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1. INTRODUCTION

Throughout this paper? is a left near-ring and(R) is the multiplicative center
of R. We say that? is 3-prime if, for allz,y € R (xRy = {0} impliesxz = 0 or

y = 0). We say thalU is a semigroup right (left) ideal aR, if U is a non-empty
subset ofR satisfiesU R C U (RU C U). We say thalJ is a semigroup ideal if
it is both a semigroup right and left ideal. A mdp. R — R is a derivation on
R if d is an additive mapping and(zy) = zd(y) + d(z)y for all z,y € R. If
amapd : R — R satisfiesd(a + b) = d(a) + d(b) andd(ab) = ad(b) + d(a)b
for all a,b € S, whereS is a non-empty subset d@t, then we say thad acts as

a derivation onS. An elementz € R is called a left (right) zero divisor iR

if there exists a non-zero elemepte R such thatry = 0 (yz = 0). A zero
divisor is either a left or a right zero divisor. By a zero-symmetric elementR,
we mean that satisfiesOr = 0. If xr = r for all x € R, thenr is called a
constant element. A near-ring is called zero-symmetric if all of its elements are
zero-symmetric elements. For subs&tsy” C R, the symbol X, Y] will denote
the set{zy — yx|z € X,y € Y'}. We refer the reader to the books of Meldrum [8]
and Pilz [9] for basic definitions and results of near-ring theory.

The study of commutativity of 3-prime near-rings by using derivations was
initiated by Bell and Mason in 1987 in [5]. In [6] Hongan generalizes some results
of Bell and Mason by using an ideal in a 3-prime near-ring instead of the near-
ring itself. Bell generalizes several results of [5] and [6] by using one (two) sided
semigroup ideal of the near-ring in his work in [2]. Also, by using semigroup
ideals, Bell and Argac generalize other results concerning commutativity on 3-
prime near-rings in their works in [1] and [3], especially they generalize Posner’s
first theorem (see [10]).

In this paper we prove several results concerning commutativity of subsets,
algebraic substructures of a near-ring admitting a non-zero derivation and conse-
guently commutativity of the near-ring itself. In Section 2 we give some recent
known results and we prove some auxiliary lemmas concerning a suitable alge-
braic substructure of a near-riflgadmitting a non-zero derivatiafh whereR is
either 3-prime or has an element in the algebraic substructure which is not a left



COMMUTATIVITY OF NEAR-RINGS WITH DERIVATIONS 213

zero divisor inR. These results will be very useful in the sequel. As a conse-

guence of Proposition 2.1, any near-ring admitting a derivation is zero-symmetric.
In Proposition 2.8 we give the conditions under which the following statements
are equivalent for all integet > 2: (i) d(nR) = {0}, (i) d(nU) = {0}, (iii)

nU = {0} and (iv)nR = {0}, whereU is a non-zero semigroup ideal &f

Section 3 is devoted to studying the commutativity of a near-ring admitting a
non-zero derivatiod such thatl(uv) = d(vu) for alluw € U,v € V, whereU and
V' are suitable non-zero algebraic substructures of the near-ring. As a consequence
of the results obtained in this section, we generalize Theorem 3 due to Bell and
Daif in [4], Theorem 4.1 due to Bell in [2], Theorem 3.4 and Theorem 3.5 due to
Bell and Argac in [3] and Theorem 3.9 due to Kamal and Al-Shaalan in [7].

Section 4 is devoted to studying commutativity under the condifien) =
—d(vu) for all u, v in an algebraic substructure of a near-riR@dmitting a non-
zero derivationd to obtain thatR is a commutative ring of characteristic 2. Sec-
tion 5 is devoted to studying commutativity of a near-ring admitting two non-zero
derivationsd and g such thatd(v)g(u) = g(u)d(v) forallv € V andu € U,
whereV is a non-zero semigroup ideal & andU is a non-zero one sided semi-
group ideal ofR. As a consequence of the results obtained in this section we
generalize Theorem 3.1 in [2] and Theorem 4.13 in [7].

2. PRELIMINARIES AND SOME RESULTS

Throughout this section we give some well-known basic lemmas and prove some
auxiliary results which will be used in the next sections of the paper. We begin first
by the following result.

Proposition2.1 — LetU be a non-empty subset of a near-riRg Supposel
is an additive map o which acts as a derivation dn. Then

(i) U contains no non-zero constant elements.

(i) If Ou € U for all u € U, thenU consists of zero-symmetric elements. In
particular, ifU is a semigroup left ideal oR, thenU consists of zero-symmetric



214 AHMED A. M. KAMAL AND KHALID H. AL-SHAALAN

elements.

PROOF: (i) Suppose there exists a constant elemert U — {0}. Thus,
d(z) =d(zz) = zd(2)+d(z)z = zd(z) + z. Sincexzd(z) = zd(z) forall z € R,
we have thatd(z) is a constant element and then

zd(z) = x(2d(z) + z) = v2d(z) + 2z = 2zd(2) + z = d(z)

for all z € R which means thatl(z) is also a constant element. It follows that
zd(z) = d(z) andd(z) = zd(z) + z = d(z) + z. Hence,z = 0, a contradiction.
Therefore[U contains no non-zero constant elements.

(i) For all w € U, we have thadu is a constant element lies . From (i),
we get thabu = 0. Therefore[/ consists of zero-symmetric elements.

From Proposition 2.1, any near-ring admitting a derivation is zero-symmetric.
Lemma2.2 — LetR be a near-ring.

(i) [2, Lemma 1.2(iii)] If x € Z(R) is not a zero divisor iR and eitheryx or
zyin Z(R), theny € Z(R).

(i) [5, Lemma 3(ii)] If x € Z(R) is not a zero divisor itk andx + = € Z(R),
then(R, +) is abelian.

(iii) [5, Lemma 3(i)] If R is 3-prime andr € Z(R) — {0}, thenz is not a zero
divisor in R.

Moreover, if R admits a derivatior, then we have the following results
(iv) [11, Lemma 2]z € Z(R) impliesd(z) € Z(R).

(v) [11, Proposition 1}d(zy) = zd(y) + d(z)y = d(z)y + xd(y) for all
z,y € R.

(vi) [5, Lemma 1] R satisfies the partial distributive lawzd(y) + d(z)y)z =
zd(y)z + d(z)yz forall z,y, z € R.
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Lemma2.3 [2, Lemma 1.3(i)] — LeRR be a 3-prime near-ring with a non-zero
semigroup right (left) ideal/. If Ux = {0} («U = {0}) for somexz € R, then
xz =0.

Lemma2.4 [2, Lemma 1.3(iii)] — LetR be a 3-prime near-ring with a non-zero
semigroup right idedl. If an element: of R centralized/, thenz € Z(R).

Lemma2.5 [2, Lemma 1.5] — LefR be a 3-prime near-ring with a non-zero
semigroup right (left) ideall. If U C Z(R), thenR is a commutative ring.

Lemma2.6 [2, Lemma 1.4] — LeRR be a 3-prime near-ring with a non-zero
semigroup ideal.

() If z,y € RandzUy = {0}, thenz =0 ory = 0.

(i) Let d be a non-zero derivation aR. If x € Randd(U)xz = {0} (zd(U) =
{0}), thenz = 0.

Lemma2.7 [2, Lemma 1.3(ii)] — LefR be a 3-prime near-ring with a non-zero
derivationd and a non-zero semigroup right (left) idéal Thend(U) # {0}.

Proposition2.8 — Let R be a 3-prime near-ring with a non-zero semigroup
idealU and a non-zero derivatiah Then for every integer > 2, the following
statements are equivalent:

() d(nR) = {0}.

(i) d(nU7) = {0}.

(iii) nU = {0}.

(iv) nR = {0}.

PROOF: (i) = (ii) is trivial.

(if) = (iii) Since for allu € U,r € R, we have) = d(nru) = d(r(nu)) =
rd(nu) + d(r)(nu) = d(r)(nu). By Lemma 2.6(ii), we getU = {0}.
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(i) = (iv) Since for allu € U,r € R, we get0 = nur = u(nr). Thus,
nR = {0} by Lemma 2.3.

(iv) = (i) is trivial.

Proposition2.9. — LetR be a 3-prime near-ring with a hon-zero semigroup
left idealU such that its elements are distributive/tn ThenR is a ring.

ProoF: For all z,y,r € R,u € U, we have[(x + y)r — yr — arju =
(x + y)ru — yru — zru = 0. SinceR is 3-prime, we havéx + y)r = zr + yr
andR is a distributive near-ring. By using Theorem 9.28 in [8], the elemenfof
commute with each other under the addition operation:(8e-b—a —b) = ra+
rb+r(—a)+r(—=b) =0forallr,a,b € R. Thus, we havé’(a+b—a—b) = {0}
forall a,b € R. The primeness oR implies thata + b = b+ aforall a,b € R
and(R, +) is abelian. Thereforey is a ring.

Lemma2.10. — LetR be a near-ring with a non-zero derivatidrsuch that
d(vu) = d(uv) (resp. d(vu) = —d(uv)) for allv € V,u € U, whereU is a
non-empty subset oR and V' is a non-empty subsemigroup OR, -) such that
UV C V. Thend(u)v[wu — uw] = 0 (resp. d(u)v[wu — (—u)(—w)] = 0) for
all v,w € V,u € U. Moreover, if there exista € U such thati(a) is not a left
zero-divisor inR, thenuv = vu (resp.uv = —vu) forallu € U,v € V.

PrROOF: For allu € U,v € V, we haved((uv)u) = d(u(uv)). So0 =
d(u(uv —vu)) = ud(vu—uv)+d(u)(vu—uv) = d(u)(vu—uv). Thend(uw)vu =
d(u)uv. Replacingv by vw, wherew € V, we getd(u)vwu = d(u)uvw =
d(u)vuw and hencel(u)vjwu — uvw] = 0 forallv,w € V,u € U.

If there existsa € U such thati(a) is not a left zero-divisor ink, then from
d(u)(vu — uwv) = 0, we haveva = av for allv € V. UsingUV C V, we
getd(auwv) = d(uva) = d(u(av)) = d(avu) which meansi(a(uv — vu)) =
d(a)[uv —vu] = 0 and thenuv = vu for all uw € U,v € V. The proof for the
second case is similar.
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3. THE CONDITION d(uv) = d(vu)

In this section, we study the commutativity of addition and multiplication opera-
tions of some kinds of near-rings, each admitting a non-zero derivé@gatisfying

the conditiond(uv) = d(vu) on some suitable algebraic substructures of the near-
ring. As a consequence of results obtained in this section, we generalized some
results due to Bell, Daif and Argac.

Theorem3.1 — Let R be a 3-prime near-ring with a non-empty subgét
and a non-zero semigroup idell. If R admits a non-zero derivatios such that
d(vu) = d(uv) forall v € V,u € U andd(U) # {0}, thenU C Z(R) and(R, +)
is abelian. In particular, it = {r} # {0}, then either{ € Z(R) and (R, +) is
abelian) ord(r) = 0.

PROOF : From Lemma 2.10, we deduce th&tu)v[wu — uvw] = 0 for all
v,w € Viu € U. By Lemma 2.6(i), we have for all € U eitherd(u) = 0
or u centralizesV’. Takingu = a such thatd # d(a) € d(U) # {0}, we get
a € Z(R) — {0} by Lemma 2.4. Therefore is not a left zero-divisor ik by
Lemma 2.2(jii). Sincex € Z(R), we haved((av)u) = d(u(av)) = d(a(uv))
and thenad(vu — uv) + d(a)(vu — uwv) = 0 forallv € V,u € U. Therefore,
d(a)(vu —ww) = 0forallv € V,u € U. Using Lemma 2.2(iv), we obtain
d(a) € Z(R) — {0}, so itis not a left zero-divisor itkR. Thus,vu = uv for all
v € V,u € U. Hence,U centralizesV andU C Z(R) by Lemma 2.4. Now
a’? € Z(R), whenced(a?) € Z(R) by Lemma 2.2(iv). Themd(a) + d(a)a =
2d(a)a = d(a)(2a) € Z(R). Using Lemma 2.2(iii)d(a) # 0 is not a left zero-
divisor in R. It follows that2a € Z(R) by Lemma 2.2(i). Hencd R, +) is abelian
by Lemma 2.2(ii).

The following corollary generalizes Theorem 4.1 of [2], Theorem 3.4 of [3],
Theorem 3 of [4] and Theorem 3.9 of [7]

Corollary 3.2 — Let R be a 3-prime near-ring with a non-zero semigroup right
(left) idealU and a non-zero semigroup iddal If R admits a non-zero derivation
d such that/(vu) = d(uv) forallv € V,u € U, thenR is a commutative ring.
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PROOF: From Theorem 3.1 and Lemma 2.7, we h&v& Z(R). Hence,R is
a commutative ring by Lemma 2.5.

The following example shows that the conditioW s a non-zero semigroup
ideal” in Corollary 3.2 is not redundant even for rings.

Example3.1 : LetR be the non-commutative prlme ring(F), whereF' is

0 {[ A

1
andU; the non-zero semigroup left ideBI[ 0 0l= 0 la,ce F}

any field,U; the non-zero semigroup right ide%l

C
Notice that neithet/; nor U, is a semigroup ideal oR. Defined : R — R to

. e 0 1 .
be the non-zero inner derivation induced 36 0 and defineD : R — R to

b
be the non-zero inner derivation induced %y(lj 8 ] Thus,d ([ “ d D =
C

¢ a=d | dap(]®? _ |0 0 , wherea,b,c,d € F.
0 c c d d—a b

b d
Now for all X = @ Y = ¢ € Uy, we have
_0 O_ 0 0
AXY) = d a b c d 4 ac ad _ 0 ac
_0 0_ 0 0 0 O 0 0
_ 0 ca 4 ca c¢b 4 c d a b _ (Y X).
0 0 0 O 0 0 0 0
a O c
Also, forall X = Y = € Uy, we have
b 0 d

(R ) (| ]
R R R R (P R
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If we take eithel/ =V = U, orU = V = Uy, then bothd(XY) = d(Y X)
andD(XY) = D(YX) forall X,Y € U = V. Therefore, V is a non-zero
semigroup ideal” in Corollary 3.2 is not redundant.

The following result generalizes Theorem 3.5 of [3].

Theorem3.3— Let R be a near-ring with a derivatiod, a semigroup right
ideal U and a,b € U such thatb and d(a) are not left zero-divisors irR. If
d(uv) = d(vu) for all u,v € U, thenR is a commutative ring.

ProOOF: From Lemma 2.10, we havev = wvu for all u,v € U. Now,
b(bx)y = (bx)by = (by)bxr = bbyx for all x,y € R. Hence,zy = yz andR
is a commutative ring.

Remark3.1 : Let R be a near-ring with a non-zero derivatidnConsider the
following two statements:

(*) Ris 3-prime andi(vu) = d(uv) for all u,v € U, whereU is a non-zero
semigroup ideal oR.

(**) d(vu) = d(uv) for all u,v € U, whereU is a non-zero semigroup ideal
of R and there exist, b € U such that/(a) andb are not left zero divisors ifk.

() The statement (*) implies the statement (**). Indeed, statement (*) implies
that R is commutative by Corollary 3.2. Thu& is without non-zero divisors of
zero using Lemma 2.2(iii).

(i) The converse need not be true. Lthe the polynomial rindZ4[x| andd
the usual derivative. TheR is commutative and(zy) = d(yz) forall z,y € R.
Moreover,d(z°) = 5(x*) = z* is not a zero divisor irR. But R is not prime since
20R2x = R(27)(2z) = R(42?) = {0} and2x # 0. Observe tha/ = R and
d(a) = bin this example. So the statement (**) is weaker than the the statement

).

In the following result we give a simple proof of Theorem 2.1 of [2].
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Theorem3.4— Let R be a 3-prime near-ring with a non-zero derivatidand
a non-zero semigroup left ideal (resp. semigroup right idéal}f d(U) C Z(R),
thenR is a commutative ring.

PROOF : Sinced(U) # {0} by Lemma 2.7, there exists € U such that
d(a) € Z(R) — {0} and then it is not a zero-divisor iR by Lemma 2.2(jii). Since
vd(uv) = d(uv)v for all u,v € U, we havevd(u)v + vud(v) = d(u)vv + ud(v)v
by Lemma 2.2(vi). Asl(u),d(v) € Z(R), we getd(v)[vu — uv] = 0 for all u,v €
U. Takingv = a, we deduce that centralized/. Now vd(ua) = d(ua)v for all
u,v € U impliesvd(u)a + vud(a) = d(u)av + ud(a)v. Thus,d(a)[vu — uv] =0
and thenuv = vu for all u,v € U. Forallz € R,v € U, we havevd(za) =
d(za)v (resp.vd(az) = d(ax)v) and henced(x)a +vzd(a) = d(x)av + zd(a)v
(resp. vad(x) 4+ vd(a)xr = ad(z)v + d(a)zv). Sincevd(z)a = d(z)av (resp.
vad(z) = ad(x)v), we getd(a)[ve — xzv] = 0 for all z € R,v € U which means
U C Z(R). Therefore,R is a commutative ring by Lemma 2.5.

4. THE CONDITION d(uv) = —d(vu)

In this section, we prove some lemmas which are useful to obtain some results
similar to the results of Section 3 by using the conditidnv) = —d(vu) instead

of the conditiond(uv) = d(vu). Moreover, with the conditiod(uv) = —d(vu)

we prove that the near-ring is a commutative ring of characteristic two. We begin
with the following lemma.

Lemma4.1 — Let R be a 3-prime near-ring with a non-zero semigroup right
idealU.

(i) If ua = (—a)(—u) forallu € U,a € A, whereA is a subset of?, then
—-ACZ(R).

(i) If ua = (—a)(—u) forallu € U,a € A, whereA is a subgroup ofR, +),
thenA C Z(R).

(i) If uj = (—j)(—u) forallu € U,j € J, whereJ is a non-zero righi?-
subgroup ofR or a non-zero semigroup left ideal & thenR is a commutative
ring.



COMMUTATIVITY OF NEAR-RINGS WITH DERIVATIONS 221

PROOF: (i) Fromua =
—(—a)(—u) and thenu(—a)
alla € A.

(—a)(—u) forall u € U,a € A, we have—ua =
= (—a)u. Using Lemma 2.4, we geta € Z(R) for

(ii) It is direct from (i) since— A = A.

(iii) If J is a non-zero righR-subgroup ofR, thenJ C Z(R) from (ii). If J is
a non-zero semigroup left ideal & then—J C Z(R) by (i) and observe that J
is a non-zero semigroup left ideal &f In both casesk is a commutative ring by
Lemma 2.5.

Proposition4.2 — Let R be a 3-prime near-ring such that = —vu for all
u € U,v € V, whereU andV are non-zero semigroup ideals Bf ThenR is a
commutative ring of characteristic 2.

ProoOF: For allu,w € U,v € V, we getuwv = —vuw = vu(—w) =
(—uv)(—w) = u(—v)(—w) which meansi[wv — (—v)(—w)] = 0. Lemma 2.3
implieswv = (—v)(—w) forall v € V;w € U. Using Lemma 4.1(iii),R is
a commutative ring. Nowww = —vwu = wuv = —uvw = uv(—w) for all
u,w € U,v € V and thend = wv(w + w) = wv(2w). Lemma 2.3 implies
v(2w) = 0 forallw € U,v € V. Again, Lemma 2.3 implieQU = {0}. Thus,
2R = {0} by Proposition 2.8.

Theorem4.3 — Let R be a 3-prime near-ring with a non-zero derivatian
such thatd(uy) = —d(yu) forall w € U,y € A, whereU is a non-zero semigroup
ideal of R and A is a non-empty subset &f. Then—A C Z(R) and (R, +) is
abelian ord(A) = {0}. In particular, if A = {r} andd(r) # 0, then—r € Z(R)
and (R, +) is abelian.

PROOF: From Lemma 2.10, we deduce théty)u[vy — (—y)(—v)] = 0.
Lemma 2.6 implies that for alj € A eitherd(y) = 0 orvy = (—y)(—v). If
d(A) # {0}, then there exista € A such thatd(a) # 0. It follows thatva =
(—a)(—v) for all v € U. Using Lemma 4.1(i)—a € Z(R) and thend(—a) €
Z(R) — {0} by Lemma 2.2(iv). Fromi(uy) = —d(yu) forallu € U,y € A, we
haved(((~a)u)y) = —d(y((—a)u)) = —d((y(~a))u) = —d((~a)yu) and then
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d((—a)(uy + yu)) = 0. So we deduce that
d(—a)[uy +yu] =0forallu € U,y € A. 4.2)
Replacingu by uv, wherev € U, we have

d(—a)uvy = —d(=a)yuv = d(-a)yu(—v) = (=d(=a)uy)(-v) = d(=a)u(-y)(-v)

and sod(—a)u[vy — (—y)(—v)] = 0. Usingd(—a) # 0 and Lemma 2.6(i), we
havevy = (—y)(—v) forallv € U,y € A. Lemma 4.1(i) implies that- A C
Z(R). Now (—a)? € Z(R), whenced((—a)?) € Z(R) by Lemma 2.2(iv). Then
(—a)d(=a) + d(-a)(—a) = 2(d(-a))(-a) = d(-a)(2(-a)) € Z(R). Using
Lemma 2.2(iii),d(—a) is not a left zero-divisor iR. It follows that2(—a) € Z(R)
by Lemma 2.2(i). Hencd R, +) is abelian by Lemma 2.2(ii).

Corollary 4.4 — LetR be a 3-prime near-ring with a non-zero derivatiband
a non-zero semigroup ideél.

(i) If d(uy) = —d(yu) forallu € U,y € A, whereA is a subgroup of?, then
A C Z(R) andR is of characteristic 2 ai(A) = {0}.

(i) If d(vu) = —d(uwv) forallv € V,u € U, whereV is a non-zero semigroup
left ideal of R, thenR is a commutative ring.

(iii) If d(vu) = —d(uwv) for all v € V,u € U, whereV is a non-zero right
R-subgroup ofR, thenR is a commutative ring of characteristic 2.

PROOF: (i) Theorem 4.3 implies tha#(A) = {0} or —A C Z(R). But
A=—A,soifd(A) # {0}, thenA # {0} andA C Z(R). Supposel(A) # {0}.
From equation (4.1) in the proof of Theorem 4.3 and Lemma 2.2(iii), we deduce
thatyu = —uy = —yu = y(—u) forallu € U,y € A and hence/[u + u] = 0.
Choosey € A — {0}. Theny € Z(R) — {0} and is not a zero-divisor i by
Lemma 2.2(jii). S®”U = {0} and Proposition 2.8 implies thaR? = {0}.

(i) From Lemma 2.7 and Theorem 4.3, we hav®’ C Z(R). But—V is a
non-zero semigroup left ideal @. So R is a commutative ring by Lemma 2.5.

(iii) Directly from (i), Lemma 2.7 and Lemma 2.5.
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5. THE CONDITION d(v)g(u) = g(u)d(v)

In this section, we study the commutativity of near-rings, each admitting two non-
zero derivationg andg satisfying the conditiod(v)g(u) = g(u)d(v) (d(v)g(u) =
—g(u)d(v)) on some suitable algebraic substructures of the near-ring. We start
with the following lemmas.

Lemma5.1 [1, Theorem 2.3] — Lel/ be a non-zero semigroup ideal of a 3-
prime near-ringR with 2R # {0}. If d; andds are derivations orR such that
dy(x)da(y) = —da(y)dy(z) forall z,y € U, thend; = 0 ordy, = 0.

Lemma5.2 [2, Lemma 3.2] — LefR be a 3-prime near-ring with a non-zero
derivationd and a non-zero semigroup idddlof R such thatd?(U) # {0}. If
a € Rand[a,d(U)] = {0}, thena € Z(R).

The following result generalizes Theorem 3.1 of [2] and Theorem 4.13 of [7].

Theorem5.3 — Let R be a 3-prime near-ring with non-zero derivatiods
and g such thatd?(V') # {0}, whereV is a non-zero semigroup ideal &. If
d(v)g(u) = g(u)d(v) forall v € V,u € U, whereU is a non-zero semigroup right
(left) ideal of R, thenR is a commutative ring.

PROOF: d(v)g(u) = g(u)d(v) forallv € V,u € U implies thatfg(u), d(V)] =
{0} forallu € U. By Lemma 5.2, we have(U) C Z(R) and thenR is a com-
mutative ring by Theorem 3.4.

Corollary 5.4 — Let R be a 3-prime near-ring with non-zero derivatiehand
g suchthatR # {0}. If d(v)g(u) = g(u)d(v) forallv € V,u € U, whereV is a
non-zero semigroup ideal @t andU is a non-zero semigroup right (left) ideal of
R, thenR is a commutative ring.

PROOF : From Theorem 5.3R is a commutative ring od?(V) = {0}. If
d*(V) = {0}, then0 = d*(vw) = 2d(v)d(w) = d(v)[2d(w)] for all v,w € V.
Using Lemma 2.6(ii), we haved(V') = {0}. Thus,2R = {0} by Proposition 2.8,
a contradiction. Thereford? is a commutative ring.
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Corollary 5.5 — LetR be a 3-prime near-ring with non-zero derivatiatendg
such thati?(U) # {0}, whereU is a non-zero semigroup ideal 8f If d(u)g(v) =
—g(v)d(u) for all u,v € U, thenR is a commutative ring of characteristic 2.

PrROOF: From Lemma 5.1, we g&R = {0}. Sod(u)g(v) = g(v)d(u) for all
u,v € U and R is commutative by Theorem 5.3. Therefofejs a commutative
ring of characteristic 2.
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