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In this paper, we give a branching law from the group Sp(n) to the subgroup

Sp(q)× Sp(n-q). We propose an application of this result to compute the

Laplace spectrum on the forms of the manifold Sp(n)/Sp(q)×Sp(n-q), using

the “identification” of the Laplace operator with the Casimir operator in

symmetric spaces.
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1. INTRODUCTION

Let (G, K) be a compact symmetric pair with a compact connected semisimple Lie

groupG andM = G/K. We suppose that the Riemannian metric onM is induced

from the Killing form sign changed. This is aG-invariant Riemannian metric
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on M . We consider the Laplace operator∆p acting on the space of differential

p-forms and its spectrum Specp(M). The operator∆p is G-invariant when we

consider the space ofp-formsC∞(∧pM) as aG-module. Ikeda and Taniguchi [5]

computed the spectrum on the forms forM = Sn andPn(C) using representation

theory. They showed that∆p = C, the Casimir operator onG. On the other hand,

Freudenthal’s formula gives the eigenvalues ofC on irreducibleG-modules and

Weyl’s dimension formula gives their multiplicities. Then, it suffices to decompose

C∞(∧pM) into irreducibleG-submodules. Generally, this decomposition is not

easy. Frobenius reciprocity law enables us to reduce the problem into the two fol-

lowings: first, to give a branching law which consists to decompose an irreducible

G-module (as aK-module by restriction) into irreducibleK-submodules, second,

to decompose thep-th exterior power of the adjoint representation of the groupK

into irreducibleK-submodules. Tsukamoto [11] uses this method to compute the

spectra of the spaces SO(n + 2)/SO(2) × SO(n) and Sp(n + 1)/Sp(1) × Sp(n).
For the explicit spectrum computation in particular cases we can cite [7, 8]. In

[9, 10], the authors compute the Laplace spectrum on functions for the manifolds

SO(2p + 2q + 1)/SO(2p) × SO(2q + 1) and Sp(n)/SU(n). In [2] and [3], I

generalized the result of [11] to calculate the spectrum on forms of Grassmann

manifolds.

Another approach for the branching law is given by Kostant branching theorem

(see for instance [4], page 371). In [6], Kostant gives a branching law from a

simply-connected semisimple Lie group to a maximal compact subgroup.

This paper is organized as follow: In the second section, we give a branching

law to decompose the restriction of any irreducible Sp(n)-module into a sum of

irreducible Sp(q) × Sp(n − q)-modules. In section three, we decompose thepth

exterior powers of the adjoint representation into irreducible Sp(q) × Sp(n − q)-
modules.

2. BRANCHING LAW

Let G = Sp(n) andK = Sp(q) × Sp(n − q). We denote byg (resp. k) the



BRANCHING LAW FROM Sp(n) TO Sp(q)× Sp(n− q) & APPLICATION 73

complexified Lie algebra ofG (resp.K). Precisely,

g =

{(
A B

C −tA

)
; A,B, C ∈ Mn(C), tB = B, tC = C

}

and

k =








A1 0 B1 0
0 A2 0 B2

C1 0 −tA1 0
0 C2 0 −tA2


 ;

A1, B1, C1 ∈ Mq(C), A2, B2, C2 ∈ Mn−q(C),
tBi = Bi,

tCi = Ci, i = 1, 2





.

We choose the following Cartan subalgebra ofg andk:

t = {diag(λ1, . . . , λn,−λ1, . . . ,−λn); λj ∈ C}.

We regardλj as a form ont giving the value ofλj , then as an element oft∗.

We recall the following results:

• The roots ofG:

∆G = {±λi ± λj ; 1 ≤ i < j ≤ n} ∪ {±2λi; 1 ≤ i ≤ n}.

• The positive roots ofG:

∆+
G = {λi ± λj ; 1 ≤ i < j ≤ n} ∪ {2λi; 1 ≤ i ≤ n}.

• The simple roots ofG:

α1 = λ1 − λ2, α2 = λ2 − λ3, ..., αn−1 = λn−1 − λn, αn = 2λn.

• Any dominant weight for(g, t) which corresponds to an irreducible representa-

tion of G has the form




Λ = h1λ1 + h2λ2 + ... + hnλn

hi ∈ Z
h1 ≥ h2 ≥ · · · ≥ hn ≥ 0.

(1)
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• The Weyl group ofG: WG = {φ = (ε1, ..., εn, σ)/ εi = ±1, σ ∈ Sn}, with

φ(a1λ1 + ... + anλn) =
n∑

i=1

εiaiσ(λi), det(φ)=sign(σ) andSn is the group of all

permutations of{1, ..., n}.

• The roots ofK:

∆K = {±λi ± λj ; 1 ≤ i < j ≤ q or q + 1 ≤ i < j ≤ n} ∪ {±2λi; 1 ≤ i ≤ n}.

• The positive roots ofK:

∆+
K = {λi ± λj ; 1 ≤ i < j ≤ q or q + 1 ≤ i < j ≤ n} ∪ {2λi; 1 ≤ i ≤ n}.

• The simple roots ofK:

λ1 − λ2, λ2 − λ3, ..., λq−1 − λq, 2λq,

λq+1 − λq+2, λq+2 − λq+3, ..., λn−1 − λn, 2λn.

• Any dominant weight for(k, t) which corresponds to an irreducible represen-

tation ofK can be written:




Λ′ = k1λ1 + ... + kqλq + kq+1λq+1 + ... + knλn

ki ∈ Z for all 1 ≤ i ≤ n

k1 ≥ k2 ≥ ... ≥ kq ≥ 0
kq+1 ≥ kq+2 ≥ ... ≥ kn ≥ 0.

(2)

• The Weyl group ofK: WK = WSp(q) ×WSp(n−q).

Notation :

(i) We denote by:

e(Λ) = e2πiΛ, s(Λ) = e(Λ)− e(−Λ),

αij =
λi + λj

2
, βij =

λi − λj

2
.
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(ii) For r ands integers such that1 ≤ r ≤ s, we designate by[aij ]r:s a square

matrix with i, j betweenr ands.

(iii) We denote byδG =
∑

α∈∆+
G

α/2, the half sum of positive roots ofG.

Definition 1 — Let Λ ∈ t∗ be a linear form ont. We introduce the alternate

sum ofΛ

ξ(Λ) : t → C, with ξ(Λ)(H) =
∑

w∈WG

det(w).e(Λ(w(H))), ∀H ∈ t.

Here,det(w) ∈ {−1, 1}, is the determinant of the linear automorphismw of t.

Lemma2 — Let H1, ...,Hn be integers satisfyingH1 > ... > Hn > 0. We

have for allq ∈ {1, . . . , n}:

det[s(Hiλj)]1:n
q∏

i=1

n∏

j=i+1

s(αij)s(βij)

=
∑

K1,v

. . .
∑

Kq,v

{
q∏

r=1

(
n−1∏
s=r

s(lr,sλr)
s(λr)

)
s(lr,nλr)

}

det[s(Kq,iλj)]q+1:n,

where the summations are taken over all the sets of integersKu,v (1 ≤ u ≤ q and

u + 1 ≤ v ≤ n) satisfying:





Ku−1,v+1 < Ku,v < Ku−1,v−1 for u + 1 ≤ v ≤ n− 1
Ku,n < Ku−1,n−1

0 < Ku,n < Ku,n−1 < ... < Ku,u+1,

(3)

K0,v = Hv and for all1 ≤ r ≤ q andr ≤ s ≤ n, the integerslr,s are given by:





lr,r = Kr−1,r −max(Kr−1,r+1,Kr,r+1)
lr,s = min(Kr−1,s,Kr,s)−max(Kr−1,s+1,Kr,s+1) for r + 1 ≤ s ≤ n− 1
lr,n = min(Kr−1,n,Kr,n).
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PROOF : The caseq = 1 is shown by Tsukamoto [11]. Using twice this case,

we obtain:

det[s(Hiλj)]1:n∏2
i=1

∏n
j=i+1 s(αij)s(βij)

=
∑

K1,v

∑

K2,v

{(
n−1∏

s=1

s(l1,sλ1)
s(λ1)

)(
n−1∏

s=2

s(l2,sλ2)
s(λ2)

)
s(l1,nλ1)s(l2,nλ2)

}

det[s(K2,iλj)]3:n.

The assertion is proved recursively onq. The details are similar to those of the

Lemma 2.2.4 page 52 in [2]. 2

Theorem3 — Let V = V (Λ) be an irreducibleG-module of highest weight

Λ = h1λ1 + ... + hnλn satisfying (1). Then the irreducible decomposition ofV

as aK-module contains an irreducibleK-submoduleV ′ = V ′(Λ′) with highest

weightΛ′ = k1λ1 + ... + kqλq + kq+1λq+1 + ... + knλn satisfying (2), if and only

if:

1. {
hi+q ≤ ki ≤ hi−q for q + 1 ≤ i ≤ n− q

ki ≤ hi−q for n− q + 1 ≤ i ≤ n.
(4)

2. The multiplicitymΛ′ of V ′ = V ′(Λ′) in the decomposition is the coefficient,

when it does not vanish, ofe((k1 + q)λ1 + ... + (kq + 1)λq) in:

q−1∏

i=1

q∏

j=i+1

s(αij)s(βij)
∑

k1,v

. . .
∑

kq−1,v

{
q∏

r=1

(
n−1∏
s=r

s(lr,sλr)
s(λr)

)}

s(l1,nλ1)...s(lq,nλq). (5)

where the summations are taken over all the sets of integersku,v, 1 ≤ u ≤ q − 1
andu + 1 ≤ v ≤ n such that:

• if 2u < 3q − n + 1:



BRANCHING LAW FROM Sp(n) TO Sp(q)× Sp(n− q) & APPLICATION 77





max(ku−1,v+1, kq,v+q−u) ≤ ku,v ≤ ku−1,v−1

for u + 1 ≤ v ≤ n− q + u

ku−1,v+1 ≤ ku,v ≤ ku−1,v−1

for n− q + u + 1 ≤ v ≤ 2q − u

ku−1,v+1 ≤ ku,v ≤ min(ku−1,v−1, kq,v−q+u)
for 2q − u + 1 ≤ v ≤ n− 1

ku,n ≤ min(ku−1,n−1, kq,n−q+u)
0 ≤ ku,n ≤ ... ≤ ku,u+1,

(6)

• if 2u ≥ 3q − n + 1:





max(ku−1,v+1, kq,v+q−u) ≤ ku,v ≤ ku−1,v−1

for u + 1 ≤ v ≤ 2q − u

max(ku−1,v+1, kq,v+q−u) ≤ ku,v ≤ min(ku−1,v−1, kq,v−q+u)
for 2q − u + 1 ≤ v ≤ n− q + u

ku−1,v+1 ≤ ku,v ≤ min(ku−1,v−1, kq,v−q+u)
for n− q + u + 1 ≤ v ≤ n− 1

ku,n ≤ min(ku−1,n−1, kq,n−q+u)
0 ≤ ku,n ≤ ... ≤ ku,u+1,

(7)

with k0,v = hv andkq,v = kv. The integerslr,s are given by:




lr,r = kr−1,r −max(kr−1,r+1, kr,r+1) + 1
lr,s = min(kr−1,s, kr,s)−max(kr−1,s+1, kr,s+1) + 1

for r + 1 ≤ s ≤ n− 1
lr,n = min(kr−1,n, kr,n) + 1.

(8)

PROOF : To decompose an irreducibleG-module of highest weightΛ into

irreducibleK-modules, we will determine the setE of highest weights ofK such

that:

χG(Λ) =
∑

Λ′∈E

χK(Λ′),
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whereχG(Λ) (resp.χK(Λ′)) is the character ofV (Λ) (resp.V ′(Λ′).

Using the Weyl character formula, we obtain:

ξG(Λ + δG)
ξG(δG)

=
∑

Λ′∈E

ξK(Λ′ + δK)
ξK(δK)

.

Then we have to determine the setE such that:

ξG(Λ + δG)
ξG(δG)/ξK(δK)

=
∑

Λ′∈E

ξK(Λ′ + δK), (9)

It is well known that (see for instance [1], page 242):

ξG(δG) =
∏

α∈∆+
G

(e(α/2)− e(−α/2))

and

ξK(δK) =
∏

α∈∆+
K

(e(α/2)− e(−α/2)),

then
ξG(δG)
ξK(δK)

=
∏

α∈∆+
G−∆+

K

(e(α/2)− e(−α/2)).

Writing Λ in the form (1), we have Λ + δG = H1λ1 + H2λ2 + ... + Hnλn,

whereHi = hi + n − i + 1 for all 1 ≤ i ≤ n. TheHi are integers satisfying

H1 > H2 > ... > Hn > 0.

In the same way we have Λ′+ δK = K1λ1 + ...+Kqλq +Kq+1λq+1 + ...+
Knλn, whereKi = ki + q − i + 1 for all 1 ≤ i ≤ q andKi = ki + n− i + 1 for

all q + 1 ≤ i ≤ n. TheKi are integers satisfying:

K1 > K2 > ... > Kq > 0 and Kq+1 > Kq+2 > ... > Kn > 0.
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Then we obtain:

ξG(δG)
ξK(δK)

=
q∏

i=1

n∏

j=q+1

s(αij)s(βij).

On the other hand, it is known that (see [1] or [2])

ξG(Λ + δG) = det [s(Hiλj)]1:n ,

and

ξK(Λ′ + δK) = det[s(Kiλj)]1:q × det[s(Kiλj)]q+1:n.

To determine the setE in the equality (9), it suffices to determine the integers

K1, ..., Kn such that

det[s(Hiλj)]1:n∏q
i=1

∏n
j=q+1 s(αij)s(βij)

=
∑

K1>...>Kq>0
Kq+1>...>Kn>0

det[s(Kiλj)]1:q × det[s(Kiλj)]q+1:n

Using Lemma 2, we have to determine the integersK1, ...,Kn such that

q−1∏

i=1

q∏

j=i+1

s(αij)s(βij) ×
∑

K1,v

. . .
∑

Kq,v

{
q∏

r=1

(
n−1∏
s=r

s(lr,sλr)
s(λr)

)
s(lr,nλr)

}

det[s(Kq,iλj)]q+1:n

=
∑

K1>...>Kq>0
Kq+1>...>Kn>0

det[s(Kiλj)]1:q × det[s(Kiλj)]q+1:n.
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We permute successively the summations on theK1,v, . . . , Kq,v satisfying (3)

to get the first one onKq,v which satisfies:





Hv+q + q ≤ Kq,v ≤ Hv−q − q for q + 1 ≤ v ≤ n− q

Kq,v ≤ Hv−q − q for n− q + 1 ≤ v ≤ n

0 < Kq,n < ... < Kq,q+1,

and the other ones onK1,v, . . . , Kq−1,v such that

• if 2u > n− q − 3:





aq,u,v < Kq−u−1,v < Kq−u−2,v−1 for q − u ≤ v ≤ n− u− 1
Kq−u−2,v+1 < Kq−u−1,v < Kq−u−2,v−1 for n− u ≤ v ≤ q + u + 1
Kq−u−2,v+1 < Kq−u−1,v < bq,u,v for q + u + 2 ≤ v ≤ n− 1
Kq−u−1,n < bq,u,n

0 < Kq−u−1,n < ... < Kq−u−1,q−u,
(10)

• if 2u ≤ n− q − 3:





aq,u,v < Kq−u−1,v < Kq−u−2,v−1 for q − u ≤ v ≤ q + u + 1
aq,u,v < Kq−u−1,v < bq,u,v for q + u + 2 ≤ v ≤ n− u− 1
Kq−u−2,v+1 < Kq−u−1,v < bq,u,v for n− u ≤ v ≤ n− 1
Kq−u−1,n < bq,u,n

0 < Kq−u−1,n < ... < Kq−u−1,q−u,
(11)

where

aq,u,v = max(Kq−u−2,v+1,Kq,v+u+1 + u)

bq,u,v = min(Kq−u−2,v−1,Kq,v−u−1 − u).
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Thus, we obtain:

q−1∏

i=1

q∏

j=i+1

s(αij)s(βij)×
∑

Kq,v

∑

K1,v

...
∑

Kq−1,v

{
q∏

r=1

(
n−1∏

i=s

s(lr,sλr)
s(λr)

)}

s(l1,nλ1)...s(lq,nλq) det[s(Kq,iλj)]q+1:n

=
∑

K1>...>Kq>0
Kq+1>...>Kn>0

det[s(Kiλj)]1:q × det[s(Kiλj)]q+1:n.

By identifying the left and right terms of the last equality, we get:

Ki = Kq,i for all q + 1 ≤ i ≤ n and

∑

K1>...Kq>0

det[s(Kiλj)]1:q

=
q−1∏

i=1

q∏

j=i+1

s(αij)s(βij)×
∑

K1,v

...
∑

Kq−1,v

{
q∏

r=1

(
n−1∏
s=r

s(lr,sλr)
s(λr)

)}

s(l1,nλ1)...s(lq,nλq),

where the conditions onKu,v for 1 ≤ u ≤ q − 1, are (10) and (11). We find:





hi+q ≤ ki ≤ hi−q for q + 1 ≤ i ≤ n− q

ki ≤ hi−q for n− q + 1 ≤ i ≤ n

0 ≤ kn ≤ ... ≤ kq.

If we denote by:

ku,v = Ku,v − n + v − 1, for all 0 ≤ u ≤ q − 1 and u + 1 ≤ v ≤ n,

we obtain the result. 2

Remark: To understand the multiplicitymΛ′ of V ′ = V ′(Λ′) given by the

previous theorem, we begin by remarking that for any integerr, we have
s(rx)
s(x)

=
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r−1∑

k=0

e((2k − r + 1)x). Then, the equation (5) can be expressed as a summation of

termse(a1λ1 + ...+aqλq) wherea1, . . . , aq are integers. If the inequalities (4) are

satisfied and the terme((k1 + q)λ1 + ... + (kq + 1)λq) appears in (5), we deduce

that the irreducible decomposition ofV as aK-module containsV ′ = V ′(Λ′) and

the multiplicity is the corresponding coefficient.

3. DECOMPOSITION OF∧p(g/k)∗

We identify the complexified cotangent space ofM = G/K at o = [K] with

(g/k)∗, the dual space ofg/k.

TheK-module(g/k)∗ is irreducible of highest weightλ1 + λq+1.

Notation : Let H andL be two groups,V a H-module andW a L-module.

The spaceV ⊗W has a structure ofH × L-module by the action ofH on V and

L onW . We denote byV £ W the obtainedH × L-module.

Thus, the Sp(q)×Sp(n−q)-module(g/k)∗ is isomorphic toV (λ1)£V (λq+1).

3.1. Particular CaseK = Sp(2)× Sp(n− 2)

Let H be the subgroupT × T of Sp(2) whereT is a torus of Sp(1). We begin by

decomposing the restriction of∧p(g/k)∗ to H × Sp(n− 2). To restrict(g/k)∗, i.e.

V (λ1) £ V (λ3), to H × Sp(n− 2), we restrict the Sp(2)-moduleV (λ1) to H.

The decomposition of the Sp(2)-module V (λ1) into irreducible H-

submodules:

V (λ1)|H ∼= V (λ1)⊕ V (−λ1)⊕ V (λ2)⊕ V (−λ2).

We denote byV1 = V (λ1) £ V (λ3), V2 = V (−λ1) £ V (λ3), V3 = V (λ2) £
V (λ3) andV4 = V (−λ2) £ V (λ3). Then

(g/k)∗ ∼= V1 ⊕ V2 ⊕ V3 ⊕ V4 (irreducibleH × Sp(n− 2)-modules).
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Using the notation∧a,b,c,d = ∧aV1 ⊗ ∧bV2 ⊗ ∧cV3 ⊗ ∧dV4 (H × Sp(n − 2)-
module), we get theH × Sp(n− 2)-decomposition

∧p(g/k)∗ ∼=
∑

∧a,b,c,d with a + b + c + d = p. (12)

On the other hand, the restriction to Sp(n−2) of V1, V2, V3 or V4 is isomorphic

to V = V (λ3). Also, theH × Sp(n− 2)-module,∧a,b,c,d, is isomorphic to:

V ((a− b)λ1) £ V ((c− d)λ2) £ (∧aV ⊗ ∧bV ⊗ ∧cV ⊗ ∧dV ). (13)

It means that it suffices to decompose the Sp(n − 2)-module (∧aV ⊗ ∧bV ⊗
∧cV ⊗ ∧dV ) into irreducible Sp(n − 2)-submodules to obtain the decomposition

of theH × Sp(n− 2)-module∧a,b,c,d. We suppose that:

∧aV ⊗∧bV ⊗∧cV ⊗∧dV ∼=
∑

V (µ), (irreducible Sp(n− 2)-modules). (14)

We obtain:

∧a,b,c,d ∼=
∑

µ

V ((a−b)λ1)£V ((c−d)λ2)£V (µ), (H × Sp(n− 2)-modules).

(15)

Notation : We setγj−2 = λj for 3 ≤ j ≤ n, and:

Γ0 = 0
Γj = γ1 + ... + γj for 1 ≤ j ≤ n− 2

TheΓj for 1 ≤ j ≤ n− 2 are the fundamental weights of the group Sp(n− 2).
With these notations, the restriction of∧a,b,c,d to Sp(n− 2) is isomorphic to:

∧aV (Γ1)⊗ ∧bV (Γ1)⊗ ∧cV (Γ1)⊗ ∧dV (Γ1).



84 FIDA EL CHAMI

Proposition4 —

1. For0 ≤ r ≤ n− 2, we have

∧rV (Γ1) ∼= V (Γr)⊕ V (Γr−2)⊕ · · · ⊕ V (Γ1) whenr is odd

and

∧rV (Γ1) ∼= V (Γr)⊕ V (Γr−2)⊕ · · · ⊕ V (Γ0) whenr is even

with

∧rV (Γ1) ∼= ∧2n−4−rV (Γ1).

2. For 0 ≤ r ≤ s ≤ n − 2, the Sp(n − 2)-moduleV (Γr) ⊗ V (Γs) can be

decomposed into irreducible modules as follows:

V (Γr)⊗ V (Γs) ∼=
∑

i,j

V (Γi + Γj),

where the indices of the summation(i, j) are non-negative integers satisfy-

ing: 



s− r ≤ j − i ≤ 2n− 4− s− r

i + j ≤ r + s

i + j ≡ r + s (mod 2).

Conclusion

• The previous proposition allows us to decompose∧rV (Γ1)⊗∧sV (Γ1) into

irreducibleSp(n− 2)-modules.

• The decomposition of∧a,b,c,d is reduced to that ofV (Γi +Γj)⊗V (Γk +Γl)
into irreducible Sp(n − 2)-modules which can be done using the Steinberg

multiplicity formula.

• The decomposition of∧a,b,c,d into Sp(2)× Sp(n− 2)-modules can be done

by gathering the irreducibleH-modules in irreducibleSp(2)-modules.
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3.2. General case

We consider now the general caseK = Sp(q)×Sp(n− q). We consider a torusT

of Sp(1). To decompose theK-module∧p(g/k)∗ into irreducibleK-submodules,

we begin by decomposing the restriction of(g/k)∗ to T × Sp(q − 1)× Sp(n− q),
then the restriction of∧p(g/k)∗ to T ×Sp(q−1)×Sp(n− q) and finally, we come

back toK as the caseq = 2.

As (g/k)∗ ∼= V (λ1 + λq+1), it suffices to study the restriction of the Sp(q)-
moduleV (λ1) to T × Sp(q − 1). It is easy to show that

V (λ1)|T×Sp(q−1)
∼= V (λ1)⊕ V (−λ1)⊕ V (λ2),

whereV (λ1) andV (−λ1) are trivial andV (λ2) is the standard representation of

Sp(q − 1). Then:

V (λ1 + λq+1)|T×Sp(q−1)×Sp(n−q)
∼= U1 ⊕ U2 ⊕ U3,

whereU1, U2, U3 are the irreducibleT ×Sp(q−1)×Sp(n−q)-modules of highest

weightsλ1 + λq+1,−λ1 + λq+1 andλ2 + λq+1 respectively.

The decomposition of∧p(g/k)∗ into irreducibleK-submodules can be made

recursively as follow:

(i) The first step is given by the previous conclusion.

(ii) The restriction of∧p(g/k)∗ to T ×Sp(q−1)×Sp(n−q) can be decomposed

as follow:

•
∧p(g/k)∗ ∼=

∑

i+j+k=p

∧iU1 ⊗ ∧jU2 ⊗ ∧kU3.

• The decomposition of∧iU1 ⊗ ∧jU2 is determined by applying the

Proposition 4.

• We decompose∧kU3 recursively.
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(iii) To obtain the decomposition of∧p(g/k)∗ as Sp(q)× Sp(n− q)-module, we

regroup the irreducibleT ×Sp(q− 1)-modules occurring in the decomposi-

tion into irreducible Sp(q)-modules.
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