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The present paper deals with a Randers metric that has been derived after a

particularβ−change in themth root metric. Various geometers such as [7],

[9], [10] etc. have studied themth root metric and its transformations. We

have obtained some tensors and theorems holding the relation between the

Finsler space equipped with themth root metric and the one obtained after

its Randers change.
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1. INTRODUCTION

A Finsler spaceFn is said to be equipped with(α, β) metric, if the metric function

L(x, y) is positively homogeneous of degree one inα andβ. Matsumoto [4] in

1971 introduced a particular transformation of Finsler metricα(x, y) defined as:

L(x, y) = α(x, y) + β(x, y), (1.1)
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whereα(x, y) is the fundamental function of Finsler spaceFn and β(x, y) =
bi(x) yi is a differential one form. Such a change of Finsler space is termed as

β−change.

Randers [8] then introduced the Randers space with metricL = α + β, where

α = (aij(x)yi yj)1/2 is a Riemannian metric andβ is as defined above. Later in

1978 Numata [6] introduced another metricL = µ+β, whereµ = (aij(y)yi yj)1/2

is a Minkowski metric andβ(x, y) = bi(x) yi. This metric is similar to the Randers

one but with different geometrical properties. In papers [1], [2], [4] etc. the cor-

respondingβ−change of various Finsler metrics have been studied from different

viewpoints to obtain several theorems.

In 1979 Shimada [9] introduced themth root metric on the differentiable man-

ifold Mn defined as:

L = m

√
ai1...imyi1 ...yim , (1.2)

where the coefficientsai1...im are the components of symmetric covariant ten-

sor field of order(0,m) being the functions of positional co-ordinates only.

Since then various geometers such as [7], [10] etc. have explored the theory of

mth root metric and studied its transformations.

In the present paper we have considered a transformation of themth root met-

ric such that it transforms to a similar metric as the Randers one defined in (1.1)

in a way that the Riemannian metricα is replaced with themth root metricλ de-

fined in (1.2). Hence this paper deals with a Finsler spaceFn equipped with the

fundamental functionL(x, y) defined as:

L(x, y) = λ(x, y) + β(x, y), (1.3)

whereλ = (ai1....im(x)yi1 ....yim)1/m is the metric function of Finsler spaceF
n

andβ(x, y) = bi(x) yi is a differential one form. In this paper we shall study the

relation between various tensors of Finsler spaceFn with that ofF
n
.
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2. PRELIMINARIES

LetMn be ann−dimensional smooth manifold andFn = (Mn, L) be ann−dimensional

Finsler space equipped with the fundamental functionL(x, y) defined in (1.3). As

we are concerned here with the transformation ofmth root metric, we shall there-

fore restrict ourselves form > 2 throughout the paper.

The normalized supporting elementli, angular metric tensorhij , metric tensor

gij and Cartan’sC−tensorCijk [3] are defined respectively as:

li =
∂L

∂yi
, hij = L

∂2L

∂yi∂yj
, gij =

1
2

∂2L2

∂yi∂yj

and

Cijk =
1
4

∂3L2

∂yi∂yj∂yk
. (2.1)

Dealing with themth root metric we shall first introduce the tensorsai(x, y),
aij(x, y) andaijk(x, y) as defined in [7] :

(a) αm−1ai = aii2...imyi2 ...yim ,

(b) αm−2aij = aiji3...imyi3 ...yim

(c) αm−3aijk = aijki4...imyi4 ...yim . (2.2)

The differentiation ofai1...ir
with respect toyj is given by [10]:

∂̇jai1...ir =
(m− r)

λ
(ai1...ir,j − ai1...iraj) (2.3)

wherer = 1 . . . n.

3. FUNDAMENTAL TENSORS

We consider ann−dimensional Finsler spaceFn with metric L(x, y) defined in

(1.3). The differentiation of (1.3) with respect toyi yields the normalized support-

ing elementli as:
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li = ai + bi, (3.1)

whereli andai are defined in (2.1) and (2.2) respectively.

In view of (2.2) and (2.3) differentiation of (3.1) with respect toyj yields:

hij = (m− 1)
L

λ
(aij − ai aj). (3.2)

The above equation can be re-written as:

hij

L
=

λij

λ
, (3.3)

whereλij is the angular metric tensor of the Finsler spaceF
n

equipped with metric

λ.

On account of (2.1), (2.2) and (2.3) the fundamental tensorgij(x, y) of Finsler

spaceFn is given as:

gij = (m− 1)τaij + (aibj + biaj) + bibj + (1−m− 1 τ) aiaj , (3.4)

whereτ = L/λ.

We may now rewrite the above expression as:

gij = p0aij + p1(aibj + biaj) + p2bibj + p3aiaj , (3.5)

wherep0 = (m− 1) τ ,

p1 = 1,

p2 = 1

and

p3 = 1− (m− 1)τ .
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The tensoraij(x, y) is called the basic tensor and is supposed to have a non-

vanishing determinant.

In order to obtain the contravariant metric tensorgij(x, y) we here assume the

covariant entityHij defined as:

Hij = p0aij + cicj , (3.6)

whereci = πbi andp0 is defined in (3.5).

The contravariant tensorH ij(x, y) is now defined as:

H ij =
1
p0

[
aij − cicj

p0 + c2

]
, (3.7)

whereci = gijcj andci is already defined in (3.6).

In view of (3.5) the unknown quantityπ is obtained using the following rela-

tions:

π2
−1 = p3,

(ii) π0 =
p2

π−1

and

(iii) π2 = p1 − π2
0.

Substituting the above result in equation (3.7) we get:

H ij =
1

(m− 1)τ

[
aij +

bibj

1− (m− 1)τ − b2

]
, (3.8)

wherebi = aijbj ,

b2 = gijbibj = bib
i (3.9)

and τ being defined in (3.4).

The metric tensorgij can now be written in the following form:



42 ASHA SRIVASTAVA AND PRIYA ARORA

gij = Hij + didj , (3.10)

wheredi = π0bi + π−1ai =
1√

1− (m− 1)τ

[
bi + (1−m− 1τ)ai

]
.

Thengij(x, y) is defined as:

gij(x, y) = H ij − didj

1 + d2
, (3.11)

where di = H ijdj =

√
1−m− 1τ

(m− 1)τ

[
(1 + q)

1−m− 1τ − b2
bi + ai

]
,

q =
β

λ
= bia

i = aib
i,

ai = aijaj

and d2 = H ijdidj

=
1

(m− 1)(1−m− 1τ − b2)τ

[
(1−m− 1τ − b2)(q + 1−m− 1τ)

+(1 + q){q(1−m− 1τ) + b2}] .

Hencegij(x, y) is given as:

gij =
1

(m− 1)τ

[
aij − 1

(1 + q)
(aibj + biaj) +

(b2 + m− 1τ − 1)
(1 + q)2

aiaj

]
.

(3.12)

Theorem3.1— The metric tensorsgij(x, y) andgij(x, y) of the Finsler space

Fn equipped with the Randers metric obtained by transforming themth root metric

are given as:

gij = (m− 1)τaij + (aibj + biaj) + bibj + (1−m− 1 τ)aiaj

and

gij =
1

(m− 1)τ

[
aij − 1

(1 + q)
(aibj + biaj) +

(b2 + m− 1τ − 1)
(1 + q)2

aiaj

]
.
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The differentiation ofτ with respect toyi is given as:

∂τ

∂yi
=

(1− τ)ai + bi

λ
. (3.13)

In view of (2.2), (2.3) and (3.12) we differentiate (3.4) with respect toyk to

obtain the following result:

2λCijk = (m− 1)[(m− 2)τaijk + (1−m− 1τ)(aiajk + ajaik + akaij)

+(aijbk + ajkbi + akibj)− (aiajbk + ajakbi + akaibj)

+(2m− 1τ − 3)aiajak]. (3.14)

Theorem3.2— The Cartan’sC−tensorCijk(x, y) under the Randers change

of mth root metric takes the following form:

2λCijk = (m− 1)[(m− 2)τaijk + (1−m− 1τ)(aiajk + ajaik + akaij)

+(aijbk + ajkbi + akibj)− (aiajbk + ajakbi + akaibj)

+(2m− 1τ − 3)aiajak].

Now, Cijk is re-written as:

Cijk = τ pijk + (λijmk + λjkmi + λikmj)/2λ, (3.15)

wherepijk is the (h)hv- torsion tensor of the Cartan’s connectionCΓ of themth

root Finsler metricλ given as:

pijk =
(m− 1)(m− 2)

2λ
[aijk − (aiajk + ajaki + akaij) + 2aiajak] ,

λij = (m− 1)(aij − aiaj)

and mi = bi − β

λ
ai. (3.16)
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Theorem3.3— The (h)hv-torsion tensorpijk(x, y) of the Cartan’s connection

CΓ of the Randers metric obtained byβ transformation of themth root metric is

given by:

pijk =
(m− 1)(m− 2)

2λ
[aijk − (aiajk + ajaki + akaij) + 2aiajak] .

4. THE V-CURVATURE TENSOR OFFn

In view of (3.15) and definition ofai we now have the following identities:

aiai = 1, aijka
i = ajk, mia

i = 0, mib
i = b2 − q2,

λija
i = 0, λijb

i = (m− 1)mi and pijka
i = 0. (4.1)

In order to find the v-curvature tensor of the Finsler spaceFn it is necessary to

obtain the (h)hv-torsion tensorCi
jk = girCjrk.

Hence transvection of (3.13) withgir yields:

Ci
jk =

1
(m− 1)

pi
jk +

1
2L(m− 1)

(λi
jmk + λi

kmj + λjkm
i)

− ai

L(1 + q)

[
mjmk +

(b2 − q2)
2(m− 1)

λjk

]
− 1

(m− 1)(1 + q)
aipjrkb

r, (4.2)

where

pi
jk = pjrka

ir =
(m− 1)(m− 2)

2λ

[
ai

jk − (δi
jak + δi

kaj + aiajk) + 2aiajak

]
,

λi
j = λjra

ir = (m− 1)(δi
j − aiaj),

mi = mra
ir = bi − qai

and ai
jk = airajrk. (4.3)
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From (4.1) and (4.3) we now have another set of identities as following:

pijrλ
r
h = pr

ijλrh = (m− 1)pijh, pijrm
r = pijrb

r, mrλ
r
i = (m− 1)mi,

mim
i = b2 − q2, λirλ

r
j = (m− 1)λij

and λirm
r = (m− 1)mi. (4.4)

In view of (3.13), (4.1), (4.2) and (4.3) we have:

CijrC
r
hk =

τ

(m− 1)
pijrp

r
hk +

1
2λ(m− 1)

(pijrλhk + phkrλij)br

+
1

4λL
(2mhmkλij + mimkλhj + mimhλjk + 2mimjλhk

+mjmkλih + mjmhλik)

+
1
2λ

(pijhmk + pijkmh + pjkhmi + pihkmj)

+
1

4λL
(b2 − q2)λijλhk. (4.5)

The v-curvature tensorShijk is given by [3]:

Shijk = CijrC
r
hk − CikrC

r
hj . (4.6)

Now, interchanging indicesj andk in (4.4) we get:

CikrC
r
hj =

τ

(m− 1)
pikrp

r
hj +

1
2λ(m− 1)

(pikrλhj + phjrλik)br

+
1

4λL
(2mhmjλik + mimjλhk + mimhλjk + 2mimkλhj

+mjmkλih + mkmhλij)

+
1
2λ

(pikhmj + pijkmh + pjkhmi + pihjmk)

+
1

4λL
(b2 − q2)λikλhj . (4.7)

In view of (4.6) subtracting (4.7) from (4.5) we get:
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Shijk = Q(jk)

{
τ

(m− 1)
pijrp

r
hk + λhkmij + λijmhk

}
, (4.8)

where

mij =
1

2λ(m− 1)

{
pijrb

r +
(m− 1)

2L
mimj +

1
4L

(b2 − q2)λij

}

and the symbolQ(jk) denotes the interchange of indicesj andk followed by sub-

traction.

Theorem4.1— The v-curvature tensorShijk(x, y) under the Randers change

of mth root metric takes the following form:

Shijk = Q(jk)

{
τ

(m− 1)
pijrp

r
hk + λhkmij + λijmhk

}
.

The reciprocalgij(x, y) of metric tensorgij (x, y) of the Finsler spaceF
n

equipped withmth root metric is given by [7]:

gij =
1

(m− 1)
{
aij + (m− 2)aiaj

}
. (4.9)

In order to relate the v-curvature tensor ofFn with themth root Finsler space

of F
n

we may now find the (h)hv-torsion tensor ofF
n

given as:

pi
jk = girpjrk =

1
(m− 1)

pi
jk, (4.10)

wheregij is defined in (4.9).

Thus, the v-curvature tensorShijk of mth root Finsler spaceF
n

is given as:

Shijk = pijrp
r
hk − pikrp

r
hj =

1
(m− 1)

(pijrp
r
hk − pikrp

r
hj). (4.11)

In view of (4.11)Shijk may now be re-written as:
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Shijk = τShijk + Q(jk)(λijmhk + λhkmij), (4.12)

whereλij , mij andShijk are defined in (3.3), (4.7) and (4.10) respectively.

From the definition ofS4−like Finsler space we know that the v-curvature

tensor of the four dimensional Finsler space may be written as [3]:

L2Shijk = Q(jk)(hhjKik + hikKhj), (4.13)

whereKij is a symmetric tensor field of type (0, 2) such thatKij yj = 0.

Hence, if the v-curvature tensor of the Finsler spaceFn vanishes, then the

Finsler spaceF
n

is S4−like.

Theorem4.2 — The Finsler spaceF
n

equipped with themth root metric is

S4−like, if the v-curvature tensorShijk(x, y) of the Finsler spaceFn obtained by

the Randers change ofmth root metric vanishes.

If the v-curvature tensor of the Finsler spaceF
n

vanishes then (4.12) reduces

to:

Shijk = λijmhk + λhkmij − λhjmik − λikmhj . (4.14)

Contraction of (4.14) withghj yields the Ricci tensorSik = ghjShijk given as:

Sik = − 1
(m− 1)τ

[mλik + (m− 1)(n− 3)mik], (4.15)

wherem = mij aij .

Using the definition ofmij the above expression may be re-written as:

Sik + H1λik + H2pikrb
r = H3mimk, (4.16)

where

H1 =
m

(m− 1) τ
+

(n− 3)
8(m− 1)L2

(b2 − q2),
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H2 =
(n− 3)

2L(m− 1)
and

H3 = −(n− 3)
4L2

.

Theorem4.3— If the v-curvature tensorShijk of the Finsler spaceF
n

equipped

with themth root metric vanishes then there exist scalarsH1 andH2 in the Finsler

spaceFn (n ≥ 4) obtained under the Randers change ofmth root metric, such

that the matrix‖Sik + H1λik + H2 pikrb
r‖ is of rank less than two.
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