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The paper investigated the dynamical behaviors of a two-species discrete
ratio-dependent predator-prey system. The local stability of the equilibria
is obtained by using the linearization method. Further, a new sufficient con-
dition on the global asymptotic stability of the positive equilibrium is estab-
lished by using an iteration scheme and the comparison principle of differ-
ence equations.
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1. INTRODUCTION

In recent years, the discrete-time population dynamical models described by dif-
ference equations are widely investigated. The reasons are as follows: Firstly,
the discrete-time systems are more appropriate than the continuous-time systems

1Supported by The National Natural Science Foundation of P. R. China [10961022, 10901130].
The Scientific Research Programmes of Colleges in Xinjiang [XJEDU2007G01, XJEDU2006I05,
XJEDU2008S10].



2 GUANGYE CHEN, ZHIDONG TENG AND ZENGYUN HU

when populations have non-overlapping generations or the number of population is
small. Secondly, we can get more accurate numerical simulations results from the
discrete-time systems. Moreover, the numerical simulations of the continuous-time
systems is got according to discretize the system. At last, the discrete-time models
have more wealthy dynamical behaviors, for example, the single-species discrete-
time models have bifurcations, chaos and more complex dynamical behaviors.

We see that two species discrete-time predator-prey dynamical models have
been extensively investigated. The main studied subjects are the dynamical be-
haviors, such as, the local and global stability of the equilibria, the persistence,
permanence and extinction of species, the existence of positive periodic solutions
and positive almost periodic solutions, the bifurcation and chaos phenomenon, etc.,
Many important and interesting results can be found in [1-3,5-22,24-31] and the
references cited therein.

Particularly, the discrete two-species predator-prey systems with ratio-dependent
functional responses are studied in [6-8, 10, 18, 25, 28]. Fan and Li in [6] dis-
cussed the permanence of species for a delayed discrete ratio-dependent predator-
prey system with Holling type functional response. Fan and Wang in [7] studied
the existence of periodic solutions for the discrete nonautonomous ratio-dependent
predator-prey systems. Fazly and Hesaaraki in [8] considered the existence of
periodic solutions for a discrete semi-ratio-dependent predator-prey system with
monotone functional responses. In [10], Hu and Zhang studied the existence of
four positive periodic solutions for a discrete ratio-dependent delayed predator-
prey system with nonmonotonic functional response and harvesting. In [18], Liu
discussed the existence of periodic solutions for the nonautonomous discrete semi-
ratio-dependent predator-prey systems. In [25], Xia, Cao and Lin discussed the
existence of periodic solutions for the discrete ratio-dependent predator-prey mod-
els with monotonic or nonmonotonic functional responses. In [28], Yang and Li
studied the permanence of species for a delayed discrete ratio-dependent predator-
prey model with monotonic functional responese.

However, from the above articles we see that the study on the global stability of
positive equilibrium for two species discrete-time predator-prey dynamical models,
up to now, is few. Therefore, in this paper we discuss the following discrete-time
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ratio-dependent predator-prey system:




x(n + 1) = x(n) exp
(
a− bx(n)− cy(n)

x(n) + my(n)
)

y(n + 1) = y(n) exp
(− d +

fx(n)
x(n) + my(n)

)
.

(1)

We will study the dynamical behaviors of system (1). Exactly, we will discuss
the stability problems of equilibria of system (1). Firstly, we will establish the
criteria on the existence and local asymptotic stability of equilibria for system (1)
by using the linear approximation method. Next, we will establish the sufficient
condition on the positive equilibrium for system (1) by using the iterative scheme
method and the comparison principle of difference equations. Lastly, we present
some examples and the numerical simulations to illustrate our results.

The paper is organized as follows. In Section 2, as preliminaries, some useful
lemmas are given. In Section 3, we will study the existence and local stability of
nonnegative equilibria of system (1). In Section 4, we will prove that the posi-
tive equilibrium of system (1) is global asymptotically stable. In Section 5, the
numerical simulations on the local stability and global stability of equilibria are
given.

2. PRELIMINARIES

Firstly, we assume initial valuex(0) > 0 andy(0) > 0 for any solution(x(n), y(n))
of system (1) and all parametersa, b, c, m, d andf are positive constants. It is clear
that any solution(x(n), y(n)) of system (1) is defined onZ+ and always remain
positive, whereZ+ denotes the set of all nonnegative integers.

In this section, we introduce some auxiliary lemmas which will be useful in the
following.

It is clear that the equilibria of system (1) satisfying the following equations:




x = x exp
(
a− bx− cy

x + my

)

y = y exp
(− d +

fx

x + my

)
.

By a simple computation, we directly obtain the following results.
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Lemma1 — (1) System (1) always has two equilibriaE0(0, 0) andE1(a
b , 0).

(2) If R0 > 1 andf > d, then system (1) has three equilibriaE0(0, 0), E1(a
b , 0)

and a unique positive equilibriumE+(x∗, y∗), whereR0 = amf
c(f−d) and

x∗ =
amf − c(f − d)

bmf
, y∗ =

(f − d)[amf − c(f − d)]
bdm2f

.

Further, we need the following lemma, which can be easily proved by the rela-
tions between roots and coefficients of a quadratic equation.

Lemma2 — LetF (λ) = λ2 + pλ + q, wherep andq are constants. Suppose
F (1) > 0 andλ1, λ2 are two roots ofF (λ) = 0. Then

(1) |λ1| < 1 and|λ2| < 1 if and only if F (−1) > 0 andq < 1;

(2) |λ1| < 1 and|λ2| > 1 if and only if F (−1) < 0;

(3) |λ1| > 1 and|λ2| > 1 if and only if F (−1) > 0 andq > 1;

(4) λ1 = −1 and|λ2| 6= 1 if and only if F (−1) = 0,p 6= 0, 2;

(5) λ1 andλ2 are the conjugate complex roots and|λ1| = |λ2| = 1 if and only
if p2 − 4q < 0 andq = 1.

Here, letλ1 andλ2 are the two roots of equationF (λ) = λ2 + pλ + q = 0, we
have the following definitions.

(1) If |λ1| < 1 and |λ2| < 1, thenE(x, y) is called a sink and is locally
asymptotic stable;

(2) If |λ1| > 1 and|λ2| > 1, thenE(x, y) is called a source and is unstable;

(3) If |λ1| > 1 and|λ2| < 1 (or |λ1| < 1 and|λ2| > 1), thenE(x, y) is called
a saddle and is unstable;

(4) If either|λ1| = 1 or |λ2| = 1, thenE(x, y) is called non-hyperbolic.

Lemma3 — Let functionf(u) = u exp(α− βu), whereα andβ are positive
constants. Ifα ≤ 1, thenf(u) is nondecreasing onu ∈ (0, 1

β ].

Lemma4 — Assume that sequence{u(n)} satisfies

u(n + 1) = u(n) exp(α− βu(n)), n = 1, 2, · · · ,
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whereα andβ are positive constants andu(0) > 0. We have

(i) if α < 2, thenlimn→∞ u(n) = α
β .

(ii) if α ≤ 1, thenu(n) ≤ 1
β for all n = 2, 3, · · · .

PROOF : Conclusion (i) is proved in [4]. Since

u(n + 1) = u(n) exp(α− βu(n))

= u(n) exp(α(1− β

α
u(n)))

≤ exp(α− 1)
β

≤ 1
β

, n = 1, 2, · · · ,

conclusion (ii) is proved. This completes the proof.

Lemma5 — Let sequence{y(n)} satisfy

y(n + 1) = y(n) exp(−d +
fk

k + my(n)
), n = 1, 2, · · · ,

whered, f , k andm are positive constants. Ifd < f < 4 andy(0) > 0, then
limn→∞ y(n) = k(f−d)

md .

PROOF : Let function

f(x) = x exp(−d +
fk

k + mx
),

then

f ′(x) =
(
1− fkmx

(k + mx)2
)
exp(−d +

fk

k + mx
).

Obviously, whenx > 0

f ′(x) ≥ (
1− f

4
)
exp(−d +

fk

k + mx
) > 0.

Let x̄ = k f−d
md . When0 < x < x̄, we havef(x) < f(x̄) = x̄ and

f(x) > x exp(−d +
fk

k + mx̄
) = x.
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Whenx > x̄, we havef(x) > f(x̄) = x̄ and

f(x) < x exp(−d +
fk

k + mx̄
) = x.

It follows from [4, Theorem 2.7], we finally obtain

lim
n→∞ y(n) =

k(f − d)
md

.

This completes the proof.

Lemma6 — Let function

f(x) = x exp(−d +
fk

mx + k
),

whered, f , m andk are positive constants. Iff ≤ 4, thenf(x) is nondecreasing
with respect tox > 0.

The proof of Lemma 6 is simple and hence we omit it here.

Lemma7 — (see [23]) Suppose that functionsf, g : Z+ × [0,∞) → [0,∞)
satisfyf(n, x) ≤ g(n, x) (f(n, x) ≥ g(n, x)) for n ∈ Z+ andx ∈ [0,∞) and
g(n, x) is nondecreasing with respect tox > 0. If sequences{x(n)} and{u(n)}
are the nonnegative solutions of the following difference equations

x(n + 1) = f(n, x(n)), u(n + 1) = g(n, u(n)), n = 0, 1, 2, · · · ,

respectively, andx(0) ≤ u(0)(x(0) ≥ u(0)), then we have

x(n) ≤ u(n) (x(n) ≥ u(n)) for all n ≥ 0.

3. LOCAL STABILITY

In this section, we study the local stability of the equilibria by the eigenvalues of
the variational matrix of system (1) at the equilibria.

Firstly, by a simple computation, we directly obtain that equilibriumE0(0, 0)
is a saddle.

For equilibriumE1(a
b , 0), the variational matrixJ(E1) is

J(E1) =
(

1− a −c
0 exp(f − d)

)
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and the corresponding eigenvalues areλ1 = 1−a andλ2 = exp(f−d). Therefore,
we have the following result.

Theorem1 — (1) E1(a
b , 0) is a sink if0 < a < 2 andf < d;

(2) E1(a
b , 0) is a source ifa > 2 andf > d;

(3) E1(a
b , 0) is a saddle ifa > 2 andf < d or 0 < a < 2 andf > d;

(4) E1(a
b , 0) is not hyperbolic if eithera = 2 or f = d.

The variational matrixJ(E+) of system (1) at equilibriumE+(x∗, y∗) is

J(E+) =




1− a +
c(f − d)

mf
+

cd(f − d)
mf2

−cd2

f2

(f − d)2

mf
1− d +

d2

f




The corresponding characteristic equation can be written as

F (λ) = λ2 + pλ + q = 0, (2)

where

p = −2 + a + d− d2

f
− c(f − d)

mf
− cd(f − d)

mf2

and

q = 1− d +
d2

f
− a(1− d +

d2

f
) +

c(f − d)(f + d− df + d2)
mf2

.

On the local stability ofE+(x∗, y∗), we have the following result.

Theorem2 — If R0 > 1, then we have

(1) E+(x∗, y∗) is a sink if one of the following conditions holds:

(a) 1− d + d2

f > 0 andt2 < a < t1;

(b) 2− d + d2

f < 0 andt1 < a < t2;

(c) 1− d + d2

f < 0 < 2− d + d2

f anda < min{t1, t2};

(d) 2− d + d2

f = 0 anda < t2;
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(e) 1− d + d2

f = 0, cd(f−d)
mf2 < 1 anda < t1,

where

t1 = 2 +
c(f − d)(2f + 2d + d2 − df)

mf2(2− d + d2

f )
, 2− d +

d2

f
6= 0

and

t2 =
−d + d2

f

1− d + d2

f

+
c(f − d)(f + d + d2 − df)

mf2(1− d + d2

f )
, 1− d +

d2

f
6= 0.

(2) E+(x∗, y∗) is a source if one of the following conditions holds:

(a) 1− d + d2

f > 0 anda < min{t1, t2};

(b) 2− d + d2

f < 0 anda > max{t1, t2};

(c) 1− d + d2

f < 0 < 2− d + d2

f andt2 < a < t1;

(d) 2− d + d2

f = 0 anda > t2;

(e) 1− d + d2

f = 0, cd(f−d)
mf2 > 1 anda < t1.

(3) E+(x∗, y∗) is non-hyperbolic if one of the following conditions holds:

(a) 2− d + d2

f 6= 0, a = t1 anda 6= t3, t4;

(b) 1− d + d2

f 6= 0, a = t2 andt5 < a < t4;

(c) 1− d + d2

f = 0, cd(f−d)
mf2 = 1 andt5 < a < t4,

where

t3 = 2− d +
d2

f
+

c(f − d)
mf

+
cd(f − d)

mf2
, t4 = t3 + 2, t5 = t3 − 2.

(4) E+(x∗, y∗) is a saddle if one of the following conditions holds:

(a) 2− d + d2

f > 0 anda > t1;

(b) 2− d + d2

f < 0 anda < t1.

PROOF : Here, we only prove conclusion (1) of Theorem 2. The other conclu-
sions of Theorem 2 can be similarly proved.
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From (2), by simply computation we have

F (1) =
cd(f − d)

mf

(amf

c
− (f − d)

)
> 0

and

F (−1) = 2(2− d +
d2

f
)− a(2− d +

d2

f
) +

c(f − d)(2f + 2d− df + d2)
mf2

.

Obviously, we have thatF (−1) = 0 whena = t1 andq = 0 whena = t2. We see
that there are only five cases should be considered in the following.

Case(1) : 1− d + d2

f = 0. Then2− d + d2

f > 0 and

q =
c(f − d)(f + d− df + d2)

mf2
=

cd(f − d)
mf2

.

If cd(f−d)
mf2 < 1 anda < t1, then we haveq < 1 andF (−1) > 0. Therefore, if

condition(e) holds, then from Lemma 2 we have thatE+(x∗, y∗) is a sink.

Case(2) : 2− d + d2

f = 0. Then1− d + d2

f < 0. Obviously,

F (−1) =
c(f − d)(2f + 2d− df + d2)

mf2
> 0.

If a < t2, then we can obtainq < 1. Therefore, if condition(d) holds, then
from Lemma 2 we haveE+(x∗, y∗) is a sink.

Case(3) : 1− d + d2

f > 0. Then2− d + d2

f > 0. If t2 < a < t1, then we can
obtainq < 1 andF (−1) > 0. Therefore, if condition(a) holds, then from Lemma
2 we haveE+(x∗, y∗) is a sink.

Case(4) : 1− d + d2

f < 0 and2− d + d2

f > 0. If a < t2, then we haveq < 1.
If a < t1, then we can obtainF (−1) > 0. Therefore, if condition(c) holds, then
from Lemma 2 we haveE+(x∗, y∗) is a sink.

Case(5) : 2− d + d2

f < 0. Then1− d + d2

f < 0. If t2 < a < t1, then we can
obtainq < 1 andF (−1) > 0. Therefore, if condition(b) holds, then from Lemma
2 we haveE+(x∗, y∗) is a sink.

This complete the proof of Theorem 2.
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4. GLOBAL STABILITY

In this section,we derive sufficient conditions which guarantee that the positive
equilibrium of system (1) is globally stable. The technique of proofs is to use an
iteration scheme.

Theorem3 — Assumed < f < 4 and c
m < a ≤ 1. Then equilibrium

E+(x∗, y∗) of system (1) is globally asymptotically stable provided that one of
following conditions holds:

(H1) f ≤ 2d;

(H2) f > 2d anda ≥ c
m(1 + d(f−2d)

f2 ).

PROOF : Let (x(n), y(n)) be any solution of system (1) with initial value
x(0) > 0 andy(0) > 0. Let

U1 = lim sup
n→∞

x(n), V1 = lim inf
n→∞ x(n)

and
U2 = lim sup

n→∞
y(n), V2 = lim inf

n→∞ y(n).

We now claim thatU1 = V1 = x∗ andU2 = V2 = y∗.

From the first equation of system (1) we obtain

x(n + 1) ≤ x(n) exp(a− bx(n)), n = 0, 1, 2, · · · .

Consider the auxiliary equation

u(n + 1) = u(n) exp(a− bu(n)), (3)

from a ≤ 1, by conclusion (ii) of Lemma 4, we have thatu(n) ≤ 1
b for all n ≥ 2,

whereu(n) is any solution of equation (3) with initial valueu(0) > 0. From
Lemma 3, we havef(u) = u exp(a− bu) is nondecreasing foru ∈ (0, 1

b ].

Hence, from Lemma 7 we obtainx(n) ≤ u(n) for all n ≥ 2, whereu(n) is
the solution of equation (3) withu(2) = x(2). By conclusion (i) of Lemma 4, we
further obtain

U1 = lim sup
n→∞

x(n) ≤ lim
n→∞u(n) =

a

b
:= Mx

1 .
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Hence, for anyε > 0 sufficiently small, there is aN1 > 2 such that ifn ≥ N1,
thenx(n) ≤ Mx

1 + ε.

From the second equation of system (1) we have

y(n + 1) ≤ y(n) exp(−d +
f(Mx

1 + ε)
(Mx

1 + ε) + my(n)
), n ≥ N1.

Consider the auxiliary equation

u(n + 1) = u(n) exp(−d +
f(Mx

1 + ε)
(Mx

1 + ε) + mu(n)
), (4)

from f < 4, by Lemma 6 we havef(u) = u exp(−d + f(Mx
1 +ε)

(Mx
1 +ε)+mu) is nonde-

creasing with respect tou > 0. Hence, from Lemma 7 we obtainy(n) ≤ u(n) for
all n ≥ N1, whereu(n) is the solution of equation (4) withu(N1) = y(N1). From
Lemma 5 we obtain

U2 = lim sup
n→∞

y(n) ≤ lim
n→∞u(n) =

(f − d)(Mx
1 + ε)

md
.

From arbitrariness ofε > 0, we concludeU2 ≤ My
1 , where

My
1 =

(f − d)
md

Mx
1 .

Hence, for anyε > 0 sufficiently small, there is aN2 > N1 such that if
n ≥ N2, theny(n) ≤ My

1 + ε.

From the first equations of system (1) we further have

x(n + 1) ≥ x(n) exp(a− bx(n)− c

m
), n ≥ N2.

Consider the auxiliary equation

u(n + 1) = u(n) exp(a− bu(n)− c

m
), (5)

from 0 < a − c
m < 1, by conclusion (ii) of Lemma 4, we haveu(n) ≤ 1

b for all
n ≥ N2, whereu(n) is any solution of equation (5) with initial valueu(0) > 0.
From Lemma 3, we havef(u) = u exp(a − bu − c

m) is nondecreasing foru ∈
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(0, 1
b ]. Hence from Lemma 7 we havex(n) ≥ u(n) for all n ≥ N2, whereu(n) is

the solution of equation (5) withu(N2) = x(N2). From conclusion (i) of Lemma
4 we obtain

V1 = lim inf
n→∞ x(n) ≥ lim

n→∞u(n) =
1
b
(a− c

m
).

From the arbitrariness ofε > 0, we concludeV1 ≥ Nx
1 , where

Nx
1 =

1
b
(a− c

m
).

Hence, forε > 0 sufficiently small there is aN3 > N2 such that ifn ≥ N3,
thenx(n) ≥ Nx

1 − ε.

From the second equations of system (1) we further obtain

y(n + 1) ≥ y(n) exp(−d +
f(Nx

1 − ε)
(Nx

1 − ε) + my(n)
), n ≥ N3.

Consider the auxiliary equation

u(n + 1) = u(n) exp(−d +
f(Nx

1 + ε)
(Nx

1 + ε) + mu(n)
), (6)

from f < 4, from Lemma 6 we havef(u) = u exp(−d + f(Nx
1 +ε)

(Nx
1 +ε)+mu) is nonde-

creasing with respect tou > 0. Hence, from Lemma 7 we obtainy(n) ≥ u(n) for
n ≥ N3, whereu(n) is the solution of equation (6) withu(N3) = y(N3). From
Lemma 5 we obtain

V2 = lim inf
n→∞ y(n) ≥ lim

n→∞u(n) =
(f − d)(Nx

1 − ε)
md

.

From the arbitrariness ofε > 0, we concludeV2 ≥ Ny
1 , where

Ny
1 =

(f − d)
md

Nx
1 .

Hence, forε > 0 sufficiently small there is aN4 > N3 such that ifn > N4,
theny(n) ≥ Ny

1 − ε.
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Further, from the first equations of system (1) we obtain

x(n + 1) ≤ x(n) exp(a− c(Ny
1 − ε)

Mx
1 + m(Ny

1 − ε)
− bx(n)), n ≥ N3.

Consider the auxiliary equation

u(n + 1) = u(n) exp(a− c(Ny
1 − ε)

Mx
1 + m(Ny

1 − ε)
− bu(n)),

since0 < a− c(Ny
1−ε)

Mx
1 +m(Ny

1−ε)
< 1, a similar argument as in above, we can obtain

U1 = lim sup
n→∞

x(n) ≤ lim
n→∞u(n) =

1
b
(a− c(Ny

1 − ε)
Mx

1 + m(Ny
1 − ε)

).

From arbitrariness ofε > 0, we concludeU1 ≤ Mx
2 , where

Mx
2 =

1
b

(
a− cNy

1

Mx
1 + mNy

1

)
.

Hence, for anyε > 0 sufficiently small there is aN5 > N4 such that ifn ≥ N5,
thenx(n) ≤ Mx

2 + ε.

From the second equations of system (1) we further obtain

y(n + 1) ≤ y(n) exp(−d +
f(Mx

2 + ε)
(Mx

2 + ε) + my(n)
), n ≥ N5.

Consider the auxiliary equation

u(n + 1) = u(n) exp(−d +
f(Mx

2 + ε)
(Mx

2 + ε) + mu(n)
),

sincef < 4, a similar argument as in above, we can obtain

U2 = lim sup
n→∞

y(n) ≤ lim
n→∞u(n) =

(f − d)(Mx
2 + ε)

md
.

From the arbitrariness ofε > 0, we concludeU2 ≤ My
2 , where

My
2 =

(f − d)
md

Mx
2 .
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Hence, forε > 0 sufficiently small there is aN6 > N5 such that ifn ≥ N6,
y(n) ≤ My

2 + ε.

From the first equations of system (1) we have

x(n + 1) ≥ x(n) exp
(
a− bx(n)− c(My

2 + ε)
Nx

1 + m(My
2 + ε)

)
, n ≥ N6.

Consider the auxiliary equation

u(n + 1) = u(n) exp(a− bu(n)− c(My
2 + ε)

Nx
1 + m(My

2 + ε)
),

since0 < a− c(My
2 +ε)

Nx
1 +m(My

2 +ε)
< 1, similarly to the above discussion, we can obtain

V1 = lim inf
n→∞ x(n) ≥ lim

n→∞u(n) =
1
b
(a− c(My

2 + ε)
Nx

1 + m(My
2 + ε)

).

From the arbitrariness ofε > 0, we concludeV1 ≥ Nx
2 , where

Nx
2 =

1
b

(
a− cMy

2

Nx
1 + mMy

2

).

Hence, for anyε > 0 sufficiently small there is aN7 > N6 such that ifn ≥ N7,
x(n) ≥ Nx

2 − ε.

From the second equations of system (1) we further obtain

y(n + 1) ≥ y(n) exp(−d +
f(Nx

2 − ε)
(Nx

2 − ε) + my(n)
), n ≥ N7.

Consider the auxiliary equation

u(n + 1) = u(n) exp(−d +
f(Nx

2 + ε)
(Nx

2 + ε) + mu(n)
),

sincef < 4, a similar argument as in above, we further obtain

V2 = lim inf
n→∞ y(n) ≥ (f − d)(Nx

2 − ε)
md

.
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From the arbitrariness ofε > 0, we concludeV2 ≥ Ny
2 , where

Ny
2 =

(f − d)
md

Nx
2 .

Continuing the above process, we can finally obtain four sequences{Mx
n},

{Nx
n}, {My

n} and{Ny
n} such that

Mx
n =

1
b

(
a− cNy

n−1

Mx
n−1 + mNy

n−1

)
, My

n =
f − d

md
Mx

n (7)

and

Nx
n =

1
b

(
a− cMy

n

Nx
n−1 + mMy

n

)
, Ny

n =
f − d

md
Nx

n . (8)

Clearly, we have

Nx
n ≤ V1 ≤ U1 ≤ Mx

n , Ny
n ≤ V2 ≤ U2 ≤ My

n . (9)

Now, we prove{Mx
n} and {My

n} are monotonically decreasing,{Nx
n} and

{Ny
n} are monotonically increasing, by means of inductive method.

Firstly, it is clear thatMx
2 ≥ Mx

1 , My
2 ≥ My

1 , Nx
2 ≤ Nx

1 andNy
2 ≤ Ny

1 . For
n = k (k ≥ 2), we assumeMx

k ≤ Mx
k−1 andNx

k ≥ Nx
k−1, then we further have

My
k =

f − d

md
Mx

k ≤
f − d

md
Mx

k−1 = My
k−1 (10)

and

Ny
k =

f − d

md
Nx

k ≥
f − d

md
Nx

k−1 = Ny
k−1. (11)

From (10) and (11) we obtain

Mx
k+1 =

1
b

(
a− cNy

k

Mx
k + mNy

k

) ≤ 1
b
(a− cNy

k−1

Mx
k−1 + mNy

k−1

) = Mx
k .

Further from (8) and (11) we obtain

Nx
k+1 =

1
b

(
a− cMy

k+1

Nx
k + mMy

k+1

) ≥ 1
b
(a− cMy

k

Nx
k−1 + mMy

k

) = Nx
k .
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Consequently,

My
k+1 =

f − d

md
Mx

k+1 ≤
f − d

md
Mx

k = My
k

and

Ny
k+1 =

f − d

md
Nx

k+1 ≥
f − d

md
Nx

k = Ny
k .

Therefore,{Mx
n} and{My

n} are monotonically decreasing,{Nx
n} and{Ny

n}
are monotonically increasing. Let

lim
n→∞Nx

n = y0, lim
n→∞Mx

n = x0, (12)

then

lim
n→∞Ny

n =
f − d

md
y0, lim

n→∞My
n =

f − d

md
x0. (13)

Takingn →∞ in (7) and (2), from (12) and (13) we obtain





(a− by0)(y0 +
f − d

d
x0) =

c(f − d)
md

x0

(a− bx0)(x0 +
f − d

d
y0) =

c(f − d)
md

y0.

and
a− c

m

b
≤ y0 ≤ x0 ≤ a

b
.

We consider the following equations





(a− bu)(u +
f − d

d
v) =

c(f − d)
md

v

(a− bv)(v +
f − d

d
u) =

c(f − d)
md

u,

a− c
m

b
≤ v ≤ u ≤ a

b
.

(14)

It is clear that(x∗, x∗) is a solution of equation (14), we claim(x∗, x∗) is a
unique solution of equation (14).



A DISCRETE RATIO-DEPENDENT PREDATOR-PREY SYSTEM 17

Assume that there exists(u1, v1) 6= (x∗, x∗) such that





(a− bu1)(u1 +
f − d

d
v1)− c(f − d)

md
v1 = 0

(a− bv1)(v1 +
f − d

d
u1)− c(f − d)

md
u1 = 0,

a− c
m

b
≤ v1 ≤ u1 ≤ a

b
.

(15)

Sincev1 ≤ u1, from the first equation of (15), we have

(a− bu1) =
c(f−d)

md v1

u1 + f−d
d v1

≤
c(f−d)

md u1

u1 + f−d
d u1

=
c(f − d)

mf
,

thenu1 ≥
a− c(f−d)

mf

b = x∗. By the same way, we can obtainv1 ≤ x∗. Hence,

a− c
m

b
≤ v1 ≤

a− c(f−d)
mf

b
≤ u1 ≤ a

b
.

Expanding two equations of (15) we have

au1 − bu2
1 +

a(f − d)
d

v1 − b(f − d)
d

u1v1 − c(f − d)
md

v1 = 0 (16)

and

av1 − bv2
1 +

a(f − d)
d

u1 − b(f − d)
d

u1v1 − c(f − d)
md

u1 = 0. (17)

From (16) and (17) we have

a(u1 − v1)− b(u2
1 − v2

1) + a
f − d

d
(v1 − u1)− c(f − d)

md
(v1 − u1) = 0.

If u1 = v1, then from (14) we haveu1 = v1 = x∗. Hence,u1 6= v1. Consequently,
we can obtain

a− b(u1 + v1)− a
f − d

d
+

c(f − d)
md

= 0.

Let t∗ = u1 + v1, then we have

t∗ =
a− af−d

d + c(f−d)
md

b
.
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On the other hand, from (16) and (17) we have

a(u1+v1)−b(u2
1+v2

1)+a
f − d

d
(v1+u1)−2b(f − d)

d
u1v1−c(f − d)

md
(v1+u1) = 0,

then we further obtain

b(f − 2d)
d

u1v1 = (a− c

m
)
f − d

d
t∗. (18)

If f < 2d, then from (18) we haveu1v1 < 0 which leads to a contradiction
with (15).

If f = 2d, then from (18) we have(a − c
m)f−d

d t∗ = 0 which leads to a
contradiction.

If f > 2d, then from (18) andv1 = t∗ − u1 we have

b(f − 2d)u2
1 − b(f − 2d)t∗u1 + (a− c

m
)(f − d)t∗ = 0 (19)

This shows thatu1 is a real root of equation (19). Hence, we obtain

(b(f − 2d)t∗)2 − 4b(f − 2d)(a− c

m
)(f − d)t∗ ≥ 0.

Solving equation (19), we obtain

u1 =
b(f − 2d)t∗ ±√

(b(f − 2d)t∗)2 − 4b(f − 2d)(a− c
m)(f − d)t∗

2b(f − 2d)
.

When

(b(f − 2d)t∗)2 − 4b(f − 2d)(a− c

m
)(f − d)t∗ = 0,

we haveu1 = t∗
2 . It follows thatv1 = u1, which leads to a contradiction. When

(b(f − 2d)t∗)2 − 4b(f − 2d)(a− c

m
)(f − d)t∗ > 0,

that is,

b(f − 2d)t∗(a− c

m
− cd(f − 2d)

mf2
) > 0,
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consequently,

a <
c

m
+

cd(f − 2d)
mf2

This is a contradiction to(H2). Therefore, we have

lim
n→∞Mx

n = x0 = x∗, lim
n→∞Nx

n = y0 = x∗

and

lim
n→∞My

n =
f − d

md
x∗ = y∗, lim

n→∞Ny
n =

f − d

md
x∗ = y∗.

It follows from (9) that

U1 = V1 = x∗, U2 = V2 = y∗.

Thus, we finally obtain

lim
n→∞x(n) = x∗, lim

n→∞ y(n) = y∗

which shows that equilibriumE+(x∗, y∗) is globally attractive.

On the other hand, ifcm < a ≤ 1 and4 > f > d, then we have

c < m, 1− d +
d2

f
> 1− d +

d2

4
= (1− d

2
)2 ≥ 0.

Therefore,

t1 = 2 +
c(f − d)(2f + 2d + d2 − df)

mf2(2− d + d2

f )
> 2

and

t2 =
−d + d2

f

1− d + d2

f

+
c(f − d)(f + d + d2 − df)

mf2(1− d + d2

f )

≤ c

m
+

cd2(f − 1− d)− cdf(f − d)
mf2(1− d + d2

f )

=
c

m
− cd2 + cd(f − d)2

mf2(1− d + d2

f )

<
c

m
.
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Consequently, condition (a) of conclusion (1) of Theorem 2 holds. Therefore,
we obtain that equilibriumE+(x∗, y∗) is locally asymptotically stable. We con-
clude thatE+(x∗, y∗) is globally asymptotically stable. This completes the proof
of Theorem 3.

Remark1 : We note that there are no any paper about the global asymptotic
stability of positive equilibrium of discrete ratio-dependent predator-prey system.
Therefore, the results on the global asymptotic stability of positive equilibrium for
system (1) obtained in this paper is new and useful.

Remark2 : In this paper, we have obtained that equilibriumE∗(x∗, y∗) of
system (1) is globally asymptotically stable ifd < f < 4, c

m < a ≤ 1 andH1

or H2 holds and is locally asymptotically stable if1 − d + d2

f > 0 and t2 <
a < t1. Therefore, a worthiness further study open problem is whether equilibrium
E∗(x∗, y∗) is also globally asymptotically stable whend < f < min{4, 2d},
c
m < a ≤ 1 anda < c

m(1 + d(f−2d)
f2 ).

Remark3 : In this paper, to obtain inequality (13) the comparison principle of
difference equations is applied. Thus, an important and interesting open problem
is whether we can obtain the same inequality (13) but do not apply the comparison
principle. If it is possible, then the conditions on the global stability of positive
equilibrium of system (1) may be extended to0 < a < 2.

Remark4 : Obviously, the method used in this paper also can be applied to
study the global asymptotic stability of positive equilibrium for general multiple
species discrete population systems.

Remark5 : Comparing with articles [12,17] on the study of global stability for
discrete predator-prey systems, we see that the method given in this paper is new
and very resultful.

Remark6 : When the conditions in conclusion (1) of Theorem 1 do not hold,
then positive equilibrium of system (1) will be unstable. The numerical simulation
given in next section shows at the moment that the bifurcation and chaos phenom-
ena will appear.

5. NUMERICAL SIMULATIONS

In this section, we give some examples and numerical simulations to confirm the
above theoretical analysis and show the new interesting complex dynamical behav-
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iors for system (1).

Example1 : Choosem = 0.5, b = 0.3, d = 0.35, c = 0.4, f = 0.8 anda = 0.6
in system (1). By calculating, we have that positive equilibrium(0.50, 1.2857),
t1 = 2.6684, t2 = 0.4500, 1 − d + d2

f = 0.8031 and c
m(1 + d(f−2d)

f2 ) = 0.8438.
From conclusion (1) of Theorem 2, we see that equilibrium(0.50, 1.2857) is lo-
cally asymptotically stable. Sincea < c

m(1 + d(f−2d)
f2 ), we see that the condition

(H2) of Theorem 3 do not hold.

Choose initial values(x(0), y(0)) = (0.1, 0.1), (0.5, 0.4), (2, 4), (7.5, 5), (5, 6),
(7.5, 3.5), (8, 9), (1, 9.5), (10, 10), respectively.

By the numerical simulation (see Fig. 1) we find that solutions(x(n), y(n))
turn to equilibrium(0.50, 1.2857) asn → ∞. Therefore, we can guess that equi-
librium (0.50, 1.2857) is globally asymptotically stable. An open problem is given
in Remark 2.
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blue represent population y

Fig. 1. The stability of system (1) withm = 0.5, b = 0.3, d = 0.35, c = 0.4, f = 0.8 anda = 0.6.

Example2 : Choosem = 0.5, b = 0.3, d = 0.35, c = 0.4, f = 0.8 anda = 1.2
in system (1). By calculating, we have that positive equilibrium(1.54, 36.54),
t1 = 2.6684, t2 = 0.4500 and1− d + d2

f = 0.8031. Since1 < a < 2, we see that

the conditions of Theorem 3 do not hold. Sincet2 < a < t1 and1− d + d2

f > 0,
the conditions of conclusion (1) of Theorem 1 hold. So, equilibrium(1.54, 36.54)
is locally asymptotically stable.

Choose initial values(x(0), y(0)) = (0.1, 0.1), (0.5, 0.4), (2, 4), (7.5, 5), (5, 6),
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(7.5, 3.5), (8, 9), (1, 9.5), (10, 10), respectively.

By the numerical simulation (see Fig. 2) we find that the solutions(x(n), y(n))
turn to equilibrium(1.54, 36.54) asn →∞. Therefore, we can guess that equilib-
rium (1.54, 36.54) is globally asymptotically stable. An open problem is given in
Remark 3.
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Fig. 2. The stability of system (1) withm = 0.5, b = 0.3, d = 0.35, c = 0.4, f = 0.8 anda = 1.2.

Example3 : Choosem = 0.5, b = 0.3, d = 0.35, c = 0.4, f = 0.8 and
a ∈ [0, 4] in system (1). By calculating, we haveR0 = 2.2222a. When0 <
a ≤ 0.4500 we have thatR0 < 1 and system (1) has only two equilibria(0, 0)
and(a

b , 0). Sincef > d, from Theorem 1 we obtain that equilibrium(a
b , 0) is a

saddle and unstable. Whena > 0.4500 we have thatR0 > 1 and system (1) has
equilibria(0, 0), (a

b , 0) and a positive equilibriumE+(x∗, y∗). By calculating, we

have1 − d + d2

f = 0.8031, t1 = 2.6684 andt2 = 0.4500. Sincet2 < a < t1,
from conclusion (1) of Theorem 2 we obtain that equilibriumE+(x∗, y∗) is sink
and locally asymptotically stable. Since2 − d + d2

f = 1.8031, whena > t1 we
have that equilibriumE+(x∗, y∗) is a saddle and unstable.

In Fig. 3 and Fig. 4, we displayed the dynamical behavior of system (1) when
a changes from0 to 4. We see that whena > t1 the flip bifurcation diagrams
appear for system (1). Along with the increase ofa from t1, system (1) undergo a
series of period-doubling bifurcations wherein a2k-cycle loses stability.
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Fig. 3. The dynamical behavior of system (1) withm = 0.5, b = 0.3, d = 0.35, c = 0.4, f = 0.8,

a ∈ [0, 4] and initial values(x(0), y(0)) = (0.8, 0.6).

Fig. 4. The dynamical behavior of system (1) withm = 0.5, b = 0.3, d = 0.35, c = 0.4, f = 0.8,

a ∈ [0, 4] and initial values(x(0), y(0)) = (0.8, 0.6).
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