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By G(p, q) we denote a graph havingvertices and; edges, by and £
the vertex set and edge set@frespectively. A grapldz(p, ¢) is said to have
anedge magic labeling (valuation) with the constant (magic numh#rj) if
there exists a one-to-one and onto functfonV U E — {1,2,....,p + q}
such thatf (u)+ f (v)+ f(uv) = ¢(f) foralluv € E. An edge magic labeling
f of Gis called asuper magic labeling if f(E)={1,2,....,q}. Inthis paper
the concepts of theuper magic andsuper magic strength of a graph are
introduced. The super magic strength (sms) of a gi@dgh defined as the
minimum of all constantg’( ) where the minimum is taken over all super
magic labeling ofG and is denoted by smi&). This minimum is defined
only if the graph has at least one such super magic labeling. In this paper, the
super magic strength of some well known graphs, P41, Ki,n, Bon,

< Ky, 12>, P2and(2n + 1) P, C,, andW,, are obtained, wher&, is a
path onn vertices K ,, is a star graph on + 1 verticesn-bistarB,, ,, is the
graph obtained from two copies &f; ,, by joining the centres of two copies
of K ,, by an edge, if e is subdivided therB,, ,, becomes< K ,, : 2 >,
(2n + 1) P, is 2n + 1 disjoint copies ofP,, P2 is a square graph d?,. C,,

is a cycle om vertices andV,, = C,, + K; is wheel onn + 1 vertices.

Key words: Edge magic labeling, magic strength, super magic strength,
super edge magic strength.
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1. INTRODUCTION

Throughout this paper by the word graph we mean a finite, undirected graph with-
out loops or multiple edges having at least one edge. For notations and termi-
nology we follow Bondy and Murthy [3]. Throughout this paper we denoted the
path onn vertices byF,, the cycle om vertices byC,,, the star graphi; ,, with

n + 1 vertices. n-bistar B,, ,, is the graph obtained from two copies of sty ,,

by joining the centers of twd ,, by an edgee. If e is subdivided ther,, ,, be-
comes< Ky, : 2 >. (2n+ 1)P, is 2n + 1 disjoint copies ofP, P2 is a square
graph of P,, andW,, = C,, + K; is a wheel omn + 1 vertices. In [5], Kotzig

and Rosa defined a magic labeling (valuation) of a grép, ) is a bijection
f:VUE — {1,2,...,p+ q} such that for all edgesv, f(u) + f(v) + f(uv)

are the same (see Fig. 1). A gra@hs said to be magic if it has a magic labeling.

In [5], the magic labeling of,, , andC,, are given. Ringel and Llado [6] called
this graph edge magic. They have proved thét i§ a graph in which botl andgq

are even such that+ ¢ = 2 (mod 4) and in which each vertex has odd degree then
G is not magic.

Figure 1:

If there is a one-one and onto functignV UE — {1,2,....,p + ¢} such that
for every edgew, f(u) + f(v) + f(uwv) are all distinct constants ther is called
antimagic. (Or edge antimagic) Ringel and Llado [6] proved that any graph is an
antimagic.

In 2000, Avadayappart al. [1] introduce the concept ofdge magic
strength of a graph. We know that for any edge magic labelihgf G, there
is a constant(f) such thatf(u) + f(v) + f(uv) for every edgewv € E. The
edge magic strength @f, m(G) is defined as the minimum of all f) where the
minimum taken over all edge magic labeling@f This minimum is defined only if
the graphs has atleast one such edge magic labeling. Th&@Gs=min{ c¢(f) : f
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is an edge magic labeling 6} and also obtained the edge magic strengtipf
Kl,n- Bn,n:< Kl,n 12 >, CQn-I—l and(2n + 1)P2.

An edge magic labeling of a graphi(V, E) is called asuper edge magic
labeling of graptG, if f(V)={1,2,..,p}andf(E)={p+1,p+2,....,p+q}
(see Fig. 2).

Figure 2:

A graph is said to beuper edge magic if it has a super edge magic labeling.
In [4], the super edge magic 6, and K, ,, are obtained.

In 2001, Avadayappan, Jeyanthi and Vasuki [2], introduce the conceppef
edge magic strength of a graph. The super edge magic strength of a gr@ph
sm(G) is defined as the minimum of al( /) where the minimum is taken over all
super edge magic labelingof G if there exists at least one such super edge magic
labeling. Thatis sifiG) = min{c(f) : f is a super edge magic labeling@}. They
obtained the super edge magic labelingsef, By, », < K1, : 2 >, Cop4q and
(2n +1)Ps.

In this paper, we introduced the concept of super magic and super magic strength
of agraph. An edge magic labeling of a grapfV/, F) is calledsuper magic labeling
of Gif f(E)={1,2,..q}andf(V)={qg+1,q+2,...,p+q } (seeFig. 3).

The super magic strength of a graghsmgG) is defined as the minimum of
all ¢(f) where the minimum is taken over all super magic labelfraf G if there
exist at least one such super magic labeling. That iS6ns min{ ¢/(f); fisa
super magic labeling aff}. In this paper, we present the super magic strength of
some well known graphgs,,, Pont1, B, < K1y 12 >, K1y, P,%, (2n + 1)Ps,

C, andW,,.

One can easily see that, since the labels are from theke?, .....p + ¢},
3¢+3<smgG) <2(p+q).
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Figure 3:

Before proceeding further, we make the following note.

Notel : Let f be a super magic labeling 6f with the constant/(f). Then
adding all the constants obtained at each edge we géff) = >_ d(v)f(v) +
veV
> fle)

eclk

Lemmad — If a non trivial graph G is super magic ther< 2p — 3.

2. MAIN RESULTS

1. Super magic strength of some trees:
In this section, we establish super magic strengtlgf, Popi1, K1n, Bnpn, <
Ki,:2>, P2 and(2n + 1) P, C, andW,,.

Lemmal —sms F»,) < 7n-1 and smsks,, 1) < 7n+2 for all n.

PrROOF: We show this lemma by assigning super magic labeling?tp and
P2n+1- Let V(Pgn) = {vl,vg,...,vgn } and E(PQn) = {61,62,....,€2n_1} such that
e; = v; vi41 for 1< i < 2n — 1. Then the following labelingf is a super magic
labeling of Py,,, f(v2;) =4n — i, f(vei—1) =3n—i4,for1<i <mnandf (e;) =4, 1
<i<2n—1(seeFig. 4).

Similarly we define a super magic labeling of P,,; as follows:
g(vgi) =3n+1—1, g(’l)gi_l) =4n+2—qfor 1<i<n andg(ei) =3,1<i1<2n
(see Fig. 5).
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Figure 5:

Thus sms P»,) < 7n — 1 and sms Py, 1) < Tn + 2.
Lemma2 — sms ;) > 7n — 1 and sms Po,11) > Tn + 2, for all n.

PROOF: In this case = 2n— 1 andp+ ¢ = 4n — 1. Supposef is super magic
labeling of P,,, with magic constant’(f). Then by Note 1

g (f) = D _dw)f)+> fle)

veV eclk
o 2n—1 2n—1
(2n=1)(f) = D 2f )+ f(or) + f(van) Z f(e:)
222 2n—1 2n—1
= D fw)+ > fle)+ D fw)
1=1 i=1 =2
2n—1
= 14243+ +@n—1)+ Y f(v).
1=2

2n—1

Therefored (f) = (2n(4n —1))/(2n — 1) + Z f(vi)/(2n —1)

>4dn—142+{2n+ 2n+1) + .. +2n+(2n—1)] (6n—1)}/2n—1
=MAn—-1)+24+..+Bn—-2-1)="Tn—-2.

Thusd(f) > 7n — 2 and hence’/(f) > 7n — 1 which implies that smshy,,)

Similarly we can prove that smBf,,.1) > 7n + 2. Combining Lemmas 1 and
2 we can state the following Theorem.
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Theoreml —sms P»,,) = 7n — 1 and smsPa,+1) = 7n + 2, for all n.
Theorem2 — sms@,, ,) = 7n + 6, for all n.

PROOF: LetV (B, ) = {uv; u1, ug,. .. Un; v1,02,...05, } aNAE (B, n) = {uv,
uug, vuy, 1 <i <n}

First we show that sm#{, ,) < 7n + 6 by assigning super magic labeling of
B, . Consider the following labeling of 5,, ,,:

flu) = 2n+2,f(v) =4n+3, f(u;)) =3n+2+14, f(vi) =2n+ 2 +1,
for1<i<n
fluw;)) = 2n+2—14, f(vv;)) =n+1—14, forl <i<n, f(uw) =n+1.

It is easy to see thatis a super magic labeling @,, ,, with ¢/(f) < (7n + 6)
and hence sm#{, ,) > 7n + 6.

For example, a super magic labeling8f s is shown in Fig. 6.

Now it is remains to prove that smi3{ ,) > 7n + 6. Let f be a super magic
labeling of B,, ,, with constant/(f). Then by Note 1,

26 20
[ ]
2540, p v, 19
€ . 5
5
1 2 18
3 e, vy
14 27
7 AV \‘
6 5 63 V317
¢
)
[ ) Vl V2 16
15

Figure 6:

gl (f) =D dw)f(v)+_ fle)

veV eckE
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That is

Cn+1)d(f) = D flu)+ ) fli)+n+1)f(uw)+nm+1)f0)+ > fle)
=1 =1

eeE

= Y f)+ > fle) +nlf(u) + f(v)]

veV eeE

= 1424 ..+ @An+3)]+n[f(u)+ f(v)]
Therefore

d(f) = [(dn+3)2n+2)]/(2n+1) +n[f(u) + f(v)]/(2n +1)
= (An+5)+[1+n(f(u)+ f(v)]/(2n+1).

Sinced(f) is an integer[l + n(f(u) + f(v))]/(2n + 1) is also integer. That
means(f(u)+ f(v))+1 = 0mod (2n+1), which implies thak f (u) +nf(v) =
2n mod (2n+ 1) and hence (u) + f(v) = 2 mod (2n + 1). For a magic labeling,
both f(u) andf(v) are> ¢+1 = 2n+2. Thus the minimum sum of (u) + f(v) is
4dn+5. Hencef (u)+ f(v) = 4n+4 (which is2 mod 2n+1) is not possible. Hence,
the smallest number fof(u) + f(v) [subjecttof(u) + f(v) = 2 mod (2n + 1)]
is 6n + 5 and thusf(u) + f(v) > 6n + 5. Therefored (f) > 4n + 5 + [n(6n +
5) +1]/(2n + 1) = Tn + 6. This shows that sm#, ,,) > 7n + 6. Hence sms
(Bnn) = Tn+6.

Theorem3—sms K K, : 2 >) = 6n + 10.

PrROOF: We show first thatc K ,, : 2 > is a super magic labeling. We define
alabelingf on< K 5, : 2 > as follows:

flu) = 2n+3,f(v) =2n+4, f(w)=3n+5,
fluw)=n+2, flow)=n+1, f(u;)) =2n+4+1i
fwi) = 3n+5+i, forl <i<n,

fluw)) =n+2+1i, f(vy;) =n+1—1i, for1 <i<n.

For example, a super magic labeling-ofk; 4 : 2 > is shown in Fig. 7.

One can verify the above labelirfgs a super magic labeling ok( K ,, : 2 >)
with magic constant’(f) = 6n + 10. Thus sms{ Ky, : 2 >) < 6n + 10.
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6 W 5
°
17
Figure 7:

Now we prove that sms{( K, : 2 >) > 6n + 10. Let f be a super magic
labeling of< K1 ,, : 2 > with ¢(f). Then by Note 1

g (f) = D _dw) )+ fle)

vEV eeE

2n+2)d(f) = quz +vaz + (n+1)[f(u) + f(v)] +2f(w)
+Zf Zf )+ fle) + f(0)] + f(w)

ecekE veV eckE
= 142+ ..+ @n+5)+n[f(u)+ f(v)] + f(w)
thatis = [(4n+5)(2n+3)]/(2n+ 2)

+{n[f(u) + f(v)] + f(w)}/(2n + 2)
= dn+T7+{n[f(u)+ f()]+ f(w)+1}/(2n + 2)
> 6n + 10

(since f(u) + f(v) > 2 and since /(f) is an integer)
Therefore sms< K, : 2 >) > 6n + 10. This implies that sm$< K ,, :
>) = 6n + 10.

Theorem4 — sms{; ,,) = 3n + 3.

PROOF: Let V(K1 ,) = { v,v1,v2,...,v, } @ndE (K1) = { vy, }, for 1 <
i<n,f(v) =n+1 f(vi) =2n+2—1, f(vvy;) = ifor 1 < i < n, thus sms



SUPER MAGIC STRENGTH OF A GRAPH 565

(K1,n)< 3n + 3 (See Fig. 8).

o] 1

Figure 8:
By Note
Lad(f) = D flo)+nf)+)_ f(e)
i=1 ecE
nd(f)=1+24+ ...+ 2n+1)+ (n—1)f(v)
= [2n+1)(2n+2)]/2+ [(n—1)(n+1)]
d(f) = 3n+3thatisd(f) > 3n+ 3. Thus sms(Ky,,) = 3n + 3.

Theorem5 — sms P2) = 6n — 6.

PROOF: Letwvy, vy, ..., v, be the vertices oP2. ThenE(P2) = { v; v;11: 1 <
i <n— 1w v 1<i<n— 2} Asuper magic labeling of P2 is as follows:
fvi) = 3n—(2+id) forl <i<n,
fojvig1) =2i—1for1 <i<n-—1and
f(vivige) =2ifor1 <i<n-—2

Therefore smsi? ) < 6n — 6. But sinceg = 2n — 3

g (f) = D _dw)f)+>_ fle).

veV ecFE
(2n =3)d(f) = 2f(v1) +2f(vn) + 3f(va) + 3f(vn—1)+
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S af )+ 3 fle)
=3

ecE
— 2(3n—3)+3(3n—4)+3(2n — 1) +2(2n — 2) + 4

20+ oo+ (30 = B)] + [1+ 2+ oo + (20— 3)]
= (6n—6)(2n — 3).

Thusc(f) > 6n — 6 we have smsR? ) > 6n — 6. Hence smsk2) = 6n — 6.

For example, a super magic B¢ is shown in Fig. 9.

2 4 6 8 10

181 17 3 165 15 7 14 9 13 11 12

Figure 9:

Theorem6 — sms ((2n+1 %) = 9n+6 ( that isnP; is super magic if and only
if nis odd).

PROOF: Let the vertices of (2n+5p, beuy,ug,... 2y +1:v1,02,...v2n,+1 and let
the edges béu; v; : 1<i < 2n + 1}. Definef : VUE — {1,2,...,6n + 3} as
follows:

fluj)) = 3n+1+iforl <i<n+1,f(v;)=6n+5-2i, forl<i<n+1
fluj) = 3n—2+iforl1 <i<mn,f(v;))=Tn+1-2i forl<i<n
f(ulvl) = 1,1 <1 <2n+ 1.

It is easily seen that f is a super magic labeling with the magic numbgr =
9n + 6. Therefore(2n + 1) P, is a super magic.

In the next part we show that s(i8n + 1) P;) = 9n + 6. Assume there exists
a super magic labeling of (2n + 1) P, with ¢/(f) = 9n + 6 then by Note 1 we get

g (f) = D _dw)f@)+ > fle)

veV eclk
Cn+1d(f) = 14+2+...+Cn+1)+...4+(6n+3)

= [(6n+3)(6n+4)]/2
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Therefored (f) = 9n + 6.

This is true for any super magic labeligfigof (2n + 1) P, = 9n + 6. (see Fig.
10).

*11 12 *13 *14 *3 *9 ?10

o2l 196 17e 15 20e 184 16e

Figure 10:

Theorem7 — sms(,,) = 1/2 (7n + 3) where n> 3 odd andn = 2m +
1,m >1.

PrROOF: Let the vertex sequence 6%, bewvg, v1, vo, ....., v,_1,v9 and let edge
sequences bg v;11;i = 0,1....,n— 1. Consider a functiorf : V(G)UE(G) —
{1,2,.....,2n} defined by

flon) = dm—(i—1)/2+2, 1<i<2m+ 1;iisodd
Y 3m—i/24+2, 0<i<2m;iiseven
fojvipr) =1, for0 <i<2m+1

It is not hard to see thgtis a super magic labeling with magic constelff) =
Tm +5=1/2(7n+ 3). ThusC,, is super magic.

In the next part we prove that snig() > 1/2 (7n + 3). Suppose there exists a
super magic labeling f of’,, with ¢/(f) = 1/2 (7n + 3). Note that

nd(f) = Y _dw)f)+ Y fle)

veV eckE
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2n n
= 2 ) flu)+ Y f(e)
i=1

i=n+1

= 2§:f(vz')—zn:f(€i)

= 2{2:;(2” + 1))2/:21 —n(n+1)/2

= [Bn+4)—(n+1)]/2=(Tn+3)/2
Thus sms(,,) = (7Tn + 3)/2.
Theorem8 — A wheellW,, = C,, + K is not a super magic.

PROOF: Lemma [4] is significant in the sense that it eliminates huge number
of graphs from being super magic graphs. It is interesting to find families of super
magic graph that satisfy § 2p — 3. SinceW™ hasp = n + 1,¢ = 2n, does not
satisfy the above equality. Thus wheel is not a super magic.
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