, 1],

(Tz,G(zt,2)) CY \ C(z). (2.3)
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From (4), (2.1) and (2.3) we get
<th’ G(Zt7 Zt)> = <th7 (1 - t)G(ztv y) + tG(ztv Z)> =
(1 = t)(Tz,G(2,9)) + t(Tz,G(2,2)) € —Cl(z) + Y\ C(z) CY \ C(z),
which is a contradiction (' with condition (3)). Thus,

(Tz,G(z,2)) NC(z) £ 0, Vit €]0,1],

and so by (1) we deduce that

(Ty, Gy, 2)) N Cly) # 0.
This completes the proof. O
Remark 2.4 : (a) We can omit condition (3) of Lemma 2.3 wh@(z, x) =
0,Vz € K. Moreover, we can replace (4) I6y(x)- convexity ofG(z, y) in the sec-
ond variable, that is, for alt, z1, zo € K andt €0, 1[, the following implication

holds:
G(z,(1 —t)z1 + tz2) C (1 —t)G(x, z1) + tG(z, 22) — C(x).

We note that even in the real line convexity @fwith respect to the second
variable is weaker than affineness with respect to the second variable. To see this
considerG(z,y) = y?, wherez,y € R. Hence we obtain another version of
Lemma 2.3, foiG(z, z) = 0,Vz € K, as follows:

Suppose that
(1) for each fixedy, the mappingc — (T'z, G(x,y)) is upper sign continuous ;
(2) T is C-pseudomonotone with respect®

(3) G(z,y) is C(z)-convex in the second variable.

Then for any givery € K, the following are equivalent:
(i) (T'z,G(z,y)) € —C(2), VzeK.
We can get, by an argument similar to that of lemma 2.5, the following result

which is another version of Lemma 2.5 wh@tis stronglyC-pseudomonotone in
the second variable ar@(z, z) = 0, forall x € K.
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Lemma2.6 — Assume that

(1) for each fixedy € K, the mapping: — (T'x, G(z,y)) is upper sign contin-
uous ;

(2) T is stronglyC'-pseudomonotone with respect@o
(3) G(z,y) is C(z)-convex in the second variable.
Then for any givery € K, the following are equivalent:
() (Ty,G(y,2)) £ —int C(y), Vz€ K;
(i) (Tz,G(z,y)) C —C(z2), VzeK
The following result establishes an existence result for (Mwvhich im-
proves and generalizes Lemma 2.7 in [8].

Theorem2.7 — Suppose all the assumptions of Lemma 2.3 (or Lemma 2.5)
hold and, for each fixed € K, the mappingy — G(z,y) is continuous. If there
exist a compact convex subgebf K and a compact subsét of K such that

(C) VzeK\B 3ze€D: (TzG(zx)¢Z-Clz

then the solution set of (I\MY) is nonempty compact and convex.
PrROOFDefineFy, F» : K — 2K by
Fi(z)={x e K: (Tz,G(z,2)) £ —C(x) \ {0}},
Fy(z)={x € K:(T'z,G(z,z)) C —C(z)}.
We claim thatFy is a KKM mapping. If it is not the case, then there exist
21, ..., 2n, € K andt; > 0 with X7 ,¢; = 1 such thate = X7 ,t;2; & Ul Fi(2;),
ie.,
(Tz,G(x,z)) € —-C(z)\ {0}, i=1,2,....n
It follows from the condition (4) of Lemma 2.3 ( or condition 3 of Lemma 2.5)

that
(Tz,G(z,z)) = (Tx, X7 1t:G(z, 2;)) C

Vi ti{Te, X, G (2, z3)) € =C(x) \ {0},
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and so

(Tz,G(z,z)) € —C(z)\ {0}.

This andC(z) N (—=C(z) \ {0}) = 0 (note that the mapping' has pointed
closed cone convex values) imply that

(Tz,G(z,z))NC(x) =0,

which contradicts condition (3) of Lemma 2.3. Herfgeis a KKM

mapping and sd+ is also a KKM mapping ( note, by (2) of Lemma 2.3 we have
Fi(z) C Fy(z) for everyz € K). Further, by the continuity of the mapping
y — G(x,y) for each fixedv € K, thatF»(z) is closed inK for everyz € K.
Now F|caupy (the restriction off; on compact and convex subset A U D)

of K whereA is finite subset o) satisfies all the assumptions of Lemma 1.6 and
hence

ﬂzGco(AUD FQ( ) # 0. (24)
By condition (C) we have

mZeDFQ(Z) C B. (2.5)

From (2.4) and (2.5) we infer that the fami{yF»(z)}.cx has finite intersection
property and so

Neex Fa(z) # 0.
Then there exists € K such that

(Tz,G(2,2)) € =C(2), Vze€K.
Now from Lemma 2.3 ( or Lemma 2.5) we get
(Tx,G(z,z)) € —C(z) \ {0}, VzeK,

and sar is a solution of (IVVI;). By Lemma 2.3 ( or Lemma 2.5) the solution set
of (IVV 1) equals the set

S={reK:(Tz,G(z,2)) C —C(2),Vz € K},
which is convex by (4) of Lemma 2.3 (or (3) of Lemma 2.5). Also by our assump-

tion ( that is condition (C))S is a closed subset a8 and hence compact. This
completes the proof. |
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Remark2.8 : (a) One can see, by the definitions of (I¥Y, (IVV I3) and
—int C(x) € —C(x), for all z € K, that any solution of (IV\/3)is a solution of
(IVV I;). So we can consider Theorem 2.7 as an existence theorem for the solution
of (IVV Iy).

(b) The continuity ofG in the second variable in Theorem 2.7 can be replaced
by the lower semicontinuity of the mapping

z—{reK:(Tz,G(z,x)) C —C(2)}.

(c) We can drop condition (C) of Theorem 2.7 wh&his compact. Hence
Theorem 2.7 improves Lemma 2.7 of [8]. Because, in Lemma 2.7 of [8], the
authors supposed thaf is a bounded closed subset of a reflexive Banach space
X which meangX is compact in thé?*— topology onX.

The next result guarantees, under suitable conditions, the solution set df jIVV
is nonempty compact and convex. We omit its proof, since it is similar to the proof
of Theorem 2.7.

Theorem2.9— Suppose all the assumptions of Lemma 2.6 hold and, for each
fixedz € K, the mappingy — G(x,y) is continuous (or the mapping — {z €
K : (Tz,G(z,z)) C —C(2)} is lower semi-continuous). If there exist a compact
convex subseb of K and a compact subsét of K such that

Vee K\B 3zeD: (Tz,G(z,2))¢ —C(z),

then the solution set of (IMY) is nonempty compact and convex

3. APPLICATION

In this section, using Theorems 2.7 and 2.9, we establish some existence theorems
for the following two generalized implicit vector variational inequality problems in

the locally convex topological vector spaces. Our results extend Theorems 3.1 and
3.2 of [8] from the reflexive Banach spaces to locally convex spaces. Moreover,
we do not use the notion demi-C-continuity on our maps.

Now we recall generalized implicit vector variational inequality problems as
follow:
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find v € K such that

(Alu,u), G(u,v)) £ =C(u) \ {0}, Vv €K,

and

find v € K such that

(A(u,u), G(u,v)) € —int C(u), Yve K.

In order to prove our existence theorems we need the following result.

Theorem3.1 — (Kakutani-Fan-Glicksberg)([7]). LefX be a locally convex
Hausdorff space]) C X a nonempty, convex compact subset. T.etD — 2P be
upper semicontinuous with nonempty, closed cofi\(&3, for all z € D. ThenT'
has a fixed point irD.

Theorem3.2— Assume that the following conditions hold

(i) foreachfixedw,y) € K x K, the mapping — (A(w, z), G(z,y))NC(z)
is upper sign-continuous with compact values;

(i) for each fixedv € K the mappinge — A(w, x) is C-pseudomonotone with
respect ta;

(iii) for each fixedv € K(A(w,z),G(z,x)) N C(x) # 0;
(iv) G(z,y) is affine in the second variable;

(v) for each finite dimensional subspatéof X with K, = KN M # (), there
exist compact subsé?); and compact convex subset,; of K, such that
V(w,z) € Ky x (Kp\Bu), 32 € Dy such that(A(w, 2), G(z,z)) ¢
—C(2);

(vi) for each fixedv € K, the mapping(z,y) — (A(z,y),G(v,y))is lower
semicontinuous.

Then there exists ¢ K such that

(A(u,u), G(u,v)) € —C(u) \ {0}, Vv e K.
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PROOF: Let M C X be afinite dimensional subspace with, = K N M #
(). For each fixedv € K, consider the problem of finding € Kj; such that

(A(w,u), G(u,v)) € —C(u) \ {0}, Vv e K. (2.6)

By Theorem 2.7, the solution set of problem (2.6) is nonempty compact and
convex subset ok, and so the mapping : K, — 25 defined by

Fw)={u € Ky : {(A(w,u),G(u,v)) £ —C(u)\ {0}, Vv e Ky}

has nonempty compact and convex values. Lemma 2.3 implies
F(w)={ue Ky : (A(w,u),G(v,u)) C —C(v), Yve Kuy}.

Further,F' has closed graph. Indeed, let,, u,) € Ky x F(w,) converge
to (w,u) € Ky x Kpr. Then (A(wq, ua), G(v,uq)) € —C(v), for all « and
v € K. Now from (vi) and Proposition we get(w, u), G(v,u)) € —C(v) and
henceu € F'(w). This shows that the graph &f is closed and so since the values
of F" are compact we deduce from Lemma 1.2 thas upper semi-continuous on
K. Therefore, by using the Kakutani-Fan-Glicksberg fixed point theorem (that is
Theorem 3.1)F has a fixed pointvy € Ky, i.e., there existayy € K such that

(A(wo,v), G(v,wp)) € —C(v), Vv e K.

SetM = {M C X : M is a finite dimensional subspace wiffy; # ()} and
for M € M and

Wy ={ue Ky : (A(u,v),G(v,u)) € —C(v), Yve Ky}, VM e M.

Clearly, W), is nonempty and by (vi),(v)is a compact subseBaf. For each
finite subset{M;}? , of M, from the definition ofi¥/;;, we haveWSi Mm; C
Nizy War,, so{Wy : M € M} has the finite intersection property. Hence,
there isu € (e ¢ War. We show that

(A(u,v),G(v,u)) € =C(v), Vv e K.

Indeed, for eachv € K, there isM € M such thaty € Kj;. SinceW,, is
closed and: € W)y, there exists a ndtu, } C Wj, such thatu, converges ta:.
It follows that

(A(uq,v), G(v,uq)) € —C(v).
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SinceC(v) is closed,G is continuous in the second variable, converges to
u one has
(A(u,v), G(v,u)) € ~C(v), Vo€ K.

Now

Lemma 2.3 implies
(A(u,u), G(u,v)) € —C(u) \ {0}, YveK.

The proof is complete. O

Remark3.3 : In Theorem 3.2, we can omit (jii) &(z,z) = 0, for all z € K,
and also condition (v) whei is compact. Hence we get Theorem 3.1 of [8]
without assumindy is a bounded subset of a reflexive Banach spackloreover,
in Theorem 3.20 : K — 2Y does not need to have closed graph as supposed in
Theorem 3.1 in [8].

Using Theorem 2.7 and the proof given for Theorem 3.2, we obtain the follow-
ing theorem.

Theorem3.4— Assume that the following conditions hold

(i) foreachfixedw,y) € K x K, the mapping: — (A(w, z), G(x,y))NC(z)
is upper sign-continuous with compact values;

(i) foreachfixedv € K the mapping: — A(w, x) is stronglyC'-pseudomonotone
with respect td;

(iii) foreachfixedv € K, (A(w,z),G(z,z)) ¢ —intC(x);
(iv) G(z,y) is affine and continuous in the second variable;

(v) for each finite dimensional subspatéof X with K, = KN M # (), there
exist compact subsél); and compact convex subset,; of K, such that
V(w,a:) € Ky x (KM\BM), dz € Djs such that<A(w,Z),G(Z,(E)> ¢_
—C(2);

(vi) for each fixedv € K, the mapping(z,y) — (A(x,y),G(v,y))is lower
semicontinuous.

Then there existg € K such that
(A(u,u), G(u,v)) € —int C(u), Yve K.



140

A. P. FARAJZADEH AND A. AMINI-HARANDI

ACKNOWLEDGMENTS

The author is very grateful to anonymous referees for their valuable suggestions

and

10.

11.

12.

comments that enable me to revise this paper.

REFERENCES

. M. Bianchi and R. Pini, Coercivity conditions for equilibrium problerdsOptim.
Theory Appl, 124(2005), 79-92.

. G.Y. Chen, Vector variational inequality and its applications for multiobjective op-
timization,Chinese Sci. Bull 34 (1989), 969-972.

. G. Y. Chen, Existence of solutions for a vector variational inequality: an extension
of the Hartman-Stampacchia theoremQptim. Theory Appl 74 (1992), 445-456.

G. Y. Chen and X. Q. Yang, vector complementarity problem and its equivalence
with weak minimal element in ordered spacésMath. Anal. Appl 153(1990),
136-158.

A. Daniilidis and N. Hadjisavas, Existence result for vector variational inequalities,
Bull. Austral. Math. Scj54(1996), 473-481.

K. Fan, Some properties of convex sets related to fixed point theoMath, An-
nal., 266(1984) 519-537.

K. Fan, A minimax theorem for vector-valued functiodsQptim. Theory Appl60
(1989), 19-31.

Y. P. Fang and N. J. Huang, Existence results for generalized implicit vector varia-
tional inequalities with multivalued mappingsdian J. Pure and Appl. Math36
(2005), 629-640.

F. Giannessi, Theorems of alternative, quadratic programs and complementarity
problems, in ¥ariational inequality and complemetarity probleméR. W. Cottle,
F. Giannessi, and J. L. Lions Eds.), Wiley, New York (1980), 151-186.

N. Hadjisavvas, Continuity and maximality properties of pseudomonotone opera-
tors,J. Conv. Anal 10(2003), 465-475.

B.S.LeeandS. J. Lee, Vector variational-type inequalities for set-valued mappings,
Appl. Math. Lett, 13(3) (2000), 57-62.

N. T. Tan, Quasi-variational inequalities in topological linear locally convex Haus-
dorff spacesMath. Nachr, 122(1985), 231-245.



