
Indian J. Pure Appl. Math.,41(4): 557-568, August 2010
c© Indian National Science Academy

SUPER MAGIC STRENGTH OF A GRAPH

D. G. Akka∗ and Nanda S. Warad∗∗

∗Nadgir Institute of Engineering and Technology, N. H.4, Jindal Nagar,
Bangalore, Karnataka, India

∗∗Department of Mathematics, Govt. Degree College,
Yadgir, Karnataka, India

(Received8 November2007;after final revision2 February2010;
accepted10March2010)

By G(p, q) we denote a graph havingp vertices andq edges, byV andE

the vertex set and edge set ofG respectively. A graphG(p, q) is said to have
anedge magic labeling (valuation) with the constant (magic number)c(f) if
there exists a one-to-one and onto functionf : V ∪ E −→ {1, 2, ...., p + q}
such thatf(u)+f(v)+f(uv) = c(f) for all uv ∈ E. An edge magic labeling
f of G is called asuper magic labeling if f(E) ={1, 2, ...., q}. In this paper
the concepts of thesuper magic andsuper magic strength of a graph are
introduced. The super magic strength (sms) of a graphG is defined as the
minimum of all constantsc′(f) where the minimum is taken over all super
magic labeling ofG and is denoted by sms(G). This minimum is defined
only if the graph has at least one such super magic labeling. In this paper, the
super magic strength of some well known graphsP2n, P2n+1, K1,n, Bn,n,
< K1,n : 2 >, P 2

n and(2n + 1)P2, Cn andWn are obtained, wherePn is a
path onn vertices,K1,n is a star graph onn+1 vertices,n-bistarBn,n is the
graph obtained from two copies ofK1,n by joining the centres of two copies
of K1,n by an edgee, if e is subdivided thenBn,n becomes< K1,n : 2 >,
(2n + 1) P2 is 2n + 1 disjoint copies ofP2, P 2

n is a square graph ofPn. Cn

is a cycle onn vertices andWn = Cn + K1 is wheel onn + 1 vertices.

Key words: Edge magic labeling, magic strength, super magic strength,
super edge magic strength.
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1. INTRODUCTION

Throughout this paper by the word graph we mean a finite, undirected graph with-
out loops or multiple edges having at least one edge. For notations and termi-
nology we follow Bondy and Murthy [3]. Throughout this paper we denoted the
path onn vertices byPn, the cycle onn vertices byCn, the star graphK1,n with
n + 1 vertices.n-bistarBn,n is the graph obtained from two copies of starK1,n

by joining the centers of twoK1,n by an edgee. If e is subdivided thenBn,n be-
comes< K1,n : 2 >. (2n + 1)P2 is 2n + 1 disjoint copies ofP2, P

2
n is a square

graph ofPn, andWn = Cn + K1 is a wheel onn + 1 vertices. In [5], Kotzig
and Rosa defined a magic labeling (valuation) of a graphG(V,E) is a bijection
f : V ∪ E −→ {1, 2, . . . , p + q} such that for all edgesuv, f(u) + f(v) + f(uv)
are the same (see Fig. 1). A graphG is said to be magic if it has a magic labeling.
In [5], the magic labeling ofKm,n andCn are given. Ringel and Llado [6] called
this graph edge magic. They have proved that ifG is a graph in which bothp andq

are even such thatp + q ≡ 2 (mod 4) and in which each vertex has odd degree then
G is not magic.

Figure 1:

If there is a one-one and onto functionf : V ∪E −→ {1, 2, ...., p + q} such that
for every edgeuv, f(u) + f(v) + f(uv) are all distinct constants thenG is called
antimagic. (Or edge antimagic) Ringel and Llado [6] proved that any graph is an
antimagic.

In 2000, Avadayappanet al. [1] introduce the concept ofedge magic

strength of a graph. We know that for any edge magic labelingf of G, there
is a constantc(f) such thatf(u) + f(v) + f(uv) for every edgeuv ∈ E. The
edge magic strength ofG,m(G) is defined as the minimum of allc(f) where the
minimum taken over all edge magic labeling ofG. This minimum is defined only if
the graphs has atleast one such edge magic labeling. That ism(G) = min{ c(f) : f
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is an edge magic labeling ofG} and also obtained the edge magic strength ofP2n,
K1,n, Bn,n,< K1,n : 2 >, C2n+1 and(2n + 1)P2.

An edge magic labeling of a graphG(V, E) is called asuper edge magic

labeling of graphG, if f(V ) = {1, 2, ..., p } andf(E) = { p + 1, p + 2, . . . , p + q}
(see Fig. 2).

Figure 2:

A graph is said to besuper edge magic if it has a super edge magic labeling.
In [4], the super edge magic ofCn andKm,n are obtained.

In 2001, Avadayappan, Jeyanthi and Vasuki [2], introduce the concept ofsuper

edge magic strength of a graph. The super edge magic strength of a graphG,
sm(G) is defined as the minimum of allc(f) where the minimum is taken over all
super edge magic labelingf of G if there exists at least one such super edge magic
labeling. That is sm(G) = min{c(f) : f is a super edge magic labeling ofG}. They
obtained the super edge magic labelings ofP2n, Bn,n, < K1,n : 2 >, C2n+1 and
(2n + 1)P2.

In this paper, we introduced the concept of super magic and super magic strength
of a graph. An edge magic labeling of a graphG(V, E) is calledsuper magic labeling

of G if f(E) = { 1, 2, ...,q } andf(V ) = { q + 1, q + 2, ...., p + q } (see Fig. 3).

The super magic strength of a graphG, sms(G) is defined as the minimum of
all c′(f) where the minimum is taken over all super magic labelingf of G if there
exist at least one such super magic labeling. That is sms(G) = min { c′(f); f is a
super magic labeling ofG}. In this paper, we present the super magic strength of
some well known graphsP2n, P2n+1, Bn,n, < K1,n : 2 >, K1,n, P 2

n , (2n + 1)P2,
Cn andWn.

One can easily see that, since the labels are from the set{ 1, 2, ....,p + q},
3q + 3 ≤ sms(G) ≤ 2(p + q).
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Figure 3:

Before proceeding further, we make the following note.

Note1 : Let f be a super magic labeling ofG with the constantc′(f). Then
adding all the constants obtained at each edge we getq c′(f) =

∑
v∈V

d(v)f(v) +
∑
e∈E

f(e)

Lemma4 — If a non trivial graph G is super magic thenq ≤ 2p− 3.

2. MAIN RESULTS

1. Super magic strength of some trees:
In this section, we establish super magic strength ofP2n, P2n+1, K1,n, Bn,n, <

K1,n : 2 >, P 2
n , and(2n + 1)P2, Cn andWn.

Lemma1 — sms (P2n) ≤ 7n-1 and sms (P2n+1) ≤ 7n+2 for all n.

PROOF : We show this lemma by assigning super magic labeling toP2n and
P2n+1. Let V (P2n) = {v1,v2,...,v2n } andE(P2n) = {e1,e2,....,e2n−1} such that
ei = vi vi+1 for 1≤ i ≤ 2n − 1. Then the following labelingf is a super magic
labeling ofP2n, f(v2i) = 4n− i, f (v2i−1) = 3n− i, for 1≤ i ≤ n andf (ei) = i, 1
≤ i ≤ 2n− 1 (see Fig. 4).

Similarly we define a super magic labelingg of P2n+1 as follows:
g(v2i) = 3n+1− i, g(v2i−1) = 4n+2− i for 1≤ i ≤ n andg(ei) = i,1 ≤ i ≤ 2n

(see Fig. 5).
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P8 :

Figure 4:

P9 :

Figure 5:

Thus sms (P2n) ≤ 7n− 1 and sms (P2n+1) ≤ 7n + 2.

Lemma2 — sms (P2n) ≥ 7n− 1 and sms (P2n+1) ≥ 7n + 2, for all n.

PROOF: In this caseq = 2n−1 andp+q = 4n−1. Supposef is super magic
labeling ofP2n with magic constantc′(f). Then by Note 1

qc′(f) =
∑

v∈V

d(v)f(v) +
∑

e∈E

f(e)

or

(2n− 1)c′(f) =
2n−1∑

i=2

2f(vi) + f(v1) + f(v2n) +
2n−1∑

i=1

f(ei)

=
2n∑

i=1

f(vi) +
2n−1∑

i=1

f(ei) +
2n−1∑

i=2

f(vi)

= 1 + 2 + 3 + . . . + (4n− 1) +
2n−1∑

i=2

f(vi).

Thereforec′(f) = (2n(4n− 1))/(2n− 1) +
2n−1∑
i=2

f(vi)/(2n− 1)

≥ 4n− 1 + 2 + {[2n + (2n + 1) + ... + 2n + (2n− 1)]− (6n− 1)}/2n− 1
= (4n− 1) + 2 + .... + (3n− 2− 1) = 7n− 2.

Thusc′(f) ≥ 7n − 2 and hencec′(f) ≥ 7n − 1 which implies that sms (P2n)
≥ 7n− 1.

Similarly we can prove that sms(P2n+1) ≥ 7n + 2. Combining Lemmas 1 and
2 we can state the following Theorem.
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Theorem1 — sms (P2n) = 7n− 1 and sms(P2n+1) = 7n + 2, for all n.

Theorem2 — sms(Bn,n) = 7n + 6, for all n.

PROOF: Let V (Bn,n) = {uv; u1, u2,. . . ,un; v1,v2,...,vn } andE(Bn, n ) = {uv,
uui, vvi, 1 ≤ i ≤ n}

First we show that sms(Bn,n) ≤ 7n + 6 by assigning super magic labeling of
Bn,n. Consider the following labelingf of Bn,n:

f(u) = 2n + 2, f(v) = 4n + 3, f(ui) = 3n + 2 + i, f(vi) = 2n + 2 + i,

for 1 ≤ i ≤ n

f(uui) = 2n + 2− i, f(vvi) = n + 1− i, for 1 ≤ i ≤ n, f(uv) = n + 1.

It is easy to see thatf is a super magic labeling ofBn,n with c′(f) ≤ (7n + 6)
and hence sms(Bn,n) ≥ 7n + 6.

For example, a super magic labeling ofB6,6 is shown in Fig. 6.

Now it is remains to prove that sms(Bn,n) ≥ 7n + 6. Let f be a super magic
labeling ofBn,n with constantc′(f). Then by Note 1,

Figure 6:

qc′(f) =
∑

v∈V

d(v)f(v) +
∑

e∈E

f(e)



SUPER MAGIC STRENGTH OF A GRAPH 563

That is

(2n + 1)c′(f) =
n∑

i=1

f(ui) +
n∑

i=1

f(vi) + (n + 1)f(u) + (n + 1)f(v) +
∑

e∈E

f(e)

=
∑

v∈V

f(v) +
∑

e∈E

f(e) + n[f(u) + f(v)]

= [1 + 2 + ..... + (4n + 3)] + n[f(u) + f(v)]

Therefore

c′(f) = [(4n + 3)(2n + 2)]/(2n + 1) + n[f(u) + f(v)]/(2n + 1)

= (4n + 5) + [1 + n(f(u) + f(v))]/(2n + 1).

Sincec′(f) is an integer,[1 + n(f(u) + f(v))]/(2n + 1) is also integer. That
meansn(f(u)+f(v))+1 ≡ 0 mod (2n+1), which implies thatnf(u)+nf(v) ≡
2n mod (2n+1) and hencef(u)+ f(v) ≡ 2 mod (2n+1). For a magic labeling,
bothf(u) andf(v) are≥ q+1 = 2n+2. Thus the minimum sum off(u)+f(v) is
4n+5. Hencef(u)+f(v) = 4n+4 (which is2 mod 2n+1) is not possible. Hence,
the smallest number forf(u) + f(v) [subject tof(u) + f(v) ≡ 2 mod (2n + 1)]
is 6n + 5 and thusf(u) + f(v) ≥ 6n + 5. Thereforec′(f) ≥ 4n + 5 + [n(6n +
5) + 1]/(2n + 1) = 7n + 6. This shows that sms(Bn,n) ≥ 7n + 6. Hence sms
(Bn,n) = 7n + 6.

Theorem3 — sms (< K1,n : 2 >) = 6n + 10.

PROOF : We show first that< K1,n : 2 > is a super magic labeling. We define
a labelingf on< K1,n : 2 > as follows:

f(u) = 2n + 3, f(v) = 2n + 4, f(w) = 3n + 5,

f(uw) = n + 2, f(vw) = n + 1, f(ui) = 2n + 4 + i

f(vi) = 3n + 5 + i, for 1 ≤ i ≤ n,

f(uui) = n + 2 + i, f(vvi) = n + 1− i, for 1 ≤ i ≤ n.

For example, a super magic labeling of< K1,4 : 2 > is shown in Fig. 7.

One can verify the above labelingf is a super magic labeling of (< K1,n : 2 >)
with magic constantc′(f) = 6n + 10. Thus sms (< K1,n : 2 >) ≤ 6n + 10.
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Figure 7:

Now we prove that sms(< K1,n : 2 >) ≥ 6n + 10. Let f be a super magic
labeling of< K1,n : 2 > with c′(f). Then by Note 1

qc′(f) =
∑

v∈V

d(v)f(v) +
∑

e∈E

f(e)

(2n + 2)c′(f) =
n∑

i=1

f(ui) +
n∑

i=1

f(vi) + (n + 1)[f(u) + f(v)] + 2f(w)

+
∑

e∈E

f(e)
∑

v∈V

f(v) +
∑

e∈E

f(e) + n[f(u) + f(v)] + f(w)

= 1 + 2 + .... + (4n + 5) + n[f(u) + f(v)] + f(w)

that is = [(4n + 5)(2n + 3)]/(2n + 2)

+{n[f(u) + f(v)] + f(w)}/(2n + 2)

= 4n + 7 + {n[f(u) + f(v)] + f(w) + 1}/(2n + 2)

≥ 6n + 10

(since f(u) + f(v) ≥ 2 and since c′(f) is an integer)
Therefore sms (< K1,n : 2 >) ≥ 6n + 10. This implies that sms(< K1,n :

2 >) = 6n + 10.

Theorem4 — sms(K1,n) = 3n + 3.

PROOF : Let V (K1,n) = { v, v1, v2, ..., vn } andE (K1,n) = { vvi }, for 1≤
i≤ n, f(v) = n + 1, f(vi) = 2n + 2 − i, f(vvi) = i for 1 ≤ i ≤ n, thus sms
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(K1,n)≤ 3n + 3 (See Fig. 8).

K1,5 :

Figure 8:

By Note

1, qc′(f) =
n∑

i=1

f(vi) + nf(v) +
∑

e∈E

f(e)

nc′(f) = 1 + 2 + .... + (2n + 1) + (n− 1)f(v)

= [(2n + 1)(2n + 2)]/2 + [(n− 1)(n + 1)]

c′(f) = 3n + 3 that is c′(f) ≥ 3n + 3. Thus sms(K1,n) = 3n + 3.

Theorem5 — sms (P 2
n) = 6n− 6.

PROOF : Let v1, v2, ..., vn be the vertices ofP 2
n . ThenE(P 2

n ) = { vi vi+1: 1≤
i ≤ n− 1;vi vi+2 : 1≤ i ≤ n− 2}. A super magic labelingf of P 2

n is as follows:

f(vi) = 3n− (2 + i) for 1 ≤ i ≤ n,

f(vivi+1) = 2i− 1 for 1 ≤ i ≤ n− 1 and

f(vivi+2) = 2i for 1 ≤ i ≤ n− 2

Therefore sms (P 2
n ) ≤ 6n− 6. But sinceq = 2n− 3

qc′(f) =
∑

v∈V

d(v)f(v) +
∑

e∈E

f(e).

(2n− 3)c′(f) = 2f(v1) + 2f(vn) + 3f(v2) + 3f(vn−1)+



566 D. G. AKKA AND NANDA S. WARAD

n−2∑

i=3

4f(vi) +
∑

e∈E

f(ee)

= 2(3n− 3) + 3(3n− 4) + 3(2n− 1) + 2(2n− 2) + 4

[2n + .... + (3n− 5)] + [1 + 2 + ..... + (2n− 3)]

= (6n− 6)(2n− 3).

Thusc′(f) ≥ 6n− 6 we have sms (P 2
n ) ≥ 6n− 6. Hence sms (P 2

n) = 6n− 6.

For example, a super magic ofP 2
7 is shown in Fig. 9.

Figure 9:

Theorem6 — sms ((2n+1 )P2) = 9n+6 ( that isnP2 is super magic if and only
if n is odd).

PROOF : Let the vertices of (2n+1)P2 beu1,u2,...,u2n+1:v1,v2,...,v2n+1 and let
the edges be{ui vi : 1≤ i ≤ 2n + 1}. Definef : V ∪ E −→ {1, 2, ..., 6n + 3} as
follows:

f(ui) = 3n + 1 + i for 1 ≤ i ≤ n + 1, f(vi) = 6n + 5− 2i, for 1 ≤ i ≤ n + 1

f(ui) = 3n− 2 + i for 1 ≤ i ≤ n, f(vi) = 7n + 1− 2i, for 1 ≤ i ≤ n

f(uivi) = i, 1 ≤ i ≤ 2n + 1.

It is easily seen that f is a super magic labeling with the magic numberc′(f) =
9n + 6. Therefore(2n + 1)P2 is a super magic.

In the next part we show that sms((2n + 1)P2) = 9n + 6. Assume there exists
a super magic labelingf of (2n+1)P2 with c′(f) = 9n+6 then by Note 1 we get

qc′(f) =
∑

v∈V

d(v)f(v) +
∑

e∈E

f(e)

(2n + 1)c′(f) = 1 + 2 + . . . + (2n + 1) + . . . + (6n + 3)

= [(6n + 3)(6n + 4)]/2
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Thereforec′(f) = 9n + 6.

This is true for any super magic labelingf of (2n + 1)P2 = 9n + 6. (see Fig.
10).

Figure 10:

Theorem7 — sms(Cn) = 1/2 (7n + 3) where n≥ 3 odd andn = 2m +
1,m ≥1.

PROOF : Let the vertex sequence ofCn bev0, v1, v2, ....., vn−1, v0 and let edge
sequences bevi vi+1; i = 0, 1...., n−1. Consider a functionf : V (G)∪E(G) −→
{1, 2, ....., 2n} defined by

f(vi) =

{
4m− (i− 1)/2 + 2, 1 ≤ i ≤ 2m + 1; i is odd
3m− i/2 + 2, 0 ≤ i ≤ 2m; i is even

f(vivi+1) = i, for 0 ≤ i ≤ 2m + 1

It is not hard to see thatf is a super magic labeling with magic constantc′(f) =
7m + 5 = 1/2 (7n + 3). ThusCn is super magic.

In the next part we prove that sms(Cn) ≥ 1/2 (7n + 3). Suppose there exists a
super magic labeling f ofCn with c′(f) = 1/2 (7n + 3). Note that

nc′(f) =
∑

v∈V

d(v)f(v) +
∑

e∈E

f(e)
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= 2
2n∑

i=n+1

f(vi) +
n∑

i=1

f(ei)

= 2
2n∑

i=1

f(vi)−
n∑

i=1

f(ei)

= 2(2n(2n + 1))/2− n(n + 1)/2

= [(8n + 4)− (n + 1)]/2 = (7n + 3)/2

Thus sms (Cn) = (7n + 3)/2.

Theorem8 — A wheelWn = Cn + K1 is not a super magic.

PROOF : Lemma [4] is significant in the sense that it eliminates huge number
of graphs from being super magic graphs. It is interesting to find families of super
magic graph that satisfy q≤ 2p − 3. SinceWn hasp = n + 1, q = 2n, does not
satisfy the above equality. Thus wheel is not a super magic.
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