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Let x be a Dirichlet character modulo ¢ > 2, and L(s,x) denotes
the Dirichlet L-function corresponding to x. The main purpose of this
paper is using the estimate for character sums and the analytic method

to study the mean value properties of Lf(l, x) with the weight of Gauss
sums and character sums, and give an interesting mean value formula
for it.
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1. INTRODUCTION

Let ¢ > 2 be an integer and x denotes a Dirichlet character modulo gq.
L(s,x) denotes the Dirichlet L-function corresponding to x. It seems that
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_ L'(1x)
— L(1,x)

plays an important role in number theory (see [1]). However, %(1, X) enjoys

one can hardly estimate % (1, x)

, though it has long history and

good mean value properties. For example, the second author [2] studied the
asymptotic properties of the summations

’ 4 , 4
q L 1 L
q<Q x mod ¢ 9<Q X mod g
X7X0 XF#X0

where yq is the principal character modulo ¢ and ¢(q) is the Euler function.

2k
, the hybrid mean

Liu and Zhang [3] considered the mean value of ‘%(1, X)

value of Lf(l, x) with general Kloosterman sums, general quadratic Gauss
sums respectively, and obtained some asymptotic formulae. The second
author [4] studied the mean value property of

2

SIS )| 1z P,

x mod q |[n<N
XFX0

by using the estimate for character sums and analytic method.

Gauss sum plays an important role in number theory. The classical Gauss
sum G(m, x) is defined as:

Glmx) = x(a)e (™),

a=1 q

where e(y) = e*™¥. In particular for m = 1, we write G(1,x) = 7(x). The
various properties and applications of 7(x) have appeared in many analytic
number theory books. Perhaps its most famous property is |7(x)| = /g
when y is a primitive character mod ¢. Contrarily, when y is nonprim-
itive character, the value of 7(x) is more irregular, even more it may be
zero. However, many scholars have found it enjoys good value distribution
properties in some problems of weighted mean value (see [5-7]).

In this paper, we shall study the asymptotic properties of the hybrid
mean value
2 . 9
D ™13 xm)] | F (1)
x mod g n<Q

XF#X0
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This problem is interesting, because it can help us to find some relations

between the £ (1,y), Gauss sum and Character sums.

By using the estimate for Character sums and the analytic method, we
shall prove the following main conclusion.

Theorem — Let ¢ = MN > 2 be an integer, M = Hp, (M,N) = 1.

pllg
Then, for any real number @ and any fixed positive number € with 1 < @

< q'~¢, we have the asymptotic formula

2 ’ 2
oI 1D xm)| - %(1,,@ _ @O oy
Xmodq nSQ
X#X0
H (p%'i‘l _ Qp% + 1) + 0 (2&2(‘1)(]%—&-6) +0 (QQQ%—H) ,
pIM

where Z denotes the summation over all non-principal characters modulo

XF#X0
q, ¢(q) is the Euler function, w(q) denotes the number of all different prime

divisors of q and C is a constant depending only on q.

2. SEVERAL LEMMAS

In order to complete the proof of the theorem, we need following several
lemmas. First we have

Lemma 1 — Let ¢ = wv, u > 2, v > 2 and (u,v) = 1. Then for any
x mod ¢, there exists one and only one character x, mod u, one and only
one character y, mod v, such that x = x, X0, and

[T = 70| < 7 (x)
PROOF : See Theorem 13.3.1 of Ref. [8].

Lemma 2 — Let g and r be integers with ¢ > 2 and (r,q) = 1. Then we
have the identities

Y= Y w(E)e@. @)=Y ude ().

x mod g dl(g,r—1) dlq

o985
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where Y_* denotes the summation over all primitive characters, u(n) is the
Mébius function and J(q) denotes the number of primitive characters mod
q.

PROOF : See Lemma 4 of Ref. [9].

Lemma 3 — Let p be a prime, a be a positive integer and o > 2, n = p®.
Then for any nonprimitive character y1 mod n, we have the identity

@

;Xl(a)e (;) = 0.

PROOF : See Ref. [6].

Lemma 4 — Let ¢ = MN > 2 be a positive integer, where N =
ptpy? - pye, a; > 2(1 < i < s), positive integer M has no square fac-
tor. (M,N)=1,T = exp(q°) and ¢ is any fixed positive number. Then for

any given positive integer 1 < n,k < ¢, (nk,q) = 1 and d|M, we have

2 2

= Y ok Y XXM (@) +O(1),

x mod Nd 1<a<T

’

S (k) L

0
f(LXXM)
x mod Nd

where A(n) is the Mangoldt function and x%, denotes the principal character
modulo M.

PROOF : For convenience, firstly we let

A y) = D xxh(a)A(a).
T<aly

Then applying Abel’s identity, we have

X3 XXy (a)A(a) > A(xx%v)
Ty = WA 5 A E AN,
1<a<T

From (1) we may get
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2

L - (@ Xxr)

S (k)

x mod Nd

1<a<T a Yy
0
B * - XXz (a)A(a)
= > k)| > -
x mod Nd 1<a<T
* < A(XX s
+ X ) [T AN

< A y)
([ dy>

n Z ol (n $ xx(@)A(a)

x mod Nd 1<a<T

A H) |

From the property of L-function (See [1 p.121-132].) we know, in all of
the Dirichlet characters modulo q, there at most exists a character y; with
the exceptional zero 8, B > 1 — ==. For the other characters, we have

|A(x, y)| < yexp(—c1y/Iny), (3)

when y > T. When coming to the possible exceptional character xi, from
the famous Siegel’s theorem, we know

[A(x1,y)| < yexp(—c2v/Iny), (4)
when y > exp(q¢¢) with ¢; and ¢y are both positive numbers.

Using (3) and (4), we get

© A 0 7 +o0o ,—c14/Iny exp(q°€) 1 +00 —cav/Iny
/ Aboarv) y)dy‘ < / ay+ / ~dy+ / .
T Yy T y T Yy exp(gs) Y




588 TIAN QING AND ZHANG WENPENG

Because of
+oo ,—c1v/Iny +oo ,—Ly/Iny
€ c / e 2 c €
/ —dy < e 2 l“T/ —dy K e 2 VInT — g ,
T Y T Y
one has
< A(xx% e
[ A
T Y
Aa
Using the Cauchy inequality and the estimate Z L < InT, we have
a
a<T

the estimates

* - 0 (a)A(a < A(xx?,,
S abn |3 oh@A@ < /T (x>y<§4 ) dy)

x mod Nd 1<a<T
1
L@@ | ~ A, ']’
* XX p\a) A a * XX Y
< | X ARy | [ ARy,
a T Y

x mod Nd |1<a<T x mod Nd

< e J(Nd) < 1, (5)

AlxxS,y)
Té”dy <1 (6)

Z* XX]O\/[(G) Z XX%J(Z)A(G) (/

S 0(a)

x mod Nd

o) A 0 2
/ 7(”%” Y) dy‘ < 1. (7)
T Yy

Combining (5), (6) and (7) we may immediately get the asymptotic formula

2

2
0
% — XX (a)A(a
= Y iRy | Y XA o),
x mod Nd 1<a<T

. |
> (k)| (o)

x mod Nd

This proves Lemma 4.

Lemma 5 — Let @ and T be any real number with 1 < Q < ¢'~¢, € is
any fixed positive number, X(J)\/[ is the principle character mod M, then we
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have

2

/ / * — 0 a a
SN o) 3o A

n<@Q k<Q x mod Nd 1<a<T

N gbEJQ)QJ(Nd)C +0 (2“’(q>qﬁJ(Nd)) +0 (Q*(gNd)) ,

/
where Z denotes that the sum is over all n with (n,q) = 1.
n

PRrROOF : From Lemma 2 we have

2

/ / * — 0 a a
ZZ Z XX(J)w(nk’) Z XXM(G)A()

n<Q k<@ x mod Nd 1<a<T

/ / / / 0 nai a * _
_ ZZ Z Z XM( k'[;)bA( )JA(D) Z Y(nakb)

n<Q k<Q 1<a<T 1<b<T x mod Nd

e / 1 X% (nakb)A(a)A(b Nd
:ZZZ ZXM( a)b()() Z M(l>¢(l)

n<Q k<Q 1<a<T 1<b<T |(Nd,nakb—1)

Nd / / / 1A )A(b)
- ST T ¥ ¥
IINd n<Q k<Q 1<a<T 1<b<T
na=kb

Nd J—" / 1 Ala)A(b
YISO D MDVES

IINd n<Q k<Q 1<a<T 1<b<T
na=kb( mod 1)
na#kb
= FEj+ Es. (8)

Now we estimate F7 and Fo respectively.
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Let K = [¢¢], then we have

K Q
Nd Aa) AD)
Bea(T)eod ¥ AT Y S
lINd 1,7=0 ei<q<eitl el <b<eitl n,k=1
na=kb( mod 1)
na#kb
Nd Aa) AD) &
<2y p(—)ow > > =~ > - > 1!
I|Nd 0<i<j<K ei<a<eit! i <b<ei+l nk=1
na=kb( mod 1)
na#kb

<23 u(N) e ¥ a6+ netTy,

0<i<j<K

Q

Tj= 2. 1
n,k=1
na=kb( mod 1)
na#kb

is just the number of solutions (n, k, a,b) to the congruence
na = kb(modl), 1<n,k<Q, e <a<etl e <b<elt

with nk # ab.

If for a solution (n, k,a,b) we write na = kb + tl with an integer ¢, then
we see that

1 < |t| < 1" 'max{na, kb} <17 Qmax{e’! it} = T1Q/I.

Thus, there are O(e’Q/1) possible values for t. Clearly there are at most e‘*!
possible values for a and @ possible values n. Thus the product kb = na —tl
can take at most e™/T2Q? /I possible values. Therefore, we see from the
bound on the divisor function 2¢(¢) < 7(1) = I (7(1) is the number of positive
integer divisors of [) that when n,a and ¢ are fixe then k and b can take at
most [¢ possible values. Hence

ﬂj < 6i+jQ2l_1+E.
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That is,
By <y ( ) (NQ*q I < Q*(gNd)".

IINd

Now, we estimate F1. Let M = [llzggz], M; = [llggz;], i=1,2.

By Y Y vy Y e

s=1t= 1d< Q 1<p<T s=1d<Q 1<p<T

My M

LN ZZ Z Z Z log p1 log pa 10gp2 ()

s=11=1 g<min{ 4, ;9}1<p1<T1<p2<T pivh
]

Note that Z/ 1= @N +0 (2‘“(’])), then from Lemma 2 we have
1<u<N q
the first part in (9)

-y Y (M0 Qo)

s=1 t=1 1<p<T

_ PTG §h g g log 2L+ 0220 1 (Nd)g"))

s=1t=1 1<p<T

M M
J(Nd / 125 1 > 2s)°
q 1<p<T =1 P =1 P

- 29D e ) + 020 1N,

Similarly, we can estimate the other two parts in (9)

J(Nd) ZZ 3 log P ADTIND 0.6,(g) + 02D T (Na)ge)

s=1 d<Q 1<p<T q

and
M1 Mo

JN)SY Z Z Z log p1 log p2 10gp2

s=1 t= 1d§mm{pQ ;?}1<p1<T1<p2<T piph
1 P

¢(q)J(Nd

_ 4 ) QCs(q) + 0@ D F(Na)),
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where

6p2 ML — 8p2M 4 3p?M =1 — 2N p? + (2M — 2)p 4 2

/
Ci(q) = Zlong

Ap*M(p — 1) ’
2M -1
CQ(q> = Z IOg P75 1~ QM 1)
and
M - 13" - 1)
Cs( log p1 log p2 .
pIZg;Q P p3 M = 1) (P - 1)
So
By = ¢(Q)‘;<N D Q0 + 0@ 1(Nd)g).

Substituting the estimates of Ey and Fs in (8), we get the conclusion.

3. PROOF OF THE THEOREM

In this section, we shall complete the proof of the theorem. Let ¢ =
P2 Pk T, M =pipa--pr, N =pitt - per, (M,N) =1

With the above lemmas and the orthogonality relation for Character
sums modulo ¢ we have

2 , 2
L

D ™ | Do xm)| |7 0x)

X mod q n<Q

XF#X0

2 , 2
L

= > > Irhax2)l™ D xaxa(n) 7 (L xixe)

x1 mod M x2 mod N n<Q@

X1X27X9
2 , 2

= Z Z T(x1)|"N % - Z x1x2(n (1 X1X2)

x1 mod M x2 mod N n<@Q
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2 2

= SaENE YOS S e -

L
f(l,xv@x%)

diM x1 mod d x2 mod N [n<Q
2 , 9
m o _m * L
= D AENT Y D adm)] | (Lxad)
d|M x mod Nd [n<@Q
, 2
m o _m * 7 L
= D AENEY > > xxd(nk) | (L)
dM n<Q k<Q x mod Nd
2 N m m m
_ (@) ( )QN?_lC H (p7+1 _opEtl 4 1)
q
pIM

v 0 (Mq)q%“) ) (Q%ﬁﬂ ,

here we used

1

S ata@) = [[ )% = [T (03 - 2% +1).

dlM p|M j=0 p|M

This completes the proof of Theorem.
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