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In this paper, we give a branching law from the group Sp(n) to the subgroup
Sp(g) x Sp(n-g). We propose an application of this result to compute the
Laplace spectrum on the forms of the manifold Sp8P(q)x Sp(n-q), using

the “identification” of the Laplace operator with the Casimir operator in
symmetric spaces.
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1. INTRODUCTION

Let (G, K) be a compact symmetric pair with a compact connected semisimple Lie
groupG andM = G/ K. We suppose that the Riemannian metrid\éns induced
from the Killing form sign changed. This is @-invariant Riemannian metric
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on M. We consider the Laplace operatdy, acting on the space of differential
p-forms and its spectrum Sp&d/). The operatord, is G-invariant when we
consider the space pfformsC>° (AP M) as aG-module. Ikeda and Taniguchi [5]
computed the spectrum on the forms fidr= S™ and P"(C) using representation
theory. They showed that, = C, the Casimir operator o. On the other hand,
Freudenthal’s formula gives the eigenvaluesobn irreducibleG-modules and
Weyl's dimension formula gives their multiplicities. Then, it suffices to decompose
C*°(APM) into irreducibleG-submodules. Generally, this decomposition is not
easy. Frobenius reciprocity law enables us to reduce the problem into the two fol-
lowings: first, to give a branching law which consists to decompose an irreducible
G-module (as d-module by restriction) into irreducibl& -submodules, second,

to decompose the-th exterior power of the adjoint representation of the gréup

into irreducible K -submodules. Tsukamoto [11] uses this method to compute the
spectra of the spaces GO+ 2)/SO(2) x SO(n) and Sgn + 1)/Sp(1) x Sp(n).

For the explicit spectrum computation in particular cases we can cite [7, 8]. In
[9, 10], the authors compute the Laplace spectrum on functions for the manifolds
SO(2p + 2q + 1)/SO(2p) x SO(2¢g + 1) and Sgn)/SU(n). In [2] and [3], |
generalized the result of [11] to calculate the spectrum on forms of Grassmann
manifolds.

Another approach for the branching law is given by Kostant branching theorem
(see for instance [4], page 371). In [6], Kostant gives a branching law from a
simply-connected semisimple Lie group to a maximal compact subgroup.

This paper is organized as follow: In the second section, we give a branching
law to decompose the restriction of any irreduciblé:§pmodule into a sum of
irreducible Sgq) x Sp(n — g)-modules. In section three, we decomposeyitie
exterior powers of the adjoint representation into irreduciblg;Bp Sp(n — q)-
modules.

2. BRANCHING LAW

Let G = Sp(n) and K = Sp(q) x Sp(n — q). We denote by (resp. ¢) the
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complexified Lie algebra ofr (resp.K). Precisely,

A B
g= : A,B,C € M,(C),'B=B,'"C=C
c —tA

and

A0 B 0

0 Ay 0 By | A1,Bi,C1 € My(C), As, Bo,Cs € M,_4(C),
cC; 0 —'A; 0 " 'B;=B;,!C; =Ci=1,2

0 Cy 0 A,

We choose the following Cartan subalgebrg andé:

t={diag(A1,..., A\n, —A1,...,—A\); Aj € ClL

We regard\; as a form ort giving the value of\;, then as an element ¢f.

We recall the following results:
e The roots ofG:

Ag={tNEX; 1 <i<j<n}pu{£2); 1<i<n}

e The positive roots of::

Afb={NEX; 1<i<j<n}u{2n; 1<i<n}

e The simple roots of:
a1 = A1 — A2, 2 = A2 — A3, .., Q1 = A1 — A, @y = 2.
e Any dominant weight for(g, t) which corresponds to an irreducible representa-
tion of G has the form

A=A+ hodo+ ... + A,
hi €Z 1)
hy > hg > -+ > hy > 0.
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e The Weyl group OG: W ={¢=(e1,...,n,0)/ €i = £1,0 € S, }, with
Plar A1 + ... + apy) Z‘g’az ), det(¢)=sign(c) and.S,, is the group of all
permutations of 1, .. }.

e The roots ofK:

AK:{:E)\,‘:E)\]‘; 1<i<j<gorg+1<i<j<njuU{£2)\; 1<i<n}.

e The positive roots ofs:

Ab={NEN;1<i<j<qgorg+1<i<j<n}u{2);1<i<n}.

e The simple roots of:

AL = A2y A2 — Agy ooy Aot — Ags 2Aq
)\q—i-l - )\q+27 )‘q+2 - )\q+37 23 )‘n—l - )\np 2)\n

¢ Any dominant weight fof¢, t) which corresponds to an irreducible represen-
tation of K can be written:

N =Fkid + 4 kghg + kgridgr1 + oo+ kny
kieZ forall 1<i<n

ki > ko> o>k, >0

kgi1 > kgro > ... > ky > 0.

)

e The Weyl group ofK: Wi = WSp(q) X WSp(n—q)-
Notation :
() We denote by:
e(A) = ¥, s(A) = e(A) —e(-A),

i -i-)\ — A\
Qg5 = 7/8’Lj 2 ..
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(i) Forr ands integers such that < r < s, we designate byu;;],.s a square
matrix with ¢, j betweenr ands.

(iii) We denote by = Z a/2, the half sum of positive roots @f.

+
acAg

Definition1 — Let A € t* be a linear form ort. We introduce the alternate
sum of A

E(A):t—C, with ¢(A = ) det(w).e(A(w(H))), VH € t.

weWqg

Here,det(w) € {—1, 1}, is the determinant of the linear automorphignof t.

Lemma2 — Let Hy, ..., H, be integers satisfyingl; > ... > H, > 0. We
have for allg € {1,...,n}:

det[s(H;\; 4
la(Hdln  _ Z-~-Z{H
H H s(aij)s(Big) Hie Haw

1=1j5=1+1
det[S(ani/\j)]tI—i-l:na

where the summations are taken over all the sets of intdggrs(1 < v < g and
u—+ 1 <wv < n) satisfying:

Ky-1p+1 < Kyop < Ky—1,0-1 for u+1<v<n-1
Ku,n < Ku—l,n—l (3)
0< Kyn < Kyn-1<...<Kyuti,

Ky, = H, and for alll <r < gandr < s < n, the integers, ; are given by:

lr,r - r—1,r — maX(Kr—l,T—f—l; Kr,r+1)
lrs =min(K,_; 5, Krs) —max(K,_q 641, Kps41) for r+1<s<n-1
lr,n = min(KTfl,’rh Kr,n)-



76 FIDA EL CHAMI

PrROOF: The case; = 1 is shown by Tsukamoto [11]. Using twice this case,
we obtain:
det[s(Hi\j)]in
[T TG s(cuig)s(Big)

n—1
= Z Z { (H ll sf‘)l)) (H S(j?;jf)) s(ll,n)\1)8<l2,n)\2)}
5=2

Ky Koy s=1

det [S(Kg}i)\j)]gm.

The assertion is proved recursively @nThe details are similar to those of the
Lemma 2.2.4 page 52 in [2]. O

Theorem3 — Let V' = V(A) be an irreducibleG-module of highest weight
A = hiM + ... + hy A\, satisfying (1). Then the irreducible decompositiori/of
as a K-module contains an irreducibl&’-submodule/’ = V’(A’) with highest
weightA’ = k1A + ... + kgAg + kg1 Ag+1 + ... + kn A, satisfying (2), if and only
if:

1.

{hi+q§i<;,-ghi_q for g+1<i<n-—gq @

kighi_q for n—q—i—lgign.

2. The multiplicitym . of V' = V’(A’) in the decomposition is the coefficient,
when it does not vanish, ef (k1 + ¢)A1 + ... + (kg + 1)) In

-1 q q [/n—1
I 11 oy 3 I (I3
S(l1’7LA1)...S(lq7nAq). (5)

where the summations are taken over all the sets of intéggrsl < u < gqg—1
andu + 1 < v < n such that:

oif 2u < 3¢g—n+1:
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max(ku—l,v—l—la kq,v—l—q—u) < ku,v < ku—l,v—l

for u+1<v<n—-—qg+u
ku—lm—l—l < kum < ku—Lv—l

for n—g+u+1<v<2¢—u

. (6)
ku—l,v—l—l < ku,v < mln(ku—l,v—la kq,v—q—l—u)
for 2¢—u+1<v<n-1
ku,n < min(ku—l,n—lv kq,n—q—l—u)
0< kum <..< ku,u—&—la
oif 2u>3¢g—n+1:
max(ku—l,v—i-ly kq,v-i—q—u) < ku,v < ku—l,v—l
for u+1<v<2¢—u
max(k’ufl,erla kq,erqfu) < ku,v < min(kufl,vfla k’q,'uquru)
for 2¢—u+1<v<n—qg+u @
ku—l,v—i—l < ku,v < min(ku—l,v—h kq,v—q—i—u)
for n—g+u+1<v<n-1
ku,n < min(k’ufl,nfla kq,nquru)
0< ku,n <..< ku,u+1a
with ko, = h, andk,, = k,. The integerg, ; are given by:
lr,r = k’r‘fl,r - max(k:r,uﬂ, kr,rJrl) +1
lr,s = min(kr—l,57 kr,s) - max(kr—l,s—i-l; kr,s—i—l) +1 (8)

for r+1<s<n-1
Ly = min(ky_1 5, krp) + 1.

PROOF : To decompose an irreducibl@-module of highest weighi into
irreducible K-modules, we will determine the sgtof highest weights of such
that:

e = 3 (A,

NeE
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wherexg(A) (resp.xx (A)) is the character of (A) (resp.V'(A).
Using the Weyl character formula, we obtain:

{GA—F(SG ZfKA/-i-(SK)

(0
NEE K (0x)

Then we have to determine the gesuch that:

§a(A +dc)
¢a(0a)/éx (o)

= > k(N +6k), 9)

NEE
It is well known that (see for instance [1], page 242).

a(6a) = ] (e(a/2) = e(=a/2))

aEAg
and
Ek(0k) = [ (ela/2) —e(—a/2)),
aGA;
then

§alda) _ [T (ea/2) - e(—a/2)).

o
Sk 0x) aeAL-AT

Writing A in the form (1), we have A + 6 = Hi\1 + Hado + ... + Hp Ay,
whereH; = h; +n —i+ 1forall1 < i < n. The H; are integers satisfying
Hy>Hy>..>H,>0.

In the same way we have A’ + 0 = KA1 +...+ KAy + Kgr1Ag41+ ...+
K \,,whereK; =k; +qg—i+1foralll <i<gandK; =k; +n—1i+ 1for
all g+ 1 <i <n. TheK; are integers satisfying:

Ki>Ky>..>K;>0 and Ky > Kgi2>...> K, >0.
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Then we obtain:

q n

el (e) :H H s(aj)s(Big)-

x0K) s

On the other hand, it is known that (see [1] or [2])

fg(A + (5@) = det [S(HiAj)]l;n ,

and

SK(A/ + (5}() = det[S(Ki)\j)]l;q X det[S(Ki/\j)]q+1;n.

To determine the sdf in the equality (9), it suffices to determine the integers

K, ..., K, such that

det[s(H;\j)]1n _ Z

) H;'l:q+1 s(iz)s(Bij) Ki>..>Kq>0
Kq+1>--->Kn>0

det[S(Ki)\j)h;q X det[S(KiAj)](ﬁ.lm

Using Lemma 2, we have to determine the inted€rs..., K, such that

-1

q q q n—1
H H S(()zz‘j)S(ﬁij) X Z ce Z {H (H 3(;7(”;\937’)) S(lT,nAT)}

1j=1+1 K Kqo \r=1 \s=r
det[s(Kq,iAj)]g+1m

= > det[s(Ki\;)]1:q ¥ det[s(KiAj)]gt1in-

K1>..>Ks>0
Kg41>..>Kn>0
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We permute successively the summations onkhe, . . ., K, satisfying (3)
to get the first one ok, ,, which satisfies:

Hyrg+q< Kyy <Hy_4g—q for g+1<v<n-—gq
Kyw<Hy, 4—q for n—g+1<v<n
0< Kgn < .o < Kggtr1,

and the other ones dif ,, ..., K,_1,, such that

o if 2u>n—q—3:

Aguo < Kgu-1,0 < Kg—u—2,0-1 for g—u<v<n—u-1
Kq—u—Z,v+1 < Kq—u—l,v < Kq—u—?,v—l for n—u<v<g+u+1
Ky w-o2vt1 < Kjgu-10 <bguw for g+u+2<v<n-1

Kq—U—l,” < b%%”
0< qu'u,fl,n < ... < quufl,qfuy

(10)

e if2u<n—q—3:

agup < Kgou-1p < Kgou—20-1  fOr g—u<v<qg+u+1
Aguw < Kg—u—1,0 < bguw for g+u+2<v<n—-u-—1
Ky w-op11 < Kg—u—1,0 <bguw for n—u<v<n-1
Kq—u-1n < bgun

0< Kg—u—in < . < Ky—u—1,g—us

(11)

where

Qgup = maX(Kq—u—Z,v—l—l, Kq,v—i—u—l—l + U)

bq,u,v = min(Kq—u—Q,v—ly Kq,v—u—l - U)
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Thus, we obtain:

I 3 5 (I

Kq'uKl v Kq 1,v r=1

5(l1,n>\1)-~-5(lq,n)\q) det[S(qui)\j)}q+1:n

= > det[s(Ki\)]1q % det[s(KiXj)]grin-
Ki>..>K¢>0
Kgr1>..>Kp>0

By identifying the left and right terms of the last equality, we get:
K;=K,;forallg+1<1i<nand

K1>..K¢>0

5(ll,n)\1)~--5(lq,n>\q),
where the conditions of,, ,, for 1 <« < ¢ — 1, are (10) and (11). We find:

hivg <ki<hiq for ¢g+1<i<n-—gq
ki < hi—q for n—g+1<i<n
0<kn < ... <k
If we denote by:

kuy=Kyp—n+v—1 forall 0<u<g—1andu+1<v<n,

we obtain the result. O

Remark: To understand the multiplicityn, of V' = V/(A’) given by the
s(rz)

previous theorem, we begin by remarking that for any integare have——= =

s(z)
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r—1

e((2k — r + 1)x). Then, the equation (5) can be expressed as a summation of
k=0
termse(a; A\ + ... + ag\g) Whereay, . . ., a, are integers. If the inequalities (4) are
satisfied and the ter((k; + ¢) A1 + ... + (kg + 1)\,) appears in (5), we deduce
that the irreducible decomposition Bfas ak-module containd”’ = V’(A’) and

the multiplicity is the corresponding coefficient.

3. DECOMPOSITION OFAP(g/€)*

We identify the complexified cotangent spacelMf = G/K ato = [K] with
(g/®)*, the dual space af/t.

The K-module(g/¢)* is irreducible of highest weight; + Aj+1.

Notation : Let H and L be two groups}) a H-module andi?” a L-module.
The spacd/ ® W has a structure aff x L-module by the action off on V" and
L onW. We denote by X W the obtainedd x L-module.

Thus, the Sfy) x Sp(n—¢)-module(g/€)* is isomorphic td/ (A ) XV (Ag41).

3.1. Particular CaseK = Sp(2) x Spn — 2)

Let H be the subgrouff’ x T" of Sp(2) whereT' is a torus of Spl). We begin by
decomposing the restriction of (g/¢)* to H x Sp(n — 2). To restrict(g/¢)*, i.e.
V(A1) KV ()A3),t0 H x Sp(n — 2), we restrict the S{2)-moduleV' () to H.

The decomposition of the $p)-module V(A;) into irreducible H-
submodules:

V()\l)’H = V()\l) D V(—)\l) D V()\g) D V(—)\Q).

We denote by; = V() K V(As), Vo = V(=A) KV (A3), Vs = V(g K
V(A3) andV; = V(=A2) B V()3). Then

(g/0)  =VieVod Vs Vy (irreducibleH x Sp(n — 2)-modules.
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Using the notatiom®®<4 = A%y @ APVy @ AV @ AV (H x Sp(n — 2)-
module), we get thé/ x Sp(n — 2)-decomposition

AP(g/B)" = Avbed witha+b+c+d=p. (12)
On the other hand, the restriction to(8p- 2) of V1, Va, V3 or V, is isomorphic
toV = V()3). Also, theH x Sp(n — 2)-module,A%*%4, is isomorphic to:
V((a—bM)RV((c—dr) B AV @AV @AV @AWV, (13)
It means that it suffices to decompose thé:Sp 2)-module (\*V @ APV ®

AV @ A%V) into irreducible Spn — 2)-submodules to obtain the decomposition
of the H x Sp(n — 2)-modulen®®<4, We suppose that:

ANVRANVRANV@AY =Y V(u), (irreducible Spn — 2)-modules) (14)

We obtain:

NP2 N TV ((a—b)M)RV ((e—d)A2) RV (1),  (H x Sp(n — 2)-modules)

o
(15)

Notation : We sety;_» = \; for 3 < j < n, and:

'op =0
Iy = m+..+9 for 1<;j<n-2

Thel'; for 1 < j < n— 2 are the fundamental weights of the grougsp 2).
With these notations, the restriction af><? to Sg(n — 2) is isomorphic to:

AV (I1) @ APV (D) @ AV(T) @ V(D).
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Proposition4 —
1. For0 <r <n—2,we have
ANV =2VIE) e V(I @---® V(1) whenrisodd
and
ANV 2VIE) e V(I—2)@---dV([y) whenriseven
with
ATV (D) = AZATY(T)).
2. For0 < r < s < n— 2, the Sgn — 2)-moduleV (T',) ® V(I's) can be

decomposed into irreducible modules as follows:

V() @ V() = Z V(T + Fj)a

where the indices of the summatiéi) j) are non-negative integers satisfy-

ing:
s—r<j—1 < 2n—4—s—r
i+ < r+s
i+J = r+s (mod2).
Conclusion

e The previous proposition allows us to decompo$® (I';) ® A*V(T'y) into
irreducibleSp(n — 2)-modules.

e The decomposition of*? is reduced to that of (I'; +T;) @ V(T +T})
into irreducible Spn — 2)-modules which can be done using the Steinberg
multiplicity formula.

e The decomposition of*>4 into SE2) x Sp(n — 2)-modules can be done
by gathering the irreducibl& -modules in irreduciblé&’p(2)-modules.
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3.2.General case

We consider now the general cake= Sp(q) x Sp(n — ¢). We consider a torug
of Sp(1). To decompose the-moduleAP(g/¢)* into irreducible K -submodules,
we begin by decomposing the restriction(gf¢)* to 7" x Sp(¢ — 1) x Sp(n — q),
then the restriction ofi?(g/€)* to T' x Sp(¢ — 1) x Sp(n — ¢) and finally, we come
back toK as the case = 2.

As (g/8)* = V(A1 + A\g41), it suffices to study the restriction of the @p-
moduleV (A1) toT x Sp(qg — 1). Itis easy to show that

V(A1) lrxspg—1) = V(A1) @ V(=A1) ® V(A2),

whereV (A1) andV (—X\;) are trivial andV/()2) is the standard representation of
Spg — 1). Then:

V()‘l + >‘q+1)|T><Sp(q71)><Sp(nfq) =UieU; o Us,

whereU;, Us, Us are the irreducibl@ x Sp(¢g — 1) x Sp(n — ¢)-modules of highest
weightsA; + A\g+1, —A1 + A1 andXa + A\g41 respectively.

The decomposition of\?(g/¢)* into irreducible K-submodules can be made
recursively as follow:

(i) The first step is given by the previous conclusion.

(i) The restriction of\?(g/€)* to T x Sp(¢— 1) x Sp(n — q) can be decomposed
as follow:

NP(g/e) = > AU & NU; @ AU
i+j+k=p

e The decomposition ohil/; ® AU, is determined by applying the
Proposition 4.

e We decompose”Us recursively.
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(i)

10.

11.
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To obtain the decomposition of (g/¢)* as Sgq) x Sp(n — ¢)-module, we
regroup the irreducibl& x Sp(q — 1)-modules occurring in the decomposi-
tion into irreducible Spy)-modules.
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