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The prime graph of a finite group was introduced by Gruenberg and Kegel.
The degree pattern of a finite grodp associated to its prime graph was
introduced in [1] and denoted bY(G). The groupG is calledk-fold OD-
characterizable if there exist exacttynon-isomorphic group#/ satisfying
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conditions (1)|G| = |H| and (2) D(G) = D(H). Moreover, al-fold

O D-characterizable group is simply called &1D-characterizable group

Till now a lot of finite simple groups were shown to be OD-characterizable,
and also some finite groups especially the automorphism groups of some
finite simple groups were shown not being OD-characterizabletHotd
OD-characterizable for somie > 1. In the present paper, the authors con-
tinue this topic and show that the automorphism groups of orthogonal groups
07,(2) andO;,(2) areO D-characterizable.

Key words : Prime graph, degree pattern, degree of a vertex, order compo-
nent.

1. INTRODUCTION

Let G be a finite groups.(G) denotes the set of the element ordersGofand
7(G) the set of all prime divisors dfz|. The prime graph ofy was defined by
Gruenberg and Kegel (ref. to [2]), which was denoted ) and constructed as
follows: The vertex set of this graph i§G), and two distinct verticeg andq are
jointed by an edge if and only fiq € 7.(G), in this case, we say verticesandg

are adjacent and denote this factpas ¢. The number of connected components
of I'(G) is denoted by (G) and the sets of vertices of connected components of
I'(G) are denoted as; = 7;,(G) (i = 1,2,...,s(G)). If |G| is even, we always
assume tha € m1(G). SetT'(G) = {m(G)|i=1,2,---,s(G)}.

Let n be a positive integer, we us€n) to denote the set of all prime divisors
of n. If the prime graph of is known, thenG| can be expressed as a product of
mi,ma, -, Myq), Wherem; are positive integers such thatm;) = m;. These
m;s were called therder componentsf G by the second author, who proved a lot
of finite simple groups can be uniquely determined by its order components. The
set of order components ¢f is denoted a®C(G) = {m1,ma, - , My} All
further unexplained notations are referred to [3].
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Definition1.2 ([1]) — LetG be a finite group anfz| = p{" p5? - - - pi*, where
p; are primes and; are positive integers. Fore 7(G), let

deg(p) :== {q € ©(G)|p ~ q}],

which is called thalegreeof p. Define

D(G) := (deg(p1),deg(p2), - - -, deg(px)),

wherep; < pa < --- < pg. D(G) is called thedegree pattermof G.

Definition1.3 ([3]) — A groupM is calledk-fold OD-characterizabldf there
exist exactlyk non-isomorphic group&’ such that|/G| = |M| and D(G) =
D(M). Moreover, al-fold OD-characterizable group is simply called &i-
characterizable group

Definition1.4 — LetS be a non-abelian simple group. A grogfis said to be
an almost simple related ®if and only if S < G < Aut(S).

In a series of articles such as [1, 4-8 and [9], many finite non-abelian simple
groups or almost simple groups were shown t@le-characterizable. For conve-
nience, we recall some of them in the following proposition.

Proposition1.4 — A finite groupG is O D-characterizable i€7 is one of the
following groups:

(1) All sporadic simple groups and their automorphism groups exd¢efit/-)
andAut(M°€L);

(2) The alternating groupd,,, 4,11, 4,12 and the symmetric groups, and
Sp+1, Wherep is a prime;

(3) All finite simple K4-groups except;

(4) The simple groups of Lie typB(q), L3(q), Us(q), > B2(q) and?Gz(q) for
certain prime powe;
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(5) All finite simple C; »>-groups;

(6) The alternating groupd,, 3, wherep + 2 is a composite numbep,+ 4 is
aprime ang € 7(1000!);

(7) The almost simple groups dfut(Fy(2)) and2 - Fy(2);
(8) All finite almost simpleK’s-groups exceptut(Ag) and Aut(U4(2)).

In this paper, we continue this topic and comeltet (07, (2)) and Aut(O014(2))
can be OD-characterizable. In order to unify expression of results about two
groups, we introduce the following notation. Lete {+,—}, we useO5,(2)
to denote any one aP;;(2) andO;,(2). Then we can write our main result as
following Main Theorem.

Main Theorem— If G is a finite group such thdG| = |Aut(O,(2))| and
D(G) = D(Aut(04y(2))), thenG = Aut(O5,(2)). In particular,Aut(O5,(2)) is
OD-characterizable.

2. PRELIMINARIES

In this section, we consider some results which will be needed for our further
investigations.

Lemma2.1 [10] — LetS = P, x P, x - - - X P,., whereP; are isomorphic non-
abelian simple groups. Thetwut(S) = [Aut(Py) x Aut(Pa) X - - - X Aut(P,)]| XSy

Lemma2.2 [3, 11] — LetS be a finite non-abelian simple group. Then the
following assertions hold.

(@) Ifn(S) €{2,3,5,7,17,31}, thenS is isomorphic to one of the following
simple groups listed in Table 1.

(b) If 7(S) € {2,3,5,7,11,17}, thenS is isomorphic to one of the following
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simple groups listed in Table 2.
In particular, ifT(Out(S)) # @, thenm(Out(S)) C {2, 3}.
Table 1. Finite non-abelian simple groups with
m(G) C€{2,3,5,7,17,31}
G |G| [Out(G)| G |G| |Out(G))|
As 22.3.5 2 Us(5) 24.32.5%.7 6
Lo(7) 23.3.7 2 S4(7) 28.32.52.74 2
Ag 23.32.5 4 Ag 26.31.5.7 2
Ly(8) 23.32.7 3 0 (2) 212.35.52.7 6
He | 210.3%.52.73.17 2 Aig 27.3%.52.7 2
Og(2) | 212.3*.5.7-17 2 Ly(31) 25.3.5-31 2
Ly(4) | 212.3%.52.7.17 4 Us(3) 27.36.5.7 8
Ag 20.32.5.7 2 Ls(2) 210.32.5.7.31 2
L3(4) 20.32.5.7 12 Lg(2) 215.34.5.72.31 2
Us(2) 20.3%.5 2 0/,(2) | 229.35.52.7.17-31 2
Sg(2) | 216.35.52.7-17 1 Ls(5) 25.3.5%.31 2
Ly(17) 21.32.17 2 Lo(5%) 22.32.5%.7.31 6
Ly(16) 24.3.5-17 4 Se(2) 29.31.5.7 1
Az 23.32.5.7 2 L(49) 24.3.52.72 4
S4(4) 28.32.5%.17 4 Go(5) 26.33%.56.7.31 1
Us(3) 25.33.7 2 Jo 27.33.52.7 2




188

YANXIONG YAN et al.

Table 2. Finite non-abelian simple groups with

7(S) C {2,3,5,7, 11, 17}

S |5 [Out(S)] S S| |Out(S)]
As 22.3.5 2 Us(5) 24.32.5%.7
Lo(7) 23.3.7 2 Sy(7) | 28.3%2.52.7¢ 2
Ag 23.32.5 4 Ay 26.34.5.7 2
Ly(8) 23.3%2.7 3 OfF(2) | 212.35.52.7 6
Ly(17) 24.3%2.17 2 Ly(11) 22.3-5-7 3
Ly(16) 24.3.5-17 4 Us(2) 210.35.5.11 2
Aq 23.32.5.7 2 Us(2) 215.36.5.7 6
Sa(4) 28.32.52.17 4 Ay | 27-3%.52.7.11 2
Us(3) 25.3%.7 2 Jo 27.3%.52.7 2
He 210.33.52.73. 17 2 Ao 27.3%.5%2.7 2
O; (2) 212.3%.5.7.17 2 A | 29-3°.52.7-11 2
Ly(4) 212.34.52.7.17 4 U(3) 27.35.5.7 8
Ag 26.32.5.7 2 M, 24.32.5.11 1
L3(4) 26.32.5.7 12 My 26.3%.5.11 2
Us(2) 26.3%.5 2 My | 27-3%2-5-7-11 2
Ss(2) 216.35.52.7.17 1 HS |2°-32.5%.7-11 2
Lo (49) 24.3.52.72 4 MeL | 27.35.5%.7.11 2
O5(2) | 220.36.52.7.11-17 2 Se(2) 29.34.5.7 1

Lemma2.3 [12] — LetG be a Frobenius group with kernEland complement

C'. Then the following assertions hold.

(a) F'is a nilpotent group.

() |F| = 1(mod |C)).




OD-CHARACTERIZATION OF THE AUTOMORPHISM 189

Lemma2.4 [13] — LetG be a Frobenius group of even order withand K
its Frobenius kernel and Frobenius complement, respectively. J{dén= 2 and
T(G)= {n(K),n(H)}.

Lemma2.5 ([2] Theorem A) — Le(G be a finite group withs(G) > 2, then G
is one of the following groups:

(a) G is a Frobenius o2-Frobenius group;

(b) G has a normal series < H < K < G such thatH andG/K arem-
groups andx’/ H is a non-abelian simple, wherg is the prime graph component
containing2, H is a nilpotent group, ant7/H||| Aut (K/H)|. Moreover, any
odd order component @ is also an odd order component&f/ H.

Remarkl : A groupG is a2-Frobenius group if there exists a normal series
1< H <4 K <G such that andG/H are Frobenius groups with kerndis and
K/ H respectively.

Lemma2.6 [14] — LetG be afinite group such thatG) > 3 and¢(2, G) > 2.
Then the following assertions hold.

(a) There is a finite non-abelian simple grasisuch thatS < G = G/K <
Aut(S) for the maximal normal solvable subgroépof G. Furthermore{(S) >
t(G) — 1.

(b) One of the following statements holds:
(1) S = A7 or Ly(q) for some odd prime powerandt(S) = ¢(2,5) = 3;

(2) For every prime: € 7(G) non-adjacent t@ in I'(G), a Sylowr-subgroup
of G is isomorphic to a Sylow-subgroup ofS. In particulart(2, S) > t(2, G).

3. PROOF OFTHE MAIN THEOREM

Now we start to prove the Main Theorem. At first we prove the Main Theorem
holds for Aut(0,(2)).
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Lemma3.1 — If G is a finite group such thaG| = |Aut(O{,(2))| and
D(G) = D(Aut(0{4(2))), thenG = Aut(0{y(2)). In particular,Aut(O{,(2)) is
OD-characterizable.

PROOF : By the hypothesis we have the| = |Aut(0{;(2))| = 22! -
3%.52.7-17-31 and D(G) = D(Aut(0{4(2))) = (4,4,2,2,2,0). Hence
{2,3,5,6,7,10,14,17, 31,34} C n.(G) and{35, 85,119, 31p} N m.(G) = @ for
anyp € n(QG). Evidently,s(G) = 2, m(G) = {2,3,5,7,17} andma(G) = {31}.

We assert thatr is neither Frobenius nor 2-Frobenius group. Otherwisé; if
is a Frobenius group, thed = N H, whereN is the Frobenius kernel and the
Frobenius complement, aldG) = {=n(N), n(H)} = {{2,3,5,7,17}, {31}}.
Since|H| divides|N| — 1 by Lemma 2.3, it follows thaitN| = 23! - 35 . 52. 7. 17
and|H| = 31. But at this moment/ cannot act fixed-point-freely on the Sylow
17-subgroupP;7 as31 t (17 — 1), a contradiction.

If G is an 2-Frobenius group as described in Remark 1. THéh = {7 (H)
7(G/K), m(K/H)}, it follows that|K/H| = 31. On the other hand/K <
Aut(K/H) = ZyxZs3xZs, and sdG/ K||30, which implies{7, 17,31} C =(K).
Consequently, it follows that, 17 € n(H). SinceH is nilpotent, ther- Sylow
subgroup ofH is normal inG, which makes the element of order 31 can act on
7—Sylow subgroup. But it easy to see the action is trivial, which is a contradiction
to K is a Frobenius group.

Now, by Lemma 2.5 has a normal seriels<t N < G; < G such thatV and
G /G, arem-groups and=; /N is a non-abelian simple groug\ is a nilpotent
group. Note that the prime graph 6f /N must have one odd component as the
same as the odd compond#t }, it follows by Lemma 2.2 and Table 1 thét /N
is isomorphic to one of the following simple groups; (5%), G2(5), L5(2), Lg(2)
andO7;(2).

Comparing the orders of above simple groups Witht(O7,(2))|, we see that
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G'1/N cannot be one of,(5%), G2(5) and Lg(2). That is to say(; /N = L;(2)
or O,(2).

If Gi/N = L5(2), then5 € 7(N) by Table 1, hence the element of order 31
must fixed-point-freely on a subgroup of order 5N which implies that 31 and
5 are jointed in the prime graph 6f, a contradiction.

If Gi/N = 0{,(2), thenOf,(2) < G/N < Aut(0f,(2)) sinceG/N <
Aut(Gl/N)

If G/N = Aut(07,(2)), thenN = 1 andG = Aut(0{,(2)) by |G| =
| Aut(015(2))].

If G/N = Of,(2), then|N| = 2 and soN < Z(G). ThereforeG has an
element of orde® - 31, a contradiction to that 31 is an isolated point of the prime
graph ofG. This completes the proof of Lemma 3.1.

Now we prove the Main Theorem holds fdnut(O;,(2)).

Lemma3.2 — If G is a finite group such thaiG| = |Aut(O1,(2))| and
D(G) = D(Aut(014(2))), thenG = Aut(O1,(2)). In particular,Aut(O7,(2)) is
OD-characterizable.

PROOF : By the hypothesis we have thah| = [Aut(O3(2))] = 2% -
36.52.7.11-17 and D(G) = D(Aut(07,(2))) = (4,4,3,3,1,1). Hence
{2,3,5,6,7,10,11,14,15,17,21,35} C 7.(G) and{55, 77,85, 119, 187} N (G)
= @. By deg(17) = 1, there exists unique primg € = (G) such thatl? ~ p
in I'(G). Becaus€n(G)| = 6, there are another 4 primes except 17 and
which are not adjacent to7. If these four vertices, says, p4, ps andpg, are
pairwise adjacent, thetieg(ps) = deg(ps) = deg(ps) = deg(ps) > 3, and so
deg(p2) > 2, which contradicts our assumptidn(G) = (4,4, 3,3,1,1). Hence
there exist at least two vertices, for exampleandp,, being non-adjacent to each
other. For convenience, dengie = 17. Let A be an independent set B{G)
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and A’ = {p1,ps,ps}. It follows that|A'| < |A|. SinceA’ = {p1,ps,psa},

it follows thatt(G) > 3. Furthermoret(2,G) > 2 sincedeg(2) = 4 and
|7(G)| = 6. By Lemma2.6, there is a finite non-abelian simple groSpsuch
thatS < G = G/K < Aut(S), whereK is a maximal normal solvable subgroup
of G. SinceS < G = G/K andn(G) = {2, 3, 5, 7, 11, 17}, it follows that
m(S) € {2, 3, 5, 7, 11, 17}, that is,S is isomorphic to one of the finite simple
groups in Table 2. In the following, we continue the proof in two cases.

Casel : Supposd7 ¢ «(S).

If 17 ¢ 7(5), thenl7 ¢ w(Aut(S)) by Lemma 2.2. It follows that7 € 7(K)
sinceS < G = G/K < Aut(S). LetT = {5,7,11}. We assert that7 ~ r for
anyr € T.

If » € m(K), Then one can take a 17-Sylow subgraoBg and ar-Sylow
subgroupP, of K such thatP;; P, is a Hall {17, r}-subgroup ofK since K is
solvable. It follows thatP;7P,| = 17 - r or 17 - 5% since|G|17 = 17,|G|11 = 11
and|G|s = 52. Calculating the number of Sylow of subgroupsif P,, one has
that P;7 P, is nilpotent and sa7 ~ r in I'(G).

If r ¢ 7(K), thenG = K N¢g(Py7) by Frattini argument. Therefore the nor-
malizer Ng(Py7) contains an element of order sayz. Thus< = > Py is a
nilpotent subgroup of; of order17 - r or 17 - 52. Hencel7 ~ r in T'(G). Now the
assertion holds.

By checking groups in Table 2 one-by-one, we have eithern(K) orr ¢
m(K) for all r € T. That is to say, the assertion holds for all groups in Table 2.
Hencedeg(17) > 3, a contradiction.

Case2 : Supposd?7 € «(9).

If 17 € =(S), then17 ¢ =(K) since|G|i;7 = 17andS < G = G/K <
Aut(S). According to Table2, S is isomorphic to one of the following sim-
ple groups: L2(2%), L2(132), L3(2%), L4(2%), La(17), Uy(22), Us(17), S4(22),
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S4(13), S6(2%), S5(2), 07(2%), Og(2), Og (2), Og (2), 0(2), F1(2), Ar7, Ass,
Ayg, Ago, Ag1, Aza, He, J3 and®Eg(2).

Comparing the orders @ and one of the following simple grougs (132), L3(24),
U4(22)1 U3(17)1 54(]-3)1 56(22)1 07(22)1 Og(Q)v F4(2)1 A171 A181 A191 AQO! A21!
Ags, He, J3 and?Eg(2), we get thatS cannot be any one of these groups.

If S = Ly(2%), thenK is a{3,5,7, 11}-group sincgn(Out(Lz(24)))] = 2.
BecauséX is solvable, we can consider a H&fl, 11}-subgroupP; P1; and a Hall
{7,11}-subgroupP; P;;. Itis easy to getthdtPs Py | = 52-11 and| P, Py1| = 7-11
by the order ofGG. ConsequentlyP; Py; and P; P;; are abelian groups. Hence
5 ~ 11 and7 ~ 11, which implies thatleg(11) > 2, a contradiction.

If S = L4(4), thenK is an{2,3,11}-group. LetT = {5,7,17} and P; €
Syli1(K), thenG = KNg(Py1) by Frattini argument. Thu§ C Ng(Pi1).
Now using N-C Theorem the factor groups(P11)/Ca(Pi1) is isomorphic to
a subgroup ofdut(Pi1) = Zio. Hence|Ng(P11)/Ca(Pi1)|[10, which implies
that 7 and 17 divide&C(Pi11)|. Thus7 ~ 11, 17 ~ 11, anddeg(11) > 2, a
contradiction.

By the same reason as above we can proveltannot be isomorphic to one
of the following simple groupsLs(17), S4(22), Ss(2), O9(2) andOg (2).

ThereforeS can only be isomorphic to the simple groaR,(2). SinceS <
G = G/K < Aut(S), we obtain thaD,(2) < G/K < Aut(074(2)).

If G/K = Aut(O7,(2)), thenK = 1 andG = Aut(01,(2)) since|G| =
| Aut(O14(2))]-

If G/K = 01,(2), then|K| = 2 and soK < Z(G). Therefore,G is a
central extension o, by O;,(2). By [3], it is easy to see thak can only be
a split extension ofZy by O;,(2). Hence,G = Zy x O1,(2). In the case that
deg(11) = 2, which leads to a contradiction. This completes the proof of the
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Lemma 3.2.

Proof of Main Theorem Main Theorem follows from Lemma 3.1 and Lemma
3.2.

In 1989, W. J. Shi in [15] put forward the following conjecture:

Conjecture: Let G be a group and/ a finite simple group. The& = M if
and only if (1)|G| = |M| and (2)7.(G) = 7e(M).

In fact, this conjecture is valid fodut(O5,(2)) since|G| = |Aut(0fy(2))|
andm.(G) = m.(Aut(05,(2))) implies that|G| = |Aut(0f,(2))| andD(G) =
D(Aut(05,(2))). Hence we have the following corollary.

Corollary 1 — If G is a finite group such thatG| = |Aut(0§,(2))| and
7e(G) = me(Aut(055(2))). ThenG = Aut((05,(2)))-
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