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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider two-coupled nonlinear Schrödinger equations with har-

monic potential

{
iψ1

t = −1
2∆ψ1 + ω2

2 (x2
1 + x2

2)ψ
1 − (v11|ψ1|2 + v12|ψ2|2)ψ1 in R2 × R+,

iψ2
t = −1

2∆ψ2 + ω2

2 (x2
1 + x2

2)ψ
2 − (v12|ψ1|2 + v22|ψ2|2)ψ2 in R2 × R+,

(1.1)

ψ1(x, 0) = ψ1
0(x), ψ2(x, 0) = ψ2

0(x). (1.2)

Hereψ1(x, t) : R2 × R+ → C, ψ2(x, t) : R2 × R+ → C with ψ1
0(x), ψ2

0(x)
being the initial data.∆ is the Laplace operator onR2. vij , i, j = 1, 2 are cou-

pling constants. The system (1.1) arises in the Hartree-Fock theory for a double

condensate, i.e., a binary mixture of Bose-Einstein condensates in two different

hyperfine states|1〉 and |2〉 ([1]). Physically, the solutionψj denotes the corre-

sponding macroscopic wave function of thejth (j=1, 2) component.v11, v22 and

v12 are the intraspecies and interspecies scattering lengths. The sign of the scatter-

ing lengthv12 determines whether the interactions of states|1〉 and|2〉 are repulsive

or attractive. Whenv12 < 0, the interactions are repulsive ([2]); whenv12 > 0,

they are attractive.

On the Cauchy problem (1.1) and (1.2), researching sharp condition and limit

behaviour for the blow-up solution are very important topics. Since the cubic non-

linearities are physically relevant, the equation with a cubic nonlinearity occurs

in various chapters of physics, including nonlinear optics, superconductivity, and

plasma physics. In space dimensionn = 2, the cubic nonlinearity is critical. In

fact, the power1 + 4/n, wheren is the space dimension, is the one for which the

virial identity gives immediately the Zakharov-Glassey condition for the blow-up

(negative initial energy). For nonlinearity powerp < 3 in space dimensionn = 2,

blow-up in finite time never occurs(see, Ginibre-Velo [3]).

For single nonlinear Schrödinger equation, many authors studied sharp condi-

tion for global existence of solutions (see [4-19]). ‘Mass concentration’ of blow-up
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solutions in the critical power nonlinear case is quite different from the supercrit-

ical case(see [20-26]). In particular, in [24-26], authors established the relation

between the mass concentration of radially symmetric blow-up solutions and the

ground state equation of some elliptic equation.

For coupled nonlinear Schrödinger systems, Fanelli and Montefusco [27] gave

the sharp thresholds of blow-up solution for the case without a harmonic potential

term. Lü and Liu [28, 29] gave the sharp thresholds of blow-up solution for the

case with a harmonic potential term. They prove that theL2 norm of the gradient

of solution blows up in a finite time. More precisely, applying a consequence of

the standard Hardy’s inequality to any solution of coupled nonlinear Schrödinger

system, and by the mass is conserved and theL2−norm of xψ vanish in a finite

time, they obtain theL2−norm of the gradient needs necessarily to blow up in a

finite time. But for ‘mass concentration’, to our knowledge, there is no related

result in the literature.

In this paper, motivated by Fanelli and Montefusco [27] and Li and Zhang [26],

on the basis of results on the existence of blow-up solution [27-29], we investigate

theL2 concentration for radially symmetric blow-up solutions of (1.1) and (1.2).

As we will see, we prove that in small neighborhood of origin, i.e.,|x| < a(t), t →
T (T is the maximal existence time), concentrated mass is large than‖u1‖2

L2 +
‖u2‖2

L2 . Where(u1, u2) is a ground state solution of some elliptic system.

On the existence and coupling properties of ground-states for these systems, we

refer readers to Maia-Montefusco-Pellacci [30], Ambrosetti-Colorado [31], Lin-

Wei [32, 33], Sirakov [34] and the references therein. Note that the definition of

ground state given by Maia, Montefusco-Pellacci in [30] or given by Ambrosetti

-Colorado in [31] is quite different from that introduced by Lin-Wei in [32, 33].

In this paper, we are concerned with the definition introduced by Sirakov in [34].

More precisely, a least energy solution of elliptic systems is called a ground state

of this systems, if it is with two nonnegative components.

In what follows, we give our main result. We define a spaceH by

H := H1(R2) ∩ {ψ : |x|ψ ∈ L2(R2)}
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with the inner product

< ψ, φ >:=
∫

R2

∇ψ · ∇φ̄ + ψφ̄ + |x|2ψφ̄,

for all ψ, φ ∈ H. The norm ofH is denoted by‖ · ‖H . By the standard technique

(see e.g. Ginibro and Velo [3-5] and Cazenave [35]), it is easy to prove that:

Assume thatψ1
0, ψ

2
0 ∈ H, then there exists a solutionψ1, ψ2 of the Cauchy

problem (1.1) and (1.2) inC([0, T ],H) for someT ∈ (0,∞], T = +∞ or

T < +∞ with ‖ψ1‖2
H + ‖ψ2‖2

H → ∞ ast → T . Furthermoreψ1(x, t), ψ2(x, t)
satisfies

N (ψ1, ψ2) :=
∫

R2

|ψ1(x, t)|2 + |ψ2(x, t)|2 ≡ C1, (1.3)

E(ψ1, ψ2) ≡ C2, (1.4)

where

E(ψ1, ψ2) :=
1
2

∫

R2

(|∇ψ1|2 + |∇ψ2|2) +
ω2

2
|x|2(|ψ1|2 + |ψ1|2)

− 1
2
(v11|ψ1|4 + v22|ψ2|4)− v12|ψ1|2|ψ2|2, (1.5)

with C1, C2 as constants.

The main result of this paper is the following theorem.

Theorem1.1 (L2- concentration). — Letψ1, ψ2 ∈ C([0, T ), H) be a solution

of the Cauchy problem (1.1) and (1.2) such that(ψ1, ψ2) blows up at finite time

t = T . If a(t) is a decreasing function from[0, T ) toR+ such thata(t) → 0(t →
T ) and(T − t)1/4/a(t) → 0(t → T ), then

lim inf
t→T

(‖ψ1(t)‖2
L2(|x|<a(t)) + ‖ψ2(t)‖2

L2(|x|<a(t)))
1/2

≥ (‖u1‖2
L2 + ‖u2‖2

L2)1/2, (1.6)

where(u1, u2) is a ground state solution of
{

∆u1 − u1 + (v11|u1|2 + v12|u2|2)u1 = 0, in R2,

∆u2 − u2 + (v12|u1|2 + v22|u2|2)u2 = 0, in R2.
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We organize the paper as follows: In Section 2, we establish the lower bound of

blow-up rate. In Section 3, we prove theL2 concentration for radially symmetric

blow-up solutions.

2. BLOW-UP RATE

We consider the Cauchy problem of two-coupled nonlinear Schrödinger equations

without harmonic potential

{
iφ1

t = −1
2∆φ1 − (v11|φ1|2 + v12|φ2|2)φ1 in R2 × R+,

iφ2
t = −1

2∆φ2 − (v12|φ1|2 + v22|φ2|2)φ2 in R2 × R+,
(2.1)

φ1(x, 0) = φ1
0(x), φ2(x, 0) = φ2

0(x). (2.2)

We first recall some results on the Cauchy problem (2.1) and (2.2) (see [27]).

Assume thatφ1
0, φ

2
0 ∈ H1, then there exists a solution(φ1, φ2) of the Cauchy

problem (2.1)-(2.2) inC([0, T ],H1) for someT ∈ (0,∞], T = +∞ or T < +∞
andlimt→T− ‖φ1‖2

H1 + ‖φ2‖2
H1 = ∞. Furthermore(φ1(x, t), φ2(x, t)) satisfies

N ∗(φ1, φ2) :=
∫

R2

|φ1(x, t)|2 + |φ2(x, t)|2 ≡ C1, (2.3)

E∗(φ1, φ2) ≡ C2, (2.4)

where

E∗(φ1, φ2) :=
1
2

∫

R2

(|∇φ1|2+ |∇φ2|2)− 1
2
(v11|φ1|4+v22|φ2|4)−v12|φ1|2|φ2|2,

(2.5)
with C1, C2 as constants.

Proposition2.1 — Letφ1
0, φ

2
0 ∈ H1, and(φ1, φ2) be a solution of the Cauchy

problem (2.1)-(2.2) inC([0, T ],H1). Put Ji(t) :=
∫
R2 |x|2|φi|2, i = 1, 2, and

J(t) = J1(t) + J2(t). Then one has

J ′(t) = −4I
∫

R2

∇φ̄1 · (φ1x) +∇φ̄2 · (φ2x) (2.6)
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J ′′(t) = 16E∗(φ1, φ2). (2.7)

For some initial data(φ1
0, φ

2
0), the solution(φ1, φ2) of (2.1) and (2.2) blows

up in finite time. We can get the following lower estimate of the blow-up order of

(‖∇ψ1‖2
L2 + ‖∇ψ2‖2

L2)1/2.

Lemma2.2 — Let(φ1, φ2) be a solution of the Cauchy problem (2.1) and (2.2)

in C([0, T ),H1) such that(φ1, φ2) blows up at finite timet = T . Then, there

exists anL > 0 such that

(‖∇φ1‖2
L2 + ‖∇φ2‖2

L2)1/2 ≥ L(T − t)−1/4, t ∈ [0, T ).

PROOF : Let

φ =

(
φ1

φ2

)
andf(φ) =

(
f1(φ)
f2(φ)

)
=

(
v11|φ1|2φ1 + v12|φ2|2φ1

v12|φ1|2φ2 + v22|φ2|2φ2

)
,

then we have

|f(φ)− f(ψ)| ≤ C(|φ|2 + |ψ|2)|φ− ψ|, (2.8)

‖f(φ)− f(ψ)‖L4/3 ≤ C(‖φ‖2
L4 + ‖ψ‖2

L4)‖φ− ψ‖L4 , (2.9)

and

‖∇f(φ)‖L4/3 ≤ C‖φ‖2
L4‖φ− ψ‖L4 . (2.10)

Let θ ∈ C∞
0 (C2,R) be such thatθ(z) = 1 for |z| ≤ 1. Set

g1(ψ) = θ(ψ)f(ψ),

g2(ψ) = (1− θ(ψ))f(ψ),

one easily verifies that

|g1(φ)− g1(ψ)| ≤ C|φ− ψ|, (2.11)

|g2(φ)− g2(ψ)| ≤ C(|φ|2 + |ψ|2)|φ− ψ|. (2.12)
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From Hölder’s inequality, we deduce that

‖g1(φ)− g1(ψ)‖L2 ≤ C‖φ− ψ‖L2 , (2.13)

‖g2(φ)− g2(ψ)‖L4/3 ≤ C(‖φ‖2
L4 + |ψ|2L4)‖φ− ψ‖L4 (2.14)

and from Remark 1.3.1(vii) in [35] that

‖∇g1(φ)‖L2 ≤ C‖∇φ‖L2 , (2.15)

‖∇g2(φ)‖L4/3 ≤ C‖∇φ‖2
L4‖∇φ‖L4 . (2.16)

We will prove the theorem by a fixed point argument.

Fix M, T > 0, to be chosen later. Consider the set

E = {φ ∈ L∞((0, T ),H1(R2)×H1(R2)) ∩ L4((0, T ),W 1,4(R2)×W 1,4(R2));

‖φ‖L∞((0,T ),H1(R2)×H1(R2)) ≤ M, ‖φ‖L4((0,T ),W 1,4(R2)×W 1,4(R2)) ≤ M}

equipped with the distance

d(φ, ψ) = ‖φ− ψ‖L4((0,T ),L4) + ‖φ− ψ‖L∞((0,T ),L2).

We easily claim that(E, d) is a complete metric space. We wish to find a

condition onM andT which imply thatF , given by

F = S(t)ϕ + i

∫ t

0
S(t− s)g(φ(s))ds.

is a strict contraction onE. WhereS(t) is the unitary groupeit∆ determined by

the linear Schr̈odinger equation andϕ ∈ H1(R2)×H1(R2).

Considerφ ∈ E. Sinceg1 is continuousL2×L2 → L2×L2, it follows thatg1 :
(0, T ) → L2×L2 is measurable, and we deduce thatg1(φ) ∈ L∞((0, T ), L2×L2).
Similarly, we can deduce thatg2(φ) ∈ L4((0, T ), L4/3 × L4/3). Using (2.13)-

(2.16), and Remark 1.2.2(iii) in [35], we deduce thatg1(φ) ∈ L∞((0, T ), L2×L2),
g2(φ) ∈ L4((0, T ), L4/3 × L4/3) and

‖g1(φ)‖L∞((0,T ),H1×H1) ≤ C‖φ‖L∞((0,T ),H1×H1),



56 ZHONG-XUE LÜ, ZUHAN LIU AND CHANGCHENG YAO

‖g2(φ)‖L4((0,T ),W 1,4/3×W 1,4/3) ≤ C(‖φ‖L∞((0,T ),L4×L4)‖φ‖L4((0,T ),W 1,4×W 1,4),

‖g1(φ)− g1(ψ)‖L∞((0,T ),L2×L2) ≤ C‖φ− ψ‖L∞((0,T ),L2×L2),

‖g2(φ)− g2(ψ)‖L4((0,T ),L4/3×L4/3)

≤ C(‖φ‖2
L∞((0,T ),L4×L4) + ‖ψ‖2

L∞((0,T ),L4×L4))(‖φ− ψ‖L4((0,T ),L4×L4).

Using the embeddingH1(R2) ↪→ L4(R2) and Ḧolder’s inequality, we deduce

that

‖g1(φ)‖L1((0,T ),H1×H1) + ‖g2(φ)‖L4/3((0,T ),W 1,4/3×W 1,4/3)

≤ C(T + T 1/2)(1 + M2)M, (2.17)

‖g1(φ)− g1(ψ)‖L1((0,T ),L2×L2) + ‖g2(φ)− g2(ψ)‖L4/3((0,T ),L4/3×L4/3)

≤ C(T + T 1/2)(1 + M2)d(φ, ψ). (2.18)

Then it follows from (2.17) and Strichartz’s estimates that forϕ ∈ H1(R2) ×
H1(R2)

F(φ) ∈ C([0, T ],H1(R2)×H1(R2)) ∩ L4((0, T ),W 1,4(R2)×W 1,4(R2)),
(2.19)

and

‖F(φ)‖L∞((0,T ),H1(R2)×H1(R2)) + ‖F(φ)‖L4((0,T ),W 1,4(R2)×W 1,4(R2))

≤ C‖ϕ‖H1×H1 + C(T + T 1/2)(1 + M2)M. (2.20)

Also we have

‖F(φ)−F(ψ)‖L∞((0,T ),L2(R2)×L2(R2)) + ‖F(φ)−F(ψ)‖L4((0,T ),L4(R2)×L4(R2))

≤ C(T + T 1/2)(1 + M2)d(φ, ψ). (2.21)

Hence, forϕ ∈ H1(R2)×H1(R2), if we set

C‖ϕ‖H1×H1 + C(T + T 1/2)(1 + M2)M ≤ M, (2.22)
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and chooseT small enough so that

C(T + T 1/2)(1 + M2) <
1
2
,

then it follows thatF(φ) ∈ E andd(F(φ),F(ψ)) ≤ 1
2d(φ, ψ). Namely,F is a

strict contraction onE. By Banach’s fixed point theorem,F has a unique fixed

pointφ ∈ E. If we considerφ(t) as the initial value, wheret < T ∗, it follows from

(2.22) and the fixed argument that if for someM > 0,

C‖φ(t)‖H1×H1 + C(T − t + (T − t)1/2)(1 + M2) ≤ M,

thenT < T ∗. Thus for allM > 0,

C‖φ(t)‖H1×H1 + C(T ∗ − t + (T ∗ − t)1/2)(1 + M2)M > M.

As t → T ∗, we have

C‖φ(t)‖H1×H1 + C(T ∗ − t)1/2)(1 + M2)M > M.

Choosing for example,M = C‖φ(t)‖H1×H1 , we see that

‖φ(t)‖2
H1×H1 >

C

(T ∗ − t)1/2
.

Because C
2(T ∗−t)1/2 > 1 ast → T ∗, then

‖φ(t)‖H1×H1 >
C

(T ∗ − t)1/4
.

By Young’s inequality, we complete the proof of the lemma.

Following the methods by Carles in [36], we can prove the following propo-

sition that deals with the relation between the solution of (1.1)-(1.2) and that of

(2.1)-(2.2).
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Lemma2.3 — (1) Assume thatφ1, φ2 is a solution of the Cauchy problem

(2.1)-(2.2) is inC([0, T ),H). Let

ψi(x, t) =
1

cosωt
e−i ω

2
|x|2 tan ωtφi

(
x

cosωt
,
tanωt

ω

)
, i = 1, 2, (2.23)

then,ψi(x, t) ∈ C([0, arctan ωT
ω ),H), i = 1, 2 is a solution of (1.1)-(1.2).

(2) Assume thatψi, i = 1, 2 is a solution of (1.1)-(1.2) is inC([0, τ),H) with

τ ∈ (0, π
2ω ). Let

φi(x, t) =
1

(1 + (ωt)2)
1
2

e
i
|x|2
2

ω2t
1+(ωt)2

)
ψi

(
x

(1 + (ωt)2)
1
2

,
arctanωt

ω

)
, i = 1, 2, (2.24)

thenφi(x, t) ∈ C([0, tan ωτ
ω ),H), i = 1, 2 is a solution of (2.1)-(2.2).

On the basis of Lemma 2.3, we get following lemma directly.

Lemma2.4 — (1) Assume thatψ1, ψ2 is a solution of the Cauchy problem

(1.1)-(1.2) is inC([0, T ),H), whereT ∈ (0, π
2ω )(T is maximal existence time).

Let

φi(x, t) =
1

(1 + (ωt)2)
1
2

e
i
|x|2
2

ω2t
1+(ωt)2

)
ψi

(
x

(1 + (ωt)2)
1
2

,
arctanωt

ω

)
, i = 1, 2,

then

(1) φi(x, t) ∈ C([0, tan ωT
ω ),H), i = 1, 2 is a solution of (2.1)-(2.2), where

tan ωT
ω is the maximal existence time.

(2)ψi(x, t) =
1

cosωt
e−i ω

2
|x|2 tan ωtφi

(
x

cosωt
,
tanωt

ω

)
, t ∈ [0, T ), i = 1, 2.

With the lemmas above, we can prove the following theorem.
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Theorem2.5— Letψ1, ψ2 be a solution of the Cauchy problem (1.1) and (1.2)

is in C([0, T ),H) such that(ψ1, ψ2) blows up at finite timet = T . Then, there

exists anM > 0 such that

(‖∇ψ1‖2
L2 + ‖∇ψ2‖2

L2)1/2 ≥ M(T − t)−1/4, t ∈ [0, T ). (2.25)

PROOF : By Lemma 2.4, letφi, i = 1, 2 be defined by (2.24), then,φi ∈
C([0, tan ωt

ω ),H), i = 1, 2 is a blow-up solution for (2.1)-(2.2), wheretan ωt
ω ) is the

maximal existence time, and

ψi(x, t) =
1

cosωt
e−i ω

2
|x|2 tan ωtφi

(
x

cosωt
,
tanωt

ω

)
, t ∈ [0, T ), i = 1, 2.

Then, fort ∈ [0, T ), T ∈ (0, π
2ω ), we have

‖∇ψi(t)‖2
L2 =

1
cos2(ωt)

‖ − iωx sinωtφi(·, tanωt

ω
) +∇φi(·, tanωt

ω
)‖2

L2

≥ 1
cos2(ωt)

‖∇φi(·, tanωt

ω
)‖2

L2 − ω2‖xφi(·, tan ωt

ω
)‖2

L2

≥ ‖∇φ(·, tanωt

ω
)‖2

L2 − ω2‖xφi(·, tanωt

ω
)‖2

L2 .

Hence,

‖∇ψ1(t)‖2
L2 + ‖∇ψ2(t)‖2

L2 ≥ ‖∇φ1(·, tanωt

ω
)‖2

L2 + ‖∇φ2(·, tanωt

ω
)‖2

L2

− ω2‖xφ1(·, tanωt

ω
)‖2

L2 − ω2‖xφ2(·, tanωt

ω
)‖2

L2 . (2.26)

We claim that there is a constantC > 0, such that

ω2‖xφ1(·, tanωt

ω
)‖2

L2 + ω2‖xφ2(·, tanωt

ω
)‖2

L2 ≤ C, t ∈ [0, T ). (2.27)

In fact, consider

J(t) =
∫

R2

|x|2(|φ1(x, t)|2 + |φ2(x, t)|2), t ∈ [0,
tanωT

ω
).
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By Proposition 2.2, we have thatJ ′′(t) = 16E∗(φ1, φ2); E∗(φ1, φ2) is a con-

stant. Consider the analytical identity,

J(t?) = J(0)+ j′(0)t? +
∫ t?

0
J ′′(t?−s)ds = J(0)+ j′(0)t? +8E∗(φ1, φ2)(t?)2.

Let t? = tan ωt
ω , t ∈ [0, T ), 0 < T < π

2ω , we have

‖xφ1(·, tanωt

ω
)‖2

L2 + ‖xφ2(·, tan ωt

ω
)‖2

L2 = J(0) + j′(0)t? + 8E(φ1, φ2)(t?)2.

This equation implies (2.27).

By Lemma 2.2 , there is a constantC > 0, such that

‖∇φ1(·, tan ωt

ω
)‖2

L2 + ‖∇φ2(·, tanωt

ω
)‖2

L2 ≥ C

(tanωT − tanωt)2
, t ∈ [0, T )

(2.28).

From (2.26)-(2.28),

‖∇φ1(·, tanωt

ω
)‖2

L2+‖∇φ2(·, tanωt

ω
)‖2

L2+C ≥ C

(tan ωT − tan ωt)2
, t ∈ [0, T ).

Becausecosωt ≥ cosωT , for t ∈ [0, T ), T ∈ (0, π
2ω ), we have

‖∇φ1(·, tan ωt

ω
)‖2

L2 + ‖∇φ2(·, tanωt

ω
)‖2

L2 ≥ C

sin2(ω(T − t))
− C, t ∈ [0, T ).

Becausecos2(ω(T−t))

sin2(ω(T−t))
∼ 1

(ω(T−t))2
, ast → T , we have

‖∇φ1(·, tanωt

ω
)‖2

L2 + ‖∇φ2(·, tanωt

ω
)‖2

L2 ≥ C

(T − t)2
, t ∈ [0, T ), as t → T.

This implies (2.25).



NONLINEAR SCHRÖDINGER EQUATIONS 61

3. CONCENTRATION BEHAVIOUR

In this section, we shall prove Theorem 1.1.

First, we recall the existence theorem of a ground state solution of the following

system by Sirakov in [34],

{
∆u1 − u1 + (v11|u1|2 + v12|u2|2)u1 = 0, in R2,

∆u2 − u2 + (v12|u1|2 + v22|u2|2)u2 = 0, in R2
(3.1)

Lemma3.1 ([34]) — Let0 < v12 < min{v11, v22} > 0, then systems (3.1) has

a ground state solutionu1
0, u

2
0.

Moreover, by [35], we have following sharp vector-valued Gagliardo-Nirenberg

inequality.

Lemma3.2 — Letvij > 0, i, j = 1, 2, andv11v22 > v2
12, then, for anyψi ∈

H1(R2), i = 1, 2,

∫

R2

(
v11|ψ1|4 + v22|ψ2|4 + 2v12|ψ1|2|ψ2|2)

≤ 2
∫
R2(|∇ψ1|2 + |∇ψ2|2) ∫

R2(|ψ1|2 + |ψ2|2)∫
R2(|u1

0|2 + |u2
0|2)

. (3.2)

Here(u1
0, u

2
0) is a ground state solution of the system (3.1).

We need an auxiliary functionρ(x) : ρ(x) = ρ(|x|) being a radially symmetric

nonnegative function inC1
0 (R2), such that

ρ(x) =

{
1, r = |x| < 1/2,

0, r = |x| > 1,
(3.3)

and0 ≥ ρ′(r) ≥ −8.
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Lemma3.3 ([25]) — Letv(x) be radially symmetric function inH1. Then, for

anyR > 0

‖v(x)‖2
L∞(|x|>R) ≤ C0R

−1‖∇v‖L2(|x|>R)‖v‖L2(|x|>R), (3.4)

whereC0 does not depend onR andv(x).

Lemma3.4 — Let all the assumptions in Theorem 1.1 be satisfied, and we put

β(t) = (‖∇ψ1‖2
L2 + ‖∇ψ2‖2

L2)1/2.

Then there exist two positive constantsM1 andM2 such that

lim sup
t→T

(‖ψ1(t)‖2
L2 + ‖ψ2(t)‖2

L2)1/2

(‖ψ1(t)‖2
L2(|x|<M1/β(t))

+ ‖ψ2(t)‖2
L2(|x|<M1/β(t))

)1/2
≤ M2. (3.5)

PROOF : Let M1 be a large positive constant to be determined later.

From (1.5), we have

β2(t) ≤ 1
2

∫

R2

(v11|ψ1|4 + v22|ψ2|4) + v12

∫

R2

|ψ1|2|ψ2|2 + 2E(ψ1, ψ2)

≤ v11 + v22

2

∫

R2

(|ψ1|4 + |ψ2|4) + 2E(ψ1, ψ2)

≤ C

∫

R2

(|ρ(
β(t)
M1

x)ψ1|4 + |(1− ρ(
β(t)
M1

x))ψ1|4)

+C

∫

R2

(|ρ(
β(t)
M1

x)ψ2|4 + |(1− ρ(
β(t)
M1

x))ψ2|4) + 2E(ψ1, ψ2)

= C‖ρ(
β(t)
M1

x)ψ1‖4
L4 + ‖(1− ρ(

β(t)
M1

x))ψ1‖4
L4

+C‖ρ(
β(t)
M1

x)ψ2‖4
L4 + C‖(1− ρ(

β(t)
M1

x))ψ2‖4
L4

+2E(ψ1, ψ2). (3.6)
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The Gagliardo-Nirenberg inequality implies that

‖ρ(
β(t)
M1

x)ψ1‖4
L4 ≤ C‖ρ(

β(t)
M1

x)ψ1‖2
L2‖∇{ρ(

β(t)
M1

x))ψ1}‖2
L2

≤ C‖ψ1‖2
L2‖∇ρ(

β(t)
M1

x)ψ1 + ρ(
β(t)
M1

x)∇ψ1‖2
L2

≤ C‖ψ1‖4
L2

M2
1

β2(t) + C‖ψ1‖2
L2‖∇ψ1‖2

L2(|x|< M1
β(t)

)
. (3.7)

Similarly, we have

‖ρ(
β(t)
M1

x)ψ2‖4
L4 ≤ C‖ρ(

β(t)
M1

x)ψ2‖2
L2‖∇{ρ(

β(t)
M1

x))ψ2}‖2
L2

≤ C‖ψ2‖2
L2‖∇ρ(

β(t)
M1

x)ψ2 + ρ(
β(t)
M1

x)∇ψ2‖2
L2

≤ C‖ψ2‖4
L2

M2
1

β2(t) + C‖ψ2‖2
L2‖∇ψ2‖2

L2(|x|< M1
β(t)

)
. (3.8)

By Lemma 3.3,

‖{1− ρ(
β(t)
M1

x)}ψ1‖4
L4 ≤ ‖ψ1‖4

L4(|β(t)
M1

x|> 1
2
)

≤ C‖ψ1‖2

L∞(|x|> M1
2β(t)

)
‖ψ1‖2

L2(|x|> M1
2β(t)

)

≤ Cβ(t)
M1

‖∇ψ1‖2

L2(|x|> M1
2β(t)

)
‖ψ1‖3

L2(|x|> M1
2β(t)

)

≤ C‖ψ1‖3
L2

M1
β2(t). (3.9)

Similarly, we get

‖{1− ρ(
β(t)
M1

x)}ψ2‖4
L4 ≤ C‖ψ2‖3

L2

M1
β2(t). (3.10)
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From (3.6)-(3.10), we have

β2(t) ≤ C1‖ψ1‖2
L2‖∇ψ1‖2

L2(|x|< M1
β(t)

)

+C1‖ψ2‖2
L2‖∇ψ2‖2

L2(|x|< M1
β(t)

)

+
{

C2‖ψ1‖4
L2 + ‖ψ2‖4

L2

M2
1

+
C3‖ψ1‖3

L2 + ‖ψ2‖3
L2

M1

}
β2(t) + 2E(ψ1, ψ2)

≤ C1(‖ψ1‖2
L2 + ‖ψ2‖2

L2)(‖∇ψ1‖2

L2(|x|< M1
β(t)

)
+ ‖∇ψ2‖2

L2(|x|< M1
β(t)

)
)

+
{

C2‖ψ1‖4
L2 + ‖ψ2‖4

L2

M2
1

+
C3‖ψ1‖3

L2 + ‖ψ2‖3
L2

M1

}
β2(t)

+2E(ψ1, ψ2) (3.11)

If we chooseM1 so large that

C2‖ψ1‖4
L2 + ‖ψ2‖4

L2

M2
1

+
C3‖ψ1‖3

L2 + ‖ψ2‖3
L2

M1
≤ 1

2

then by (3.11), we have

β2(t) ≤ 2C1(‖ψ1‖2
L2 + ‖ψ2‖2

L2)(‖∇ψ1‖2

L2(|x|< M1
β(t)

)

+‖∇ψ2‖2

L2(|x|< M1
β(t)

)
) + 2E(ψ1, ψ2). (3.12)

Because‖∇ψ1‖L2 + ‖∇ψ2‖L2 →∞ ast → T , (3.12) and (1.4) implies that

‖∇ψ1‖2

L2(|x|< M1
β(t)

)
+ ‖∇ψ2‖2

L2(|x|< M1
β(t)

)
→∞(t → T ).

This fact and (3.12) show (3.5).

We next show the following proposition concerning the relation between the

blow-up order of(‖∇ψ1‖2
L2 + ‖∇ψ2‖2

L2)1/2 and the rate ofL2-concentration.

Proposition3.5 — Let all the assumptions in Theorem 1.1 be satisfied, and put

β(t) = (‖∇ψ1‖2
L2 + ‖∇ψ2‖2

L2)1/2.
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If a(t) is a decreasing function from[0, T ) toR+ such thata(t) → 0(t → T )
and 1

β(t)a(t) → 0(t → T ), then

lim inf
t→T

(‖ψ1(t)‖2
L2(|x|<a(t)) + ‖ψ2(t)‖2

L2(|x|<a(t)))
1/2

≥ (‖u1‖2
L2 + ‖u2‖2

L2)1/2, (3.13)

whereu1, u2 is a ground state solution of (3.1).

PROOF : Let ρ(t) be defined as in (3.3). We put

ρa(t) = ρ(x/a(t)), βa(t) = (‖∇(ρaψ
1)‖2

L2 + ‖∇(ρaψ
2)‖2

L2)1/2.

(i) By (1.4) and Lemma 3.3, we have

β2(t) − (v11‖ψ1(t)‖4
L4(|x|<a(t)/2) + v22‖ψ2(t)‖4

L4(|x|<a(t)/2))

≤ β2(t) − 1
2
(v11‖ψ1(t)‖4

L4(|x|<a(t)/2) + v22‖ψ2(t)‖4
L4(|x|<a(t)/2))

−v12

∫

|x|<a(t)/2
|ψ1|2|ψ2|2

≤ 1
2
(v11‖ψ1(t)‖4

L4(|x|>a(t)/2) + v22‖ψ2(t)‖4
L4(|x|>a(t)/2))

+v12

∫

|x|>a(t)/2
|ψ1|2|ψ2|2 + 2E(ψ1, ψ2)

≤ 1
2
(v11‖ψ1(t)‖4

L4(|x|>a(t)/2) + v22‖ψ2(t)‖4
L4(|x|>a(t)/2)) + 2E(ψ1, ψ2)

≤ v11

2
‖ψ1(t)‖2

L∞(|x|>a(t)/2)‖ψ1(t)‖2
L2(|x|>a(t)/2)

+
v22

2
‖ψ2(t)‖2

L∞(|x|>a(t)/2))‖ψ2(t)‖2
L2(|x|>a(t)/2)) + 2E(ψ1, ψ2)

≤ v11 + v22

a(t)
(‖ψ1(t)‖3

L2(|x|>a(t)/2) + ‖ψ2(t)‖3
L2(|x|>a(t)/2))β(t)

+2E(ψ1, ψ2). (3.14)

A simple calculation gives us

−v11 + v22

2
‖ψ1(t)‖4

L4 ≤ −v11 + v22

2
‖ψ1(t)‖4

L4(|x|<a(t)/2)), (3.15)
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−v11 + v22

2
‖ψ2(t)‖4

L4 ≤ −v11 + v22

2
‖ψ2(t)‖4

L4(|x|<a(t)/2)), (3.16)

β2
a(t) ≤ (‖ρa∇ψ1(t)‖L2 + ‖∇ρaψ

1(t)‖L2)2

+(‖ρa∇ψ1(t)‖L2 + ‖∇ρaψ
1(t)‖L2)2

≤ (‖∇ψ1(t)‖L2 +
C‖ψ1(t)‖L2

a(t)
)2 + (‖∇ψ2(t)‖L2 +

C‖ψ2(t)‖L2

a(t)
)2

≤ β2(t) +
C(‖ψ1‖L2 + ‖ψ2‖L2)β(t)

a(t)

+
C(‖ψ1(t)‖2

L2 + ‖ψ2(t)‖2
L2)

a2(t)
. (3.17)

On the other hand, by Lemma 3.1 and 3.2 (the variational characterization of

the ground state solutionu1, u2 of (3.1) yields,) we have

v11‖ρaψ
1‖4

L4 + v22‖ρaψ
2‖4

L4) + 2v12‖ρaψ
1ρaψ

2‖2
L2

≤ 2(‖ρaψ
1‖2

L2 + ‖ρaψ
2‖2

L2)β2
a(t)

‖u1‖2
L2 + ‖u2‖2

L2

. (3.18)

By (3.14)-(3.18), we obtain

1 − ‖ρaψ
1‖2

L2 + ‖ρaψ
2‖2

L2

‖u1‖2
L2 + ‖u2‖2

L2

≤ 1− v11‖ρaψ
1‖4

L4 + v22‖ρaψ
2‖4

L4) + 2v12‖ρaψ
1ρaψ

2‖2
L2

2β2
a(t)

≤ 1
a(t)β2

a

(‖ψ1‖3
L2 + ‖ψ2‖3

L2)β(t) +
E(ψ1, ψ2)

β2
a

+
C(‖ψ1‖L2 + ‖ψ2‖L2)β(t)

a(t)β2
a

+
C(‖ψ1‖2

L2 + ‖ψ2‖2
L2)β(t)

(a(t)βa)2
. (3.19)

Letting t → T in (3.19), by (1.4), Lemma 3.4 and the assumption ofa(t), we

obtain

lim sup
t→T

(
1− ‖ρaψ

1‖2
L2 + ‖ρaψ

2‖2
L2

‖u1‖2
L2 + ‖u2‖2

L2

)
≤ 0,
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which proves Proposition 3.5.

Now, we are in a position to prove Theorem 1.1.

PROOF OFTHEOREM 1.1 : By Theorem 2.5, we have

β(t) ≥ L(T − t)−1/4, t ∈ [0, T )

for someL > 0. Therefore, by Proposition 3.5 we obtain Theorem 1.1.
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