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1. INTRODUCTION

It is well known that the noncommutative graded algebras play an important role in

algebra, topology, and mathematical physics. Probably the most interesting class

of such algebras is the class of Koszul algebras, which were first introduced by

Priddy in 1970 (see [23]) and studied in detail in [22]. Later, motivated by the

cubic Artin-Schelter regular algebras (see [1]), Berger first introduced the notion of

nonquadratic Koszul algebra(see [4]) in 2001, which is a natural generalization of

Koszul algebras and also admits a lot of important applications in other branches of

mathematics, such as algebraic topology, algebraic geometry, quantum group, and

Lie algebra and so on. Recently, many people have shown their interests on such

algebras and many of them prefer the name “d-Koszul algebra” to “nonquadratic

Koszul algebra” (see [5], [8], [10], [11], [13], [25] and [26], etc.), whered ≥ 2 is

a fixed integer. In 2007, the notion ofpiecewise-Koszul algebrawas introduced,

which unifies the notions of Koszul andd-Koszul algebras on one hand and has

essential difference between Koszul andd-Koszul algebras on the other hand, we

refer to [17], [19], [20] and [21] for the further details. Moreover, piecewise-Koszul

algebras provide a negative answer to a question raised by Green and Marcos (see

[9] in 2005 and we refer to [15], [18] and [21] for the further details.

It should be noted that Koszul modules,d-Koszul modules and piecewise-

Koszul modules are “pure”, i.e., each term in their minimal graded projective res-

olutions is generated in a single degree. A naive but interesting question is can

we break through the “pure” restrict and generalize these notions to the “nonpure”

case? Recently, some people have investigated the nonpure version ofd-Koszul

objects (see [5], [7] and [10], etc.) Motivated by these, the main purpose of the

present paper is to generalize the notion of piecewise-Koszul objects to the nonpure

case and the so-callednonpure piecewise-Koszul algebraandnonpure piecewise-

Koszul modulewill be introduced and studied. More precisely, the whole paper is

arranged as follows:

In Section 2, first we recall the definitions of piecewise-Koszul objects and give

the definitions of nonpure piecewise-Koszul objects, then we will give some trivial

examples of nonpure piecewise-Koszul objects.
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In Section 3, we provide some criteria for a standard graded algebra to be

nonpure piecewise-Koszul and Theorems 3.1 and 3.3 are the main results.

In Section 4, we give some basic properties of nonpure piecewise-Koszul mod-

ules. More precisely, we prove that the category of nonpure piecewise-Koszul mod-

ules is closed under extensions and cokernels of monomorphisms, all the syzygies

of a piecewise-Koszul module are nonpure piecewise-Koszul under a proper shift,

J iM [−i] is nonpure piecewise-Koszul for eachi ≥ 0 andE [0](M) is a finitely

0-generated gradedE[0](A)-module, whereE[0](A) :=
⊕

i≥0 Extpi
A (A0, A0), E [0]

(M) :=
⊕

i≥0 Extpi
A (M, A0), A is a piecewise-Koszul algebra with the graded

Jacobson radicalJ andM is a nonpure piecewise-Koszul module.

In Section 5, as an application of nonpure piecewise-Koszul modules, we pro-

vide a sufficient condition for the questions raised in [20] to be true.

2. NOTATIONS, DEFINITIONS AND EXAMPLES

Throughout,k denotes a fixed field,N = {0, 1, 2, · · · } denotes the set of natural

numbers andZ the set of integers. A positively gradedk-algebraA =
⊕

i≥0 Ai is

calledstandardif the following three conditions are satisfied:

(a)A0 = k× · · · × k, a finite product ofk;

(b) Ai ·Aj = Ai+j for all 0 ≤ i, j < ∞;

(c) dim|Ai < ∞ for all i ≥ 0.

Under the above assumptions, the graded Jacobson radical ofA, denoted byJ ,

is
⊕

i≥1 Ai.

LetGr(A) denote the category of gradedA-modules, andgr(A) its full subcat-

egory of finitely generated gradedA-modules. The morphisms in these categories,

denoted byHomGr(A)(M, N) andHomgr(A)(M,N) respectively, are gradedA-

module maps of degree zero. We denoteGrs(A) andgrs(A) the full subcategories

of Gr(A) andgr(A) whose objects are generated in a single degrees, respectively.
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An object inGrs(A) or grs(A) is called a gradedpureA-module and otherwise,

we call itnonpure.

Let M, N ∈ gr(A). Endowed with the Yoneda product,
⊕

i≥0 ExtiA(M,N)
is a graded left

⊕
i≥0 ExtiA(N, N)-module. In particular,

⊕
i≥0 ExtiA(A0, A0) is

an associative graded algebra and
⊕

i≥0 ExtiA(M, A0) is a graded left
⊕

i≥0 ExtiA
(A0, A0)-module. For simplicity, we write

E(A) =
⊕

i≥0

ExtiA(A0, A0) and E(M) =
⊕

i≥0

ExtiA(M,A0),

and usually callE(A) theYoneda algebraof A andE(M) theExt-moduleof M .

Note that bothE(A) andE(M) are bigraded. More precisely, for anyi ∈ N, we

have

Exti
A(A0, A0) =

⊕

j∈Z
Exti

gr(A)(A0, A0[j])

and

Exti
A(M, A0) =

⊕

j∈Z
Exti

gr(A)(M,A0[j]).

From [12], we know that standard graded algebras can be realized by finite

quivers:

Lemma2.1 — LetA be a standard graded algebra. Then there exists a finite

quiverΓ = (Γ0, Γ1) and a graded idealI in kΓ with I ⊂ ∑
n≥2(kΓ)n such that

A ∼= kΓ/I as graded algebras, whereΓ0 denotes the set of vertices of the quiverΓ
andΓ1 denotes the set of arrows of the quiverΓ.

Definition 2.2 ([19]) — LetA =
⊕

i≥0 Ai be a standard gradedk-algebra and

M =
⊕

i≥0 Mi a finitely generated gradedA-module. We callM a piecewise-

Koszul moduleprovided thatM admits a minimal graded projective resolution

· · · // Qn
// · · · // Q1

// Q0
// M // 0,
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such that eachQn is generated in degreeδd
p(n) for all n ∈ N, whered, p are fixed

integers withd ≥ p ≥ 2, k ∈ N and the set functionδd
p is defined as:

δd
p(n) =





kd, n = pk,

kd + 1, n = pk + 1,

· · · · · ·
kd + p− 2, n = pk + p− 2,

kd + p− 1, n = pk + p− 1.

In particular, the standard graded algebraA will be called apiecewise-Koszul

algebraif the trivial A-moduleA0 is a piecewise-Koszul module.

The parameterp shows certain periodicity in the resolution above, and the pa-

rameterd is related to a gap between two segments. Clearly, Koszul algebras and

d-Koszul algebras are piecewise-Koszul algebras, which take place ofd = p and

p = 2 respectively. For the other examples of piecewise-Koszul objects, we refer

to [15], [19] and [20].

Definition 2.3 — LetA be a standard graded algebra andM =
⊕

i≥0 Mi a

finitely generated gradedA-module. Let

· · · // Qn
// · · · // Q1

// Q0
// M // 0

be a minimal graded projective resolution ofM . ThenM is called anonpure

piecewise-Koszul moduleif for all n ≥ 0, Qn is generated in degrees in∆d
p(n),

whered andp are fixed integers withd ≥ p ≥ 2, k ∈ N and the set function∆d
p is

defined as:

∆d
p(n) =





{kd}, n = pk,

{kd + 1, kd + 2, · · · , kd + d− p + 1}, n = pk + 1,

· · · · · ·
{kd + p− 2, kd + p− 1, · · · , kd + d− 2}, n = pk + p− 2,

{kd + p− 1, kd + p, · · · , kd + d− 1}, n = pk + p− 1.

In particular, the standard graded algebraA will be called anonpure piecewise-

Koszul algebraif the trivial A-moduleA0 is a nonpure piecewise-Koszul module.
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In fact, nonpure piecewise-Koszul objects exist naturally:

Example2.4 : The following list some trivial examples of nonpure piecewise-

Koszul objects:

(1) Koszul algebras/modules (see [22] and [23]) are special nonpure piecewise-

Koszul algebras/modules.

(2) d-Koszul algebras/modules (see [4], [8], [11], [25] and [26], etc.) are spe-

cial nonpure piecewise-Koszul algebras/modules.

(3) Piecewise-Koszul algebras/modules (see [19]) are special nonpure piecewise-

Koszul algebras/modules.

Example2.5 : LetΓ be the following quiver:

1α
%% β // 2

γ // 3 ε // 4.

Let I be the graded homogeneous ideal generated byα3 and αβγ. Then

the quotient algebraA := |Γ
I is a nonpure piecewise-Koszul algebra. In fact,

it suffices to show that the trivialA-moduleA0 = k⊕4 has a minimal graded

projective resolution with theith term is generated in degrees in∆d
p(i) for each

i ≥ 0. Now consider the minimal graded projective resolution of the simple mod-

ule S1 = k related to the vertex1, under a routine computation, we obtain the

following minimal graded projective resolutionP∞∗ : · · · → (Ae1 ⊕ Ae3)[6] →
Ae1[4] ⊕ Ae3[5] → (Ae1 ⊕ Ae3)[3] → (Ae1 ⊕ Ae2)[1] → Ae1 → S1 → 0.

Note thatker((Ae1 ⊕ Ae3)[6] → Ae1[4] ⊕ Ae3[5]) = ker((Ae1 ⊕ Ae3)[3] →
(Ae1⊕Ae2)[1])[3] = (Aα⊕Aβγ)[6], thus we get a clear periodic minimal graded

projective resolution ofS1. Similarly, we can get the minimal graded projective

resolutions of the simpleA-modulesS2, S3 and S4, which implies a minimal

graded projective resolution of the trivialA-modulek⊕4:

P∗ : · · · // Pn
// · · · // P1

// P0
// k⊕4 // 0

such that eachPn is generated in degrees in∆3
2(n) for all n ≥ 0. Also note that

P∗ is not pure since(P∞)∗ is not pure, thusA must not be a piecewise-Koszul (of
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course notd-Koszul) algebra andS1 must not be a piecewise-Koszul (of course not

d-Koszul) module. Therefore,A := |Γ
I is a nontrivial nonpure piecewise-Koszul

algebra andS1 is a nontrivial nonpure piecewise-Koszul module.

3. NONPUREPIECEWISE-KOSZUL ALGEBRAS

In this section, we will give some criteria for a standard graded algebra to be non-

pure piecewise-Koszul.

Motivated by some previous work on Koszul andd-Koszul objects of Green,

Mart́ınez-Villa and Marcos (see [9], [11] and [12], etc.), we get the following result:

Theorem3.1 — Let A be a standard graded algebra andM =
⊕

i≥0 Mi ∈
gr(A). Then

(1) A is a nonpure piecewise-Koszul algebra if and only if for alli ≥ 0,

Exti
A(A0, A0)−j = Exti

Gr(A)(A0, A0[j]) = 0 unlessj ∈ ∆d
p(i);

(2) M is a nonpure piecewise-Koszul module if and only if for alli ≥ 0,

Exti
A(M,A0)−j = Exti

Gr(A)(M, A0[j]) = 0 unlessj ∈ ∆d
p(i).

PROOFWe only need to prove (2) since (1) is a special case of (2).

(⇒) By the hypothesis,M admits a minimal graded projective resolution

· · · // Qi
// · · · // Q1

// Q0
// M // 0,

such that eachQi is generated in degrees in∆d
p(i) for all i ≥ 0. Note that the

resolution is minimal andA0 is semisimple, thus for alli ≥ 0, we have

Exti
A(M, A0)−j = Exti

Gr(A)(M,A0[j]) = HomGr(A)(Qi, A0[j]).

Note also that eachQi is generated in degrees in∆d
p(i) andA0[j] is concen-

trated in degreej, which implies thatHomGr(A)(Qi, A0[j]) = 0 unlessj ∈ ∆d
p(i).

(⇐) It suffices to prove thatM admits a minimal graded projective resolution

· · · // Qi
// · · · // Q1

// Q0
// M // 0,
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with eachQi being generated in degrees in∆d
p(i) for all i ≥ 0. We do it by

induction.

By the hypothesis,Ext0A(M, A0)−j = HomGr(A)(M,A0[j]) = 0 unlessj ∈
∆d

p(0) = {0}, which implies thatM is generated in degree 0 as a gradedA-

module. Note thatA is a standard graded algebra andM a bounded below graded

module, it is easy to see that there exists a graded projective moduleQ0 generated

in degree 0 such thatQ0 → M → 0 is a graded projective cover. LetK1 :=
ker(Q0 → M), it is trivial thatK1 is also a bounded below graded module. Since

Ext1A(M, A0)−j = HomGr(A)(K1, A0[j]) = 0 unlessj ∈ ∆d
p(1), we haveK1 is

generated in degrees in∆d
p(1). Similarly, there exists a graded projective module

Q1 generated in degrees in∆d
p(1) such thatQ1 → K1 → 0 is a graded projective

cover. Now repeating the above arguments again and again, we can obtain the

desired resolutionQ∗ → M → 0, which completes the proof.

Lemma3.2 ([27]) — LetA be a standard graded algebra andAe := A⊗|Aop its

enveloping algebra. Letr be the graded Jacobson radical ofAe andf : P → Q be

a homomorphism of finitely generatedAe-projective modules. ThenImf ⊆ rQ
if and only if for each simpleA-moduleS, we haveIm(f ⊗A 1S) ⊆ J(Q⊗A S).

Theorem3.3 — Let A be a standard graded algebra. Using the notations of

Lemma 3.2. Then

(1)A is a nonpure piecewise-Koszul algebra if and only if, the opposite algebra

of A, Aopp is a nonpure piecewise-Koszul algebra.

(2) A is a nonpure piecewise-Koszul algebra if and only ifA is a nonpure

piecewise-KoszulAe-module.

PROOF : (1) It suffices to prove the necessity since(Aopp)opp = A. Let A

be a nonpure piecewise Koszul algebra. Consider a minimal graded projective

resolution

· · · // Pn
// · · · // P1

// P0
// A0

// 0

of the trivial A-moduleA0 such thatPi = A · (⊕j∈∆d
p(i) Pj) for all i ≥ 0. Let
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V ∗ = HomA0(V, A0) and(V ])i = (V−i)∗. Thus, we get an injective resolution of

A0:

0 // A0
// (P0)] // (P1)] // · · · // (Pn)] // · · · ,

which implies that for alli ≥ 0, Exti
Aopp(A0, A0) =

⊕
j∈∆d

p(i) Exti
Gr(Aopp)

(A0, A0[j]). By Theorem 3.1,Aopp is a nonpure piecewise-Koszul algebra.

(2) Let

P∗ : · · · // Pn
// · · · // P1

// P0
// A // 0

be a minimal graded projectiveAe-resolution ofA. Then by Lemma 3.2,P∗ is

minimal if and only ifP∗ ⊗A A0 :

· · · // Pn ⊗A A0
// · · · // P1 ⊗A A0

P0 ⊗A A0
// // A⊗A A0

∼= A0
// 0

is a minimal graded projective resolution ofA0. Further, for alli ≥ 0, Pi is gener-

ated in degrees in{s1, s2, · · · , sn} as a gradedAe-module if and only ifPi ⊗A A0

is generated in degrees in{s1, s2, · · · , sn} as a gradedA-module, which completes

the proof. 2

4. NONPUREPIECEWISE-KOSZUL MODULES

In this section, we will give some basic properties of nonpure piecewise-Koszul

modules.

Proposition 4.1 — Let A be a piecewise-Koszul algebra and

0 // K // M // N // 0 be an exact sequence ingr(A). Then

(1)M is nonpure piecewise-Koszul provided thatK andN are nonpure piecewise-

Koszul, i.e., the category of nonpure piecewise-Koszul modules is closed under

extensions;
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(2)N is nonpure piecewise-Koszul provided thatK andM are nonpure piecewise-

Koszul, i.e., the category of nonpure piecewise-Koszul modules is closed under

cokernels of monomorphisms.

PROOF: (1) By the Long Exact Theorem, we get the following exact sequence

Exti
Gr(A)(N,A0) → Exti

Gr(A)(M, A0) → Exti
Gr(A)(K, A0)

for all i ≥ 0. By hypothesis,K andM are nonpure piecewise-Koszul modules, by

Theorem 3.1, we have

Exti
A(N, A0)−j = Exti

Gr(A)(N, A0[j]) = 0, (j /∈ ∆d
p(i))

and

Exti
A(K,A0)−j = Exti

Gr(A)(K,A0[j]) = 0, (j /∈ ∆d
p(i))

for all i ≥ 0, which imply that

Exti
A(M, A0)−j = Exti

Gr(A)(M, A0[j]) = 0, (j /∈ ∆d
p(i))

for all i ≥ 0. By Theorem 3.1,M is a nonpure piecewise-Koszul module.

(2) Similarly, we have the long exact sequence

0 → HomGr(A)(N,A0) → HomGr(A)(M, A0) → HomGr(A)

(K, A0) → Ext1Gr(A)(N, A0) → Ext1Gr(A)(M, A0) → Ext1Gr(A)(K,A0) →
Ext2Gr(A)(N, A0) → Ext2Gr(A)(M,A0) → Ext2Gr(A)(K,A0) → · · · .

To finish the proof, we need to prove that

Exti
A(N, A0)−j = Exti

Gr(A)(N, A0[j]) = 0, (j /∈ ∆d
p(i))

for all i ≥ 0 and do it by induction.

For i = 0, it is obvious sinceM is a nonpure piecewise-Koszul module and

generated in degree 0.

For i = 1, it suffices to prove that

Ext1A(N, A0)−j = Ext1Gr(A)(N, A0[j]) = 0, (j /∈ ∆d
p(1) = {1, 2, · · · , d−p+1}).
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First we claim thatExt1A(N, A0)−j = Ext1Gr(A)(N,A0[j]) = 0 for j < 1.

In fact, letP∗ andQ∗ be the minimal graded projective resolutions ofA0 andN ,

respectively. Note thatA is a piecewise-Koszul algebra, thusP1 is supported in

{i ≥ δd
p(1) = 1|i ∈ N}. By Lemma 3.2 of [11], we have thatQ1 is supported in

{i ≥ 1|i ∈ N}, which implies the claim.

Now note thatK andM are nonpure piecewise-Koszul modules, which imply

that

Ext1A(K, A0)−j = Ext1Gr(A)(K, A0[j]) = 0, (j /∈ ∆d
p(1) = {1, 2, · · · , d−p+1})

and

Ext1A(N,A0)−j = Ext1Gr(A)(N, A0[j]) = 0, (j /∈ ∆d
p(1) = {1, 2, · · · , d−p+1}).

Now it is easy to see that

Ext1A(N,A0)−j = Ext1Gr(A)(N, A0[j]) = 0, (j /∈ ∆d
p(1) = {1, 2, · · · , d−p+1})

since the above long exact sequence.

For the cases ofi ≥ 2, we can prove them similarly. 2

Remark4.2 : For an exact sequence0 // K // M // N // 0 in

gr(A), we can not getK is nonpure piecewise-Koszul even thoughM and N

are nonpure piecewise-Koszul in general, i.e., the category of nonpure piecewise-

Koszul modules does not preserve kernels of epimorphisms. The following is an

easy counter example:

Let Γ be the following quiver:

•1

α

²²
•2

β // •3
γ // •4.

Set

A =
kΓ
〈βγ〉 , K =

Ae1

Aγ
, M =

Ae1 ⊕Ae2

A(α + β)
, N =

Ae2

Aβ
.
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Now it is easy to see thatM andN are nonpure piecewise-Koszul modules butK

is not.

However, we have a sufficient condition for the category of nonpure piecewise-

Koszul modules to be closed under kernels of epimorphisms.

Proposition 4.3 — Let A be a standard graded algebra and

0 // KM //// N // 0 be an exact sequence ingr(A) with JΩi(K) =
Ωi(K) ∩ JΩi(M) for all i ≥ 0. ThenM is nonpure piecewise-Koszul if and only

if K andN are both nonpure piecewise-Koszul.

PROOF : We only need to prove the necessity since the sufficiency has been

proved in Proposition 4.1. Note that for alli ≥ 0, we haveJΩi(K) = Ωi(K) ∩
JΩi(M), which implies the following commutative diagram

0 // P∗

²²

// L∗

²²

// Q∗

²²

// 0

0 // K

²²

// M

²²

// N

²²

// 0,

0 0 0

whereP∗, L∗ andQ∗ are the minimal graded projective resolutions ofK, M and

N , respectively. Therefore, we haveLn = Pn ⊕Qn for all n ≥ 0. By hypothesis,

M is nonpure piecewise-Koszul, thusLn is generated in degrees in∆d
p(n) for each

n ≥ 0, which implies thatPn andQn are both generated in degrees in∆d
p(n) for

eachn ≥ 0.

Proposition4.4 — LetA be a piecewise-Koszul algebra andM be a piecewise-

KoszulA-module. Then

(1) all the syzygies ofM , Ωi(M)[−δd
p(i)] (∀i ≥ 0), are nonpure piecewise-

Koszul modules,

(2) all J iM [−i] (∀i ≥ 0) are nonpure piecewise-Koszul modules.
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PROOF : We only prove (1) since (2) is a special case of Theorem 4.5.

By the hypothesis,M is a piecewise-Koszul module, thenM has a minimal

graded projective resolution

· · · // Qn
// · · · // Q1

// Q0
// M // 0,

such that eachQn is generated in degreeδd
p(n) for all n ≥ 0, which implies the

following long exact sequence

· · · // Qn[−δd
p(i)] // · · · // Qi+1[−δd

p(i)]

// Qi[−δd
p(i)] // Ωi(M)[−δd

p(i)] // 0.

Now setLj := Qi+j [−δd
p(i)]. ThusΩi(M)[−δd

p(i)] admits the following min-

imal graded projective resolution

· · · // Ln
// · · · // L1

// L0
// Ωi(M)[−δd

p(i)] // 0

such thatLj is generated in degreeδd
p(i + j)− δd

p(i) for all j ≥ 0.

To complete the proof, we consider the following cases:

1. Let i = pn andn ∈ N. Then for allj ≥ 0, it is clear thatLj is generated in

degreeδd
p(i + j)− δd

p(i) = δd
p(pn) + δd

p(j)− δd
p(pn) = δd

p(j) ∈ ∆d
p(j).

2. Let i = pn + 1 andn ∈ N.

(a) If j = pk (k ∈ N), then it is trivial thatLj is generated in degree

δd
p(i + j)− δd

p(i) = δd
p(pn + 1 + pk)− δd

p(pn + 1) = (n + k)d + 1−
(nd + 1) = kd ∈ ∆d

p(j).

(b) If j = pk + 1 (k ∈ N), then it is trivial thatLj is generated in degree

δd
p(i + j)− δd

p(i) = δd
p(pn + 1 + pk + 1)− δd

p(pn + 1) = (n + k)d +
2− (nd + 1) = kd + 1 ∈ ∆d

p(j).

(c) · · ·
(d) If j = pk + p − 2 (k ∈ N), then it is trivial thatLj is generated in

degreeδd
p(i + j)− δd

p(i) = δd
p(pn + 1 + pk + p− 2)− δd

p(pn + 1) =
(n + k)d + p− 1− (nd + 1) = kd + p− 2 ∈ ∆d

p(j).
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(e) If j = pk + p − 1 (k ∈ N), then it is trivial thatLj is generated in

degrees inδd
p(i+ j)−δd

p(i) = δd
p(pn+1+pk+p−1)−δd

p(pn+1) =
(n + k + 1)d− (nd + 1) = kd + d− 1 ∈ ∆d

p(j).

Now repeat the above steps, we can prove the cases ofi = pn + 2, · · · , i =
pn + p− 2 andi = pn + p− 1. Therefore,Lj is generated in degrees in∆d

p(j) for

all j ≥ 0, which implies that all the syzygies of the piecewise-Koszul moduleM ,

Ωi(M)[−δd
p(i)] (∀i ≥ 0), are nonpure piecewise-Koszul modules. 2

Theorem4.5— LetA be a piecewise-Koszul algebra andM a nonpure piecewise-

KoszulA-module. ThenJ iM [−i] is nonpure piecewise-Koszul for alli ≥ 0.

PROOF : We only need to prove thatJM [−1] is a nonpure piecewise-Koszul

module since other cases can be proved inductively. Note thatM =
⊕

i≥0 Mi is

nonpure piecewise-Koszul, hence it is generated in degree 0, which implies that

JM [−1] =
⊕

i≥1 Mi[−1] is also generated in degree 0. Thus to complete the

proof, it suffices to show thatJM [−1] admits a minimal graded projective resolu-

tion

· · · // Ln
// · · · // L1

// L0
// JM [−1] // 0,

such that for eachn ≥ 0, Ln is generated in degrees in∆d
p(n). By Theorem 3.1, it

is equivalent to show that for alln ≥ 0, we have the following equations:

Extpn
Gr(A)(JM [−1], A0[j]) = Extpn

Gr(A)(JM, A0[j + 1]) = 0 unless j = nd;

Extpn+1
Gr(A)(JM [−1], A0[j]) = Extpn+1

Gr(A)(JM, A0[j+1]) = 0 unless j ∈ ∆d
p(pn+1);

...

Extpn+p−2
Gr(A) (JM [−1], A0[j]) = Extpn+p−2

Gr(A) (JM, A0[j + 1])

= 0 unless j ∈ ∆d
p(pn + p− 2);
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Extpn+p−1
Gr(A) (JM [−1], A0[j]) = Extpn+p−1

Gr(A) (JM,A0[j + 1])

= 0 unless j ∈ ∆d
p(pn + p− 1).

Now consider the graded exact sequence

0 // JM // M // M/JM // 0,

which implies the following long exact sequence as vector spaces

· · · → Extpn
Gr(A)(M, A0[j + 1]) → Extpn

Gr(A)(JM,A0[j + 1]) → Extpn+1
Gr(A)

(M/JM, A0[j +1]) → Extpn+1
Gr(A)(M, A0[j +1]) → Extpn+1

Gr(A)(JM, A0[j +1]) →
Extpn+2

Gr(A)(M/JM, A0[j+1]) → Extpn+2
Gr(A)(M, A0[j+1]) → Extpn+2

Gr(A)(JM,A0[j+

1]) → Extpn+3
Gr(A)(M/JM, A0[j + 1]) → · · · → Extpn+p−2

Gr(A) (M, A0[j + 1]) →
Extpn+p−2

Gr(A) (JM, A0[j + 1]) → Extpn+p−1
Gr(A) (M/JM, A0[j + 1]) → Extpn+p−1

Gr(A)

(M,A0[j+1]) → Extpn+p−1
Gr(A) (JM, A0[j+1]) → Extpn+p

Gr(A)(M/JM,A0[j+1]) →
· · · .

Let

· · · // Pn
// · · · // P1

// P0
// A0

// 0

be a minimal graded projective resolution of the trivialA-moduleA0. Note thatA

is a piecewise-Koszul module, thusPpn is generated in degreend for eachn ≥ 0,

which implies thatPpn is supported in{i ∈ N|i ≥ nd} for eachn ≥ 0. By Lemma

3.2 of [11], we know thatLpn is supported in{i ∈ N|i ≥ nd} for eachn ≥ 0,

which implies that for eachn ≥ 0, we have

Extpn
Gr(A)(JM, A0[j + 1]) = 0, (j < nd).

Note again thatA is a piecewise-Koszul algebra, soM/JM is a piecewise-Koszul

module, which implies that for eachn ≥ 0,

Extpn+1
Gr(A)(M/JM,A0[j + 1]) = 0, (j 6= nd).

Therefore, ifj 6= nd, then we have the following exact sequence

Extpn
Gr(A)(M, A0[j + 1]) → Extpn

Gr(A)(JM, A0[j + 1]) → 0.
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Recall thatM is a nonpure piecewise-Koszul module, thus

Extpn
Gr(A)(M, A0[j + 1]) = 0, (j 6= nd− 1).

Therefore, for the case ofj 6= nd: if moreoverj 6= nd − 1, thenExtpn
Gr(A)

(JM,A0[j + 1]) = 0; if j = nd − 1, we already have known thatExtpn
Gr(A)

(JM,A0[j + 1]) = 0 sincend− 1 < nd.

Now we will claimExtpn+1
Gr(A)(JM [−1], A0[j]) = Extpn+1

Gr(A)(JM, A0[j+1]) =
0 unless j ∈ ∆d

p(pn+1). In fact, similar to the proof of the case ofpn, by Lemma

3.2 of [11], we can prove that

Extpn+1
Gr(A)(JM,A0[j + 1]) = 0, (j < nd + 1).

Similarly, M/JM is a piecewise-Koszul module, which implies that for eachn ≥
0,

Extpn+2
Gr(A)(M/JM, A0[j + 1]) = 0, (j 6= nd + 1).

Also note thatM is a nonpure piecewise-Koszul module, which implies that

Extpn+1
Gr(A)(M, A0[j + 1]) = 0 unless j + 1 ∈ ∆d

p(pn + 1).

Now let j /∈ ∆d
p(pn + 1) = {nd + 1, nd + 2, · · · , nd + d− p + 1}.

Then we have the following exact sequence

Extpn+1
Gr(A)(M, A0[j + 1]) → Extpn+1

Gr(A)(JM, A0[j + 1])

→ Extpn+2
Gr(A)(M/JM,A0[j + 1]) = 0.

Therefore, ifj /∈ {nd, nd + 1, · · · , nd + d − p}, thenExtpn+1
Gr(A)(JM, A0

[j+1]) = 0 sinceExtpn+1
Gr(A)(M, A0[j+1]) = 0; and ifj ∈ {nd, nd+1, · · · , nd+

d−p}, thenj = nd < nd+1, which we have already known thatExtpn+1
Gr(A)(JM, A0

[j + 1]) = 0.

Thus we have proved the claimExtpn+1
Gr(A)(JM [−1], A0[j]) = Extpn+1

Gr(A)

(JM,A0[j + 1]) = 0 unless j ∈ ∆d
p(pn + 1).
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For the other equations, repeating the above arguments, we can prove them

inductively. 2

Set

E[l](A) :=
⊕

i≥0

Extpi+l
A (A0, A0), (l = 0, 1, · · · , p− 1)

and

E [l](M) :=
⊕

i≥0

Extpi+l
A (M,A0), (l = 0, 1, · · · , p− 1),

whereM ∈ gr(A).

Theorem4.6— LetM be a nonpure piecewise-Koszul module ingr(A). Using

the above notations. Then we have the following statements:

1. we havek-isomorphisms for alln ≥ 1:

Extpn−1
Gr(A)(JM, A0[nd]) ∼= Extpn−1

Gr(A)(J
2M,A0[nd])

∼= · · · ∼= Extpn−1
Gr(A)(J

d−p+1M, A0[nd]);

2. E [0](M) ∈ Gr0(E[0](A));

3. E [0](M) ∈ gr(E[0](A)).

PROOF : (1) It suffices to prove the first isomorphism since others can be

proved similarly. Consider the exact sequence

0 // J2M // JM // JM/J2M // 0,

which implies the following exact sequence

Extpn−1
A (JM/J2M, A0) → Extpn−1

A (JM, A0) → Extpn−1
A

(J2M, A0) → Extpn
A (JM/J2M, A0).

Note thatA is a piecewise-Koszul algebra, thusJM/J2(M)[−1] is a piecewise-

Koszul module, which implies that

Extpn−1
Gr(A)(JM/J2M, A0[j]) = 0, (j 6= nd + p− d)
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and

Extpn
Gr(A)(JM/J2M, A0[j]) = 0, (j 6= nd + 1).

Therefore, whenj = nd, we have the exact sequence

0 → Extpn−1
Gr(A)(JM, A0[nd]) → Extpn−1

Gr(A)(J
2M,A0[nd]) → 0,

thusExtpn−1
Gr(A)(JM, A0[nd]) ∼= Extpn−1

Gr(A)(J
2M, A0[nd]), as desired.

(2) Consider the exact sequence

0 // JM // M // M/JM // 0.

Similarly, we obtain the following exact sequence,

Extpn−1
A (M, A0) → Extpn−1

A (JM, A0) →

Extpn
A (M/JM, A0) → Extpn

A (M, A0) → Extpn
A (JM,A0).

By Theorem 4.5, we know thatJM [−1] is a nonpure piecewise-Koszul mod-

ule. By Theorem 3.1, we have

Extpn
Gr(A)(JM, A0[j]) = Extpn

Gr(A)(JM [−1], A0[j − 1]) = 0, (j 6= nd + 1)

and

Extpn−1
Gr(A)(M,A0[j]) = 0, (j /∈ ∆d

p(pn− 1)

= {nd− d + p− 1, nd− d + p, · · · , nd− 1})
sinceM is also a nonpure piecewise-Koszul module.

Therefore, whenj = nd, we have the exact sequence

0 → Extpn−1
Gr(A)(JM, A0[nd]) → Extpn

Gr(A)(M/JM, A0[nd]) →

Extpn
Gr(A)(M, A0[nd]) → 0.

Observe thatM/JM is a piecewise-Koszul module andM is a nonpure piecewise-

Koszul module, we have

E [0](M/JM) =
⊕

i≥0

Extpi
A (M/JM,A0) =

⊕

i≥0

Extpi
A (M/JM, A0[nd])



NONPURE PIECEWISE-KOSZUL ALGEBRAS 19

and

E [0](M) =
⊕

i≥0

Extpi
A (M, A0) =

⊕

i≥0

Extpi
A (M, A0[nd]).

Now apply the exact functor “
⊕

n≥0” to the above exact sequence, we get the

short exact sequence

0 →
⊕

n≥0

Extpn−1
Gr(A)(JM, A0[nd]) → E [0](M/JM) → E [0](M) → 0.

It is clear that
⊕

n≥0 Extpn−1
Gr(A)(JM, A0[nd]) can be viewed as a gradedE[0](A)-

module under the grading(
⊕

n≥0 Extpn−1
Gr(A)(JM, A0[nd]))n = Extpn−1

Gr(A)

(JM, A0[nd]).

Therefore each term of the above short exact sequence is anE[0](A)-module.

Note thatM/JM is a piecewise-Koszul module, by [19], we have thatE [0](M/JM)
is a Koszul module over the Koszul algebraE[0](A), thusE [0](M/JM) can be

generated in degree 0 as a gradedE[0](A)-module, which implies thatE [0](M) ∈
Gr0(E[0](A)), as desired.

(3) By (2), we haveE [0](M) ∈ Gr0(E[0](A)). Observing thatM/JM is a

finitely generatedA/J ∼= A0-module sinceM is a finitely generated graded mod-

ule. Clearly,M/JM is a finite dimensionalk-space sinceA0 is a finite dimen-

sional semisimplek-algebra, which implies thatHomA(M/JM, A0) is a finite

dimensionalk-space. Note that

(E [0](M/JM))0 = HomA(M/JM, A0),

we obtain thatE [0](M/JM) is a finitely generated gradedE[0](A)-module. There-

fore, we get thatE [0](M) is a finitely generated gradedE[0](A)-module since the

epimorphismE [0](M/JM) → E [0](M) → 0. 2

5. AN APPLICATION OFNONPUREPIECEWISE-KOSZUL MODULES

In this section, we give a sufficient condition for the questions raised in [19] to be

true.
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Firstly, let’s introduce the motivations and recall the questions:

LetA be a piecewise-Koszul algebra andM a piecewise-Koszul module. Using

the notations of Section 4. Then we have the following statements, which can be

found in [19] and [20]:

• E[0](A) is a Koszul algebra;

• E [0](M) is a Koszul module overE[0](A);

• all the gradedk-spacesE [l](M) (l = 0, 1, · · · , p − 1) can be viewed as

gradedE[0](A)-modules. Moreover, allE [l](M) (l = 0, 1, · · · , p− 1) are

generated in degree 0 asE[0](A)-modules.

Now motivated by the above, the authors raised the following natural question:

• Are theseE[0](A)-modulesE [l](M) (l = 1, 2, · · · , p− 1) Koszul?

Lemma5.1 — LetA be a standard graded algebra andM a finitely generated

gradedA-module. Then we have the isomorphisms

E [l](M) ∼= E [0](Ωl(M)) (l = 0, 1, · · · , p− 1)

as gradedE[0]-modules.

PROOF : Let

· · · // Qn
// · · · // Q1

// Q0
// M // 0

be a minimal graded projective resolution ofM . ThenΩl(M) has the following

minimal graded projective resolution

· · · // Qn
// · · · // Ql+1

// Ql
// Ωl(M) // 0.

Note thatA0 is semisimple, we have

E [l](M) =
⊕

i≥0

Extpi+l
A (M, A0) =

⊕

i≥0

HomA(Qpi+l, A0)
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and

E [0](Ωl(M)) =
⊕

i≥0

Extpi
A (Ωl(M), A0) =

⊕

i≥0

HomA(Qpi+l, A0),

which complete the proof.

Theorem5.2 — Let A be a piecewise-Koszul algebra andX be any nonpure

piecewise-Koszul module ingr(A). Suppose thatE [0](X) is a KoszulE[0](A)-
module. Then allE[0](A)-modulesE [l](M), (l = 1, 2, · · · , p − 1) are Koszul,

whereM is a piecewise-Koszul module.

PROOF : By Proposition 4.4,Ωi(M)[−δd
p(i)] is a nonpure piecewise-Koszul

module for all i ≥ 0 sinceM is a piecewise-Koszul module. By hypothesis,

E [0](Ωi(M)[−δd
p(i)]) is a KoszulE[0](A)-module for alli ≥ 0. By Lemma 5.1, we

haveE [l](M) ∼= E [0](Ωl(M)) = E [0](Ωl(M)[−δd
p(l)]) for l = 1, 2, · · · , p − 1.

Therefore, allE [l](M), (l = 1, 2, · · · , p− 1) are KoszulE[0](A)-modules.

Remark5.3 : LetA be a piecewise-Koszul algebra andM a nonpure piecewise-

Koszul A-module. Then do we always have thatE [0](M) is a KoszulE[0](A)-
module?
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