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In this article we investigate Vranceanu rotation surfaces with pointwise 1-
type Gauss map in Euclidean 4-sp&@it‘e We show that a Vranceanu rotation
surfaceM has harmonic Gauss map if and onlylif is a part of a plane.
Further, we give necessary and sufficent conditions for Vranceanu rotation
surface to have pointwise 1-type Gauss map.

Key words : Rotation surface, Gauss map, finite type, pointwise 1-type.

'This paper is prepared during the fifth named author’s visit to the Uludag University, Bursa,
Turkey in July 2009.



42 K. ARSLAN et al.

1. INTRODUCTION

Since the late 1970’s, the study of submanifolds of Euclidean space or pseudo-
Euclidean space with the notion of finite type immersion has been extensively car-
ried out. An isometric immersiom : M — E™ of a submanifoldV/ in Euclidean
m—spacdl™ is said to be of finite type it: identified with the position vector field

of M in E™ can be expressed as a finite sum of eigenvectors of the Laplaaidin

M, that is;

k
r=x0+ E x;
=1

wherexg is a constant map;, zo, ..., T hon-constant maps such that = \;z;,

A € R 1 <@ <k If A, Ao, ..., \, are different, thenV is said to be ok—type.
Similarly, a smooth mag of ann—dimensional Riemannian manifold’ of E™

is said to be of finite type i is a finite sum of£™-valued eigenfunctions ak (of.

[5], [6]). Granted, this notion of finite type immersion is naturally extended to the
Gauss mag: on M in Euclidean space [8]. Thus, if a submanifdlfiof Euclidean
space has 1-type Gauss n@pthenG satisfiesAG = A\(G + C') for some\ € R

and some constant vect6r (of. [1], [2], [3], [10]). However, the Laplacian of

the Gauss map of some typical well-known surfaces such as a helicoid, a catenoid
and a right cone in Euclidean 3-spdg&take a somewhat different form; namely,
AG = f(G + C) for some non-constant functiofiand some constant vector

C. Therefore, it is worth studying the class of solution surfaces satisfying such an
equation. A submanifold/ of a Euclidean spacB™ is said to have pointwise
1-type Gauss map if its Gauss m@psatisfies

AG = f(G+O) 1)

for some non-zero smooth functighon M and a constant vectd@r. A pointwise
1-type Gauss map is called proper if the functjodefined by (1) is non-constant.

A submanifold with pointwise 1-type Gauss map is said to be of the first kind if
the vectorC' in (1) is zero vector. Otherwise, the pointwise 1-type Gauss map is
said to be of the second kind ([7], [9], [11], [12]). In particular, if the Gauss map
G is a constant vectorC, we regard it of pointwise 1-type of the second kind.
Granted, it is of the first kind as well in this case. In [9], one of the present authors
characterized the minimal helicoid in terms of pointwise 1-type Gauss map of the
first kind. Also, together with Chen, they proved that surfaces of revolution with
pointwise 1-type Gauss map of the first kind coincides with surfaces of revolution
with constant mean curvature.
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Moreover, they characterized the rational surfaces of revolution with pointwise
1-type Gauss map [7]. In [18] D. W. Yoon studied Vranceanu rotation surfaces
in Euclidean 4-spacE*. He proved that the flat Vranceanu rotation surfaces with
pointwise 1-type Gauss map is a Clifford torus, i.e. it is the product of two plane
circles with the same radius. For more details see also [14, 17]. In this article inves-
tigate Vranceanu rotation surfaces with pointwise 1- type Gauss map in Euclidean
4-spacel?. We show that a Vranceanu rotation surfadehas harmonic Gauss
map if and only ifM is a part of a plane. Further, we give the complete classifica-
tion of flat Vranceanu rotation surfaces with pointwise 1-type Gauss map. Finally,
we give the necessary and sufficient conditions for non-flat Vranceanu rotation
surface to have pointwise 1-type Gauss map.

All functions under consideration are assumed to be smooth and the manifolds
are connected unless otherwise stated.

2. PRELIMINARIES

In the present section we recall definitions and results of [4]axLedd — E™ be
an immersion from an n-dimensional connected Riemannian manifoidto an
m=dimensional Euclidean spaf®’. We denote by the metric tensor aE™ as
well as the induced metric on M. L& be the Levi-Civita connection &™ and
V the induced connection ai. Then the Gaussian and Weingarten formulas are
given respectively by

VxY = VxY + h(X,Y), 2)

Vx€=—AeX + Dx¢ )

whereX, Y are vector fields tangent tf and &£ normal toM. Moreover,h is the
second fundamental forni} is the linear connection induced in the normal bundle
T+ M, called normal connection andl; the shape operator in the directionof
that is related withh by

<h(X,Y), € >=< AcX,Y >. (4)

If we define a covariant differentiatiow’ of the second fundamental forin
on the direct sum of the tangent bundle and the normal bufdlfe® 7 A/ of M
by
(Vxh)(Y,Z) = Dxh(Y,Z) — h(VxY,Z) — h(Y,VxZ),
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for any vector fieldsX, Y andZ tangent tal/. Then we have the Codazzi equation

(Vxh)(Y, Z) = (Vyh)(X, Z). (®)

We denote byR the curvature tensor associated wittdefined by

R(X,Y)Z =VxVyZ —VyVxZ — VixyZ. (6)

The equation of Gauss and Ricci are given by

(RH(X,Y)Em) = ([Ae, 4))X,Y) ®)
for vectorsX, Y, Z, W tangent taM and&, n hormal toM.

Let us now define the Gauss ma&pof a submanifold)/ into G(n,m) in
A"E™, whereG(n,m) is the Grassmannian manifold consisting of all oriented
n-planes through the origin &™ and A"E™ is the vector space obtained by the
exterior product of: vectors inE™. In a natural way, we can identify"E™ with

. m
some Euclidean spa®" whereN = n ) Let {e1,...,en, Ent1y...s€m ) DE

an adapted local orthonormal frame fieldfiff such thaey, eo, ..., e,, are tangent
to M andey 1, ept2..., €y, NOrmal toM. The mapG : M — G(n,m) defined
by G(p) = (e1 AN ea A ...A e,)(p) is called the Gauss map of that is a smooth
map which carries a pointin M into the oriented-plane inE™ obtained from
the parallel translation of the tangent spacébftp in E™.

For any real functiorf on M the Laplacian off is defined by

Af == (Ve Ve f = Vv, e f). )

The mean curvature vector field of M is defined by

ﬁ = —Zh(ei,ei). (10)
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3. VRANCEANU SURFACES WITHPOINTWISE 1-TYPE GAUSS MAP

Rotation surfaces were studied in [16] by Vranceanu as surfade$which are
defined by the following parametrization

M : X(s,t) =

(r(s)cosscost,r(s)cosssint,r(s)sinscost,r(s)sinssint)

(11)

We choose a moving frame Let, es, e3, e4 such thatk,, e; are tangent ta/
andes, e4 are normal taV/ as given in the following (see, [13, 15]):

€1

€2

€3

where

A
C

10
r ot

(— cos ssint, cos scost, —sin ssint, sin s cos t),

10

—-— 12
A0ds (12)
1

Z(B cost, Bsint,C cost,C'sint),

1

Z(_C cost,—C'sint, Bcost, Bsint),

(—sinssint, sin scost, cos ssint, — cos s cost),

Vr2(s) + ('(s))2, B =1'(s)coss —r(s)sins, (13)

r’'(s) sins + r(s) cos s.

Furthermore, by covariant differentiation with respectt@ndes, a straight-
forward calculation gives:

Veer = —As)k(s)ez + A(s)es,

@6262 = pu(s)es,

66261 = —\(8)eq,

Veea = As)k(s)er — A(s)eq, (14)
Vees = —A(s)er — A(s)k(s)eu,

66164 = A(s)ez + A(s)k(s)es,

Vees = —pu(s)es,

66264 = A(s)eq,
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where
_'(s)
b= sy
1 1
A= == , 15
AT O ) .
. 2(7“'(5))2—7”(5)7“"(5)+7“2(8)7

are differentiable functions.
By the use of (4) the coefficients of the second fundamental fobmcome

hfj =< h(ej, ej),ep >=< A¢peie; > 1<14,5 <2, k=234 (16)

Moreover, combining (2), (14) and (16) we get

hiﬂ =A h§2 = h§1 =0,

h%z = M hill = h%z =0, (7)
By the use of (17) together with (14) we get the following result.

Lemmal — Let M a Vranceanu surface given with the surface patch (11).
Then, we get

o Ry IR Rl B

The Gauss curvatur and the mean curvature vector figitlare respectively
given by

K = det A‘63 + det A64
= A=A (19)

(7“’)2 —
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and

=l
I
N | —

2
— Z h(ei, ei)
=1
= SOt mes (20)

B 2r2 +3(r")2 — "
Ty (2

The Gauss mag of the M is defined byG = e; A e2. By using (14), (15) and
straight-forward computation the Laplacian of the Gauss map can be expressed as

)+ p2(s))er Aes + (3)\2(8)k(8) + N(s)) ez Aey
+(1/(5) + Ms)n(s)k(s) — 2X%(s)k(s))er A e (21)
) — A%(s)) es A ea.

Suppose that the Gauss map/df is harmonic, i.e. AG = 0. Firstly, if
G = —C, M is part of a plane which is not a Vranceanu surface. Secondly,
suppose the functiofi identically zero. From (21) we get

3\2(s) + p*(s) = 0.

It implies that\ = 0 andu = 0, a contradiction. So, this case cannot occur.
Thus we have
Theoreml There is no Vranceanu surface with harmonic Gauss map.

Now, we suppose that the Vranceanu surface given by the patch (11) is of
pointwise 1-type Gauss maplit. From (1) and (21)

fH+f ( Crerney)=+3N%(s)+ 1(s),
I Crenmes) = 20%(s)uls) — 1(s) — NSu(k(s),  (22)
fo Ciezhea)=—3N(s)k(s) — N(s),
f { CresNes) = —2X(s)u(s) + 2)\%(s),
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wheref is a smooth non-zero function. Singds non-zero everywhere ai, so
is the functionf. Then we obtain from (21)

<C, er N 64> =0,
(C,eq N €3> =0. (23)

Differentiating (23) and using (22) we get

F = 5X2(5) (K() +1) = A(s)u(s) (2+52(5)) + k() (X (5) — /() +12(5). (24)
By using the equations of Gauss (7), Codazzi (5) we get

N(8)k(s) + A(s)E (s) + N2(s)k?(s) = N2(s) — A(s)u(s), (25)
and
N(s) = A(s)k(s) (u(s) — 2X(s)), (26)
respectively.

Further, substituting (26) into (25) we obtain
(A(s) = () (K*(s) + 1) = K'(s) = 0. (27)

We now suppose that the Vranceanu surf&téas the Gauss map with point-
wise 1-type of the first kind, i.e(' is zero. Then, (22) implies = p on M and
thus M is flat. Combining (15) and (19), we gktis constant. By using (26) with

A = u, we get\'(s) = —kA*(s) and thus\(s) = —— for some constant. Since

the Gauss map is of pointwise 1-type of the first kind, the mean curvﬁtﬁﬂéa
is constant and is constant (for details, see [12]). Therefoke= 0 andr is a
constant function. Hence, the Vranceanu surfates part of Clifford torus.

We now consider the Gauss mépof M is of pointwise 1-type of the second
kind, i.e.,C # 0. We distinguish the following cases:

Casel: M is flat, or, equivalentlyA(s) = p(s) for all s.
Casell: M is non flat, or, equivalently\ # .
Let us consider these in turn:

Casel: Suppose thad/ is flat. Thus, by using (27), we gét(s) = 0. So, from
the first equation of (15) we gets) = aexp(fs), for some constants # 0 and
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(. By applying homothetic transformation if necessary we may assume that.
Thus, using (15) we get

r(s) = e(ﬁs),
—e(Bs)
NS = ) = (28)

Consequently, substituting (28) into (24) we obtain

f o= 4(s)(k2+1)
4e(=2B5) (29)

Thus, summing up the following theorem is proved.

Theorem2 — Let M be a flat Vranceanu surface given with the parametriza-
tion (11). If M has pointwise 1-type Gauss map of the second kind, #ies
represented by the functigh= 4¢(=27%), whereg is a real constant

Casell: Suppose thafl/ is a non flat surface. Then, the open sullekf =
{p € M|K(p) # 0} is not empty. Then, the functions# 1 everywhere oM.
Substituting (15) into (27), we get

(r(s)”(s) = (")) (1= 0%(s) + ("(s)H2) =0 (30)

onMjg. OnMy, by (19)7(s)r”(s) — (r'(s)? # 0. So, from the equation (30) we
get
r?(s) + (r'(s))” = L. (31)

Thus, differentiating (31) with respect towe getr’(s)(r(s) + r”(s)) = 0
M. Suppos€r + r")(p) # 0 atp € M. On a componen® containingp in
My, ' = 0. Thus,k = 0 on O. If we make use of (27)) = p on O, which is a
contradiction. Therefore, we have

r(s)+1"(s) =0
on My, which has non-trivial solutions
r(s) = Asin(s + so).

for some constantd # 0 andsy. By connectedness dff and the continuity of
K, M = M, that means\/ does not have a flat point.
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Thus, the following theorem is proved.

Theorem3— Let M be a non flat Vranceanu surface given with the parametriza-
tion (11). If M has pointwise 1-type Gauss map of the second kind,théngiven
up to homothety by

1. 1. . . . .
X(s,t) = (2 sin s cos t, 5 sinssin t,sin’ s cost,sin® ssint | .
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