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Let G be a Lie group,H < G a closed subgroup antif ~ G/H. In

[14] André Weil gave a necessary and sufficient condition for the existence
of invariant measures on homogeneous spaces of arbitrary locally compact
groups. For Lie groups using the structure theory we give a neater necessary
and sufficient condition for the existence ofsainvariant measure of/, cf.
Theorems (2.1) and (3.2) in the introduction.
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1. INTRODUCTION

Let G be a Lie group, suppos@ acts transitively on &'*°-manifold M. Fix
p € M, and letH be the stabilizer subgroup at SinceG acts transitively, we
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identify the quotient spac@/H with M. It is known thatG/ H is admits a differ-
ential structure and/ is diffeomorphic toG/H with respect to this structure (cf.
[9], [6]). A G-invariant Borel measurg on M is a measure such that

(i) for every non-empty open subdétof M, u(U) > 0.
(ii) for every compact subsét of M, u(K) < oo.

(iii) for every measurable subset of M, and for every elemenj € G, we
havey(gA) = pu(A).

It is not necessary for such a measure to exisibnA criterion for the exis-
tence ofG-invariant measures on a homogeneous spgacH was first found by
Weil (cf. [14]). For a locally compact topological group, Weil's criterion was
in terms of the modular function& of G andé of H. Weil's theorem states that
G/H admits aG-invariant measure if and only i\(h) = &(h), for everyh in
H (cf. [3], [8], [6]). For a Lie group, the criterion can be interpreted in terms
of Lie algebras. Lef be the Lie algebra off andh < g the Lie algebra ofd.
Then the tangent space at gng¥ M can be identified with the vector spagé).
SinceH keepsp fixed we get the isotropy representation H — Aut (T,,(M))
of H. Also, for G/H we have the representatiotdy : H — Gi(g/h), in-
duced by the representatiotd|;. The action ofG on M is equivalent to the
action of G on G/ H. Consequently the representatignand Ad are equivalent.
And the differential representatign : h — End (T,(M)) of p is equivalent to
adp : h — End(g/h) of Ady. Let R < H be the radical ofd, i.e the maximal,
solvable, normal subgroup é¢f and N < H be the nilradical, i.e. the maximal,
nilpotent, normal subgroup. Then in terms of th&-representation we prove the
following:

Theorem2.1— M = G/H, letg = the Lie algebra ofG, = the Lie algebra
of H, v = the radical ofh, n = the nilradical of h. Leta = a complementary
subspace ta in t and Dt = [r, t], then a necessary and sufficient condition &ér
to admit aG-invariant Borel measure is that for all’ € q,

trace adg(X) = trace adg(X)|pr.
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A bi-invariant measure on a group is a Borel measurg which is invariant
under both the left- and right-translations. More precisely we can say:tizaa
bi-invariant measure if for every measurable 4et

p(A) = u(gAh™t), Vg,h € G.

A group G admitting such a measure is calladimodular The existence of
a left-invariant measure on a locally compact, second countable topological group
was first given by Haar (cf. [4]). John von Neumann in [11], proved that such a
measure is unique up to multiplication by a positive real number. Similarly one
sees that a locally compact topological group also admits a right-invariant Haar
measure. As a corollary to Theorem (2.1), we get a necessary and sufficient condi-
tion for the existence of a bi-invariant measure on a Lie group.A.et G be the
radical andV < G the nilradical. Then we prove:

Theorem3.2 — Let g = the Lie algebra ofG, t = the radical ofg, n = the
nilradical of g. Leta = a complementary subspacetidn v and Dt = [t, t], then
a necessary and sufficient condition t@ito admit a bi-invariant Borel measure is
that for all X € a,

trace adg(X)|pr = 0.

2. INVARIANT MEASURES ONHOMOGENEOUSSPACES

Given a finite dimensional Lie algebgawe know there exists a uniqgue maximal
solvable ideat called theradical. Similarly there exists a unique maximal nilpo-
tent idealn called the nilradical. Also we have the Levi decompositiory ¢tf.
[8]), which states that there exists a subalgeboég such that

gRTtXSsS
By a theorem of Harish-Chandra (cf. [3])s determined uniquely in the following

sense, it x5 = t x5’ then there exists an automorphismof g such that’ = o (s).
Moreover,c = exp(ad(N)) whereN € n.
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2.1 Proof of Theorem 2.1 Let GG be a Lie group and{ a closed subgroup. Let
M = G/H, takex = [H], the identity coset off as the base-point. L&t =
T.(M) and consider the isotropy representation.

p:H— GI(V)

A necessary and sufficient condition fbf to admit aG-invariant measure is that
the image offf under the map should lie inSI*(V'), whereSi* (V') is the group
of all linear transformations df” which preserve the left-Haar measurelor{cf.
[8], [6])- Note that the Haar measure bhis the same as the Lebesgue measure on
R™. Letg andh be the Lie algebras a@¥ and H respectively. Then, in terms of the
differential isotropy representatiop, : h — gl(V'), a necessary and sufficient
condition for M to admit aG-invariant measure is that the imagehptinderp.
must lie insl(V) = { A € End(V) |trace A = 0}. Now, the vector spac¥
can be naturally identified with the vector spagéy. Under this identification
the representatiop,. : h — gI(V) is isomorphic to the representatia, :

h — End(g/bh). Thus, a necessary and sufficient condition fiérto admit a
G-invariant measure is that, for evely € b,

trace adp(X) =0

adp, is a map induced by the magl|, = ady : h — End (h), thus we get, for
everyX € b,

trace adn(X) = trace adg(X) — trace adp(X)

ThereforeM admits aG-invariant measure if and only #-ace adn(X) = 0 if
and only if

(%) trace adg(X) = traceadn(X), VX €h

This is an analogue of Weil's criterion in terms of the modular function& of
and H. Moreover, let: be the radical of). Then we have the Levi decomposition
h = ¢t x 5, wheres is a semi-simple subalgebra pf Then everyX € h can be
written unigquely as

X=Xi+X5, Xrer, Xs€s
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And thus,
trace adp(X) = trace adn(Xy) + trace adn(Xs).
Lemma(2.1.1) — Lett be a Lie algebra such théat= [¢,¢]. If ¢ : £ — Risa
Lie algebra homomorphism, thenZ € ¢, o(Z) = 0.

PROOF : If Z e tthenZ = 3!, ¢;[X;, Yi], whereX;, Y; € . Therefore

p(Z) = @(Z ci[Xi,Yi))

=1

l
= Z Ci@([Xiv }/Z])

Thus for everyZ € ¢, p(Z) = 0. g.e.d.

Sinces is semi-simples = [s, s], andtraceadp : s — R is @ homomor-
phism. Thus for everXs € s, trace adp(Xs) = 0. Thus we get,

trace adn(X) = trace adn(Xy)
Lemma(2.1.2) — Letl be a Lie algebra anidan ideal ofl, then for allX € i,
trace ad)(X) = trace ad;j(X).

PROOF: Start with a basis ofand extend it to a basis af For anyX < i, the
matrix of ad)(X') looks like
A *
(b 3)

where, A is the matrix of the mapd,(X)|;i = ad;i(X). Thus we get thatyrace ad,
(X) = tracead;(X). g.e.d.
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And sincer is an ideal ofy we get

trace adn(Xy) = trace ady(Xy)

ThusM admits aG-invariant measure if and only if for ak’ € ¢, trace adg(X)
= trace ady(X). Thus to decide whethéd admits aG-invariant measure we only
need to look atid,(X) : t — v whereX < t. Letn be the nilradical ofy. Then
n is an ideal of, and also ofe. It is known thatDt = [¢v,t] C n (cf. [1],
Chapter |, pp 49). LeX, € nandZ € ¢, [n,t] C ngives usin,--- ,[n,t]] C
[n,---,[n,[n,n]]] = 0. Thus, for someé: € N, ad(Xn)*(Z) = 0 andady(Xy)
acts as a nilpotent endomorphismeofTherefore,

V Xnp€n, tracead(Xn) =0
Let a C v be asubspacef ¢+ complementary tm. Now sincet = n @ a as
a vector space given any € v we can writeX = X, + X, whereX, € n and

Xa € a. Thusad,(X) = adi(Xn) + adr(Xa). But sinceDr = [¢,t] C n, and
trace ady(Xn) = 0 we get

trace ady(X) = trace ady(Xa)

Dr is an ideal of bothr andn. We start with a basis abt and extend it to a basis
of t. We know that for any? € ¢, ad;(Xa)(Z) € Dr. Thus, with respect to the
basis above the matrix afi,(X3) looks like,

A *
0 0
whereA is the matrix ofad,(Xa)| pr Which is the same asdy(Xa)|pr. Thus

trace ady(Xa) = trace adg(Xa)|pr

Thus we see thal/ admits aGG-invariant measure if and only if

VX € a, trace adg(X) = trace adg(X)|pr
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3. BI-INVARIANT MEASURES ONG

For Lie groups the existence of the left- and right-invariant measures are given in
terms of a nowhere vanishing top degree differential form which is either left- or
right-invariant. Recall thatz is calledunimodularif G admits a measure that is
bi-invariant, that is both left- and right-invariant. We get a neater conditio6-fiar
admit a bi-invariant measure by consideriigas a homogeneous spacebk G.

3.1G as a homogeneous spaceoik GG

LetI' = G x G, I" acts onG as follows, given(g, h) € I'andz € G

(g,h) -z := gzh™L.

This action is transitive and the stabilizer at the identity G is the group

A(G)={(9,9)l9€ G} =G.

ThusT'/A(G) ~ G, thus we can ask iff admits al-invariant measure. Say
is al-invariant measure of¥, then for any measurable subget

w(A) = u((g,h)-A)
= u(gAn7Y).

Thus al-invariant measure off is the same as a bi-invariant measurefan

3.2.T-invariant measure o7

Let g be the Lie algebra off and® ~ g & g be the Lie algebra of. The Lie
algebra ofA(G)isA(g) = {(X,X)| X €g}. Nowgiven(X,Y) e gd g,

trace adgeg((X,Y)) = trace adg(X) + trace adg(Y')

If v(resp.n) is the radical(resp. nilradical) @f thenA(r)(resp. A(n)) is the
radical(resp. nilradical) of\(g). If a is a subspace afcomplementary ta, then
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A(a) is a subspace ak(r) complementary té\ (n). Theorem (2.1) say§ admits
al-invariant measure if and only ff (X, X) € A(a)

trace adgag((X, X)) = trace adgag((X, X))|a(pn)

Also note thatrace adgag((X, X)) = 2trace adg(X). And ady, in this case is
just theadgy-representation of. Thustrace adn = 0 impliestrace adg = 0. Thus
we get0 = trace adgeg((X, X)) = 2trace adg(X). Therefore, since

trace adgeg((X, X))|propr = 2trace adg(X)|pr

we see thaty admits al'-invariant measure, that is a bi-invariant measure if and
only if
VX ea, traceady(X)|pr=0

q.e.d.
Thus as a corollary to Theorem 2.1 we have proved Theorem 3.2.

We get some interesting corollaries to Theorem 2.1 and Theorem 3.2, which
are useful in applications.

Corollary (3.2.1) — Letg be a Lie algebra andits radical. Therg is unimod-
ular if and only ift is unimodular.

The proof follows from Lemma(2.1.2) and Theorem(3.2).

Corollary (3.2.2) — Letg be a Lie algebra such that the radieas$ nilpotent,
theng is unimodular.

The proof follows from Theorem 3.2.
Condition(x) in the proof of Theorem(2.1) above also gives us the following

Corollary (3.2.3) — LetG be a unimodular Lie group anH a closed sub-
group. ThenZ/H admits aG-invariant measure if and only # is unimodular.
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PRoOOF: Condition(x) saysG/H admits aG-invariant measure if and only if
for every X € b, traceadn(X) = trace adg(X). G is unimodular if and only if
for every X € g, traceadyg(X) = 0. Combining the two we gef//H admits a
bi-invariant measure if and only if for alk’ € b, trace adn(X) = 0. Thus,G/H
admits aG-invariant measure if and only # is unimodular g.e.d.

Corollary (3.2.4) — LetG be a unimodular Lie group and < G a closed
subgroup. Ley andh be the Lie algebras @f and H respectively. Let the radical
v of h be nilpotent (i.e. it = n), thenG/H admits aG-invariant measure.

PROOF: Sincer = n, the subspace is trivial. Therefore using the Levi
decomposition for everX € b, traceadn(X) = 0 = traceadg(X). Thus by
Theorem(2.1)Y7/H admits aG-invariant measure g.e.d.

As a special case we get the following

Corollary 3.2.5 — LetG be a unimodular Lie group arfd a closed, 1-parameter
subgroup of7. ThenG/H admits aG-invariant measure.

4. EXAMPLES

4.1.Aff (n,R)

Let Af f(n,R) = the group of all affine transformations Af, then-dimensional
affine plane oveR. Choosing affine coordinates we get the following representa-
tion,

Aff(n,R) = {Z+— AT +b|A € Gl,(R), Z,b € R"}

Let aff,, be the Lie algebra of f f(n, R), then we see that,
affp &~ (R" x R) % sl (R)
The above description is the Levi decomposition df,, with ¢ ~ R™ x R

ands ~ sl,(R). Fort ~ R™ x R, the action ofR onR" is just the linear action
of scalar matrices. That i9, € R corresponds to the matrixZ,,, wherel, is the
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n X n identity matrix. Thus we can show that the nilradisas isomorphic taR".
Thereforea, the subspace complementaryrtdn t, is the subspace of all scalar
matrices. That isg ~ R.

Let X be a non-trivial element ia. X corresponds to the matrix/,,, with
A # 0. Thus,

trace adass (X)|n = trace adass (X )|pr = trace NI, = n\ # 0

Thus, by Theorem (3.24 f f(n,R) does not admit a bi-invariant measure.
4.2.SAff(n,R)

Let SAf f(n,R) be the group of all measure preserving affine transformations. We
have the following representation,

SAff(n,R) = {& AT +b| A € SIF(R), #,b € R"}
where SIZ(R) = {A € GI,(R)| det A = £1}. If saff, is the Lie algebra
of SAf f(n,R), thensaff, ~ R" x sly(R). This is the Levi decomposition for

saff,, and we see that ~ R”. Thus the radical is nilpotent. Therefore, by the
Corollary(3.2.2) aboveS Af f(n, R) admits a bi-invariant measure.

4 3. |sometries oft™

Let £(n) be the group of all isometries of the EuclideaspaceE™. We have the
following representation,

E(n) ={Z— AZ+b| AcO(n), Z,b € R"}

Let e, be the Lie algebra of (n), then

en={Z— AZ+b|AecO(n), Z,b € R"}

whereo(n) is the Lie algebra o (n). We divide the analysis into the following
two cases,
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43.1.Case(i):in>3
Forn > 3, the Levi decomposition af, is given by

en ~ R"x0(n)

Here,o(n), which is the Lie algebra of all skew-symmetric matrices is semi-
simple. Thus ~ R™. Thatis the radical is nilpotent. Thus by the Corollary (3.2.2)
above £(n) admits a bi-invariant measure for> 3.

4.3.2. Case (i) n =2
The groupg(2) can be described in terms of complex coordinates as

£(2) ={z—az+0bla,beC, |a|=1}.

And thus can be realised as a subgroup of the solvable group of all bi-holomorphic
maps ofC, Aut(C). Thus,£(2) is a solvable group. Therefore the Lie algebra
is solvable, that is = ¢,. The nilradicaln is isomorphic taR? and the comple-
mentary subspace, is isomorphic toR. More precisely,a ~ o(2). Also the

. , , . . 0 -1 .
derived ideal,Dr, of t is also isomorphic t®R?. X = ) 0 is a gener-

ator fora. Thatis, ifY € q, thenY = tX for somet € R. Thus, for allY € q,
trace ade, (Y)|pr = t(trace ade,(X)|pr). But,

0 —1
trace ade, (X)|pr = trace < ) 0 > =

Therefore, for allY’ € a, traceade,(Y)|pr = 0. Thus,£(2) admits a bi-
invariant measure.

We have shown that for atl € N, £(n) admits a bi-invariant measure.
4.4. The Space of-planes inE"”

Let E™ be then-dimensional Euclidean space. I.Ha’,gn be the space of all-planes
in E"™. The isometry groupf (n) acts transitively orﬂ’gn, thus it is a homogeneous
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space off(n). Letw € Ilg» be ak-plane, andr be an isometry oE™ fixing .
Observe that the isometry grodjg;), for j less than equal te, is a subgroup of
E(n).

Sincer fixes, 7|, is an isometry. Thus;|, is an isometry oft*, that IST|x
belongs taf (k). On the complement is still an isometry. But since it must be a
translation along a vector parallel 1o = must be ar{n — k)-rotatory map on the
complement. Thus belongs ta€(k) x O(n — k). That is the stabilizer subgroup
atm is isomorphic ta€(k) x O(n — k). Thus as a homogeneous space,

Ik, ~ &(n)/(E(k) x O(n — k))

We have already seen th@(;) is a unimodular Lie group, for all € N. And
O(n—k), being compact, is also unimodular. THUg) x O(n— k) is unimodular.
Therefore, by Corollary(3.2.3), admits ar€ (n)-invariant Borel measure.

4.5. The Space df-planes inH"

Let H" be then-dimensional hyperbolic space. A submaniféidof H" is said to
be totally geodesic if for any two poinf3 and@ in IV, the geodesic joining® and
Q lies completely inV. Equivalently, for anyP and anys € T»(N), the geodesic
through P with ¢ as the tangent vector &t lies completely inV. By ak-plane in
H", we mean &-dimensional, totally geodesic submanifoldf.

Let Hﬁn be the space of ak-planes inH™. The full group of isometries of
H" acts transitively odlF,,. Via the hyperboloid model of the hyperboliespace,
we see that the isometry groupf is Oy(n, 1), the subgroup 0P (n, 1) which
preserves one sheet of the hyperboloid. Tﬂ_lllﬁm is a homogeneous space of
Oo(n,1). Let 7 be ak-plane inH"™ andy an isometry fixingr. Observe thatr
is isometric to the hyperbolig-spacel”, andyp|, is an isometry. Thug, is an
element ofOy(k, 1) the isometry group ofl*. On the complemenp acts as an
(n—E)-rotatory map. Thus, the stabilizerats isomorphic tay(k, 1) x O(n—k).
Therefore,

I} ~ Og(n,1)/(0o(k,1) x O(n — k)
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Both Oy(n, 1) andOq(k,1) x O(n — k) are unimodular. Thus, by Corollary
(3.2.3)I1F,, admits aDy(n, 1)-invariant measure.

4.6. The space of decompositions

Let V' be a real vector space of dimension Let = be a partition of the natural
numbern, T : n = ny + ny + - - - + n,.. A decomposition of type is expressing
V as a direct sum of subspaces V5, - - - , V., such thadim V; = n;. LetD, be
the set of all decompositions of type ThenGL(V') acts transitively orD,. So
D, has a natural structure of a differentiable manifold. Now, the decomposition

V=VieVhe oV

is stabilized by exactly those elements(&if(V') that leave eacly; invariant. Thus
the stabilizer at each decomposition is isomorphi&igV;) x Gi(Va) x --- X
GI(V;). That is, an isomorphism &f of V which leaves the decompositi¢h; ©
--- @ V,) invariant is of the forril’ = 71 & - - - & T, whereT; = T'|y,. Thus we
can identify the stabilizer with the subgroup

Gl(Vy) 0 0
H = 0 0
0 GUV)

And H is isomorphic toG1 (V1) x GI(Va) x - -+ x GI(V;.). Therefore we have
the identification,

D, ~ GL(V)/(GL(V1) x GL(Va) x -+ x GI(V}))

Thus we gey = End (V) ~ M,(R) andh =~ M,, (R) x M,,(R) x --- x
M, (R). SinceGi(V') andG1(V;) both admit bi-invariant measures, we get tGat
and H both admit bi-invariant measures. Thus, by Corollary (3.223)admits a
G-invariant measure.
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4.7.Unimodular Lie algebras in dimension 3

Let g be a 3-dimensional Lie algebra. It is known that the only semi-simple, in fact
simple, Lie algebras in dimension 3 atk(R) and so(3) and the rest are of the
formg ~ R? x R. If < X >~ R, then its action is given byd(X) which is a
linear map ofR?. Moreover,g is unimodular if and only itrace adg(X)|g2 = 0.

Up to conjugacy and using the fact th&t may be replaced by anyX, where

t € R*, we get the following possibilities,

0 01 . , . .
1. ady(X)|ge = ( 0 ) in which casey corresponds to the abelian Lie

0
algebraR?.
0 -1 . . .
2. adg(X)|ge = ) L in which casg corresponds to the Lie algebra

¢, of the group of all Euclidean isometriesBf.

0 1 . . . .
3. adyg(X)|g2 = 0 0 > , Inwhich caseg corresponds to the 3-dimensional
Heisenberg algebrg.
1 0 . . .
4. adg(X)|g2 = 0 L) in which casg corresponds to the Lie algebra

Sols, which is the Lie algebra corresponding to the 3-dimensional Rieman-
nian, solve-geometry of Thurston (cf. [10]). It may also be interpreted as the
Lie algebra of the group of all isometries of the Minkowski pl&iie .

Therefore, up to isomorphism there are six unimodular Lie algebras in dimen-
sion 3,sl3(R), s0(3), ¢2, ), Gol3 andR3.

Theorem 2.1 and Theorem 3.2 give us necessary and sufficient conditions for
the existence of invariant measures on spaces. We have listed a few examples
where such measures exist. A theorem of S. S. Chern’s (cf. [2]) gives one possible
way of computing such measures. In a subsequent paper we give another interpre-
tation of Chern’s theorem. We also compute invariant measures for certain spaces.
The computation is also closely related to the classical Cauchy-Crofton formula of
integral geometry.
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