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In this paper, we prove the existence, unigueness and the stability of solutions
for some nonlinear functional-integral equations by using generalized Lips-
chitz condition. We prove a fixed point theorem to obtain the mentioned aims
in Banach spac& := C([a,b], R). As application we study some Volterra
integral equations with linear, nonlinear and singular kernel.
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1. INTRODUCTION

In this work, we try to prove the existence, uniqueness and Hyers-Ulam stability
(for simplicity, HUs) of the solutions of the following nonhomogeneous nonlinear
Volterra integral equation

u(z) = f(z) + ap(/j F(:r,t,u(t))dt) = Tu, 1)

wherezx,t € I = [a,b], —00 < a < b < co andy is a bounded linear mapping

on X. This functional-integral equation produces many integral equations which
have arisen in different science fields such as theory of optimal control, economics
and etc., [3], [12], [14]. Investigation on existence theorems for diverse nonlinear
functional-integral equations has been presented in other references such as [1],
(2], [15].

In this study, we will use the iterative method to prove that equation (1) has
the mentioned cases under some appropriate conditions. On the other hand, in this
paper, we prove the HUs theorem of (1) under generalized Lipschitz condition on
F.

We say a functional equation is stable if for every approximate solution there
exists an exact solution near it. In 1940, answering a problem of Ulam [18] af-
firmatively, Hyers [10] proved the following result (which is nowadays called the
HUs stability theorem):

LetS = (S, +) be an Abelian semigroup and assume that a funcfio —

R satisfies the inequality

lf(x+y)— flz) - fY)] <e (z,y €5),

for some nonnegative Then there exists an additive functibn: S — R such
that

h(z) — f(z)| < (z €5),

holds.



EXISTENCE, UNIQUENESS AND STABILITY OF SOLUTIONS 311

Ever since, the stability problems of functional equations have been extensively
investigated by several mathematicians (cf. [13], [16], [17]). Examples of some re-
cent developments, discussions and critiques of that idea of stability can be found,
e.g., in[5], [6], [8] and [9].

In Section 2 we introduce some preliminaries and use them to obtain our aims
in Section 3 and 4. Finally in section 5 we offer some examples that verify the
application of this kind of nonlinear functional-integral equations.

2. BAsic CONCEPTS

In this section, we recall basic result which we will need in this paper.

Consider the nonhomogeneous nonlinear Volterra integral equation (1). We
assume thaf : [a,b] — R is continuous and is a mapping on the domain
D = {(z,t,u) : x,t € [a,b] ,u € X}. Through this article, we consider the
complete metric spacgX, d), whichd(f, g) = max,cp,y |f(z) — g(z)|, for all
f,g € X and as we mentioned, we assume that a bounded linear mapping on
X.

Note that, the linear mapping : X — X is called bounded, if there exists
M > 0 such that|pz| < M|z||; for all z € X. In this case, we defingy|| =
sup{”mH' x # 0, x € X}. Thusy is bounded if and only ifi¢|| < oo, [7].

llll

Note: As ¢ is a bounded linear mapping df, theny(xz) = Az where\ does
not depend o € X.

Definition2.1 — (cf. [11], [19]). We say that equation (1) has the HUs if there
exists a constank’ > 0 with the following property: for every > 0,y € X, if

vla) = o) o [ Flatu®)i) < e,

then there exists somee X satisfyingu(z) = f(z)+¢( [ F(z,t,u(t))dt) such
that
u(z) —y(z)] < Ke.
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We call suchK a HUs constant for equation (1).

Definition2.2 — Letd denote the class of those functiofis [0, c0) — [0,1)
which satisfies the condition

B(tn) — 1 implies t, — 0.

Definition2.3 — Let denote the class of those functiahs [0, co) — [0, c0)
which satisfies the following condition:

(i) ¢ is increasing,
(i3) for eachz > 0, ¢(z) < =,
(iii) Blz) = 22 € 6, 2 £ 0.

For exampleg(t) = ut, where0 < u < 1, ¢(t) = 7 and¢(t) = In(1 + )
are inB.

3. EXISTENCE AND UNIQUENESS OF THESOLUTION OF NONLINEAR
INTEGRAL EQUATIONS

In this section, we will study the existence and uniqueness of the nonlinear functional-
integral equation (1) ortX .

Theorem3.1— Consider the integral equation (1) such that,
(1) F: D — Randf : [a,b] — R are continuous.
(ii) ¢ : X — X is a bounded linear transformation.

(7i1) There exists an integrable functipn [a, b] X [a,b] — R and¢ € B such
that
[F(2,t,u) = F(z,t,0)] < p(a, t)¢(|u — o), )

for eachz,t € [a,b] andu,v € X.

b
1
. 2
1) sup pi(z,t)dt < —————.
( )xe[a,m/& 04 S Rt —a
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Then the integral equation (1) has an unique fixed paoiimt X .
Note: We define (2) as a generalized Lipschitz condition.

PrRoOF: Consider the iterative scheme
w11 (2) = f(2) + / F(a,tun(D))dt) = Tug, n=01,..., (3

whereuy € X is an arbitrary initial guess. So,

Ty — Ty 3| :<p(LwFCmLun@»do——¢(Zfl%xjﬂm/ﬂﬂﬁﬁ)
g¢(lwpm¢ﬂmm)—pm¢ﬂmlu»ﬁy
< el |/: F(z,t,un(t) — F(x,t, up—1(t))dt|
< el /ax |F(@,t,un(t)) — F(z,t, un—1(t)|dt
< llell /abp(%t)ébﬂun(t) — un—1(t)|)dt

<ol [ e 0a)* ([ 620uatt) - wnaoar)
@

As the functiong is increasing then
O([un(t) = un—1(t)]) < ¢(d(un, tn-1)),

S0, we obtain

i) <ol s | ) ( / R )t

z€[a,b]

< QZ)Q(d(un; unfl))-
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Therefore

d(Uny1,un) < d(d(un, Uun-1)) = W

= ﬁ(d(una Unfl))d(una Unfl)a

d(una Unfl)

®)

and so the sequend@(u,+1,u,)} is decreasing and bounded. Thus there exists
r > 0 such thatim,,_,o d(up+1,un) = r. Assumer > 0. Then from (5) we have

d(un+17 un)

< _ = e
d(un’unfl) — ﬁ(d(un7un 1))7 n 1727

The above inequality yieldm,, ., 5(d(up+1,u,)) = 1. Theng ¢ ¢ and
this is contradiction. Se = 0 and thenim,,_, oo d(tn 41, uy,) = 0. Now we show
that{u, } is a Cauchy sequence. On the contrary, assume that

lim sup d(uy,, tm) > 0. (6)

n,Mm— 00

By the triangle inequality and relation (5) we have

d(Un, Um) d(Un, Unt1) + d(Unt1, Umg1) + d(Umt1, Um)
d

<
< (un7 UnJrl) + (ﬂ(d(una um))d(urn Um)) + d(um+1a um)a

hence
d(tn,y ) — (B(d(Uny Um))d(Un, ) < d(Up, Unt1) + d(Ums1, Um)-
Therefore we obtain
d(tn, ) < (1 — B(d(n, um))) " d(un, unt1) + d(tms1, um)]-
Sincelim sup,, ,, 00 d(Un; Um) > 0 @Ndlimy, oo d(upy1,un) = 0 then

limsup((1 — B(d(tn, um))) ™) = +o0,

n,Mm—00

from which we obtaifim sup,, ,,, . 3(d(un,um)) = 1. But sinces € 4, we get
lim sup,, ,,, 00 @(Un, um) = 0. This contradicts (6) and shows:,, } is a Cauchy
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sequence irX. Since(X,d) is a complete metric space, then there exists X
such thalim,, ., v, = u. Now by taking the limit of both sides of (3), we have

w= Jim () =t (/) + ol [ FGotun(0)dr)

—0Q

- @) +cp(/xF(a:,t,nlim () dt)

T

= f(@) + o / F, t u(t))db).

a

So, there exists an unique solutiore X such thafl'u = w.

Note: Theorem 3.1 was proved with the conditioii), but there exist some
nonlinear exampleg, such that by the analogue method mentioned in this theorem,
the existence and uniqueness can be proved for those. For exafaple- sin(x).

4. STABILITY OF NONLINEAR INTEGRAL EQUATIONS

In this section, we prove that the nonlinear integral equation in (1) has the HUs.

Theorem4.1— The equatioril’'x = x, whereT is defined by (1), under the
assumption of Theorem 3.1, has the Hyers-Ulam stability that is for gévery
ande > 0 with

d(T€, &) <,
there exists an unique solutienc X such that
Tu = u,

and
d(§,u) < Ke,

for somek > 0.
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PROOF: By relation (4) we can write

Ty = Tunoa] < ol [T 1F (@t () — Fat,una (8))]dt

< llell J3 p(z, ) d(lun(t) — un—1(t)])dt

N

< el (2 PG 0a)* (7 6 (lun(t) = s (1)

N

< HS0||<WM>é(ff |un, () —unfl(t)|2dt) )

Hence,
%
i (2) = un@)] < (ke S () = ()] di )
t 3
< ((b—la)2 L5 0 un—1(t2) — un—2(t2)[? dto dt1)
1
= ((bflaﬁ JE L S22 Tun—a(ts) — un—s(ts)|? dts dt dtl) 2
< (g S0 L0 Tun () = wo(ta) 2 dy - dtz dty)
1
< ((b—la)n dA(Tug,uo) [ o+ [y dtn - ds dt1) ’
. :
< ((b_la)n (I(;?') d2(TU0,U0))
< d(Tu07uo)‘

(n))2

Let¢ € X, e > 0andd(T¢,¢) < e. Inthe previous section, we proved that

u(t) = lim T"E(t),

n—oo

(NI
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is an exact solution of the equatifiix = x. Clearly there isV with d(TV¢,u) <
¢, becausd™¢ is uniformly convergent ta asn — oo. Without loss of generality,
for sufficiently large odd numbe¥, we have

d(€u) < d(ETNE) +d(TVE u)
< d(E,TE) + d(TET%) + d(T°6, T°¢) + .. + d(TV ¢, TVE)
+d(TN€, )
)2 (21)z (V=12
1 1
< dETHI+ ——+ —F + -+ ——7) e
(= (22 (V=112
1 1.1 1.2 1 1
< e({1+1+7+7}+{(?)5+(¥)5+ +(Gr)t}) +e
1 1
< e({1+1+1+2}+{22+23+---+2N2_1}
+{225 st M})Jre
701 1 1 11 1
< e(2+{22+23+---+2N_1}+{22+23+--~+2N2_1}>+e
7 1 11 1
< 6(2+{1—2N23}>+€:(2—2N23)€:K6,

which completes the proof.

5. ILLUSTRATIVE EXAMPLES

In this section we present some examples of classical integral and functional equa-
tions which are particular cases of equation (1) and consequently, the existence,
uniqueness and stability of their solutions can be established using Theorems 3.1
and 4.1.

Exampleb.1 : Consider the following linear Volterra integral equation
8

u(z) = 2° — % + /Ox(t — 2)u(t)dt, z,t € [0,1]. @)
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We have

F(x,t,u) — F(x,t,0)| =|<t—m>u—<t—x>‘v\=||<t—x><u—v>|
t—x
<t —alju—vl = ( ; ) (=),

whereﬁ < p < 1. Now we putp(z, t) = £ and¢(t) = ut. Because

SUP,c[0,1] fol p?(z,t)dt = ﬁ < 1, then by applying the result obtained in The-
orems 3.1 and 4.1, we deduce that the equation (7) has a stable unique solution in
Banach space C[0,1].

Examplée5.2 : Consider the following nonlinear Volterra integral equation

) 9:/:” arctan(z%t) i
0

u(z) = % sin( 9 (e in(u(t))dt, z,te(0,1]. (8)

1+x
We write

x arctan(z?t)
9(1 + xt)?
x arctan(z?t)
(1+xt)?

|F($7t7u) —F(.%',t,’l))‘ = ’

<]

(sin(u) — sin(v))|
Hu —v

9"

Takep(z,t) = %;(;2@ and¢(t) = §. Sincesup,¢(o 1) fol p?(z,t)dt < 1,

then the equation (8) has a stable unique solution in C[0,1].

Example5.3 : Consider the following singular Volterra integral equation
u(z) = f(z) + )\/Ox(a: —t)"“u(t)dt, x,t € 0,7, 9)
where|\| < 1and 0 < a < 3. Then
P, t,u) — F,t,0)] = A(u —v)(z — 1) < NJu—o]|(z — )]~

Putp(x,t) = (z — t)~* and¢(t) = At. On the other hand

T T T
sup / p(z,t)dt = sup / |(z —t)|2%dt =
0 0

z€[0,7T) z€[0,T]
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Therefore ifT!- < (1 — 204)%, then the equation (9) has a stable unique
solution in complete metric spac€g0, 7. Note that we can’t obtain these results
by using the usual Lipschitz condition.

Remarks.4 : The unique solution € C[0, T'] of the Volterra integral equation
(9) is given by

u(z) = E1_o(AL(1 — )z =)y, xz € (0,7,

wheref(x) = yo and

00 k
z
Ep(z) izkzowa B >0,

denotes the Mittag-Leffler function [4].

CONCLUSIONS

Let I = [a,b] be a finite interval X := C([a, b], R) andy = Ty be a functional
equation in whichl' : X — X is a nonlinear integral map in the form (1). In this
paper we showed thdt has an unique stable solution in complete metric space
under the generalized Lipschitz condition. The stability by means thgt,bié an
approximate solution of the integral equation al{g°®, 7y°) < e forall t € I,

e > 0, thend(y*, y°) < Ke, whichy* is the exact solution of (1) anil is positive
constant.
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