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The ideal Jf’;js of cobordism classes in the unoriented cobordism ring
MO, containing a representative admitting a (Z2)*-action with fixed
point set of constant codimension 2% + 8 is determined for k > 4.
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1. INTRODUCTION

Let ¢ : (Z2)F x M™ — M™ be a smooth action of the group (Z2)* =
{1, T, -, T| T? = 1,T;17; = T;T;} on a closed n-dimensional manifold.
The fixed point set F' of the action is a disjoint union of closed submanifolds
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of M™. If each component of F is (n — r)-dimensional, then F' has constant
codimension r. Let J , denote the set of n-dimensional cobordism classes
containing a representative M™ admitting a (Z3)*-action with fixed point
Jp - From [1] we know that
Jhpisa subgroup in the unoriented cobordism group MO, and Jik forms
an ideal of the cobordism ring MO, =), -, MO,. It is not difficult to see
that J7, C J7,,, and J3J73 C T2

1 3 T J—
set of constant codimension r and J , =3, -,

In 1965, Conner and Floyd showed that J}!, = (0) in [2]. Inspired in
this fact, Stong introduced the question of determining the ideal J{; and
computed Jf?l in [3]. Soon after, Capobianco computed Jf,l in [4] and va1
in [5]. After this, Iwata, Wada, Wu and Kikuchi obtained Jf"l, Jf’l, ‘]*7,1 and
J§,1 respectively in [6-9]. In 1992, Pergher introduced the same question of
determining J;;, with k& > 2 in [10]. Also, he computed Jik and Jf,k for
k > 2, and made a lot of characteristic numbers calculations to determine
certain sub-ideals of Jf72 defined in terms of certain restrictions on the fixed
data of the actions. In 1994, Shaker got the most important advance in
the direction of computing J;; in [11]. The crucial point was the discovery
of a method for constructing models of (Z5)¥—actions on certain manifolds
so that one can control two involved properties: the indecomposability of
the manifold and the codimension of the fixed point set of the action, thus
providing a method to construct generators for the unoriented cobordism
ring with desired properties. Using this method, Shaker computed Jik for
r < 2% and concluded that

(O)v r=1,
I,k =< B, MOy, r even,
e, MO, NKerx, 1t odd,r >3,

where x : MO, — Z5 denotes the mod 2 Euler characteristic. Later, in
[12], Shaker solved the case r = 2¥. The key point was a way to equip Dold
manifolds with certain (Z2)*—actions and the fact that there is a method
to recognize the indecomposability of Dold manifolds. These two articles
of Shaker gave a clear scheme to attack the next cases. Using this scheme
and the complicated formula of Kosniowski and Stong given in [13], Wang,
Wu and Ma solved the case r = 2F +1 in [14], leaving open some particular
cases. In [15], Wang, Wu and Ding gave a crucial contribution concerning
the determination of the next cases and made an important advance in the
setting of computing ik for r > 2¥. The authors showed that, for a given
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r > 2F there exists a number g(r) much bigger than r so that, if n > g(r),
then ngk is explicitly computed. For r > 2% this completely solves the
question of computing J;Jf for all sufficiently large n. In other words, for
r > 2F this reduces the computation of I to a finite and explicit list of
values of n. The authors also solved the case r = 28 + 3 for k > 4 and
n > 2F 4+ 4. In [16], Liu and Wu studied the case r = 2% + 2. They used the
generalized Dold manifold given in [17] to construct certain indecomposable
manifolds equipped with (Z2)¥—actions. This allowed to obtain, besides the
case r = 2F + 2, the solution for certain cases left previously open. For
r=2F1+42F 452"+ 6and 2847, J} . have been determined in [18-21]
respectively.

In this paper, we will construct some special generators of MO, to de-
termine the ideal injs. The main result is

Theorem — For k > 4, the ideal Jfl;js of MO, consists of all classes
in dimensions greater than 28 +8 and the decomposable classes in dimension
2k 1+ 8 which contain only factors with dimension less than 2F.

Throughout this paper manifolds will be smooth, compact and without
boundary but not necessarily connected. S™ denotes the m-dimensional
sphere. The coefficient group is Z (the integers mod 2) and = denotes
congruence mod 2. Binomial coefficients are (') = m!/n!(m — n)!.

2. PRELIMINARIES

It is well known that the unoriented cobordism ring M O, is a Z-polynomial
algebra with a single generator in each dimension n which is not of the form
2% — 1 (see [1]). If the cobordism class [M"] of the smooth closed manifold
M™ can be expressed as a sum of products of lower dimensional cobordism
classes, then [M"] is called decomposable. Otherwise it is indecomposable.
The indecomposable classes can be chosen as generators of the Za-polynomial
algebra M O,. For our purpose, the indecomposable classes will come from
the following sources.

Lemma 2.1 — [3; Lemma 3.4] Let RP(ny,na, -+ ,n;) be the projective
space bundle of \{ @ Ao @ --- @ \; over RP(n1) x RP(n2) x --- x RP(ny),
where )\; is the pullback of the canonical line bundle over the i-th factor.
Then for [ > 1, [RP(n1,n2,- - ,n;)] is indecomposable in MO, if and only
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<n+l—2>+<n+l_2>+,..+<n+l_2>51m0d2,
ni n2 m

where n =ni; +ng + -+ +ny.

if

The manifold RP(ni,ns,---,n;) has dimension n + 1 — 1. If n;4 =
Nito = -+ = ny = 0, then RP(ny,ng, - ,n;) will sometimes be written as
RP(nl, ng, -+, Ny, l)

In [17], Brown constructed the generalized Dold manifold. For a space
X and a positive integer m, let P(m, X) be formed from S™ x X x X by
identifying (u, z,y) with (—u,y,z). If X is an n-dimensional manifold, then

P(m, X) is an m + 2n-dimensional manifold. He also gave

Lemma 2.2 — [17; Proposition 4.1] [P(m,M"™)] is indecomposable in
MO, if and only if [M"] is indecomposable in MO, and the binomial coef-

ficient
(m—i—n—l > =1 mod 2.
m—1

To calculate binomial coefficients mod 2, we recall Kummer’s result: If

l l
m = Zmﬂi and n = Znﬂi
i=0 =0

m
with 0 < m;,n; <1, then (
n

) = 1 mod 2 if and only if n; < m; for every
1.

Lemma 2.3 — [11; Lemma 3.1] Let \; — X, be line bundles, and let
(Z3)*i(k; > 0) act on ); as bundle maps with fixed point set F; on X; for all
l
1 <i<1lwith 3 2% < 2% Then RP(ny,na, -+ ,ny) over X1 x Xo x - x X
i=1
admits a (Z)F-action with fixed point set Fy x Fy x --- x F} x E with E
being a set of [ points.

Lemma 2.4 — [13] If (M™, ¢) is a (Z3)*-action on an indecomposable n-
manifold, then some component of the fixed point set of M is of dimension
at least [n/2F].
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Lemma 2.5 — [13] If (M™, ¢) is a (Z5)*-action on a manifold with

S(a1, ) [M] # 0,

then some component of the fixed point set of M is of dimension at least

A1/28] 4+ -+ [Ni/28).

3. EXISTENCE OF INDECOMPOSABLES

The main task of this section is to exhibit indecomposable classes in infs.

Lemma 3.1 — There exist indecomposable classes x,, € sz,% for k > 4,
n > 2F + 9 odd and not of the form 2% — 1.

PROOF : Since n is not of the form 2% — 1,”7_1 is not of the form
2¢ — 1. We have 231 > % = 21 4 4. From [11; 5.1], there exists
an indecomposable class X &€ J£1:4 (for 2= + 4 < 2%)) so that X has

2 9’

a representative M admitting a (Z5)*-action with fixed point set F', where

-1 —2k—9
dim(F") = n—2 (281 4 4) = nf Let T/(i = 1,2,--- , k) denote
the (Zz)*-action on M. Then we can define a (Z3)*-action on S! x M x M
as follows:

T1<U,$,y) = (u, Tll(x)aTll(y))a
Ta(u,2,y) = (u, Ty(x), T5(y)),

These involutions commute with the map T'(u,z,y) = (—u,y,x), so that
induce a (Zs)*-action on P(1, M) with fixed point set F = S' x F' x F'/T =
P(1,F'), where dimF = n — 2¥ — 8. Taking x,, = [P(1, M)], we have that
Tn € ijfg. By Lemma 2.2, z,, is indecomposable. O

Lemma 3.2 — There exist indecomposable classes x,, € infg for k > 4,
2k + 10 < n < 28 and n even.

PRrROOF : We will consider the following cases.
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Casel—n:2k+2”+2T2+-~-+2"’"+2,k>r1 ST > >y > 2
and m > 1.

From [11; 5.1], there exists an indecomposable class X € J£1;4 (for

2 k)

2k=1 14 < 2F), so that X has a representative M admitting a (Z2)*-action
with fixed point set F’, where dim(F’) = 252 — (2k=1 4 4) = %k_w. Take
r, = [P(2,M)], with the (Z3)*-action given in the proof of Lemma 3.1.
The fixed point set of this action is F = S? x F' x F'/T = P(2, F') with
dimF =n —2% -8, then z,, € Jfl;jg. By Lemma 2.2, x,, is indecomposable.

Case2 —n=2F42M 422 4 ... 42" k> >7rg > -2 > 7y > 2and
m > 2.

(1) If m >3 orm = 2and r; > 5, then ok—1_gn—-1_. . _9rm-1-148 <
k=1, From [11; 5.1], there exists an indecomposable class
- T1— Tm—1—1 . .
X e Jik_;n_izkl 11_“'_2 " +8 5o that X has a representative M admitting
2 v
a (Z2)*~l-action with fixed point set F', where dim(F’) = 2=2" — (2k=1 —
2r—l . ormo1mly Q) = omi g or2 g 42Tt 8 Let TV (i = 1,2, -+ ,k—1)

denote the (Z3)* !-action on M. Then we can define a (Z)*-action on
S2™ x M x M as follows:

Tl(uaway) = (U7y7x),

Tk(uv xz, y) = (u7 T,;,l(x), Tlgfl(y))

These involutions commute with the map T'(u, z,y) = (—u,y, z), so that
induce a (Z3)F-action on P(2", M) with fixed point set F' = %™ x A(F' x
F')/T, where dimF =dim(F’) 42" = n — 2% —8. Taking x,, = [P(2"™, M)],
we have z,, € Jf];:rg. By Lemma 2.2, z, is indecomposable.

(2) If m = 2 and r| = 4, we take x, = [RP(19,2"2 — 1;2F — 1)]. From
[15; Lemma 2.4], x,, € Jf];+8.

ok 494 4 or2 1 ok 494 4 o2 1
( Z4+J;+1 >+< +2r2+—1 +20—-3=1mod?2

By Lemma 2.1, z,, is indecomposable.
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(3) If m = 2 and r; = 3, we take z,, = [RP(11,11;2% — 9)]. Let
Tl[ZEl,.'EQ, e 7$12] = [1:171'27' Tty L6y LT, —Ay 7_1'12]7

Tolz1, 2, -, x12] = [21, 22, T3, —T4, —T5, —T6, T7, T8, T9, —T10, —T11, —L12).

Then (T, T) defines a (Z3)2-action on RP(11) with fixed point set being
four copies of RP(2). Let (Z2)° act as the identity on the rest of the base.
Since 22 + 22 + 28 — 9 — 2 = 2 — 3 < 2%, by Lemma 2.3, z, € J2 . By
Lemma 2.1, x,, is indecomposable.

Case3 —n=2F4+2"1 and k > r; > 4.

If 11 > 4, we take x, = [RP(2n — 281 —17,1,1;2%F! —n 4 16)]. From
[22; Lemma 2.3], x,, € Jzk,jg.

n—1 n—1 ht 1
(2n—2k+1—17>+2< ) >+2+—n+16—3

_ 2k+2r171_~_...+2+1 +1
- 2" 4 ... 49542349249

= 1 mod 2.

By Lemma 2.1, z,, is indecomposable.

If 11 = 4, we take z,, = [RP(19,4;2F — 6)]. Let
T1[$1,$2,"' 7'1720] = [$1,$2,"' y L10y) —L11, —L12, " " * 7_'T20])

Tolx1, 2, - ,T20] = (1, ,T5, —T6,*+ , —L10, T11, " T15, —L16, " * » —L20)-

Then (T, T) defines a (Z3)2-action on RP(19) with fixed point set being
four copies of RP(4). Let (Z3)° act as the identity on the rest of the base.
By Lemma 2.3, x, € Jsk,jg.

ok 494 1 ok 494 _q
< +19 >+< +4 + 28 8 =1 mod 2.

By Lemma 2.1, z,, is indecomposable. O

. . k
Lemma 3.3 — There exist indecomposable classes x,, € Jf k+8 for k > 4,
2kl < < 2642 and n even.
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PROOF : We will consider the following cases.
Case 1 — 2kt1 < p < 2K+l 4 9k and k > 5.

Let x, = [RP(2¥ +1,1,n — 2F — 2k=1 —8;2k=1 4 7)]. From [22; Lemma
2.3), x, € J2 .

n—1 n—1 n—1 h—1
2 7-3
<2k+1>+< 1 >+<n—2’f—2’€—1—8>+ *
n—1 n n—1 L
2k 41 ok 4 ok—1 4 7 '

If n = 2k+1

2k+1_1 2k+1_1
ok 41 + ok 4 ok—1 7 +1=14+1+1=1mod 2.

If n = 2k+1 4 2k,

2k+1+2k_1 2k+1+2k_1
( ok 41 + ok 4 ok—1 7 +1=0+0+4+1=1 mod 2.

If p =2k 4 2r 4.4 2mm and ry < 2F,

2k+1_|_27“1_’_..'+27’m_1 2k+1+27’1+.”+2rm_1
2k 41 + ok 4 ok=1 1 7 1

=04+04+1=1mod 2.
By Lemma 2.1, z,, is indecomposable.
Case 2 — 2kt1 < < 9K+l 4 9k and k = 4.

If n = 25, we take x,, = [RP(26;7)]. From [15; Lemma 2.5, x,, € Jiifs.
By Lemma 2.1, z, is indecomposable.

If 25 < n < 2° 4+ 2% we take x, = [RP(11,11,n — 34;13)]. From [22;
Lemma 2.3], z,, € Jik,jg.

n—1 n—1 n—1
2 13—-3= =1 mod 2
( 11 >+<n—34>+ (25+1> moa =,

By Lemma 2.1, z,, is indecomposable.
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Case 3 — 2kt 4 9k « < 2k+2 gnd £ > 4.

Suppose n = kL oM L ora 4O k= > g > >y > 1,8 > 2.
Write S = {i|there exists some 7 in the 2-adic expansion of n such that r; >
Tit+1 + 1}

(1) IS #0,let I =min{i | i € S} and p = 27+1 + 2742 4 ... 4 275,

(i) If p > 9, then k > 4. Take z,, = [RP(2p+1,1,n—2F —p—8;2F —
p+T7)]. From [22; Lemma 2.3|, x,, € Jzijs.

n—1 n—1 n—1 k
ok _p7-3
<2p+1>+< 1 >+<n—2k—2p—8>+ Pt

I B e |
= ori+1tl ompetl o 9rstl 4 g +

P L ) Le RIS, Ly B Ly B SN S .
2k pom 4.2 —1 -7

= 1 mod 2.

By Lemma 2.1, z,, is indecomposable.
(ii) If 2 < p < 8, the argument is divided into the following cases:
(a) p=8or p=4.

Take x, = [RP(19,n — 2F — 17;2F — 1)]. From [15; Lemma 2.4], x, €
Jsk]:rg. If p =8, then r; > 5.

n—1 n—1 k
2k —1 -2
( 19 >+<n—2k—17>+
ok+l pom 4.y o481
244241
2k+1+2r1+'”_’_2rl+8_1 41
2F pom 4o pom 81
okFl pom 4oy o481
. + +_1+ +4 , 41
2P 4 2m o 2n 428422 4
= 04+0+1=1 mod 2.
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If p =4, then r; > 4.

n—1 n—1 k
28 —1-2
( 19 >+(n—2k—17>+
_ 2k+1+2r1+'”+2rl+22_1
- 24+ 241

bt pom 4o 422 ]
+ k T r + 1. (*)
284 2m 4. 42— 1 -84

For r; > 4

(%)

2kl pom o 4241
Q8 42T o QM ML . 4241 -8 -4
0+0+1=1mod 2.

For r; =4

- ok Lo L9 19 1]

= 14+14+1=1mod?2.
From above, we know that x,, is indecomposable.

(b) p=6.

If p = 6, then ; > 4. For r; > 4, we take x,, = [RP(19,n—2F—17;2F—1)].
From [15; Lemma 2.4], z,, € Jflkljg.

n—1 n—1 &
ok 12
< 19 >+<n—2k—17>+

2k+1+2m_‘__”+2rl+4+1
2t +2+1

2k pom . pom 1 -8 -2
= 04+0+4+1=1 mod 2.

2k+1+27“1+__._‘_2n+4+1
+( ‘1

By Lemma 2.1, z,, is indecomposable.
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For r; = 4, we take z, = [RP(2" +1,2,2,2,2,n — 21 — 16,0,0)].
From [15; Lemma 2.4], z,, € Jflk,:rg.

2kl pom 420422421
2k 41

21 424422 42 24
= 140=1mod 2

<2’“+1+2T1+---+24+22+2—1>

By Lemma 2.1, z,, is indecomposable.
(c)p=2.
If p =2, then r; > 3.

For 7, > 4, we take x,, = [RP(19,n — 2F —17;2% — 1)]. From [15; Lemma
2.4], w, € J2 15,

okl pom 4y on 421
2t +2+1

okl pom 4.y om 421
+1 s * * +1
2k 4 2m 4 42 -1 -8 —-4-2

= 04+0+4+1=1mod 2.

By Lemma 2.1, z,, is indecomposable.
For r; = 4 or 3, we take z,, = [RP(2FF1 +1,2,2,2,2,n— 21 —16,0,0)].

From [15; Lemma 2.4], z, € Jsk,:'s.

28t 41 NIRRT, LR By £
= 1+0=1 mod 2.

<2k+1+2"1+~-+2”l+2—1>+(2k+1+2’"1+---+2”+2—1>

By Lemma 2.1, x,, is indecomposable.

(2)If S =0,ie n=2"1 42 £ 22 L ... L k=p >ry>--- >
re > 1,1y =141+ 1and s > 2.
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2'rs+1 -8 27‘34-1 -8
2 ’ 2

For rs > 2, we take x,, = [RP(2¥1 + 1,

27++1); 8]. From [15; Lemma 2.4], z,, € J2515,

n—1 n—1 n—1
<2k+1+1>+2 2rs+1—8 +<n2k+127‘s+1)>+8_4
2

7n_2k’-‘r1_

2k+1+27’1+27‘2+_..+27'5_ 2]€+1+2T1+27’2+...+2T‘3

271 _|_27"2+..._|_27's—2+27“s
= 1+0=1 mod 2.

B 1+<2k+1+2r1 4272 .. 9T +2rsl+...+2+1)

By Lemma 2.1, x,, is indecomposable.

For ry = 1, we take z, = [RP(2¥! + 1,n — 2k — 8:8)]. From [15;
Lemma 2.4], z,, € Jikljg.

2k+1_|_27’1+2r2+._‘_|_2_1 N 21{:-{-1_*_27“1_'_21"2_'_“._‘_2_1
2k+1_|_1 2M 4 92 4 ... 42 -8
= 1+0=1 mod 2.

By Lemma 2.1, z,, is indecomposable. (I

Proposition 3.4 — If n > 2¥ 49 and n # 2% — 1, then there exist inde-
composable classes x,, € Jzk,jg for k > 4.

Proor : Take x, as in Lemma 3.1 for n odd, z, as in Lemma 3.2 and
Lemma 3.3 for 2% + 10 < n < 22 even, and z,, as in [15; Lemma 3.1] for
n > 25+2 even. Then, every z,, is indecomposable and z,, € Jik,jg. O

To complete the proof of the main theorem, we need the following two
lemmas.

Lemma 3.5 — For k > 4 and n = 2F + 7, there exist indecomposable
classes x,, € Jgkk%.

PrOOF : From [11; 5.1], there exists an indecomposable class X €
g2 (for 28=1 43 < 2%), so that X has a representative M admitting a

n—1
2 ’k

(Z3)*-action with fixed point set F', where dim(F’) = %5 — (2*-1 4+ 3) = 0.

)

)

1
- ( 2k+1+1 >+< 2T1+2r2+,,,+2rs_2r5+1
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Take x,, = [P(1, M)] with the (Z2)¥-action as in Lemma 3.1. The fixed point
set of this action is F = S'x F'x F'/T = P(1, F') with dimF = 1 = n—2¥—6,
then z,, € JE?G. By Lemma 2.2, z,, is indecomposable. ]

Lemma 3.6 — For k > 4 and n = 2¥ 4+ 8, there exist indecomposable
classes ., € Jskk%.

PRrOOF : Take z,, = [RP(11;2%—6)]. Just as in Lemma 3.2, there exsits a
(Z3)%-action on RP(11) with fixed point set being four copies of RP(2). Let
(Z5)? act as the identity on the rest of the base. By Lemma 2.3, x,, € Jgkk%.

kg _
2" +38-1 +25 —6—1=1mod 2.
8+2+1

By Lemma 2.1, z,, is indecomposable. ]

4. PROOF OF THE MAIN THEOREM

PRrROOF : We choose a system of generators z,, as follows:

(a) Let zo = [RP(2)]. Noticing that x(z2) = 1, by [11; 5.1], we have
To € Jf,k'

(b) For 3 <n < 2¥ +6 and n # 2% — 1, we can choose indecomposable

classes x,, such that x(z,) = 0 (otherwise, replacing x,, by =, + :L‘;L/ 2).

(c) Take x,, as in Lemma 3.5 for n = 2¥ + 7 and z,, as in Lemma 3.6 for
n =2 + 8. By Lemma 2.4, zox 5 ¢ infs.

(d) For n > 2% +9, let x,, be as in Proposition 3.4.

Since JEZJ“S is an ideal of MO, to complete the proof it is necessary
only to show that it contains the decomposable classes z;, x;, - - - z;,, with

m

m>2 2<iy<ipg< - <ip <2+ 8and iy +ig+ -4 dpy > 28+ 8.

The argument is divided into two cases: Case 1. i1 +io+- - +iy > 2k 4 8.
Case 2. i1 +ig + -+ 4+ iy = 28 + 8.

Casel — i1 +ig+ -+ +i, >28+8.

(1) The case 4, > 2*.
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(i) If 41 449 4 - - + im—1 > 8, from [11; 5.1] @, zi, - - - 24, , € J2,. From

k k k
[12], z;, € Jf’k and z;, @i, - - - T, € Jf’ka,k C Ji,jg.
(11) Ifiy +io+ -+ 4p_1 = 7, then Tiy Tig *** Tiyy_q € ‘]:},k ﬂ‘]*?,k and
i > 2841, 1If 4y, > 2844, by [18; Theorem] z;,, € ij;f‘l and zj, z, - - - T4, €
4 7244 2F4+8
J*,k‘]*,k - J*,k :
If iy, < 28 4+ 4, from (b), x(;,) = 0. By [14; Theorem 1], z;, € Jf];"'l.
) . . . k 2k 42
(iii) If 41 +i2 + - - - +4pp—1 = 6, then i, > 27 +2. From [16], z;,, € JZ 7.

By [11; 5.1], xj, @iy - - - @i, | € Jf}k. Then x;, xi, - - - 4, € Jf”kaj;H C ij;fs.
(iv) If 43 +ia + -+ + 41 = b, then mjzy, - 24, , € Jf}k ﬂJfk and
iy > 2843, If i, > 2844, by [18; Theorem], z;,, € JEZH and x;, T, - - - T, €
T2 C
If i,, = 2F 4 4, from (b), x(x;,) = 0.

s 2 Kk

By [15; Proposition 4.3], z;,, € JZ,™. Then z;, 2, -+ 2, € J°,J2,° C
2F 48
I

(v) If iy +ig+- - -+im_1 = 4, then i,,, > 2¥4+4. From [18; Theorem], x;,, €
k k
Jf}k+4. By [11; 5.1], @y @iy - - i, 4 € Jf,k' Then z;, z;, - - - x;, € (]f,kaJcJr4 C
k
JZ T8,

(Vi) If iy +dg + -+ + im-1 = 2, then m = 2,61 = 2,2y € JZ, and
2F 46 < iy < 28 +8. From (c), Ti, € Jf;"'ﬁ. Then zox;, € Jf’ka};+6 - Jf];"'s.

(2) The case i, < 2k and there exists some [(1 <1 < m) such that
8 < iy < 2k,

From [11; 5.1), &5 € J)',. Since iy + iy + -+ + im > 2F + 8, i1 +
o+ -+ + o+ iy > 2k 4+ 8 — i;. Because 2k+lc8—§l < 2k
from [11; 5.1] and [12], we have z; @4, - - - T4, Ty, -+~ T4, € Jf,:rgf”. Then

k _ ; k
iy @iy iy, € T2 ETUTN C TR
(3) The case 4,, < 2*, with no I(1 <1 < m) satisfying 8 < i; < 2.

In this case, i; = 2k or i; <6(1<j<m).
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(i) If iy, = 2%, then iy + g 4 -+ + 41 > 9 and 2;,, € J2 72ﬂ Qk L
If there are odd numbers in 41, -+ ,%;,_1, then X(."L‘“l‘m' :L'Zm_l) = () and
Ti Tig * T4, € J K So i, Ty, -y, € J9 J2 - c ij;fs. Ifiq, -+ ,im_1
are all even, i1 + o + -+ + 41 > 10 and Tiy Ty ="+ Ty, € Jjgg. Then
XTiy Tig + - Xy, € Jl J2 2 c J2 +8.

(ii) If 4,,, < 6 and there exists some ¢ such that i; # 2, then z; € Ji”,;
and i1 +ig+- - Fip_1 > 2k+8—im From [15],16] and [18], @;, @, - - 2i,,_, €
J2 8 Then @iz, - @y, € J2TS T i < J2

(i) If 4; = ig =...= im = 2, then 2(m — 4) > 2*. From [11; 5.1] and
[12], 27 = adal 4 € JSkJ c J2’“+8.

Case2 — iy +ig+ -+ iy =2F +8.

If i,, < 2%, from [11; 5.1], x;, € Ji’“k (r=1,2,---,m) and

o k
TiyTiy ** Tigy € S0 L5, J " C J2 ias

If 4, > 2%, then S (i1 iz, i) [ Tia Tig * ** Ty ] # 0. By Lemma 2.5, the de-
composable classes ToZok g, TaTok | 4, 1E22£L'2k+4, T5Tok 43, T6Tok o, $2$4ﬂ?2k+2,

CC23I2k+2, T2T5Tok | 1, T8Lok, T2TELok , I42$2k7$22$4$2k,$24$2k are not in J2 +8.

For some linear combination of the above classes such as
Ty 1 Tin g ‘l'ile + Ty o Tiny .$im2,2 4+ 4 Ty Ty ximj,j7
we can find
(i1,42,+ yin;) € {(i1,1,92,0 - Imy1), (11,2, 92,2 - - - Imp2), - -+, (G155 02,5, iy 5) }
such that (i1,12, -+ ,ip j) is not the refinement of other elements in

{01, d2,0  my 1) (1,2, 822+ imy2), o (1,55 82,55 7+ Iy ) }-

Then, from [23],

] £0.

S(i1yiz, ying) [xil,lxizl © Ty 1Ty g Tig g 7 Ty o F Ty Ty "L 5

By Lemma 2.5, any linear combination of the above classes are not in
k
Jz +8‘ O
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