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The present paper deals with a Randers metric that has been derived after a
particulars—change in thenth root metric. Various geometers such as [7],

[9], [10] etc. have studied theuth root metric and its transformations. We
have obtained some tensors and theorems holding the relation between the
Finsler space equipped with theth root metric and the one obtained after

its Randers change.
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1. INTRODUCTION

A Finsler spacd™ is said to be equipped witfay, 5) metric, if the metric function
L(z,y) is positively homogeneous of degree onenimnd 3. Matsumoto [4] in
1971 introduced a particular transformation of Finsler metfic, y) defined as:

L(z,y) = a(z,y) + B(z,y), (1.1)
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wherea(z,y) is the fundamental function of Finsler spag® and G(z,y) =
b;(z) y' is a differential one form. Such a change of Finsler space is termed as
([B—change.

Randers [8] then introduced the Randers space with mettca + 3, where
o = (a;j(z)y*y?)"/? is a Riemannian metric an@lis as defined above. Later in
1978 Numata [6] introduced another metkic= u-+3, whereu = (a;;(y)y' y7)'/?
is a Minkowski metric angs(z, y) = b; () y*. This metric is similar to the Randers
one but with different geometrical properties. In papers [1], [2], [4] etc. the cor-
responding3—change of various Finsler metrics have been studied from different
viewpoints to obtain several theorems.

In 1979 Shimada [9] introduced theth root metric on the differentiable man-
ifold M™ defined as:

(1.2)

where the coefficients;, ;  are the components of symmetric covariant ten-
sor field of order(0, m) being the functions of positional co-ordinates only.

Since then various geometers such as [7], [10] etc. have explored the theory of
mth root metric and studied its transformations.

In the present paper we have considered a transformation efttheoot met-
ric such that it transforms to a similar metric as the Randers one defined in (1.1)
in a way that the Riemannian metricis replaced with thenth root metrich de-
fined in (1.2). Hence this paper deals with a Finsler spatequipped with the
fundamental functior(x, y) defined as:

L(z,y) = Mz,y) + B(x,y), (1.3)

whereX = (a4, (x)y"...y")/™ is the metric function of Finsler spade’
andg(z,y) = bi(x)y" is a differential one form. In this paper we shall study the
relation between various tensors of Finsler sp&teawith that of 7.
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2. PRELIMINARIES

Let M™ be ann—dimensional smooth manifold add® = (M", L) be ann—dimensional
Finsler space equipped with the fundamental funcfign, ) defined in (1.3). As

we are concerned here with the transformatiomdifi root metric, we shall there-

fore restrict ourselves for, > 2 throughout the paper.

The normalized supporting eleméntangular metric tensat;;, metric tensor
g:; and Cartan's” —tensorCj;;, [3] are defined respectively as:

oL 0*L 1 0%°L?
li:f, ”:Li =y gU:,7 -
oy 0y*0y? 2 Oytoy?
and 9372
1 L
) = . 2-1
Ciji 4 Oyt Oyl Oyk @1

Dealing with themth root metric we shall first introduce the tenseféz, y),
aij(z,y) anda; ;i (z,y) as defined in [7] :

(@) " lai = iy iy Y™,
(b) Oém_Qaij = (I@'ji3...imyi3-"yim
(c) Oém_gaijk = aijki4...imyi4"'yim' (2.2)

The differentiation ofu;, ., with respect ta)/ is given by [10]:

(m —r)

N (G, — 0g) (2.3)

0jai,..i, =

wherer =1...n.

3. FUNDAMENTAL TENSORS

We consider am—dimensional Finsler spacg” with metric L(z,y) defined in
(1.3). The differentiation of (1.3) with respectgbdyields the normalized support-
ing element; as:
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l; = a; + b;, (31)
wherel; anda; are defined in (2.1) and (2.2) respectively.

In view of (2.2) and (2.3) differentiation of (3.1) with respectfoyields:

hij = (m —1) § (aij — a; aj). 3.2)

The above equation can be re-written as:

Dy 3.3
T (3:3)

where);; is the angular metric tensor of the Finsler spaCesquipped with metric
A.

On account of (2.1), (2.2) and (2.3) the fundamental teps0z, y) of Finsler
spacel™ is given as:

gij = (m — 1)7'a2‘j + (a,'bj + biaj) + bib; + (1-— mT) a;Qj, (3.4)

wherer = L/\.

We may now rewrite the above expression as:

Gij = poaij + p1(a;bj + bia;) + p2bib; + p3aiaj, (3.5)

wherepy = (m — 1) 7,

p1 =1,
p2=1
and

p3=1—(m—1)r.
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The tensom;;(z, y) is called the basic tensor and is supposed to have a non-
vanishing determinant.

In order to obtain the contravariant metric tengt(z, y) we here assume the
covariant entityH;; defined as:

H;; = poa;; + cicy, (3.6)

wherec; = wb; andpy is defined in (3.5).

The contravariant tensdi”/ (z, y) is now defined as:

- » L]
Hw:i Gii ¢ : (3.7)
Do po + 2

wherec’ = g%¢; andc; is already defined in (3.6).
In view of (3.5) the unknown quantity is obtained using the following rela-
tions:

2
7T—1 - p3’

(i) mo ==
T—1

and

(i) 7* =p, — 73.

Substituting the above result in equation (3.7) we get:

bib;

HY — .
(m—1)7 al]Jrl—(m—l)T—bQ ’

(3.8)

whereb’ = a"b;

b2 = gbib; = b;b’ (3.9)
and 7 being defined in (3.4).

The metric tensog;; can now be written in the following form:



42 ASHA SRIVASTAVA AND PRIYA ARORA

gij = Hyj + did;, (3.10)
1 -
whered; = mob; + 7m_1a; = [bz + (1 —m — 17‘)(11'].
1—(m—171

Theng® (z,vy) is defined as:
d'd’
1+d?

V1i—-m-—1r (1+4q)

(m—1)T 1—m—17 —b2

g7 (z,y) = HY — (3.11)

where d' = Hd; = b +a'|,

q= § = bia' = a;b’,

al = aa;
and 42 = H”Clld]

- |
(m—=1)1—-m—17 = b*)7

(1—m—TIr—b*)(g+1—m—1r)
+(1+q){g(1 —m—1r) +b°}].

Henceg (z,y) is given as:

g 1 g
ij a —
5 m=1)r 1+

B+m—1r-1)
(1+4q)?

a'a’

(3.12)

(a't’ +b'al) +

Theorem3.1— The metric tensors;; (z, y) andg® (z,y) of the Finsler space
F™ equipped with the Randers metric obtained by transformingitheroot metric
are given as:

9ij = (m — 1)7'0,@']' + (aibj + biaj) + bibj + (1 — mT)aiaj

and
¢ = ot a — ! (aibj + biaj) +
(m—1)T (1+4q)

B+m—1r—1)
(1+4q)?

a'a’
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The differentiation ofr with respect ta/’ is given as:

or  (1—7)a;+b;

oyt A

(3.13)

In view of (2.2), (2.3) and (3.12) we differentiate (3.4) with respecy/tdo
obtain the following result:

20Cij = (m—=1)[(m = 2)Tagr + (1 —m — 17)(asa, + ajair + agaiy)
—i—(aijbk + ajkbi + akibj) — (aiajbk -+ ajakbi + akaibj)
+(2m — 11 — 3)aa;a). (3.14)

Theorem3.2— The Cartan’sC'—tensorC;;(x, y) under the Randers change
of mth root metric takes the following form:

2XCik = (m—=1)[(m — 2)Tajr + (1 —m — 17)(asak + aja, + apagy)
+(aijby + ajpb; + agib;) — (asajby + ajarb; + ara;by)
+(2m — 11 — 3)aa;ay).

Now, Cjjy; is re-written as:

C,'jk =T Pijk + ()\ijmk + )\jkmi + )\ikmj)/Q)\, (3.15)

wherep; ;i is the (h)hv- torsion tensor of the Cartan’s connectidn of the mth
root Finsler metric\ given as:

(m—1)(m —2)

Pijk = ) [aijk — (aiaj, + ajar; + apaiz) + 2a;a5a8]
Aij = (m—1)(ai; — aia;)
and m; = b; — éai. (3.16)

A
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Theorem3.3— The (h)hv-torsion tensa;; (x, y) of the Cartan’s connection
CT of the Randers metric obtained Pytransformation of thenth root metric is
given by:

m—1)(m—2
( 2)5\ ) [aijk - (Cliajk + ajar; + akaij) + 2aiaj(1]<;] .

Dijk =

4. THE V-CURVATURE TENSOR OFF"

In view of (3.15) and definition ofi’ we now have the following identities:

i i i i 2 2
a‘a; =1, ajjRa’ = ajg, mia’ = 0, m;b' = b° — q°,

)\ijai = 0, )\Z]bl = (m - 1)TTLZ and pijkai =0. (41)

In order to find the v-curvature tensor of the Finsler sp&tet is necessary to
obtain the (h)hv-torsion tense¥;;, = ¢ .

Hence transvection of (3.13) wigi” yields:

i 1 i 1 i i i
ai (b2 _ q2) 1 )
—_— | m; ~—— | - ——————a'pibd’, 4.2
L0+ ™™ T 2m -] T oD gt (42)
where
Pik = Dpjrka’ = ( 2)§\ ) [a;k — (0far, + dpa; + a'ajr) + 2azajak] ,
A; = \jpa" = (m— 1)(5;- —d'a;),

m' =mpa"” =0b" —qa’

and aék = a"ajrk. (4.3)
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From (4.1) and (4.3) we now have another set of identities as following:

pz’jMZ = pgj)\rh = (m — 1)pijh7 pijrmr = pijrbra mpA; = (m — 1)m;,
mimi = b2 — q2, )\ir)\g = (m — 1))\2‘3'
and Airm” = (m — 1)m;. (4.4)
In view of (3.13), (4.1), (4.2) and (4.3) we have:
T T ‘s 1 ‘s
CijrChy, = (m — 1) PrPhk + m(pijr)\hk + PhkrAij)b
1
+m(2mhmk)\ij + mimk)\hj + mimh)\jk + Qmimj)\hk
+mimg i, + mjmh)\ik)
1
"’ﬁ(pijhmk + PijkMn, + PikhMi + DihkM;j)
L oo o
+4>\—L(b — q°)Nij k- (4.5)
The v-curvature tensdy,; ;. is given by [3]:
Shijk = CijrChy, — Cikr Ch - (4.6)

Now, interchanging indicegandk in (4.4) we get:
CireCp;, = —— ; ! A Aik)b"
ikrCpy = mpikrphj + m(?ikr hj + PhijrAik)

1
+m(2mhmj)\ik + MM Ak + mimp A + 2mpm Ay
+mjmk>\ih -+ mkmh)\ij)

1
+ox (Pikn™j + Pijrmp + ik + Pinjmi)

er(b2 — )Nk (4.7)

In view of (4.6) subtracting (4.7) from (4.5) we get:
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-
Shi]k Q(]k) { ( 1)pz]rphk + )‘hkmw + AZJTnhk} (48)
where
1 (m—1) 1, 5 9
i = o | Pigrd” imj + — (07 — ¢°)Ni;
Mg 2)\(m—1){p] o iy (7 =)y

and the symbof) ;) denotes the interchange of indiceandk followed by sub-
traction.

Theorem4.1— The v-curvature tensaofy, ;i (z, y) under the Randers change
of mth root metric takes the following form:

-
Shijk = Q(jk) { m 1)szrphk- + Ankmij + A Jmhk}

The reciprocalg”’(z,y) of metric tensorg;; (x,y) of the Finsler spacé”"
equipped withmth root metric is given by [7]:

94 (m—2)a'a’}. (4.9)

. 1
—ij _
g (m—1
In order to relate the v-curvature tensoridf with themth root Finsler space
of F"" we may now find the (h)hv-torsion tensor Bf' given as:

— —ir 1 (]
Pjx = 9 Pjrk — mpjm (4.10)

whereg® is defined in (4.9).

Thus, the v-curvature tens@rm-j,C of mth root Finsler spacF” is given as:

_ ~ - 1
Shijk = DijrDhk — DikrDhj = m(pijrpﬁk — DikrPhj)- (4.11)

In view of (4.11)Sy,;, may now be re-written as:
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Shijk = TShijk + Qjky Nimnk + Ankmi), (4.12)
where);;, m;; and Sy, are defined in (3.3), (4.7) and (4.10) respectively.
From the definition ofS4—Ilike Finsler space we know that the v-curvature
tensor of the four dimensional Finsler space may be written as [3]:
L?Shiji = Q(jry (hnj Kir + hinKpj), (4.13)
whereK;; is a symmetric tensor field of type (0, 2) such thaf v’/ = 0.

Hence, if the v-curvature tensor of the Finsler spa€evanishes, then the
Finsler spacé" is S4—like.

Theorem4.2 — The Finsler spacé”" equipped with thenth root metric is
S4—like, if the v-curvature tenso$y,; ;i (z, y) of the Finsler spacé™ obtained by
the Randers change efth root metric vanishes.

If the v-curvature tensor of the Finsler spagé vanishes then (4.12) reduces
to:

Shijk = NijMhk + AnkMij — ApjMik — AikMpj. (4.14)
Contraction of (4.14) witly" yields the Ricci tenso;;, = ¢" S, given as:

Sik, = — [mAix + (m —1)(n — 3)mix], (4.15)

(m—1)T
wherem = m;; a',

Using the definition ofn;; the above expression may be re-written as:

Sik + Hi\ir, + Hopiryb" = Hzmymy, (4.16)
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(n—3)
Ho =

2T 2L(m—1)

and
(n—3)

Hs = .

3 412

Theorem4.3— If the v-curvature tensa$, j; of the Finsler spacé”" equipped
with themth root metric vanishes then there exist scalArsand H» in the Finsler
spaceF™ (n > 4) obtained under the Randers changenath root metric, such
that the matrix|.S;, + Hi A + Ha pib"|| is of rank less than two.

10.

. H. Shimada, On Finsler spaces with metfic= 7%
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