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Let B be a commutative Noetherian ring of dimensiond and letS be a set

of all monic polynomials inB[X]. Let A be a subring ofS−1B[X] which

containsB[X]. Let P be a symplecticA-module of rank2n ≥ d, n > 0.

Then we prove thatESp(A2 ⊥ P, 〈, 〉) acts transitively onUm(A2 ⊕ P ).
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1. INTRODUCTION

LetA be a commutative Noetherian ring. Asymplectic A-module is a pair(P, 〈, 〉),
whereP is a finitely generated projectiveA-module and〈, 〉 : P × P → A is a

non-degenerate alternating bilinear form.

Let A be a ring of dimensiond andP be a symplecticA-module of rank2n

with 2n ≥ d. Then Swan [11] has proved thatESp(A2 ⊥ P, 〈, 〉) acts transitively

on Um(A2 ⊕ P ). Further, the above result of Swan is extended to polynomial
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rings by Bhatwadekar and Laurent polynomial rings by Keshari in [2] and [6] re-

spectively.

In this paper we prove the following result see (3.9). This generalizes a result

of Bhatwadekar ([2], Theorem 4.8).

TheoremA — Let B be a ring of dimensiond and letS be a multiplicative

closed subset ofB[X] containing monic polynomials. LetA be a ring such that

B[X] ⊆ A ⊆ S−1B[X]. LetP be a symplecticA-module of rank2n with 2n ≥ d,

n > 0. ThenESp(A2 ⊥ P, 〈, 〉) acts transitively onUm(A2 ⊕ P ).

We prove the following result (3.13), which generalizes a result of Keshari ([6],

Theorem A.7).

TheoremB — LetB be a ring of dimensiond andA = B[X1, . . . , Xm, Y, 1
g ],

whereg ∈ B[Y ] is monic. LetP be a symplecticA-module of rank2n ≥ d. Then

ESp(A2 ⊥ P, 〈, 〉) acts transitively onUm(A2 ⊕ P ).

The following result (4.3), generalizes a result of Keshari ([6], Theorem A.8).

TheoremC — LetB be a ring of dimension2 andA = B[X1, . . . , Xn, Y, 1
g ],

whereg is a monic polynomial inB[Y ]. LetP be a projectiveA-module of rank2
with trivial determinant. IfA2 is cancellative, thenP is cancellative.

2. PRELIMINARIES

All rings considered in this paper are assumed to be commutative Noetherian and

all modules are finitely generated.

Let A be a ring and letP be a projectiveA-module. Recall thatp ∈ P is

called a unimodular element if there exists aφ ∈ P ∗ = HomA(P,A), such that

φ(p) = 1. The set of all unimodular elements ofP is denoted byUm(P ). A row

(a1, . . . , an) ∈ An is called a unimodular row if there exists(b1, . . . , bn) ∈ An

such thata1b1 + . . . + anbn = 1. The set of all unimodular rows of lengthn is

denoted byUmn(A).
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Let n be a positive integer. Let GLn(A) be the set of alln × n invertible

matrices overA. SLn(A) := {M ∈ GLn(A)| det(M) = 1}. Let I be an ideal in

A, we defineSLn(A, I) to be kernel of the natural mapSLn(A) → SLn(A/I).
WhenI = (a), we writeSLn(A, a) for SLn(A, I).

We recall some preliminary facts about symplectic modules. For notations and

terminology we follow [2]. For more detail, see ([2], Section 4).

Let A be a ring and letP be a finitely generated projectiveA-module. A

bilinear form〈, 〉 : P × P → A is calledalternating if 〈p, p〉 = 0 ∀p ∈ P . An

alternating bilinear form〈, 〉 induces a homomorphismα : P → P ∗ (defined as

α(p)(q) = 〈p, q〉) such thatα + α∗ = 0. An alternating form〈, 〉 on P is called

non-degenerate if the induced homomorphism fromP to P ∗ is an isomorphism.

A symplectic A-module is a pair(P, 〈, 〉), whereP is a finitely generated

projectiveA-module and〈, 〉 : P ×P → A is a non-degenerate alternating bilinear

form. If (P, 〈, 〉) is a symplecticA-module then the rank ofP is even andP has

trivial determinant.

If (P, 〈, 〉) and(Q, 〈, 〉) are two symplectic modules, then the non-degenerate

alternating bilinear forms onP andQ will give rise (in a canonical manner) to a

non-degenerate alternating bilinear form onP ⊕ Q and we denote the symplectic

module thus obtained by(P ⊥ Q, 〈, 〉). The standard alternating form onA2 (in

the natural basis{e1, e2}) is given by( 0 1
1 0 ).

Two symplectic modules(P, 〈, 〉) and(Q, 〈, 〉) are isomorphic if there exists an

isomorphismτ : P → Q such that

〈p1, p2〉 = 〈τ(p1), τ(p2)〉,∀p1, p2 ∈ P.

An isometry of the symplectic module(P, 〈, 〉) is an automorphism of(P, 〈, 〉).
We denote bySp(P, 〈, 〉) the group of isometries of(P, 〈, 〉). It is easy to see that

SL2(A) ⊆ Sp(A2, 〈, 〉).

Let (P, 〈, 〉) be a symplecticA-module and letu, v ∈ P be such that〈u, v〉 = 0.
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Let a ∈ A and letτ(a,u,v) : P → P be a map defined by

τ(a,u,v)(p) = p + 〈p, v〉u + 〈p, u〉v + a〈p, u〉u.

Then it is easy to see thatτ(a,u,v) ∈ Sp(P, 〈, 〉). An isometryτ(a,u,v) is called a

symplectic transvection if eitheru orv is unimodular. We denote byESp(P, 〈, 〉)
the subgroup ofSp(P, 〈, 〉), generated by symplectic transvections.ESp(P, 〈, 〉)
is a normal subgroup ofSp(P, 〈, 〉).

Let (P, 〈, 〉) be a symplecticA-module. Letc, d ∈ A, q ∈ P . If u = (0, 1, 0)
andv = (0, c, q) ∈ A2 ⊕ P , thenτ(−c,u,v) is a symplectic transvection of(A2 ⊥
P, 〈, 〉) such that

τ(−c,u,v)((a, b, p)) = (a, b + ca + 〈p, q〉, p + aq).

Similarly, if u = (1, 0, 0) andv = (−d, 0,−q), then

τ(d,u,v)((a, b, p)) = (a + bd + 〈q, p〉, b, p + bq).

E(A2 ⊥ P, 〈, 〉) denotes the subgroup ofSp(A2 ⊥ P, 〈, 〉) generated byΘ(c,q) and

σ(d,q) for c, d ∈ A andq ∈ P , whereΘ(c,q), σ(d,q) are defined as follows:

Θ(c,q)(a, b, p) = (a, b + ca + 〈p, q〉, p + aq)

σ(d,q)(a, b, p) = (a + bd + 〈q, p〉, b, p + bq)

for (a, b, p) ∈ A2 ⊕ P .

Let B be a ring and letA = B[X]. Let F be a freeA-module with a basis

{e1, . . . , er}. Let p(X) =
∑r

i=1 γi(X)ei ∈ F , whereγi(X) ∈ A for 1 ≤ i ≤ r.

Then, forb ∈ B, we denote byp(bX) the element
∑r

i=1 γi(bX)ei of F .

We state the following result which is due to Bhatwadekar ([2], Theorem 4.8).

Theorem2 — Let R be a ring of dimensiond. LetA be a polynomial ring in

r (≥ 0) variables overR. Let (P, 〈, 〉) be a symplecticA-module of rank2n > 0.

If 2n ≥ d thenESp(A2 ⊥ P, 〈, 〉) acts transitively onUm(A2 ⊕ P ).
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Remark2.2 : We have observed that in the above theorem we can replace

ESp(A2 ⊥ P, 〈, 〉) by E(A2 ⊥ P, 〈, 〉). Let I be an ideal inA, then clearly the

natural mapE(A2 ⊥ P, 〈, 〉) → E((A/I)2 ⊥ P/IP, 〈, 〉) is surjective.

The following result is due to Keshari ([6], Theorem A.7), which extends the

above result of Bhatwadekar to Laurent polynomial ring.

Theorem3 — Let B be a ring of dimensiond andA = B[Y1, . . . , Yr′ , X
±1
1 ,

. . . , X±1
r ]. Let(P, 〈, 〉) be a symplecticA-module of rank2n ≥ d, thenESp(A2 ⊥

P, 〈, 〉) acts transitively onUm(A2 ⊕ P ).

3. MAIN THEOREM

We begin this section by proving the following result of Bhatwadekar and Roy ([3],

Lemma 4.1).

Lemma3.1 — Let B ⊂ C be rings of dimensiond and x ∈ B such that

Bx = Cx. Then

(i) B/(1 + xb) = C/(1 + xb) for all b ∈ B.

(ii) If I is an ideal ofC such thatht(I) ≥ d andI +xC = C, then there exists

an elementb ∈ B such that1 + xb ∈ I.

PROOF: (i) SinceBx = Cx, by going modulo the ideal(1+xb)Bx with b ∈ B,

the proof follows.

(ii) Since ht(I) = d, without loss of generality we may assume thatI is a

maximal ideal of heightd. By hypothesis, localizingC at x(1 + xB), we have

Bx(1+xB) = Cx(1+xB). SincedimBx(1+xB) < dimB, we havedimCx(1+xB) <

d. SinceI is maximal ideal of heightd, we getICx(1+xB) = Cx(1+xB). Therefore

I contains an element of the formxm(1 + xa)n for somea ∈ B and for some

positive integersm andn. SinceI + xC = C andI is a prime ideal,I contains an

element of the form1 + xb for someb ∈ B. This completes the proof of (ii).

The following result is a consequence of a theorem of Eisenbud-Evans as stated
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in ([9], p.1420). 2

Lemma3.2 — LetA be a ring and letP be a projectiveA-module of rankr.

Let (α, a) ∈ (P ∗⊕A). Then there exists an elementβ ∈ P ∗ such that ht(Ia) ≥ r,

whereI = (α + aβ)(P ). In particular, if the ideal(α(P ), a) has height≥ r, then

ht(I) ≥ r. Further, if(α(P ), a) is an ideal of height≥ r andI is a proper ideal of

R, then ht(I) = r.

The following lemma is due to Suslin ([10], Lemma 2.1).

Lemma3.3 — Let B be a ring and letA = B[X, F1
g , . . . , Fr

g ], whereFi ∈
B[X] for 1 ≤ i ≤ r and g ∈ B[X] is monic. Supposef1, f2 ∈ B[X] and

c ∈ (f1, f2)B[X] ∩ B. Then for any idealI of A andg, h ∈ A ∩ B[X] with

h−g ∈ cI, there exists∆ ∈ SL2(A, I) such that[f1(g), f2(g)]∆ = [f1(h), f2(h)].

We now prove the following extension lemma, which for polynomial ring (i.e.

A = B[X]) is proved in [7]. Our proof follows using the same argument as in the

proof ([7], Lemma 1.1, Chap.3).

Lemma3.4 — Let B be a ring and letA = B[X, F1
g , . . . , Fr

g ], whereFi ∈
B[X] for 1 ≤ i ≤ r andg ∈ B[X] is monic. If I is an ideal ofA containing

1 + gH for some monic polynomialH ∈ B[X] andJ is an ideal ofB such that

I + JA = A, thenB ∩ I + J = B.

PROOF: Let R = A/I ⊇ B/(B∩I) and letJ̄ be the image ofJ in B/(B∩I).
By hypothesis, we haveJR = R. SinceI contains a polynomial1+ gH, it is easy

to see thatR is integral overB/(B ∩ I). Therefore the “Going-Up” Theorem for

integral extensions ([8], p.34) implies thatJ = B/(B ∩ I), thereforeB ∩ I +
J = B. 2

Definition3.5 — LetA be a ring ands be a non-zerodivisor inA. Let (P, 〈, 〉)
be a symplecticA-module of rank2n. A set{e1, . . . , en, f1, . . . , fn} ⊂ P is called

an s-symplectic basis ofP if the following holds:

(i) 〈ei, ej〉 = 0 = 〈fi, fj〉 for 1 ≤ i, j ≤ n.
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(ii) 〈ei, fi〉 = s for 1 ≤ i ≤ n and〈ei, fj〉 = 0 for everyi 6= j.

Remark 3.6 : Let P be a symplecticA-module of rank 2n. If

{e1, . . . , en, f1, . . . , fn} ⊆ P is s-symplectic basis ofP then the moduleF :=∑
Aei +

∑
Afj is a freeA-submodule ofP andsP ⊆ F . For the proof see ([2],

Lemma 4.2).

Lemma3.7 — LetB be a reduced ring of dimensiond and letg ∈ B[X] be a

monic polynomial. Assume that either

(i) A = B[X, f1

g , . . . , fn

g ], wherefi ∈ B[X] for i = 1, . . . , n or

(ii) A = B[X1, . . . , Xm, X, 1
g ].

Let (P, 〈, 〉) be a symplecticA-module of rank2r ≥ d, r > 0. ThenP has

an s-symplectic basis{e1, . . . , en, f1, . . . , fn} such thatsP ⊆ F , whereF :=∑
Aei +

∑
Afj is a freeA-submodule ofP of rank2r.

PROOF : Let S be the set of all non-zerodivisors inB. Since rank ofP is

constant,S−1A is a PID if A is as in (i) elseS−1A = k[X1, . . . , Xm, X, 1
g ] for

some fieldk. Using [5], in both the casesS−1P is a freeS−1A-module of rank

2r. Let p̃1, q̃1 ∈ S−1P such that〈p̃1, q̃1〉 = 1, where〈, 〉 is a induced form on

S−1P . WriteS−1P = p̃1S
−1A⊕ q̃1S

−1A⊕Q, whereQ is aS−1A-submodule of

S−1P of rank2r − 2. Apply the same argument toQ, by inductively, threre exists

p̃2, . . . , p̃r and q̃2, . . . , q̃r such that〈p̃i, q̃i〉 = 1 and〈p̃i, q̃j〉 = 0 for i 6= j. Also,

we have〈p̃1, q̃i〉 = 0 and〈p̃i, q̃1〉 = 0 for 2 ≤ i ≤ r.

Chooset ∈ S such thatp̃i = ei
t , q̃i = fi

t , whereei, fi ∈ P for 1 ≤ i ≤ r. Let

s = t2.

Claim : {e1, . . . , er, f1, . . . , fr} is an s-symplectic basis ofP .

Proof of Claim : We show that (i)〈ei, ej〉 = 0 = 〈fi, fj〉 for 1 ≤ i, j ≤ n and

(ii) 〈ei, fi〉 = s and〈ei, fj〉 = 0 for everyi 6= j.

For anyi, j for 1 ≤ i, j ≤ r, we have〈ei, ej〉 = 〈tp̃i, tp̃j〉. Sinces〈p̃i, p̃j〉 = 0
in S−1A, we have〈ei, ej〉 = 0. Similarly, we can show that〈fi, fj〉 = 0 for
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1 ≤ j ≤ r and〈ei, fj〉 = 0 for everyi 6= j.

For anyi, 1 ≤ i ≤ r, we have

〈ei, fi〉 = 〈tei

t
, t

fi

t
〉 = t2〈p̃i, p̃j〉 = s〈p̃i, p̃j〉 = s.

Note that the above expression is computed inS−1A. This proves the claim.

Now by (3.6), the proof follows. 2

Now we prove the following result which is inspired by and the proof closely

follows, Bhatwadekar’s result ([2], Proposition 4.7).

Proposition3.8 — LetB be a ring and lets ∈ B be a non-zerodivisor. Let

A = B[X, F1
g , . . . , Fr

g ], whereFi ∈ B[X] and g ∈ B[X] is monic and let

(P, 〈, 〉) be a symplecticA-module of rank2n. Let {e1, . . . , en, f1, . . . , fn} ⊆ P

be an s-symplectic basis ofP . Let (α(X), β(X), p(X)) ∈ Um(A2 ⊕ P ), where

α(X), β(X) ∈ B[X], p(X) ∈ ∑n
i=1 B[X]ei +

∑n
j=1 B[X]fj with α(X) ≡ 1

modulo(sXg) andβ(X) = 1 + gH with H ∈ B[X] is monic. Letb, b′ ∈ B be

such thatb− b′ ∈ sB. Then there existsΨ ∈ SL2(A, sX)ESp(A2 ⊥ P, 〈, 〉) such

thatΨ(α(bX), β(bX), p(bX)) = (α(b′X), β(b′X), p(b′x)).

PROOF : SinceESp(A2 ⊥ P, 〈, 〉) is a normal subgroup ofSp(A2 ⊥ P, 〈, 〉),
G = SL2(A, sX)ESp(A2 ⊥ P, 〈, 〉) is a group. LetJ be the set of elementsc ∈ B

having following property,b − b′ ∈ csB ⇒ ∃Φ ∈ G such thatΦ(α(bX), β(bX),
p(bX)) = (α(b′X), β(b′X), p(b′x)). ClearlyJ is non empty. SinceG is a group,

J is an ideal ofB. We prove thatJ = B.

Let t ∈ B ∩ (α(X)2, β(X)2)A and letb, b′ ∈ B be such thatb − b′ ∈ tsB.

Sincep(X) ∈ F =
∑

B[X]ei +
∑

B[X]fj , p(bX) = p(b′X)− tsq(X) for some

q(X) ∈ F .

Claim : B ∩ (α(X)2, β(X)2)A = B ∩ (α(X)2, β(X)2)B[X].

Proof of Claim: It is enough to proveB ∩ (α(X)2, β(X)2)A ⊂ B ∩ (α(X)2,
β(X)2)B[X]. Let t ∈ B ∩ (α(X)2, β(X)2)A thent = aα(X)2 + bβ(X)2, where
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a, b ∈ A andβ(X)2 = 1 + gK. Multiplying by gK to expression oft, we get the

following

gKt = agKα(X)2 + bgKβ(X)2.

Adding both sides−t and simplifying, we get

−t = −t(1 + gK) + agKα(X)2 + bgKβ(X)2.

Sinceβ(X)2 = 1 + gK, we get

t = −agKα(X)2 + (t− bgK)β(X)2.

Applying this argument further if needed, we see thatt belongs to the ideal of

B[X] generated byα(X)2 andβ(X)2. This proves the claim.

Now sincet ∈ (α(X)2, β(X)2) ∩ B, t also belongs to the ideal ofB[X] gen-

erated byα(bX)2 andβ(bX)2. By ([2], Lemma 4.3), there existsψ ∈ ESp(A2 ⊥
P, 〈, 〉) such thatψ(α(bX), β(bX), p(bX)) = (α(bX), β(bX), p(b′X)). Since

bX − b′X ∈ tsXB[X], by (3.3), the element(α(bX), β(bX), p(b′X)) can be

transformed to(α(b′X), β(b′X), p(b′X)), by an element of theSL2(A, sX), hence

t ∈ J .

Sinceβ(X) = 1 + gH with H ∈ B[X] monic,B/(B ∩ (α(X)2, β(X)2)) ↪→
A/(α(X)2, β(X)2)) is an integral extension. Since(α(X)2, β(X)2) + sA = A,

by (3.4), we haveB ∩ (α(X)2, β(X)2) + sB = B. Therefore the above argument

shows thatJ + sB = B.

Let m be a maximal ideal ofB. If s ∈ m then m + J = B. Now as-

sume thats /∈ m. To complete the proof, it is enough to show thatm + J =
B. Sinceα(X) ≡ 1 modulo (sXg) and (α(X), β(X), p(X)) ∈ Um(A2 ⊕
P ), we have(α(X), β(X), sXp(X)) ∈ Um(A2 ⊕ P ). Let “−” denote reduc-

tion modulo the ideal(mA,β(X)). Note that(α(X), sXp(X)) ∈ Um(Ā ⊕
P̄ ). Then it is easy to see thatg1 ≡ 1 modulo (mA,β(X)), whereg1 is of

the form α(X) + 〈p′1, sXp(X)〉 for somep′1 ∈ P . This shows that the ide-

als (α(X) + 〈p′1, sXp(X)〉, β(X)) and mA are comaximal. Furtherα(X) +
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〈p′1, sXp(X)〉 + dβ(X) ∈ B[X] for some suitabled ∈ A. Clearly the ideals

(α(X) + 〈p′1, sXp(X)〉+ dβ(X), β(X)) and(α(X) + 〈p′1, sXp(X)〉, β(X)) are

equal. Therefore we can assume thatg1 = α(X) + 〈p′, sXp(X)〉 ∈ B[X] for

somep′ ∈ P with 〈p′, sXp(X)〉 ∈ B[X]. Also we can takeq(X) = sXp′ ∈∑
B[X]ei +

∑
B[X]fj .

Let p1(X) = p(X) + β(X)q(X) andη(X) = α(X) + 〈q(X), p(X)〉. Clearly

η(X) ∈ B[X] andp1(X) ∈ ∑
B[X]ei +

∑
B[X]fj . Thenη(X) ≡ 1 modulo

(sX) andmA + (η(X), β(X)) = A. Moreover, forb ∈ B

σ(0,q(bX))(α(bX), β(bX), p(bX)) = (α(bX) + 〈q(bX), p(bX)〉, β(X),

p(bX) + β(bX)q(bX))

= (η(bX), β(bX), p1(bX)).

Let J1 = B ∩ (η(X)2, β(X)2). SincemA+(η(X)2, β(X)2) = A andβ(X)2

is monic, as before we getm+(η(X)2, β(X)2)∩B = B. Thereforem+J1 = B.

Let t1 ∈ J1. As before we see thatb, b′ ∈ B such thatb − b′ ∈ st1B then there

existsΦ ∈ G such thatΦ(η(bX), β(bX), p1(bX)) = (η(b′X), β(b′X), p1(b′X)).
Therefore

σ(0,q(b′X))
−1◦Φ◦σ(0,q(bX))(α(bX), β(bX), p(bX)) = (α(b′X), β(b′X), p(b′X)).

HenceJ1 ⊂ J and thusm + J = B. ThereforeJ = B. This completes the

proof. ¤

Let B be a commutative Noetherian ring of dimensiond. Let A be a ring

such thatB[X] ⊆ A ⊆ S−1B[X], whereS denotes the multiplicatively closed

set of monic polynomials inB[X]. Let P be any finitely generated projectiveA-

module thenP is regarded as a finitely generated projectiveD-module, whereD

is a subring ofA generated byB[X] and some finite number of elements ofA.

Moreover, we may assume thatD ⊆ B[X, 1
g ] for someg ∈ S. Therefore to prove

Theorem A, we may assume that(P, 〈, 〉) is a symplecticA = B[X, f1

g , . . . , fl
g ]-

module.
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Theorem3.9— LetB be a ring of dimensiond and letA = B[X, f1

g , . . . , fl
g ],

whereg, fi ∈ B[X] for 1 ≤ i ≤ l with g is monic. Let(P, 〈, 〉) be a symplectic

A-module of rank2r ≥ d, r > 0. ThenESp(A2 ⊥ P, 〈, 〉) acts transitively on

Um(A2 ⊕ P ).

PROOF : Let (a1, a2, p) ∈ Um(A2 ⊕ P ). We want to show that there exists

a Γ ∈ ESp(A2 ⊥ P, 〈, 〉) such thatΓ(a1, a2, p) = (1, 0, 0). Without loss of

generality we may assume thatB is reduced. Let{e1, . . . , er, f1, . . . , fr} ⊆ P be

s-symplectic basis ofP andF be aA-submodule ofP defined as in (3.7).

Sinces ∈ B is a non-zerodivisor,A/(sXg) is a ring of dimensiond. Moreover,

since2r ≥ d, By Bhatwadekar’s result ([2], Theorem 4.8) and (2.2), there exists

ψ ∈ ESp(A2 ⊥ P, 〈, 〉) such thatψ(a1, a2, p) ≡ (1, 0, 0) modulo(sXg). Hence

we may assume that(a1, a2, p) ≡ (1, 0, 0) modulo(sXg).

SinceP is symplectic, we haveP ∼= P ∗. Applying (3.2) to(a2, (a1, p)) ∈
(A⊕ (A⊕ P )∗), there exists(h, p1) ∈ (A⊕ P )∗ such thatht(Aa3 + I) ≥ d + 1,

where(a3, p2) = (a1 + ha2, p + a2p1) andI = p2(P ∗) = 〈P, p2〉. Put α =
a3 + 〈p1, p〉 ∈ A. Then

σ(h,p1)(a1, a2, p) = (a1 + a2h + 〈p1, p〉, a2, p + a2p1) = (α, a2, p2).

Since(a3, a2, p) ≡ (1, 0, 0) modulo (sXg)A andα ≡ 1 modulo (sXg)A.

Moreover, since〈p1, p2〉 = 〈p1, p〉 ∈ I, we have(a3, I)A = (α, I)A. Write

J = (α, I)A. SinceJ is an ideal ofA of height≥ d + 1 andJ + gA = A, we

can apply (3.1), to the ringsA, B[X] and the idealJ . Furthermore, we can assume

thatJ contains a polynomial of the form1 + g(X)H, sayγ(X) for some monic

polynomialH in B[X].

Let β(X) = a2 + γ(X)γ1 for some suitableγ1 ∈ A such thatβ(X) ∈ B[X]
and is of the form1 + g(X)K, for some monic polynomialK ∈ B[X]. Let

γ1γ(X) = µα + ν for someµ ∈ A andν ∈ (sgX)I. SinceI = 〈P, p2〉, there

existp3 ∈ sgXP such thatν = − 〈p3, p2〉 = 〈p2, p3〉. Putp4 = p2 + αp3.

Then

Θ(µ,p3)(α, a2, p2) = (α, a2 + µα + 〈p2, p3〉, p2 + αp3) = (α, β(X), p4).
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Note that,(α, p4) ≡ (1, 0) modulo(sXg)A.

SincesXgP ⊂ F , write p4 = Xg(
∑r

i=1 hiei +
∑r

j=1 kjfj) with hi, kj ∈ A

for 1 ≤ i, j ≤ r. Let h1 = −λg−k + h̃1, whereh̃1 is an element ofA such that

the terms inh̃1 have at mostk − 1 negative powers ofg, andλ ∈ B[X]. Let

c0 = (Xg)g−kλ. Then

σ(0,c0e1)(α, β(X), p4) = (α + c0〈e1, p4〉, β(X), p4 + β(X)c0e1).

Note that if

p4 + c0β(X)e1 = (Xg)((−λg−k + h̃1 + λg−kβ(X))e1 +
r∑

i=2

hiei +
r∑

j=1

kjfj),

then the coefficient ofe1 has less negative powers ofg thenh1. Also note that

α + c0〈e1, p4〉 ≡ 1 modulo (sXg)A. Hence by induction, applying such sym-

plectic transformations one getsψ1(α, β(X), p4) = (α1, β(X), p5) with p5 ∈∑
B[X]ei +

∑
B[X]fj . Now we writep5 asp5(X). We still haveα1 ≡ 1 modulo

(sXg)A. Write Γ1 = Ψ1Θ(µ,p3)σ(h,p1). ThenΓ1(a1, a2, p) = (α1, β(X), p5(x)).

Sinceσ(d,0)(α1, β(X), p5(X)) = (α1 + β(X)d, β(X), p5(X)), for d ∈ A,

applying an appropriate such symplectic transformation sayψ2, we may assume

thatψ2(α1, β(X), p5(X)) = (α2, β(X), p5(X)), whereα2 ∈ B[X] andα2 ≡ 1
modulo (sXg)B[X]. Now, we writeα2 as α2(X). (α2(X), β(X), p5(X)) ∈
Um(A2 ⊕ P ), with α2(X), β(X) ∈ B[X], p5(X) ∈ ∑

B[X]ei +
∑

B[X]fj ,

whereβ(X) = 1 + gH, H ∈ B[X] is monic.

Sinceβ(X) = 1+g(X)H with H ∈ B[X] monic,B/(B∩(α2(X), β(X))) ↪→
A/(α2(X), β(X)) is an integral extension. Since(α2(X), β(X)) + sA = A, by

(3.4), we haveB ∩ (α2(X), β(X)) + sB = B. Therefore there existsc ∈ B such

that1− sc ∈ B ∩ (α2(X), β(X)). Then, writingb = 1, b′ = 1− sc and applying

(3.8),∃ψ3 ∈ SL2(A, sX)ESp(A ⊥ P, 〈, 〉) such thatψ3(α2(X), β(X), p5(X)) =
(α2(b′X), β(b′X), p5(b′X)). Sinceα2(X) ≡ 1 modulo(sX), we haveα2(b′X) ≡
1 modulo(sb′X). Moreover,b′ = 1 − sc ∈ B ∩ (α2(b′X), β(b′X)), and we can

evenb′ ∈ B[X]α2(b′X) + B[X]β(b′X). Therefore[α2(b′X), β(b′X)] is a uni-

modular row.
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Let ψ3 = ∆−1φ, where∆ ∈ SL2(A, sX) and φ ∈ ESp(A ⊥ P, 〈, 〉).
Let ∆(α2(b′X), β(b′X)) = (α3(X), β1(X)). Thenφ(α2(X), β(X), p5(X)) =
(α3(X), β1(X), p5(b′X)). Since∆ ∈ SL2(A, sX), α3(X) ≡ 1 modulo(sX) and

[α3(X), β1(X)] is a unimodular row. WriteΓ2 = φ◦ψ2◦Γ1 thenΓ2 ∈ ESp(A2 ⊥
P, 〈, 〉) andΓ2(a1, a2, p) = (α3(X), β1(X), p5(b′X)) with [α3(X), β1(X)] a uni-

modular row. Therefore by ([2], Lemma 4.3), there existsΦ1 ∈ ESp(A2 ⊥ P, 〈, 〉)
such thatΦ1(α3(X), β1(X), p5(b′X)) = (α3(X), β1(X), e1). Since〈e1, f1〉 = s,

we have(α3(X), e1) ∈ Um(A⊕ P ). Therefore by ([2], Lemma 4.4), there exists

a Φ2 ∈ ESp(A2 ⊥ P, 〈, 〉) such thatΦ2(α3(X), β1(X), e1) = (1, 0, 0). Take

Γ = Φ2 ◦ Φ1 ◦ Γ2. ¤

The following lemma is due to Bass ([1], Lemma 4.2).

Lemma3.10 — LetB be a ring and letA = B[X]. Let I be an ideal inA and

LX(I) = {b ∈ B : bXn + bn−1X
n−1 + . . .+ b0 ∈ I for somebn−1, . . . , b0 ∈ B}.

ThenLX(I) is an ideal andht(LX(I)) ≥ ht(I).

Corollary 3.11 — LetB be a ring of dimensiond and letA = B[X]. If I be

an ideal inA of height≥ d + 1, thenI contains a monic polynomial.

Now we prove the following lemma which we will use to prove the next result.

Lemma3.12 — LetB be a ring of dimensiond andA = B[X1, . . . , Xn, Y, 1
g ],

whereg is a monic polynomial inB[Y ]. Let I be an ideal inA of height≥ d + 1.

Then there exists an automorphismσ of A such thatσ(I) contains a polynomial of

the form1 + gH, whereH is monic polynomial inY overB[X1, . . . , Xn].

PROOF : We proceed by induction onn. First we prove the statement for

n = 0. Sinceht(I) ≥ d + 1, we can see thatI contains agK for some monic

polynomialK ∈ B[Y ]. SinceI + gA = A, applying (3.1) toB[Y ] andA with

x = g, we get1 + gh ∈ I for someh ∈ B[Y ]. Suitable combination ofgK and

1 + gh will give the required element.

Assumen ≥ 1. ConsiderLX1(I). By (3.10),ht(LX1(I)) ≥ ht(I). Therefore

by the induction hypothesis, the idealLX1(I) contains a polynomial of the form
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1 + gL for some monic polynomialL in Y overB[X2, . . . , Xn]. Therefore there

existsF (X1) ∈ I such thatF (X1) = (1 + gL)Xm
1 + g1X

m−1
1 + . . . + gm, where

gi ∈ B[X2, . . . , Xn, Y, 1
g ] for 1 ≤ i ≤ m − 1. Let φ : A → A be aB-algebra

automorphism defined by

φ(X1) = X1 + gs − g−s, for some larges,

φ(Xi) = Xi for i = 2 to n and

φ(Y ) = Y .

Choosings large enough,φ(I) contains a polynomialφ(F (X1)) which is of

the form 1
gs + . . . + Lgs+1. Clearlygsφ(F (X1)) ∈ φ(I) is a required element.

This complets the proof. ¤

For the Laurent polynomial ring (i.e.g = Y ), the following result is due to

Keshari ([6], Theorem A.7). The proof of the following result essentially follows

Keshari’s proof of ([6], Theorem A.7).

Theorem3.13— LetB be a ring of dimensiond and letA = B[X1, . . . , Xn, Y, 1
g ],

whereg ∈ B[Y ] is monic. Let(P, 〈, 〉) be a symplecticA-modules of rank2r ≥ d,

r > 0. ThenESp(A2 ⊥ P, 〈, 〉) acts transitively onUm(A2 ⊕ P ).

PROOF : Let (a1, a2, p) ∈ Um(A2 ⊕ P ). We want to show that there exists a

Γ ∈ ESp(A2 ⊥ P, 〈, 〉) such thatΓ(a1, a2, p) = (1, 0, 0).

Without loss of generality we can assume thatB is reduced. Let{e1, . . . , er,

f1, . . . , fr} ⊆ P bes-symplectic basis ofP andF be aA-submodule ofP defined

as in (3.7). LetR = B[X1 . . . , Xn].

Let F1 =
∑r

i=1 R[Y ]ei +
∑r

j=1 R[Y ]fj . Let P be generated byµ1, · · · , µl

as anA-module such that(1) the setµ1, · · · , µl containse1, · · · , er, f1, · · · , fr,

(2) sµi ∈ F1 for 1 ≤ i ≤ l and (3) 〈µi, µj〉 ∈ R[Y ] for 1 ≤ i, j ≤ l. Let

M =
∑

R[Y ]µi. SinceR[Y, 1
g ] = A, we haveMA = P andsM ⊂ F1.

Sinces ∈ B is a non-zerodivisor,B1 = B[Y, 1
g ]/(s(g − g(0))) is a ring of di-

mensiond andĀ = A/s(g − g(0))A = B1[X1, . . . , Xn]. Moreover,rk(P̄ ) ≥ d,
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where bar denote reduction modulo the ideals(g − g(0)). Therefore by Bhat-

wadekar’s result (2.1) and (2.2), there existsψ ∈ ESp(A2 ⊥ P, 〈, 〉) such that

ψ(a1, a2, p) ≡ (1, 0, 0) modulos(g − g(0))A.

Replacing(a1, a2, p) byψ(a1, a2, p), we may assume that(a1, a2, p) ≡ (1, 0, 0)
modulos(g − g(0))A. SinceP is symplectic, we haveP ∼= P ∗, therefore apply-

ing (3.2) to(a2, (a1, p)) ∈ (A ⊕ (A ⊕ P )∗), there exists(h, p1) ∈ (A ⊕ P )∗

such thatht(Aa3 + I) ≥ d + 1, where(a3, p2) = (a1 + ha2, p + a2p1) and

I = p2(P ∗) = 〈P, p2〉. Putα = a3 + 〈p1, p〉 ∈ A. Then

σ(h,p1)(a1, a2, p) = (a1 + a2h + 〈p1, p〉, a2, p + a2p1) = (α, a2, p2).

Since(a3, a2, p) ≡ (1, 0, 0) modulos(g − g(0))A, we haveα ≡ 1 modulo

s(g − g(0))A. Moreover, since〈p1, p2〉 = 〈p1, p〉 ∈ I, we have(a3, I)A =
(α, I)A. WriteJ = (α, I)A. ThenJ is an ideal ofA of height≥ d+1. By (3.12),

after a suitable change of variable, we can assume thatJ contains a polynomial of

the form1 + gH, sayγ(Y ), for some monic polynomialH ∈ R[Y ].

Let β(Y ) = a2 + γ(Y )γ1 for some suitableγ1 ∈ A such thatβ(Y ) ∈ R[Y ]
and is of the form1 + gK, for some monic polynomialK ∈ R[Y ]. Let γ1γ(Y ) =
µα + ν for someµ ∈ A andν ∈ s(g − g(0))I. SinceI = 〈P, p2〉, there exist

p3 ∈ s(g − g(0))P such thatν = − 〈p3, p2〉 = 〈p2, p3〉. Putp4 = p2 + αp3.

Then

Θ(µ,p3)(α, a2, p2) = (α, a2 + µα + 〈p2, p3〉, p2 + αp3) = (α, β(Y ), p4).

Note that,(α, p4) ≡ (1, 0) modulos(g − g(0))A.

Sinces(g − g(0))P ⊂ F , write p4 = (g − g(0))(
∑r

i=1 hiei +
∑r

j=1 kjfj)
for somehi, kj ∈ A. Let h1 = −λg−k + h̃1, whereh̃1 is an element ofA such

that the terms iñh1 have at mostk − 1 negative powers ofg andλ ∈ R[Y ]. Let

c0 = (g − g(0))g−kλ. Then

σ(0,c0e1)(α, β(Y ), p4) = (α + c0〈e1, p4〉, β(Y ), p4 + β(Y )c0e1).



386 ALPESH M. DHORAJIA

Note that if

p4+c0β(Y )e1 = (g−g(0))((−λg−k + h̃1+λg−kβ(Y ))e1+
r∑

i=2

hiei+
r∑

j=1

kjfj),

then the coefficient ofe1 has less negative powers ofg thenh1. Also note that

α + c0〈e1, p4〉 ≡ 1 modulos(g − g(0))A. Hence by induction, applying such

symplectic transformations one getsψ1(α, β(Y ), p4) = (α1, β(Y ), p5) with p5 ∈
F1. Now we writep5 asp5(Y ). We still haveα1 ≡ 1 modulos(g− g(0))A. Write

Γ1 = Ψ1Θ(µ,p3)σ(h,p1). ThenΓ1(a1, a2, p) = (α1, β(Y ), p5(Y )).

Sinceσ(d,0)(α1, β(Y ), p5(Y )) = (α1 + β(Y )d, β(Y ), p5(Y )), for d ∈ A,

applying an appropriate such transformations, sayψ2, we may assume thatψ2(α1,

β(Y ), p5(Y )) = (α2, β(Y ), p5(Y )) with α2 ∈ R[Y ] andα2 ≡ 1 modulos(g −
g(0))R[Y ]. Now, we writeα2 asα2(Y ). Sinceβ(Y ) is of the form1 + gK,

whereK ∈ R[Y ], (α2(Y ), β(Y ), p5(Y )) ∈ Um(R[Y ]2 ⊥ F1, 〈, 〉). Sinceα2 ≡ 1
modulos(g − g(0))R[Y ], we haveα2(Y ) ≡ 1 modulosY R[Y ].

Sinceβ(Y ) = 1 + gK, whereK ∈ R[Y ] monic,R/(R ∩ (α2(Y ), β(Y ))) ↪→
A/(α2(Y ), β(Y )) is an integral extension. Since(α2(Y ), β(Y )) + sA = A, by

(3.4), we haveR ∩ (α2(Y ), β(Y )) + sR = R. Therefore there existsc ∈ R

such that1 − sc ∈ R ∩ (α2(Y ), β(Y )). Recall thatsM ⊂ F1. Therefore,

writing b = 1, b′ = 1 − sc and applying ([2], Proposition 4.7), there exists

ψ3 ∈ SL2(R[Y ], sY )ESp(R[Y ]2 ⊥ M, 〈, 〉) such thatψ3(α2(Y ), β(Y ), p5(Y ))
= (α2(b′Y ), β(b′Y ), p5(b′Y )). Sinceα2(Y ) ≡ 1 modulo sY R[Y ], we have

α2(b′Y ) ≡ 1 modulo(sb′Y )R[Y ]. Moreoverb′ = 1−cs ∈ B∩(α2(b′Y ), β(b′Y )).
Therefore[α2(b′Y ), β(b′Y )] is a unimodular row.

Let ψ3 = ∆−1φ, where∆ ∈ SL2(R[Y ], sY ) andφ ∈ E(R[Y ]2 ⊥ M, 〈, 〉).
Let ∆(α2(b′Y ), β(b′Y )) = (α3(Y ), β1(Y )). Then

φ(α2(b′Y ), β(b′Y ), p5(Y )) = (α3(Y ), β1(Y ), p5(b′Y )).

Since∆ ∈ SL2(R[Y ], sY ), we haveα3(Y ) ≡ 1 modulo (sY )R[Y ] and

[α3(Y ), β1(Y )] is a unimodular row. WriteΓ2 = (φ⊗A)ψ2Γ1 thenΓ2 ∈ ESp(A2 ⊥



SYMPLECTIC MODULES OVER OVERRINGS 387

P, 〈, 〉) andΓ2(a1, a2, p) = (α3(Y ), β1(Y ), p5(b′Y )) with [α3(Y ), β1(Y )] a uni-

modular row. Therefore by ([2], Lemma 4.3), there existsΦ1 ∈ ESp(A2 ⊥ P, 〈, 〉)
such thatΦ1(α3(Y ), β1(Y ), p5(b′Y )) = (α3(Y ), β1(Y ), e1). Since〈e1, f1〉 = s,

we have(α3(Y ), e1) is an element ofUm(A⊕P ). Therefore by ([2], Lemma 4.4),

there exist aΦ2 ∈ ESp(A2 ⊥ P, 〈, 〉) such thatΦ2(α3(X), β1(X), e1) = (1, 0, 0).
Let Γ = Φ2 ◦ Φ1 ◦ Γ2. ¤

4. PROJECTIVEMODULES OVER OVERRINGS OFTWO-DIMENSIONAL RINGS

We begin by stating the following result which is similar to ([2], Lemma 5.2) and

whose proof is essentially contained in ([2], Lemma 5.2).

Lemma4.1 — LetB be a ring of dimension2 and letA = B[X1, . . . , Xn, Y, 1
g ],

whereg is a monic polynomial inB[Y ]. LetP andQ be two projectiveA-modules

of rank2 having trivial determinant such thatAn ⊕ P ∼= An ⊕Q. Let ωP andωQ

be generators of∧2(P ) and∧2(Q) respectively. IfA2 is cancellative then there

exist co-maximal idealsI andI1 of A with ht(I) = 2 and ht(I1) = 2 or I1 = A,

there exist surjectionsα : P ³ I andβ : Q ³ I ∩ I1 and there existθ : A2 ³ I1

and isomorphismsδ : Q/IQ → P/IP andδ1 : Q/I1Q → (A/I1)2 such that

(i) (α⊗A/I)δ = β ⊗A/I.

(ii) (θ ⊗A/I1)δ1 = β ⊗A/I1.

(iii) ∧2(δ)(ωQ ⊗A/I) = ωP ⊗A/I.

(iv) ∧2(δ1)(ωQ ⊗A/I1) = (e1 ∧ e2)⊗A/I1, wheree1 = (1, 0), e2 = (0, 1).

Now we state the following result whose proof is implicit in ([4], Theorem 7.2)

and ([2], Proposition 5.3).

Proposition4.1 — LetA be a ring and letP be a projectiveA-module of rank

2 with trivial determinant. LetωP be a generator of∧2(P ). Let α : P ³ I

andθ : A2 ³ I1 be surjections, whereI andI1 are ideals of height2 which are

co maximal. Then there exists a projectiveA-moduleP1 of rank 2 with trivial
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determinant, a generatorω1 of ∧2(P1), a surjectionβ1 : P1 ³ I ∩ I1 and maps

λ1 : P1 → P andλ2 : P1 → A2 such that

(i) αλ1 = β1 = θλ2.

(ii) ∧2λ1(ω1) = uωP with u− 1 ∈ I.

(iii) ∧2λ2(ω1) = ν(e1 ∧ e2) with ν − 1 ∈ I1, wheree1 = (1, 0), e2 = (0, 1).

(iv) (A2, (e1 ∧ e2)) ⊥ (P, ωP ) ∼= (A2, e1 ∧ e2) ⊥ (P1, ω1).

For the Laurent polynomial ring (i.e.g = Y ), the following result is due to

Keshari ([6], Theorem A.7). The proof closely follows ([6], Theorem A.7).

Theorem4.3— LetB be a ring of dimension2 andA = B[X1, . . . , Xn, Y, 1
g ],

whereg is a monic polynomial inB[Y ]. LetP be a projectiveA-module of rank2
with trivial determinant. IfA2 is cancellative, thenP is cancellative.

PROOF : Let Q be a projectiveA-module of rank2 such thatA⊕P ∼= A⊕Q.

We want to show thatP ∼= Q. ChooseI, I1, β, θ, δ andδ1 as in (4.1). Choose

correspondingP1, ω1, β1, λ1 andλ2 as in (4.2). By (3.13), the symplectic modules

(P, ωP ) and(P1, ω1) are isomorphic.

Let K = I ∩ I1. Then we have surjectionsβ1 : P1 ³ K andβ : Q ³ K. Let

Γ̃ : P1/KP1→̃Q/KQ be an isomorphism defined asΓ̃⊗ A/I = δ−1(λ1 ⊗ A/I)
andΓ̃⊗A/I1 = δ−1

1 (λ2⊗A/I2). Then it is easy to see that∧2(Γ̃)(ω1⊗A/K) =
ωQ ⊗ A/K and(β ⊗ A/K)Γ̃ = β1 ⊗ A/K. Therefore, by ([2], Lemma 3.5), the

symplectic modules(P1, ω1) and(Q,ωQ) are isomorphic. Hence there exists an

isomorphism∆ : P→̃Q such that∧2(∆)(ωP ) = ωQ. ¤

Proposition4.4 — LetB be a smooth affine domain of dimension2 over an

algebraically closed fieldk of characteristic0. Let A = B[X1, . . . , Xn, Y, 1
f ],

wheref is a monic polynomial inB[Y ]. ThenA2 is cancellative.

PROOF : Takef instead ofY in the proof of ([6], Proposition A.9). ¤

As an application of (4.3), we get the following result, which is proved in ([5],
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Corollary 4.4).

Corollary 4.5 — Let B be a smooth affine domain of dimension2 over an

algebraically closed fieldk of characteristic0. Let A = B[X1, . . . , Xn, Y, 1
f ],

wheref is a monic polynomial inB[Y ]. Then every projectiveA-module of rank

2 with trivial determinant is cancellative.
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