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1. INTRODUCTION

Itis well known that the noncommutative graded algebras play an important role in
algebra, topology, and mathematical physics. Probably the most interesting class
of such algebras is the class of Koszul algebras, which were first introduced by
Priddy in 1970 (see [23]) and studied in detail in [22]. Later, motivated by the
cubic Artin-Schelter regular algebras (see [1]), Berger first introduced the notion of
nonquadratic Koszul algebr@ee [4]) in 2001, which is a natural generalization of
Koszul algebras and also admits a lot of important applications in other branches of
mathematics, such as algebraic topology, algebraic geometry, quantum group, and
Lie algebra and so on. Recently, many people have shown their interests on such
algebras and many of them prefer the narie&kbszul algebra” to “nonquadratic
Koszul algebra” (see [5], [8], [10], [11], [13], [25] and [26], etc.), whelre> 2 is

a fixed integer. In 2007, the notion pfecewise-Koszul algebraas introduced,
which unifies the notions of Koszul antiKoszul algebras on one hand and has
essential difference between Koszul afiloszul algebras on the other hand, we
referto [17], [19], [20] and [21] for the further details. Moreover, piecewise-Koszul
algebras provide a negative answer to a question raised by Green and Marcos (see
[9]in 2005 and we refer to [15], [18] and [21] for the further details.

It should be noted that Koszul module$Koszul modules and piecewise-
Koszul modules are “pure”, i.e., each term in their minimal graded projective res-
olutions is generated in a single degree. A naive but interesting question is can
we break through the “pure” restrict and generalize these notions to the “nonpure”
case? Recently, some people have investigated the nonpure versidtostul
objects (see [5], [7] and [10], etc.) Motivated by these, the main purpose of the
present paper is to generalize the notion of piecewise-Koszul objects to the nonpure
case and the so-calletbnpure piecewise-Koszul algelbsadnonpure piecewise-
Koszul modulevill be introduced and studied. More precisely, the whole paper is
arranged as follows:

In Section 2, first we recall the definitions of piecewise-Koszul objects and give
the definitions of nonpure piecewise-Koszul objects, then we will give some trivial
examples of nonpure piecewise-Koszul objects.
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In Section 3, we provide some criteria for a standard graded algebra to be
nonpure piecewise-Koszul and Theorems 3.1 and 3.3 are the main results.

In Section 4, we give some basic properties of nonpure piecewise-Koszul mod-
ules. More precisely, we prove that the category of nonpure piecewise-Koszul mod-
ules is closed under extensions and cokernels of monomorphisms, all the syzygies
of a piecewise-Koszul module are nonpure piecewise-Koszul under a proper shift,
J'M[—i] is nonpure piecewise-Koszul for each> 0 and £L(M1) is a finitely
0-generated graddd® (A)-module, wheréEl%(A) := @, Ext¥ (4, Ag), £
(M) = D,~¢ Extﬁf(M, Ap), A is a piecewise-Koszul ;Igebra with the graded
Jacobson radical andM is a nonpure piecewise-Koszul module.

In Section 5, as an application of nonpure piecewise-Koszul modules, we pro-
vide a sufficient condition for the questions raised in [20] to be true.

2. NOTATIONS, DEFINITIONS AND EXAMPLES

Throughoutk denotes a fixed fieldy = {0,1,2,---} denotes the set of natural
numbers and. the set of integers. A positively grad&ealgebrad = @izo A;is
calledstandardif the following three conditions are satisfied:

(@) Ag =k x --- x k, afinite product ok;
(b) A; - Aj = Ai-l-j forall0 <i,j < oo
(c) dimA; < oo foralli > 0.

Under the above assumptions, the graded Jacobson radi¢atehoted by/,
is ®i21 A;.

Let Gr(A) denote the category of gradddmodules, angr(A) its full subcat-
egory of finitely generated gradetmodules. The morphisms in these categories,
denoted byHomg,.(4)(M, N) andHom,,4)(M, N) respectively, are graded-
module maps of degree zero. We den@ig(A) andgrs(A) the full subcategories
of Gr(A) andgr(A) whose objects are generated in a single degreespectively.
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An object inGrs(A) or grs(A) is called a gradegure A-module and otherwise,
we call itnonpure

Let M, N € gr(A). Endowed with the Yoneda produ@®,-, Ext, (M, N)
is a graded lefh,~, Exty (N, N)-module. In particulardd,-., E_xtf4(A0, Ap) is
an associative graded algebra &), Exty (M, Ap) is a graded lefeD, -, Ext)
(Ao, Ap)-module. For simplicity, we write -

= P Exty (Ao, Ao) and £(M) = @ Exty(M, Ay),

>0 >0
and usually calE(A) the Yoneda algebraf A and& (M) the Ext-moduleof M.
Note that bothZ(A) and€ (M) are bigraded. More precisely, for any N, we
have

Ext’y (Ao, Ag) = €D Exct], 4(Ao, Aolj])
jez

and

Extly (M, Ao) = @D Extl, 1) (M, Ao[j]).
jez

From [12], we know that standard graded algebras can be realized by finite
quivers:

Lemma2.1 — Let A be a standard graded algebra. Then there exists a finite
quiverI’ = (I'p,I';) and a graded idedl in kI' with I C -, (kI"), such that
A = KkI'/I as graded algebras, whdrg denotes the set of vertices of the quiver
andI’; denotes the set of arrows of the quiver

Definition 2.2 ([19]) — LetA = 69120 A; be a standard gradédalgebra and
M = EBZ.ZO M; a finitely generated graded-module. We calll/ a piecewise-
Koszul modulgrovided thatV admits a minimal graded projective resolution

Qn e Q1 Qo M 0,
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such that eacly,, is generated in degreig(n) forall n € N, whered, p are fixed
integers withd > p > 2, k € N and the set functiorig is defined as:

kd, n = pk,
kd+1, n =pk+1,

kd+p—2, n=pk+p—2,
kd+p—1, n=pk+p—1.

In particular, the standard graded algeHdravill be called apiecewise-Koszul
algebraif the trivial A-moduleAy is a piecewise-Koszul module.

The parametep shows certain periodicity in the resolution above, and the pa-
rameterd is related to a gap between two segments. Clearly, Koszul algebras and
d-Koszul algebras are piecewise-Koszul algebras, which take plate-0p and
p = 2 respectively. For the other examples of piecewise-Koszul objects, we refer
to [15], [19] and [20].

Definition 2.3 — Let A be a standard graded algebra avid= EBZ.ZO M; a
finitely generated graded-module. Let

@n e Q1 Qo M 0

be a minimal graded projective resolution &f. Then M is called anonpure
piecewise-Koszul modulgfor all n > 0, @, is generated in degrees mg(n),
whered andp are fixed integers witd > p > 2, £ € N and the set functiomg is
defined as:

{kd}a n:pk,
{kd+1, kd+2, ---, kd+d—p+ 1}, n=pk+1,
d
Ay(n) =
{kd+p—2, kd+p—1, - -, kd+d— 2}, n=pk+p-—2,
{kd+p—1, kd+p, ---, kd+d—1}, n=pk+p—1.

In particular, the standard graded algeHdraill be called anonpure piecewise-
Koszul algebraf the trivial A-moduleAy is a nonpure piecewise-Koszul module.
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In fact, nonpure piecewise-Koszul objects exist naturally:

Example2.4 : The following list some trivial examples of nhonpure piecewise-
Koszul objects:

(1) Koszul algebras/modules (see [22] and [23]) are special nonpure piecewise-
Koszul algebras/modules.

(2) d-Koszul algebras/modules (see [4], [8], [11], [25] and [26], etc.) are spe-
cial nonpure piecewise-Koszul algebras/modules.

(3) Piecewise-Koszul algebras/modules (see [19]) are special honpure piecewise-
Koszul algebras/modules.

Example2.5 : LetI" be the following quiver:

a(C1tso a3y

Let I be the graded homogeneous ideal generated’bwand a3y. Then
the quotient algebradl = % is a nonpure piecewise-Koszul algebra. In fact,
it suffices to show that the trivial-module 4y = k®* has a minimal graded
projective resolution with théth term is generated in degreesmﬁ(i) for each
i > 0. Now consider the minimal graded projective resolution of the simple mod-
ule S; = k related to the vertex, under a routine computation, we obtain the
following minimal graded projective resolutioP, : --- — (Ae; @ Ae3)[6] —
Aei[4] & Aes[b] — (Aep & Aes)[3] — (Aer & Aer)[l] — Aey — S; — 0.
Note thatker((Ae; & Ae3)[6] — Aei[4] & Aes[5]) = ker((Ae; & Ae3)[3] —
(Ae; @ Ae2)[1])[3] = (Aa® ABy)[6], thus we get a clear periodic minimal graded
projective resolution of5;. Similarly, we can get the minimal graded projective
resolutions of the simpled-modulesS,, Ss and S;, which implies a minimal
graded projective resolution of the trividkmodulek®:

such that eacl®, is generated in degrees iu3(n) for all n > 0. Also note that
P. is not pure sincé€P, ). is not pure, thust must not be a piecewise-Koszul (of
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course notl-Koszul) algebra and; must not be a piecewise-Koszul (of course not
d-Koszul) module. Therefored := % is a nontrivial nonpure piecewise-Koszul
algebra andb) is a nontrivial nonpure piecewise-Koszul module.

3. NONPUREPIECEWISEKOSZUL ALGEBRAS

In this section, we will give some criteria for a standard graded algebra to be non-
pure piecewise-Koszul.

Motivated by some previous work on Koszul atidkoszul objects of Green,
Martinez-Villa and Marcos (see [9], [11] and [12], etc.), we get the following result:

Theorem3.1— Let A be a standard graded algebra and = P, M; €
gr(A). Then

(1) A is a nonpure piecewise-Koszul algebra if and only if for all> 0,
Ethq(AO, Ao)_]‘ = EXtiGT(A)(Ao, Ao[j]) =0 unlessj € Ag(l),

(2) M is a nonpure piecewise-Koszul module if and only if forial> 0,
Ext’y (M, Ao)—; = Extg,(4)(M, Agj]) = 0 unlessj € AJ(i).

PrROOFWe only need to prove (2) since (1) is a special case of (2).

(=) By the hypothesis)/ admits a minimal graded projective resolution

Qi e Q1 Qo M 0,

such that eacld); is generated in degrees mg(z') for all « > 0. Note that the
resolution is minimal andl is semisimple, thus for ail > 0, we have

Extly (M, Ao)—j = Extg, 4y (M, Ao[5]) = Homg,(.4)(Qs: Ao[5))-

Note also that eact); is generated in degrees iu’(i) and Ay [;] is concen-
trated in degreg, which implies thatlomg,.(4)(Q:, Ao[j]) = 0 unlessj € Ag(i).

(<) It suffices to prove that/ admits a minimal graded projective resolution

Qi e Q1 Qo M 0,
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with each(@; being generated in degreeskﬁ(z‘) foralli > 0. We do it by
induction.

By the hypothesisExt (M, Ag)—; = Homg,(4)(M, Ao[j]) = 0 unless;j €
Ag(o) = {0}, which implies that)M is generated in degree O as a graded
module. Note that is a standard graded algebra avida bounded below graded
module, it is easy to see that there exists a graded projective m@gduenerated
in degree 0 such tha)y — M — 0 is a graded projective cover. Lé&f; :=
ker(Qo — M), itis trivial that K is also a bounded below graded module. Since
Ext}y (M, Ao)—; = Homg,(a)(K1, Ag[j]) = 0 unlessj € A(1), we haveK is
generated in degrees mgu). Similarly, there exists a graded projective module
@21 generated in degrees jhg(l) such that); — K; — 0 is a graded projective
cover. Now repeating the above arguments again and again, we can obtain the
desired resolutio, — M — 0, which completes the proof.

LemmaB.2 ([27]) — LetA be a standard graded algebra atfd= A®| AP its
enveloping algebra. Latbe the graded Jacobson radicalAsfandf : P — @ be
a homomorphism of finitely generatetf-projective modules. Thefm f C rQ
if and only if for each simpled-moduleS, we havelm(f ®4 1s) C J(Q ®4 S).

Theorem3.3— Let A be a standard graded algebra. Using the notations of
Lemma 3.2. Then

(1) A is a nonpure piecewise-Koszul algebra if and only if, the opposite algebra
of A, A°PP is a nonpure piecewise-Koszul algebra.

(2) A is a nonpure piecewise-Koszul algebra if and onhAifis a nonpure
piecewise-Koszull®-module.

PROOF: (1) It suffices to prove the necessity singé??)P? = A. Let A
be a nonpure piecewise Koszul algebra. Consider a minimal graded projective
resolution

= e P Py Ao 0

of the trivial A-module Ay such thatP; = A - (@jeAg(i) P;) foralli > 0. Let
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V* = Homy, (V, Ag) and(V*);, = (V_;)*. Thus, we get an injective resolution of
Ao:

OHAOH(pO)ﬁ*)(pl)ﬁH...H(Pn)ﬂ e

which implies that for alli > 0, Ext}on (Ao, do) = @jend(s) ExXta,(aom)
(Ao, Aolj]). By Theorem 3.14°PP is a nonpure piecewise-Koszul algebra.

(2) Let

'P*:... P’Vl e _Pl PO A 0

be a minimal graded projectivédc-resolution ofA. Then by Lemma 3.2P, is
minimal if and only if P, ® 4 Ao :

"*>Pn®AAO*>"'*>P1®AAO

Po®aAg—= ARy Ag = Ag—0

is a minimal graded projective resolution &f. Further, for alki > 0, P; is gener-

ated in degrees ifis1, s2, - - - , S, } @s a graded!®-module if and only ifP; ® 4 Ag
is generated in degrees{sy, s2, - - - , s, } @s a gradedi-module, which completes
the proof. O

4. NONPUREPIECEWISEEKOSZUL MODULES

In this section, we will give some basic properties of nonpure piecewise-Koszul
modules.

Proposition 41 — Let A be a piecewise-Koszul algebra and
0 K M N 0 be an exact sequencegn(A). Then

(1) M is nonpure piecewise-Koszul provided tii&andN are nonpure piecewise-
Koszul, i.e., the category of nonpure piecewise-Koszul modules is closed under
extensions;
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(2) N is nonpure piecewise-Koszul provided tiiaandM are nonpure piecewise-
Koszul, i.e., the category of nonpure piecewise-Koszul modules is closed under
cokernels of monomorphisms.

PrROOF: (1) By the Long Exact Theorem, we get the following exact sequence
Ext(y, 4y (N, Ag) — Exti, (M, Ag) — Extg, 4 (K, Ao)

for all i > 0. By hypothesisK andM are nonpure piecewise-Koszul modules, by
Theorem 3.1, we have

Ext’y (N, Ag)—; = Ext, 4 (N, Ao[j]) =0, (j ¢ Ag(d))

and

for all i > 0, which imply that
Exct'y (M, Ao)—; = Extly, 4 (M, Ag[j]) = 0, (j & AL(0))
forall i > 0. By Theorem 3.1 is a nonpure piecewise-Koszul module.
(2) Similarly, we have the long exact sequence

0 — Homgy4)(N,4) — Homga)(M,A) — Homg (s
(K, Ao) — Extg,q)(N,A0) — Extg,a)(M, Ag) — Extg, (K, Ag) —

To finish the proof, we need to prove that
EXt.ZA(Nv AO)—j = EXtiGr(A) (N7 AOU]) = 07 (j ¢ Ag(l))
for all i > 0 and do it by induction.

Fori = 0, it is obvious sincelM is a nonpure piecewise-Koszul module and
generated in degree 0.

Fori = 1, it suffices to prove that

Extly (N, Ao)—j = Extéy, ) (N, Aol4]) =0, (j ¢ Ag(1) = {1,2,--- ,d—p+1}).
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First we claim thatEixt}y (N, Ag)—; = Extg, 4 (N, Aols]) = 0 for j < 1.
In fact, letP, and Q, be the minimal graded projective resolutionsAf and V,
respectively. Note thafl is a piecewise-Koszul algebra, thi?s is supported in
{i > 64(1) = 1]i € N}. By Lemma 3.2 of [11], we have th&}, is supported in
{i > 1]i € N}, which implies the claim.

Now note thatX” and M are nonpure piecewise-Koszul modules, which imply
that

Excth (K, Ag)—j = Extl, (K, 4[f) =0, (j ¢ AL(1) = {1,2,-- ,d—p+1})
and
Exty (N, Ao)—j = Extg, 4 (N, Ao[j])) =0, (7 & Aj(1) = {1,2,--- ,d—p+1}).
Now it is easy to see that
Exty (N, Ao)—;j = Bxtg,(4) (N, Ao[]) =0, (j € AJ(1) = {1,2,--- ,d—p+1})
since the above long exact sequence.

For the cases af > 2, we can prove them similarly. O

Remark4.2 : For an exact sequen@e—— K M N 0 in
gr(A), we can not gef is nonpure piecewise-Koszul even thoufth and N
are nonpure piecewise-Koszul in general, i.e., the category of nonpure piecewise-
Koszul modules does not preserve kernels of epimorphisms. The following is an
easy counter example:

LetI" be the following quiver:

Set
kI’ Aey . Aey @ Aes . Aegy

G T Ay M Aers N T s
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Now it is easy to see thadt/ and N are nonpure piecewise-Koszul modules But
is not.

However, we have a sufficient condition for the category of nonpure piecewise-
Koszul modules to be closed under kernels of epimorphisms.

Proposition 4.3 — Let A be a standard graded algebra and
0 KM N 0 be an exact sequence gm(A) with JQI(K) =
QH(K) N JQY M) for all i > 0. ThenM is nonpure piecewise-Koszul if and only
if K andN are both nonpure piecewise-Koszul.

PROOF: We only need to prove the necessity since the sufficiency has been
proved in Proposition 4.1. Note that for al> 0, we haveJQ!(K) = Q(K) N
JQH(M), which implies the following commutative diagram

e
L

whereP,, L, andQ, are the minimal graded projective resolutionsiof M and
N, respectively. Therefore, we havg = P, ® @, for all n > 0. By hypothesis,
M is nonpure piecewise-Koszul, thilg is generated in degreesﬁﬁ(n) for each
n > 0, which implies thatP, and@),, are both generated in degreesﬁﬁ(n) for

eachn > 0.

Propositiond.4 — Let A be a piecewise-Koszul algebra ahfibe a piecewise-
Koszul A-module. Then

(1) all the syzygies of\/, Qi(M)[—dg(z')} (Vi > 0), are nonpure piecewise-
Koszul modules,

(2) all J:M[—i] (Vi > 0) are nonpure piecewise-Koszul modules.
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PrRoOF: We only prove (1) since (2) is a special case of Theorem 4.5.

By the hypothesis)M is a piecewise-Koszul module, théd has a minimal
graded projective resolution

@n Q1 Qo M 0,

such that eacld),, is generated in degreﬁ(n) for all n > 0, which implies the
following long exact sequence

e Qu[—6(1)] —> - ——= Q1 [—69(0)]
> Qi[~64(§)] — QI (M)[~64(i)] — 0.

Now setL; := Qi ;[—62(i)]. ThusQ'(M)[—4¢(i)] admits the following min-
imal graded projective resolution

Ly, o Ly ——> Ly —= Q{(M)[~ 53 (i)] —0
such thatL; is generated in degre¥ (i + j) — 42(i) for all j > 0.
To complete the proof, we consider the following cases:

1. Let: = pn andn € N. Then for allj > 0, itis clear thatl; is generated in
degreed (i + j) — 65(i) = 5 (pn) + 65(5) — 65 () = 63(5) € AG(7)-

2. Leti =pn+1andn € N.

(@) If j = pk (k € N), then it is trivial thatL; is generated in degree
58(i+ j) — 04(i) = 64(pn + 1+ pk) — 6(pn+1) = (n+ k)d + 1 —
(nd+1)=kd € Ag(j).

(b) If j = pk+ 1 (k € N), then it is trivial thatL; is generated in degree
58(i+ j) — 04(i) = 6 (pn+ 1 4+ pk + 1) — 6(pn+1) = (n+ k)d +
2 — (nd+1) = kd + 1 € AL(j).

(C) ...

(d) If j = pk+p—2 (k € N), then it is trivial thatL; is generated in
degreet(i + j) — 00(i) = 0% (pn + 1+ pk+p —2) — 0 (pn + 1) =
(n+k)d+p—1—(nd+1)=kd+p—2e AL(j).
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(e) If j = pk+p—1(k € N), then it is trivial thatL; is generated in
degrees imd(i+j) — 6%(i) = 0d(pn+1+pk+p—1)—6i(pn+1) =
(n+k+1)d— (nd+1) =kd+d—1e Alj).

Now repeat the above steps, we can prove the cases=opn + 2, ---, i =
pn+p—2andi = pn + p — 1. Therefore L; is generated in degreesdrg(j) for
all j > 0, which implies that all the syzygies of the piecewise-Koszul modile
Q' (M)[—64(i)] (Vi > 0), are nonpure piecewise-Koszul modules. O

Theorem4.5— Let A be a piecewise-Koszul algebra affla nonpure piecewise-
KoszulA-module. Thew M |[—i] is nonpure piecewise-Koszul for alt> 0.

PROOF: We only need to prove thatM[—1] is a nonpure piecewise-Koszul
module since other cases can be proved inductively. Notelthat @, .., M; is
nonpure piecewise-Koszul, hence it is generated in degree 0, which implies that
JM[-1] = @,-, M;[—1] is also generated in degree 0. Thus to complete the
proof, it suffices to show that M [—1] admits a minimal graded projective resolu-
tion

Ly o Ly Lo JM[—1] —=0,

such that for each > 0, L,, is generated in degreesmlf(n). By Theorem 3.1, it
is equivalent to show that for all > 0, we have the following equations:

Extg; (JM[-1], Ao[j]) = Eth:n JM, Ap[j + 1]) = 0 unless j = nd;

(4) )

Ext’c’;’";a)(JM[—l}, Aglj)) = Extgﬁj)(JM, Ag[j+1]) = 0 unless j € Al(pn+1);

Exctigy (5 *(JM[=1], Aolj]) = Extg {37 (JM, Aglj +1])

=0 unless j € Ag(pn +p—2);
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Extfy,(h ! (JM([=1], Aolj]) = Bxtfy {5 (JM, Aolj + 1))
= O unless j € Ag(pn +p—1).

Now consider the graded exact sequence

0 JM M M/JM ——0,

which implies the following long exact sequence as vector spaces

(JM, Aolj + 1]) — Ext?"t!

Gr(A)
() (M, Aol +1]) — Extn ) (M, Ag[j+1]) —

Extpn () (M/JM, Ao[j+1]) — Extpn (3 (M, Aglj+1]) — Extf (3 (JM, Ag[ji+

1]) — Extlot (M/JM, Aglj +1]) — -+ — Extlrih?(M, Aolj + 1]) —

Ext, k) “(JM, Aolj + 1]) — Extgy (87 (M/JM, Aolj + 1]) — Extgy (2

(M, Ao[j+1]) — ExtZ (T M, Ao[j+1]) — Extg, ) (M /M, Ag[j+1]) —

= Bt (M Aolj 4 11) — Bt
(M/JM, Ag[j +1]) — ExtZ )

r(A)

Let

P, cee P P() AO 0

be a minimal graded projective resolution of the trivielmodule Ay. Note thatA
is a piecewise-Koszul module, thi,, is generated in degreel for eachn > 0,
which implies thatP,,,, is supported ifi € N|i > nd} for eachn > 0. By Lemma
3.2 of [11], we know thatL,,, is supported in{i € N|i > nd} for eachn > 0,
which implies that for each > 0, we have

Note again thatl is a piecewise-Koszul algebra, 86/.J M is a piecewise-Koszul
module, which implies that for eaah> 0,

Extpn ) (M/JM, Ao[j +1]) = 0, (j # nd).
Therefore, ifj # nd, then we have the following exact sequence

Extgr 4 (M, Ag[j + 1]) — Exty,

2ty (TM, Ao +1]) = 0.

)
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Recall thatM is a nonpure piecewise-Koszul module, thus

Ext?h o) (M, Alj +1]) =0, (j #nd —1).

Therefore, for the case gf # nd: if moreover;j # nd — 1, thenExtgﬁ(A)
(JM, Aplj + 1)) = 0; if j = nd — 1, we already have known thﬁxtg’:(A)
(JM, Aplj + 1]) = 0 sincend — 1 < nd.

Now we will cIaimExtg:f(j)(JM[—l], Aolj]) = Ext’g;a)(JM, Ao[j+1]) =

0 unless j € Ag(anr 1). In fact, similar to the proof of the case pf, by Lemma
3.2 of [11], we can prove that

Extpn ) (JM, Aolj +1]) =0, (j <nd+1).

Similarly, M/ J M is a piecewise-Koszul module, which implies that for each
0,
Extpo ) (M/JM, Aolj +1]) =0, (j # nd +1).

Also note thatM is a nonpure piecewise-Koszul module, which implies that

Extfrth) (M, Aolj +1]) = 0 unless j + 1 € Al(pn + 1),

Now letj ¢ Ad(pn+1) ={nd+1, nd+2, ---, nd+d—p+1}.
Then we have the following exact sequence
Extir 4 (M, Aolj + 1)) — Extlri 1 (JM, Aolj + 1))
— Extgiﬁ)(M/JM, Aolj +1]) =0.

Therefore, ifj ¢ {nd, nd+1, ---, nd+d — p}, thenExt’C’;,a)(JM, A
[1+1) = OsinceExt’(’;T(j)(M, Aplj+1]) = 0;andifj € {nd, nd+1, ---, nd+

d—p}, thenj = nd < nd+1, which we have already known trﬁktg’fn&)(JM, A

[7+1])=0.

Thus we have proved the cIaiIExth(j)(JM [~1], Aolj]) = Extfiy
(JM, Ag[j + 1]) = 0 unless j € Ad(pn +1).



NONPURE PIECEWISE-KOSZUL ALGEBRAS 17

For the other equations, repeating the above arguments, we can prove them

inductively. O
Set
EU(A) = @ Ext! (A9, A), (1=0,1, -+, p—1)
>0
and
g[l](M) = @EXt]X+l(M7 AO)) (l = O> 17 T, P — 1)7
i>0

whereM e gr(A).

Theorem4.6— Let M be a nonpure piecewise-Koszul moduleg#A). Using
the above notations. Then we have the following statements:

1. we havek-isomorphisms for alh > 1:
Extl 4y (M, Aolnd)) = Extlr 1 (J2M, Aglnd))
= ... = Bxtpy ) (J97PHM, Ag[nd));
2. EON(M) € Gro(E(A));
3. E0(M) e gr(E)(A)).

ProoOF : (1) It suffices to prove the first isomorphism since others can be
proved similarly. Consider the exact sequence

0 J2M JM JM)J*M —0,
which implies the following exact sequence
Ext?" ' (JM/J?M, Ag) — Ext?' " (JM, Ag) — Ext?' !
(J2M, Ag) — Exti"(JM/J*M, Ap).

Note that4 is a piecewise-Koszul algebra, thiid// J%(M)[—1] is a piecewise-
Koszul module, which implies that

Extpn 0 (JM/J*M, A[j]) =0, (j #nd+p—d)
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and

Eth:ﬂ(A)(JM/JQMj Aolg]) =0, (j #nd+1).

Therefore, when = nd, we have the exact sequence
0 — Extfy ) (JM, Ag[nd]) — Extgy 4 (J*M, Ao[nd]) — 0,
thusExt’C’;ﬁa) (JM, Ag[nd]) = Extg’;a) (J2M, Ao[nd)), as desired.
(2) Consider the exact sequence

0 JM M M/JM ——0.

Similarly, we obtain the following exact sequence,
Ext?" " (M, Ag) — Ext%' ' (JM, Ag) —
Ext?'(M/JM, Ay) — Exth"(M, Ag) — Extly"(JM, Ay).
By Theorem 4.5, we know that) [—1] is a nonpure piecewise-Koszul mod-

ule. By Theorem 3.1, we have

Ext? ) (JM, Ao[j]) = Extl 1 (JM[-1], Aglj — 1)) =0, (j #nd +1)

and
Extlr 4y (M, Aolj]) = 0, (j ¢ Ap(pn —1)
={nd—d+p—1,nd—d+p, -, nd—1})

sinceM is also a nonpure piecewise-Koszul module.
Therefore, wherj = nd, we have the exact sequence

0 — Extl 3 (JM, Ag[nd]) — Extly , (M/JM, Ag[nd]) —

Ext?

Gr(A)(M’ Ap[nd]) — 0.

Observe thad//.J M is a piecewise-Koszul module aid is a nonpure piecewise-
Koszul module, we have

OV My IM) = @D Ext?} (M /M, Ag) = @) Ext’ (M /.M, Ag[nd))
>0 >0
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and
PN = @D ExtE (M, Ag) = €D Ext? (M, Ag[nd]).
i>0 i>0
Now apply the exact functord,,..,” to the above exact sequence, we get the
short exact sequence

0 — P Extly 4y (JM, Ag[nd]) — (M /M) — (M) — 0.
n>0

Itis clear thagD,,, Exty, 1) (JM, Ap[nd]) can be viewed as a gradedf! (A)-
module under the gradmg(@nZOExt’éZ(j)(JM,Ao[nd]))n = Ext’é”r(jl)
(JM, Ag[nd]).

Therefore each term of the above short exact sequencel€dr )-module.
Note that)M /.J M is a piecewise-Koszul module, by [19], we have ®8k()//.J M)
is a Koszul module over the Koszul algeli&!(A), thus€& (M /.JM) can be
generated in degree 0 as a gradi@d(A4)-module, which implies thafl® (A1) e
Gro(El(A)), as desired.

(3) By (2), we havel?)(M) € Gry(EI(A)). Observing that\/JM is a
finitely generatedd /J = Ayg-module sincel! is a finitely generated graded mod-
ule. Clearly,M/JM is a finite dimensionak-space sincel is a finite dimen-
sional semisimplék-algebra, which implies thatlom 4(M/JM, Ay) is a finite
dimensionak-space. Note that

(EON M/ TM))o = Homa(M/JM, Ay),

we obtain tha€!%l (M /.J M) is a finitely generated gradéi® (A)-module. There-
fore, we get that%l (M) is a finitely generated gradéei® (A4)-module since the
epimorphisme% (M /JM) — ELO/(M) — 0. O

5. AN APPLICATION OFNONPUREPIECEWISEKOSZUL MODULES

In this section, we give a sufficient condition for the questions raised in [19] to be
true.
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Firstly, let’s introduce the motivations and recall the questions:

Let A be a piecewise-Koszul algebra ahfla piecewise-Koszul module. Using
the notations of Section 4. Then we have the following statements, which can be
found in [19] and [20]:

e E(A)is a Koszul algebra;

o £(M) is a Koszul module ove[%) (A);

e all the gradedk-spaces (M) (I =0, 1, ---, p — 1) can be viewed as
gradedk[’)(A)-modules. Moreover, all (M) (1=0, 1, ---, p—1) are
generated in degree 0 B¥ (A)-modules.

Now motivated by the above, the authors raised the following natural question:

e Are theseE)l(A)-modules€! (M) (1=1, 2, ---, p— 1) Koszul?

Lemmab.1 — Let A be a standard graded algebra avida finitely generated

gradedA-module. Then we have the isomorphisms
as graded(’)-modules.

PROOF: Let

Qn Q1 Qo M 0

be a minimal graded projective resolution &f. ThenQ!(M) has the following
minimal graded projective resolution

Q@n E Qi+1 Q1 QM) ——0.

Note thatA, is semisimple, we have

V(M) = P Ext? (M, Ay) = @D Hom a(Qpir1, Ao)
i>0 i20
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and
0! (M) = @D Extly (2'(M), Ag) = D) Homa(Qpis1, Ao),
i>0 i>0

which complete the proof.

Theorem5.2— Let A be a piecewise-Koszul algebra atdbe any nonpure
piecewise-Koszul module ifr(A). Suppose thagl? (X) is a KoszulE[" (A)-
module. Then alEl%l(A4)-modules (M), (1=1, 2, ---, p— 1) are Koszul,
whereM is a piecewise-Koszul module.

PROOF: By Proposition 4.49"'(M)[—5g(i)] is a nonpure piecewise-Koszul
module for alli > 0 since M is a piecewise-Koszul module. By hypothesis,
EONQH(M)[-52(4)]) is a KoszulE" (A)-module for alli > 0. By Lemma 5.1, we
havegll(M) = £01(Ql(M)) = EONQI(M)[-sd()]) forl =1, 2, -+, p— 1.
Therefore, alEll(M), (1=1, 2, ---, p— 1) are KoszulE[’)(A4)-modules.

Remarlb.3 : LetA be a piecewise-Koszul algebra aifla nonpure piecewise-
Koszul A-module. Then do we always have tt@f! (M) is a KoszulE)(A)-
module?
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