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1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider two-coupled nonlinear 8dimrger equations with har-
monic potential

il = = 1A+ L (22 + 22! — (v [P oDyt InR2 x Ry,

. w2 .

WP = —3AP? + & (2 + 23)9? — (vi2Y! 2 + v |??)p? InR? x Ry,
(1.1)

U (@,0) = dg (@), ¥*(x,0) = ¥ (2). (1.2)

Herey!(z,t) : R? x Ry — C, ¢?(z,t) : R?2 x Ry — C with o} (), 93 (z)
being the initial data.A is the Laplace operator dR?. v;;, i,j = 1,2 are cou-
pling constants. The system (1.1) arises in the Hartree-Fock theory for a double
condensate, i.e., a binary mixture of Bose-Einstein condensates in two different
hyperfine state$l) and|2) ([1]). Physically, the solution)’ denotes the corre-
sponding macroscopic wave function of tftl (j=1, 2) componentw;1, v92 and
v12 are the intraspecies and interspecies scattering lengths. The sign of the scatter-
ing lengthv;» determines whether the interactions of statésand|2) are repulsive
or attractive. When, < 0, the interactions are repulsive ([2]); whep, > 0,
they are attractive.

On the Cauchy problem (1.1) and (1.2), researching sharp condition and limit
behaviour for the blow-up solution are very important topics. Since the cubic non-
linearities are physically relevant, the equation with a cubic nonlinearity occurs
in various chapters of physics, including nonlinear optics, superconductivity, and
plasma physics. In space dimension= 2, the cubic nonlinearity is critical. In
fact, the powed + 4/n, wheren is the space dimension, is the one for which the
virial identity gives immediately the Zakharov-Glassey condition for the blow-up
(negative initial energy). For nonlinearity powek 3 in space dimension = 2,
blow-up in finite time never occurs(see, Ginibre-Velo [3]).

For single nonlinear Schdinger equation, many authors studied sharp condi-
tion for global existence of solutions (see [4-19]). ‘Mass concentration’ of blow-up
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solutions in the critical power nonlinear case is quite different from the supercrit-

ical case(see [20-26]). In particular, in [24-26], authors established the relation
between the mass concentration of radially symmetric blow-up solutions and the
ground state equation of some elliptic equation.

For coupled nonlinear Sobdinger systems, Fanelli and Montefusco [27] gave
the sharp thresholds of blow-up solution for the case without a harmonic potential
term. Lil and Liu [28, 29] gave the sharp thresholds of blow-up solution for the
case with a harmonic potential term. They prove thatith@orm of the gradient
of solution blows up in a finite time. More precisely, applying a consequence of
the standard Hardy’s inequality to any solution of coupled nonlineardsahger
system, and by the mass is conserved andZthenorm of z¢ vanish in a finite
time, they obtain thd.2—norm of the gradient needs necessarily to blow up in a
finite time. But for ‘mass concentration’, to our knowledge, there is no related
result in the literature.

In this paper, motivated by Fanelli and Montefusco [27] and Li and Zhang [26],
on the basis of results on the existence of blow-up solution [27-29], we investigate
the L? concentration for radially symmetric blow-up solutions of (1.1) and (1.2).
As we will see, we prove that in small neighborhood of origin, {&.< a(t),t —

T (T is the maximal existence time), concentrated mass is large|fh{} . +
|[u?||2,. Where(u', u?) is a ground state solution of some elliptic system.

On the existence and coupling properties of ground-states for these systems, we
refer readers to Maia-Montefusco-Pellacci [30], Ambrosetti-Colorado [31], Lin-
Wei [32, 33], Sirakov [34] and the references therein. Note that the definition of
ground state given by Maia, Montefusco-Pellacci in [30] or given by Ambrosetti
-Colorado in [31] is quite different from that introduced by Lin-Wei in [32, 33].

In this paper, we are concerned with the definition introduced by Sirakov in [34].
More precisely, a least energy solution of elliptic systems is called a ground state
of this systems, if it is with two nonnegative components.

In what follows, we give our main result. We define a spacby

H:=H'®)N{y: |zly € L2(R?)}
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with the inner product
<wo>= [ V6o +vi-+1aPu

for all 4, ¢ € H. The norm ofH is denoted by - || ;. By the standard technique
(see e.g. Ginibro and Velo [3-5] and Cazenave [35]), it is easy to prove that:

Assume thaty}, 3 € H, then there exists a solutian', ) of the Cauchy
problem (1.1) and (1.2) iC'([0,T], H) for someT € (0,00], T' = 400 Of
T < +oo with |[91]|% + ||4?]|% — oo ast — T. Furthermore)!(z,t),v?(z,t)
satisfies

N0 = [ (e, + fiate O = Co 13)
Bt ¢?) = Cy, (1.4)
where
2
E@t¢?) = ;/ (VY + [Vy2 %) + %!$|2(|¢1|2 + o)
R2
- %(U11|¢1!4+022|¢2\4) — v P[0, (1.5)

with C, Cy as constants.
The main result of this paper is the following theorem.

Theorem1.1(L?- concentratioh. — Letw!, 4?2 € C([0,7T), H) be a solution
of the Cauchy problem (1.1) and (1.2) such that,+?) blows up at finite time
t =T. If a(t) is a decreasing function frof0, T') to R* such thata(t) — 0(¢t —
T)and(T — t)'/*/a(t) — 0(t — T), then

liggiTnf(W(t)||%2(|x\<a(t)) + PO (g <agen)
> (fut|72 + [w?]72)"?, (1.6)

where(u!, u?) is a ground state solution of

Aul —ul + (vig|ut|? + vigu??)ul =0, inR?
Au? —u? + (vig|u'? + v u?)u? = 0, inR2.
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We organize the paper as follows: In Section 2, we establish the lower bound of
blow-up rate. In Section 3, we prove tié concentration for radially symmetric
blow-up solutions.

2. BLow-UP RATE

We consider the Cauchy problem of two-coupled nonlinear@itihger equations
without harmonic potential

igp = —3A¢" — (vi1|@** + vi2|¢?*)¢t INR? x Ry, 2.1)
i9? = —LAP? — (vi2]@!|? + va2|6??)d? inR? x Ry, '
¢ (,0) = ¢f(z), ¢*(x,0) = ¢3(). (2.2)

We first recall some results on the Cauchy problem (2.1) and (2.2) (see [27]).

Assume thatyy, 3 € H*, then there exists a solutida!, ¢?) of the Cauchy
problem (2.1)-(2.2) irC([0, T, H') for someT € (0,00], T = +oo or T' < +c0
andlim; - [|¢!|%: + [|¢?]|3; = oc. Furthermord ¢! (z,t), ¢*(x, ¢)) satisfies

N = [l + oae 0 = O (2.3
E*(¢',¢%) = C, (2.4)
where
B (61,67 i= 5 [ (V6! P V)~ (oulo! [+ emld?l!) — vnalo Pl
R2

(2.5)
with Cq, Cy as constants.

Proposition2.1 — Letgd, 92 € H', and(¢!, ¢?) be a solution of the Cauchy
problem (2.1)-(2.2) inC([0,T], H'). PutJi(t) = [g. |z[*¢%|?,i = 1,2, and
J(t) = Ji(t) + Jo(t). Then one has

T#) =T | V' (9'x) + V6 (¢%) (26)



54 ZHONG-XUE LU, ZUHAN LIU AND CHANGCHENG YAO

J"(t) = 16E* (¢!, ¢?). (2.7)

For some initial datd¢y, 3), the solution(¢!, ¢?) of (2.1) and (2.2) blows
up in finite time. We can get the following lower estimate of the blow-up order of
IV 72 + IV92][72) 2.

Lemma2.2 — Let(¢!, ¢?) be a solution of the Cauchy problem (2.1) and (2.2)
in C([0,T), H') such that(¢', $?) blows up at finite time = 7. Then, there
exists anL > 0 such that

(IV! |72 + IV*II72)"? = LT — )=/, t € [0,T).

PrROOF: Let

P f1(9) v11]d1 21 + v12]da[* ¢
- df(¢) = -
’ ( ¢2 ) and/to) ( f2(9) ) ( V12|12 d2 + va2| 2| ba ) ’

then we have

F(6) = f()] < C(|1o]* + [|*)]o — v, (2.8)
() = F)lass < CUUlD2a + W12l — |l o (2.9)

and
IV (D)l pass < Clld)2alld — |l a- (2.10)

Letd € C5°(C?, R) be such thaf(z) = 1 for |z] < 1. Set

92(¢) = (L = 0()) f(¥),

one easily verifies that

91(¢) — 91 (¥)] < Clo — 9], (2.11)
192(¢) = g2(¥)| < C(16* + [V )] — 9. (2.12)
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From Holder’s inequality, we deduce that

191(9) = g1 (W)l 2 < Cllé = ]2, (2.13)

192(6) = g2() | ars < Ol D174 + [170) ¢ — ]l s (2.14)
and from Remark 1.3.1(vii) in [35] that

IVg1(@)ll2 < ClV| L2, (2.15)

IVg2(8)ll a5 < CIVO|2a V| 1a- (2.16)

We will prove the theorem by a fixed point argument.
Fix M, T > 0, to be chosen later. Consider the set
E = {¢pcL>®((0,T), H' (R x H'(R?) N L*((0,T), W' (R?) x Wh4(R?));
9l oo (0,1, 1 R2)x L (R2)) < M, (@] La(o,m),wrareyxwrar2)) < M}

equipped with the distance

d(¢, ) = |é — Dl zaqo,m),z0) + 119 = Yl (0,1),22)-

We easily claim that{E, d) is a complete metric space. We wish to find a
condition onM andT’ which imply thatF, given by

F=St)p+i /0 S(t — 5)g(6(s))ds.

is a strict contraction oiZ. WhereS(t) is the unitary groug’® determined by
the linear Schirdinger equation angd € H*(R?) x H!(R?).

Considery € E. Sincey; is continuoud.? x L? — L? x L?, it follows thatg; :
(0,T) — L?x L? is measurable, and we deduce thdt) € L>((0,T), L?x L?).
Similarly, we can deduce thab(¢) € L*((0,7),L*? x L*3). Using (2.13)-
(2.16), and Remark 1.2.2(iii) in [35], we deduce thatp) € L>((0,T), L% x L?),
g2(¢) € L*((0,T), L*3 x L*/3) and

191(D) oo (0.1, 51 xE51y < CllD| Lo ((0,7), 11 x 1)
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192(D) | Lago,m), wrarscwrarsy < CUIDl Lo (0,0, 00 x 24 |8l Lo 0,7), w4 w14y,

91 — 91 Lo ((0,T),L2x L2) = — YllLee((0,T),L2x L2)>
191(¢) — g1()l < Cllo =4

l92(¢) = 92() | La(0,7),14/3 x L4/3)
< C(001 700 (0.7, pax 2y + 18100 07y, 245 £2)) (19 = ¥l o (0,1), x4

Using the embedding/' (R?) — L*(R?) and Hblder’s inequality, we deduce
that

||91(¢)”L1((0,T),H1 xH) t ||92(¢)HL4/3((0,T),WL4/3xW1v4/3)
< C(T+TY?)(1 + M?*)M, (2.17)
l91(¢) = g1 (V)| L2 0,7y, L2 x22) + 1192(0) = 92(¥) || Lars (0,1, 1473 x L.473)

< C(T +TY?)(1 + M?)d(¢, ). (2.18)

Then it follows from (2.17) and Strichartz’s estimates thatgoz H'(R?) x
HY(R?)

F(p) € C([0,T], H'(R?) x H'(R?)) n L*((0, T), WH(R?) x Wh4(R?)),
(2.19)
and

1F (D)oo (0,1, 51 (R2)x 1 (R2)) + 1F (D) L4 (0,1), w14 (R2) x w4 (R2))
< Cll@ll i + C(T +TY*)(1 + M?)M. (2.20)
Also we have
17 () — F(@) e (0,7),22R2yx 22 R2)) + 1F (@) — F (WD) a¢0,7),L4(R2)x L4 (R2))
< C(T+TY?)(A + M*)d(p,1)). (2.21)
Hence, forp € H'(R?) x H'(R?), if we set

Cllelgise + C(T +TY?)(1 + M*)M < M, (2.22)
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and chooséd" small enough so that

C(T+ T (1+ M?) <

)

| =

then it follows thatF(¢) € E andd(F(¢), F(¢)) < 1d(¢,1). Namely,F is a
strict contraction on&. By Banach’s fixed point theoren¥; has a unique fixed
pointy € E. If we consideks(t) as the initial value, where< T, it follows from
(2.22) and the fixed argument that if for sohe > 0,

Cllé®l s + C(T —t+ (T — 1) /2)(1 + M?) < M,
thenT < T*. Thus for allM > 0,

Ol | wm + C(T* =t +(T* = )'?)(1+ M*)M > M.

Ast — T™*, we have

Cll¢t)ll it +CT* = )'?)(1+ M*)M > M.

Choosing for examplel! = C||¢(t)|| g1 < 51, We see that

C
2
1o g > (D
Becausw > 1ast — T*, then
C
16 |11 > (T — it

By Young's inequality, we complete the proof of the lemma.

Following the methods by Carles in [36], we can prove the following propo-
sition that deals with the relation between the solution of (1.1)-(1.2) and that of
(2.1)-(2.2).
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Lemma2.3 — (1) Assume thad', ¢? is a solution of the Cauchy problem
(2.1)-(2.2)isinC([0,T), H). Let

wi(.%,t) _ 1 e—i%\x|2tanwt¢z‘ (

coswt

tan wt
v anw),i:w, (2.23)

)
coswt w

then, ' (z,t) € C([0, &<taneT) fr) j = 1,2 is a solution of (1.1)-(1.2).

(2) Assume that)’,i = 1,2 is a solution of (1.1)-(1.2) is i®’'([0, 7), H) with

7€ (0,5;). Let
B oWy
Hlat) = e Ry
(1+ (wt)?)?
t t
x 17arc an w =12, (2.24)
(1+ (wt)?)z w

theng'(z,t) € C([0,24T) H),i = 1,2 is a solution of (2.1)-(2.2).
On the basis of Lemma 2.3, we get following lemma directly.

Lemma2.4 — (1) Assume that)',)? is a solution of the Cauchy problem
(1.1)-(1.2) is inC([0,T), H), whereT € (0, 55)(T is maximal existence time).
Let

, lzl? o2 ,
5 (a,1) = 1 esz)W ( T ’ arctanwt) =12

=

(1+ (wt)?) 1+ wt)?)s @
then

L) ¢i(z, 1) € C([0, %),HM = 1,2 is a solution of (2.1)-(2.2), where
% is the maximal existence time.

; 1 ‘w12 , r tanwt
2)q)r’ 1) = —ig|z]? tanwt i Lallwo tel0.T). i = 1.2.
@)ia, 1) = — e o (2 ) e =1,

With the lemmas above, we can prove the following theorem.
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Theorem2.5— Let)!, 12 be a solution of the Cauchy problem (1.1) and (1.2)
isin C([0,T), H) such that(y',1?) blows up at finite time¢ = 7. Then, there
exists anM/ > 0 such that

(Ve [72 + IV92(172)1? = M(T = )74, ¢ € [0,T). (2.25)

PROOF: By Lemma 2.4, lety’,i = 1,2 be defined by (2.24), thery’ €
C([0, 22ty F),i = 1,2 is a blow-up solution for (2.1)-(2.2), whet&2«t) is the
maximal existence time, and

: 1 W ) T tan wt
W(xat) = 7e—z§\x|2tanwt¢z ,—— |t € [O7T)7 i = 172-
coswt coswt w

Then, fort € [0,T),T € (0, 5), we have

1 tan wt tan wt

i 2 _ - . i, il 2
IVE Ol = gl = wesinets’ (=5 + Vo', =Sl
1 i, tanwt 5, tanwt
m”véf)(w » 72 — w?llze’ (., )17
tan wt ;, tanwt
2 Vol — M7z — w?llzd' (-, )1Z2-
Hence,
tan wt tan wt
IV )72 + VP @)172 > Vo' (-, - Wiz +IV3(, )72
tan wt tan wt
—w?lzg (-, )72 —w?lze?(, )72 (2:26)

We claim that there is a constafit> 0, such that

tan wt tan wt

W[l (-, e + w?llzg?(,

" i <Cte0 D). (227)

In fact, consider

tanwT

J(t) = /R2 (16" (2, ) + |6° (2, 1)), t € [0, )-
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By Proposition 2.2, we have that'(t) = 16E*(¢', ¢?); E*(¢', ¢?) is a con-
stant. Consider the analytical identity,

J(t) = J(0)+5'(0)t* + /0 : J"(t* = s)ds = J(0) 4 j'(0)t* + 8E* (¢!, ¢*) (t*)2.

Lett* = f22el 4  [0,7),0 < T < 5=, we have

tan wt tan wt

lze* (-, e+ llzd? (-, iz = J(0) +5'(0)t" + 8E(¢, 6*)(t")*.

w

This equation implies (2.27).

By Lemma 2.2, there is a constafit> 0, such that

1, tanwt o o, tanwt, o C
. — > te|0,T
vab (7 )HL2+Hv¢ (7 )HLQ— (taan—tanwt)Q’ e[ ) )
(2.28).
From (2.26)-(2.28),
1, tanwt o 9, tanwt, o C
. . > t T).
||v¢ (7 w )||L2+Hv¢ (’ w )”LQ_’_C— (taan_tanwt)Qv € [O’ )
Becauseoswt > coswT, fort € [0,T), T € (0, 55), we have
tan wt tan wt C
Vol(-, 2 V2 (-, 2, > ——— —C,tc[0,7).
V6! (=M + IV =0 2 o 0.7)

gos?(w(T—t)) -~ 1 N
Becaus\,sinz(w(T_t)) (w(Tft))Q,ast T, we have

tan wt tan wt
IV (, 72 + IV (.,

C
)||%22 t)2,t€[O,T),ast—>T.

(T -

This implies (2.25).
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3. CONCENTRATION BEHAVIOUR

In this section, we shall prove Theorem 1.1.

First, we recall the existence theorem of a ground state solution of the following
system by Sirakov in [34],

{ Aut —ub + (v1g|ut|? + vigu?)P)ul =0, inR2, (3.1)

Au? — u? + (vig|ut]? + voo|u?*)u? = 0, in R?
Lemma3.1 ([34]) — Let0 < v12 < min{wvi1, ve2} > 0, then systems (3.1) has
a ground state solutiom, uZ.

Moreover, by [35], we have following sharp vector-valued Gagliardo-Nirenberg
inequality.

Lemma3.2 — Letv;; > 0,i,j = 1,2, andvjjvae > v3,, then, for anyy’ €
HY(R?),i=1,2,

/2 (via|o"|* + va2l?|* + 2v12]" P[97)?)
R

< 2R (VO + VU Jro (1917 + [07%)

3.2
= T (A + [2]7) (3-2)

Here(ug, u3) is a ground state solution of the system (3.1).

We need an auxiliary functiop(x) : p(z) = p(|z|) being a radially symmetric
nonnegative function i’} (R?), such that

)L r=z[ <12,
ple) = { 0, r=lz|>1, (33)

and0 > p/(r)

v
%
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Lemma3.3 ([25]) — Letv(z) be radially symmetric function il *. Then, for
anyR >0

[0(@)|7 0 (ja1>r) < CoR™ VOl L2l my) 101 L2((2f> R)» (3.4)

whereC), does not depend oR andv(x).

Lemma3.4 — Let all the assumptions in Theorem 1.1 be satisfied, and we put
Bt) = (IVO 72 + Ve2[132)2,

Then there exist two positive constadtg and M, such that

L(1)12 2(1))12, 1/2
_— (O + 19(0)152) o @9
t—T (”¢ ( )HL2 (|| <M /B(t) + ”w (t)HL2(|x|<M1/5(t)))

PROOF: Let M, be a large positive constant to be determined later.

From (1.5), we have

FO) < g [ oo el o [ PlE 2800 0
< ““2/ (9 + 214 + 280", 02)
<c [ (a4 10— oG 0y
40 [ UpGait 410 = oG anet) + 2500, 02
—cw<()wwm+w< o
+cncilwwwuy+cw oI

+2E(¢1,¢ ). (3.6)
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The Gagliardo-Nirenb

()

A

lo(5 720" 7

IN

IN

Similarly, we have

IN

o)

IN

IN

By Lemma 3.3,

B(t)
1

{1 = p(5 7203 I s

Similarly, we get

- po

erg inequality implies that

() ()

)y Iz

ﬁ(t)
My

B2(t) + ClIY L2V,

Cllo(5 200 1721V {n(5

ﬁ()

Ol ”LQHVp( z)yt +

CWHLz

p(—>2) V|2,

(= ‘<M1) (37)

() ()

2))$*}H Iz

ﬁ(t)
M,y

B (1) + Ol |72 Ve ]

Cllo(5 )0 1721V {n(5

ﬁ()

CIIWHLQIIW( 2)y” +

C\WHLz

p(—~2) V2|2,

L2(jz|<57%)" (3.8)

IN

HZ/J HL4(‘/@(i) |> )
Cllyt|3
Cﬁ( )

IN

My
23(t)

Ive'|2,

CIIWHLQ
M,

Lo (|a]> 5 R P (2> 7o0t)

IN

w1911

M
(lz |> |x‘> %‘)

)

— L2 32(1). (3.9)

0H¢2||L2 Clle e ga,

z) 1?1 < (t). (3.10)

63
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From (3.6)-(3.10), we have

) < Gl AV

L2(Jz]< 57%)
P IV an
C 114 4 2 C. 1113 + 213
+{ 2[|Y IIL];2 192172 N 3/|Y HL]@1 |4 ||L2}ﬂ2(t)+2E(1/;1,z/12)

IN

Cl(”"¢ HL2 +H1/}2”L2)<va ”L2(| ‘< Ml +va2”L2| ‘< Ml ))

Collpt |72 + 2152 Csllwt HLz + 192132 .o
+{ - n . }B (t
+2E (41, 4?) (3.11)

If we choosel; so large that

Coll |7 + 192122 N Call' 132 + 1923 _ 1
M12 My -2

then by (3.11), we have

M) )

Bt) < 2C1([" 1z + 191 AVe ], a1

HIVE o101 20)) + 2B 07). (3.12)

(Iz1< 50

Because| V! || 2 + || Ve?|| 2 — oo ast — T, (3.12) and (1.4) implies that

196112, a0, + IR0

| |<A Ml)ﬂoo(t—>T).

L2(|z|<

This fact and (3.12) show (3.5).

We next show the following proposition concerning the relation between the
blow-up order of(|| V4|2, + || V?|2,)'/2 and the rate of.?-concentration.

Proposition3.5 — Let all the assumptions in Theorem 1.1 be satisfied, and put

() = (IVe'I[2: + IVe*I22)"2.
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If a(t) is a decreasing function froff, T') to R™ such thatu(t) — 0(t — T')

and — 0(t — T), then

1
B(t)a(t)

h?i)iql;lf(”wl(t)H%Q(|a}|<a(t)) + HT/JZ(t)H%mxka(t)))lﬂ
> (lutf7 + u?l72)" (3.13)

whereu!, u? is a ground state solution of (3.1).

PROOF: Let p(t) be defined as in (3.3). We put

pa(t) = p(z/a(t); Ba(t) = (IV(pat") 72 + [V (path®)[72)">.

() By (1.4) and Lemma 3.3, we have

Gt - (’Ulle1<t)Hi‘l(\x|<a(t)/2)+v22Hw2<t)”i‘l(\x|<a(t)/2))

1
<B(t) - 5(1}11”wl(t)Hi4(|ac|<a(t)/2) + 022 [P (D174 () <ae)/2))

_012/ |w1|2|¢2’2
lz|<a(t)/2

1
5(“11|W (t )‘|Z[L,4(|m|>a(t)/2) + U22||¢2(t)Hi4(|m|>a(t)/2))
bo [ PR 4 2B 02)
|z|>a(t)/2

| A

*(Ull||¢1(t)“%4(|z|>a(t)/2) + v22||¢2(t)H%4(|z|>a(t)/2)) +2E(y!,4?)

V11
< B D1 apsatey2 19 O 12 a2

'U22

FZ 201 gty 2O apoayy) + 2B 0)
< —(F U22(H¢ (t )”%2(\$|>a(t)/2) + |W2(t)Hi2(|x|>a(t)/2))ﬁ(t)
+2E (¢ ?). (3.14)

A simple calculation gives us

v + V22 V11 + V22

LR < - T R ) ), (315)
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i + V22 V11 + V22

—— P Ol1s < =51 O 7410 <a(e)/2)): (3.16)

21 < eV O)llr2 + IVpad (8)]12)?
+(llpa Ve ()22 + Vot (1)l 12)?

< (199 @l + DOz 1 oy + L Dlazye
< ,Bz(t) + C(qubIHLQ ‘aF(]|5|)’(/J2HL2)ﬂ(t)
L CUP O + I O1R:) -

a?(t)

On the other hand, by Lemma 3.1 and 3.2 (the variational characterization of
the ground state solutian', »2 of (3.1) yields,) we have

villpa|7a 4 vaallpath?(|7a) + 2v12]lpat ! path?(|7 2
2([lpat 132 + lpat®(13.2) B2 (1)

3.18
= [l Z, + ]2, (3.18)
By (3.14)-(3.18), we obtain
1 — ||Pa¢1||%2 + Hpa1/12H%2
Jut]|F2 + [lu?]3,
P v11]|patt |74 + v22llpath?(|74) + 2012]pat! path? |3
- 2/32(t)
1 13 2,13 E(y!,¢?)
< a@)ﬁg(w 72 + [lv lle)ﬁ(t)JrTg
+C(||¢1HL2 + 192 12)B(t)
a(t)B?
C[H3: + 192]1322)8()
. 3.19
EERCIGENE (3.19)

Lettingt — T'in (3.19), by (1.4), Lemma 3.4 and the assumptior @f, we

obtain Lo -
hmwp@_n%¢mﬁ+mwwg><o
t—T Jut]]2, + [[u?]2, -
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which proves Proposition 3.5.
Now, we are in a position to prove Theorem 1.1.
PROOF OFTHEOREM1.1: By Theorem 2.5, we have
Bty > L(T —t)~Y4, telo,T)

for someL > 0. Therefore, by Proposition 3.5 we obtain Theorem 1.1.
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