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Selçuk University, 42075,Campus, Konya, Turkey
∗∗Department of Studies in Mathematics, University of Mysore

Manasagangothri, Mysore570 006,India

e-mails: sbbozkurt@selcuk.edu.tr and dbozkurt@selcuk.edu.tr,

c adiga@hotmail.com

(Received10August2011;accepted21December2011)

In this paper, we consider the strongly quotient graphs and obtain some better

results for the energy and Estrada index of these graphs, as well as some

relations between Estrada index and the graph energy.
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1. INTRODUCTION

Let G be a graph withn vertices andm edges and let the vertices ofG are labeled

asv1, v2, . . . , vn. Let di be the degree ofith vertex ofG, i = 1, 2, . . . , n. Let

A (G) be the(0, 1)-adjacency matrix ofG andλ1, λ2, . . . , λn be its eigenvalues.

The eigenvalues of the adjacency matrix ofG are said to be [5] eigenvalues ofG
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and to form spectrum ofG. SinceA (G) is a real symmetric matrix its eigenvalues

are real numbers. So we can order them so thatλ1 ≥ λ2 ≥ · · · ≥ λn. If G

possessesq quadrangles, then

n∑

i=1

λ2
i = 2m

and
n∑

i=1

λ4
i = 2

n∑

i=1

d2
i − 2m + 8q.

The energy of the graphG is defined by

E = E (G) =
n∑

i=1

|λi| . (1)

It is closely related to the totalπ-electron energy in a molecule represented by

a (molecular) graph. An extensive work has been done onE (G) and it can be

found in the literature. For detailed information see [12-14].

During the past forty years or so an enormous amount of research work has

been done on graph labeling, where the vertices are asigned values subject to cer-

tain conditions. These interesting problems have been motivated by practical prob-

lems. Recently, Adigaet al. [3] have introduced the notion of strongly quotient

graphs and studied these type of graphs. Throughout this paper by a labelingf of

a graphG of ordern we mean an injective mapping

f : V (G) → {1, 2, . . . , n} .

We define the quotient function

fq : EG → Q

by

fq (e) = min
{

f (v)
f (w)

,
f (w)
f (v)

}

if e joinsv andw. Note that for anye ∈ EG, 0 < fq (e) < 1.
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A graph withn vertices called a strongly quotient graph if its vertices can be la-

beled1, 2, . . . , n such that the quotient functionfq is injective i.e. the valuesfq (e)
on the edges are all distinct. For survey and detailed information for graph label-

ing, strongly quotient graphs, graph spectra, energy and Estrada index of graphs

see [2-5, 12-18]. Throughout this paper SQG stands for strongly quotient graph of

ordern with maximum number of edges.

We organized this paper in the following way. In Section 2, we obtain a better

upper bound and two new lower bounds for the energy of SQG. In Section 3, we

study on the Estrada index of SQG and obtain some better lower and upper bounds

for it involving graph energy and several other graph invariants. Now we give some

lemmas which will be needed then.

Lemma1.1. [1] — Leta1, a2, . . . , an be non-negative numbers. Then

n


 1

n

n∑

i=1

ai −
(

n∏

i=1

ai

)1/n

 ≤ n

n∑

i=1

ai −
(

n∑

i=1

√
ai

)2

≤ n (n− 1)


 1

n

n∑

i=1

ai −
(

n∏

i=1

ai

)1/n

 .

Lemma1.2. [4] — If G is a SQG then -1 is an eigenvalue ofG and its multi-

plicity is greater than or equal to|P | = l where

P =
{

p | p is prime and
n

2
< p ≤ n

}
.

Lemma1.3. [4] — If G is a strongly quotient graph (SQG) withn vertices then

0 is an eigenvalue ofG with multiplicity greater than or equal tos where

s =
∑

p-prime
p≤[n

2 ]

(
[logp n]− 1

)
.
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2. ON THE BOUNDS FORENERGY OFSQG

In this section, we will present some upper and lower bounds forE(G) where

G is SQG, with eigenvaluesλ1, λ2, . . . , λn. Let n+ be the number of positive

eigenvalues ofG and l ands are as defined in Lemmas1.2 and1.3 respectively.

For our convenience we rename the eigenvalues such thatλn−l−s+1 = λn−l−s+2 =
· · · = λn−l = 0, λn−l+1 = λn−l+2 = · · · = λn = −1.

Theorem2.1— LetG be a strongly quotient graph (SQG) withn > 3 vertices

and maximum edgesm. LetP =
{
p : p is prime and n

2 < p ≤ n
}

and |P | = l.

Then

E (G) ≥ l +
√

2m− l + (n− l − s) (n− l − s− 1)∆2/n−l−s (2)

and

E (G) ≤ l +
√

(n− l − s− 1) (2m− l) + (n− l − s)∆2/n−l−s (3)

where

∆ =
n−l−s∏

i=1

|λi| ands =
∑

p-prime
p≤[n

2 ]

(
[logp n]− 1

)
.

PROOF: Settingai = λ2
i and replacingn by n− l− s in Lemma 1.1 we obtain

T ≤ (n− l − s)
n−l−s∑

i=1

λ2
i −

(
n−l−s∑

i=1

|λi|
)2

≤ (n− l − s− 1)T

where

T = (n− l − s)


 1

n− l − s

n−l−s∑

i=1

λ2
i −

(
n−l−s∏

i=1

λ2
i

)1/n−l−s

 .

By Lemmas 1.2 and 1.3, we have -1 and 0 are eigenvalues ofG with multiplic-

ity greater than or equal tol ands, respectively. Therefore we obtain

T ≤ (n− l − s) (2m− l)− (E (G)− l)2 ≤ (n− l − s− 1)T.
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Observe that

T = (n− l − s)


 1

n− l − s

n−l−s∑

i=1

λ2
i −

(
n−l−s∏

i=1

λ2
i

)1/n−l−s



= (n− l − s)


 1

n− l − s
(2m− l)−

(
n−l−s∏

i=1

|λi|
)2/n−l−s




= 2m− l − (n− l − s)∆2/n−l−s.

Hence we get the result.

Remark2.2 : In [4] Adiga and Zaferani determined two eigenvalues of SQG

and also obtained the following upper bound for the energy of SQG

E (G) ≤ l +
√

(n− l − s) (2m− l). (4)

The upper bound (3) is sharper than the upper bound (4). Using arithmetic-

geometric mean inequality, we obtain

2m− l ≥ (n− l − s) ∆2/n−l−s

and considering the upper bound (3) we arrive at

E (G) ≤ l +
√

(n− l − s) (2m− l)

which is the upper bound (4).

Theorem2.3.— LetG be a strongly quotient graph (SQG) withn > 3 vertices

and maximum edgesm. Let P =
{
p : p is prime andn

2 < p ≤ n
}

and |P | = l.

Then

E (G) ≥ l + (2m− l)

√√√√√
2m− l

2
n∑

i=1
d2

i − 2m + 8q − l

. (5)

PROOF : We start with the Ḧolder inequality

n∑

i=1

aibi ≤
(

n∑

i=1

ap
i

)1/p (
n∑

i=1

bq
i

)1/q

(6)
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which holds for non-negative real numbersa1, a2, . . . , an and b1, b2, . . . , bn.

Settingai = |λi|2/3, bi = |λi|4/3, p = 3/2 , q = 3 and replacingn by n− l − s in

(6), we obtain

n−l−s∑

i=1

|λi|2 =
n−l−s∑

i=1

|λi|2/3
(
|λi|4

)1/3
≤

(
n−l−s∑

i=1

|λi|
)2/3 (

n−l−s∑

i=1

|λi|4
)1/3

.

(7)

SinceG hasn > 3 vertices, the cardinality ofP is equal to at least one. Then
n−l−s∑

i=1
|λi|4 6= 0 and (7) can be written as the following

n−l−s∑

i=1

|λi| ≥

√√√√√√√√

(
n−l−s∑

i=1
|λi|2

)3

n−l−s∑
i=1

|λi|4
=

√√√√√√√√

(
n−l−s∑

i=1
λ2

i

)3

n−l−s∑
i=1

λ4
i

.

By Lemma 1.2 and 1.3 we have−1 and 0 are eigenvalues ofG with multiplicity

greater than or equal tol ands, respectively. Therefore we obtain

E (G)− l ≥
√√√√√

(2m− l)3

2
n∑

i=1
d2

i − 2m + 8q − l

or equivalently

E (G) ≥ l + (2m− l)

√√√√√
2m− l

2
n∑

i=1
d2

i − 2m + 8q − l

.

Hence the result.

3. ON THE ESTRADA INDEX OF SQG

In this section, we first recall that Estrada index of the graphG is defined by

EE = EE (G) =
n∑

i=1

eλi . (8)
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Thek-th moment of the graphG, denoted byMk = Mk (G), is given by

Mk = Mk (G) =
n∑

i=1

(λi)
k .

It is well known that [5]Mk (G) is equal to the number of self-returning walks

of lengthk of the graphG.

Recalling the power series expansion ofex we have another expression of

Estrada index as

EE =
∞∑

k=0

Mk

k!
. (9)

The Estrada index of graphs has found a remarkable variety of applications in

Chemistry and Physics. In addition, there exist a vast literature that studies Estrada

index and its lower and upper bounds. For survey and more information we refer

to the reader [6-11, 15-18].

Now we will give some better results forEE (G) involving graph energy

E (G) and several other graph invariants whereG is SQG.

Theorem3.1. — The Estrada indexEE (G) and the graph energyE (G) of

SQG withn > 3 vertices and maximum edgesm satisfy the following inequality

le−1 +
1
2
E (G) (e− 1) + n− n+ ≤ EE (G)

≤ le−1 + (n− l − 1) + e
E(G)

2 (10)

whereP =
{
p : p is prime andn

2 < p ≤ n
}

and |P | = l.
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PROOF : Lower bound: Considering Lemma 1.2 and 1.3 and the inequalities

ex ≥ xe andex ≥ 1 + x, we get

EE (G) =
n∑

i=1

eλi = se0 + le−1 +
n−l−s∑

i=1

eλi

≥ s + le−1 +
∑

λi>0

eλi +
n−l−s∑

i=1
λi≤0

(1 + λi)

= s + le−1 + (e− 1)
(
λ1 + λ2 + · · ·+ λn+

)
+ (n− l − s− n+) + l

= le−1 +
1
2
E (G) (e− 1) + n− n+.

Hence the lower bound in (10).

Upper Bound: Let n+ be the number of positive eigenvalues ofG. Since

f (x) = ex monotonically increases in the interval(−∞, +∞), we obtain

EE(G) =
n∑

i=1

eλi = se0 + le−1 +
n−l−s∑

i=1

eλi

≤ s + le−1 + (n− l − s− n+) +
n+∑

i=1

eλi

Therefore

EE(G) ≤ le−1 + (n− l − n+) +
n+∑

i=1

∑

k≥0

(λi)
k

k!

= le−1 + n− l +
∑

k≥1

1
k!

n+∑

i=1

(λi)
k (11)

≤ le−1 + n− l +
∑

k≥1

1
k!

[
n+∑

i=1

(λi)

]k

= le−1 + (n− l − 1) + e
E(G)

2 .

This completes the proof.
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Remark3.2. : In [17] Liu and Liu proved that the following inequality for

simple graphs withn vertices andm edges

1
2
E (G) (e− 1) + n− n+ ≤ EE (G) ≤ n− 1 + e

E(G)
2 . (12)

It is clear that the lower bound in (10) is better than the lower bound in (12) for

EE (G) of SQG withn > 3 vertices and maximum edgesm. Since the function

f (x) = ex monotonically increases in the interval(−∞,+∞) and considering the

cardinality ofP (|P | = l) is equal to at least one, we also conclude that the upper

bound in (10) is better than the upper bound in (12).

Theorem3.3. — The Estrada indexEE (G) and the graph energyE (G) of

SQG withn > 3 vertices and maximum edgesm satisfy the following inequality

EE (G)−E (G) ≤ le−1 + (n− l − 1)−
√

2m− l + e
√

2m−l. (13)

whereP =
{
p : p is prime andn

2 < p ≤ n
}

and |P | = l.

PROOF : From (11)

EE (G) ≤ le−1 + n− l +
∑

k≥1

1
k!

n+∑

i=1

(λi)
k

= le−1 + n− l +
E (G)

2
+

∑

k≥2

1
k!

n+∑

i=1

(λi)
k

< le−1 + n− l + E (G) +
∑

k≥2

1
k!

n+∑

i=1

(λi)
k

Therefore we get

EE (G) ≤ le−1 + n− l + E (G) +
∑

k≥2

1
k!

[
n+∑

i=1

(λi)
2

] k
2

= le−1 + n− l + E (G) +
∑

k≥2

1
k!


2m−

n∑

i=n++1

(λi)
2




k
2

.
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By Lemma 1.2 and 1.3, we have−1 and 0 are eigenvalues of the strongly

quotient graphG with multiplicity greater than or equal tol ands, respectively.

These imply that
n∑

i=n++1

(λi)
2 ≥ l.

Hence we obtain

EE (G)−E (G) ≤ le−1 + n− l +
∑

k≥2

1
k!

[2m− l]
k
2

= le−1 + (n− l − 1)−
√

2m− l + e
√

2m−l.

From the above discussions we also have

EE (G)− E (G)
2

≤ le−1 + (n− l − 1)−
√

2m− l + e
√

2m−l

that is better than the upper bound (13)

Remark3.4 : In [17] Liu and Liu proved that the following inequality for simple

graphs withn vertices andm edges

EE (G)− E (G) ≤ n− 1−√2m− 1 + e
√

2m−1. (14)

Since the functionsf (x) = ex andf (x) = ex − x monotonically increase in

the intervals(−∞, +∞) and(0,+∞), respectively and considering the cardinality

of P (|P | = l) is equal to at least one, we conclude that the upper bound (13) is

better than the upper bound (14) forSQG.
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