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Forz = (21,22, -+ ,x,) € RY, the symmetric functiow,, (x, ) is defined
by

r 1 +$Z
1/Jn($>7“)=1/)n(9€1,$27“' 7xn;7'): Z H -,

1<ii<ig--<ip.<n j=1 I

wherer = 1,2,--- ,n andiy,is,--- , 4, are positive integers. In this arti-
cle, the Schur convexity, Schur multiplicative convexity and Schur harmonic
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convexity ofy, (z,r) are discussed. As applications, some inequalities are
established by use of the theory of majorization.

Key words : Symmetric function, Schur convex, Schur multiplicatively con-
vex, Schur harmonic convex.

1. INTRODUCTION

In this paper, we adopt the notation and terminology as folldi/s:denotes the

n—dimensional Euclidean spac¢e > 2), R = {(x1,22, -~ ,2,) : 2; > 0,
i=1,2---,n}, R=(—00,400), Ry = (0,+00) andN = {1,2,--- ;n,--- }.
Forx = (z1, 29, ,zn),y = (Yy1,¥2, - ,yn) € R™ anda € R, we denote by
r+y = (v1+y,T2+Y2, T+ Yn),
vy = (T1Y1,T2Y2,  * , TnYn),
ar = (ole,axg,'-- , QL)
= (e,
atzr = (a+x1,a+l‘2,--- o+ Ty)
and
a—x=(a—x,0— T, ,0— Ty).

Moreover, we denote by

% = (:Elllvx%a e 7302)3

10g{L' = (10g$1,10g$2, T ,logazn)

and

forz e RY .
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Forz = (z1,22,--,2,) € R}, 7 € Nandr < n, the Hamy symmetric
function H, (x, r) is defined by Hara, Uchiyama and Takahasi [19] as follows:

r s
Hn(-fU,'I") :Hn($17$27"' 7~75n;r) = E 'rij 9
1<t <t <<t <n \ j=1

whereiy, ig,- - ,i, € N.

Corresponding to this is theth order Hamy mean

Un(flf, T) = O'n(l'l, X2, 3y T, T) = %Hn(xa T)v
whereC] = (n_”ir'),r, Hara, Uchiyama and Takahasi [19] established the following

refinement of the classical arithmetic and geometric means inequalities:

Gn(z) = on(z,n) <op(z,n—1) <--- <op(x,2) < oplz,1) = Ay ().

Here, A, (z) = 237 2, and G (2) = ([T, a:i)% denote the classical

arithmetic and geometric means of respectively. We also denote the harmonic
mean ofz by H,(z) = P;%—+.

=1 ;z
The paper [2] by Ku, Ku and Zhang contains some interesting inequalities
. . 1. .
including the fact thato,, (z, r)) is log-concave, the more results can be found in
the book [1] by Bullen.

Recently, the Schur convexity of the Hamy symmetric functtfy(z, r) was
discussed and some analytic inequalities were established by Guan [17].

In this article, we define the following new symmetric function

" 14
Ual@,r) =Yal@rag o) = > [[—-— @D
1<i1 <t <tr<n j=1 J

forz = (z1,22, -+ ,x,) € R, r € Nandr < n. Here,iy, i, -+ ,i, € N.
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The main purpose of this paper is to discuss the Schur convexity, Schur har-
monic convexity and Schur multiplicative convexity for the symmetric function
¥ (x,r). As applications, some inequalities are established by use of the theory of
majorization.

Schur convex and Schur multiplicatively convex functions are defined as fol-
lows.

Definition1.1 — Let £ C R"™ be a set, a real-valued functidnis said to be
Schur convex otk if
F(.’L’l,xl,"' ,l’n) < F(y17y2>"' 7yn)

for each pair ofn-tuplesz = (z1,- -+ ,z,) andy = (y1,--- ,yn) in E, such that
x <y, le.

k k
=1 i=1
and . .
Z T = Z Yrap
=1 =1
wherez; denotes théth largest component af. F' is said to be Schur concave if

—F'is Schur convex.

Definition 1.2 — Let £ C R’ be a set, a real-valued functidn : £ —
R, is said to be Schur multiplicatively convex di if F(xy,x9, - ,2,) <
F(y1,y2,--- ,yn) for each pair ofn—tuplesz = (zj,z9,---,z,) andy =
(y1,y2,- - ,yn) in E, such thalogz < logy. F is said to be Schur multiplica-
tively concave if% is Schur multiplicatively convex.

Next, we define the Schur harmonic convexity.

Definition1.3 — Let/ C R’ be a set. A real-valued functiafi is said to be
Schur harmonic convex of if

F(l‘l,xQ,"’ 7$n) S F(y17y27 7yn) (12)
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for each pair ofn—tuplesz = (x1,z2, -+ ,x,) andy = (y1,y2, - ,yn) IN E,
such that% < ; F is said to be Schur harmonic concave if inequality (1.2) is
reversed.

The Schur convexity was introduced by Schur [24] in 1923, Hardy, Littlewood
and Plya were also interested in some inequalities that are related to the Schur
convexity [20]. It has many important applications in extended mean values [11],
theory of statistical experiments [29], graphs and matrices [13], combinatorial opti-
mization [21], reliability [22], gamma functions [26], information-theoretic topics
[14], stochastic orderings [28], analytic inequalities [4, 6, 9, 42, 43] and other
related fields. Recently, the Schur multiplicative and harmonic convexities were
introduced and investigated in [2, 3, 5, 7, 8, 10, 15, 16, 25, 30, 33-41].

2. LEMMAS

In this section, we introduce and establish some Lemmas, which are used in the
proof of our main results.

Lemma2.1 [24] — Letf : R} — R, be a continuous symmetric function. If
[ is differentiable inR"} , then f is Schur convex iR"; if and only if

of of
i — T ) > 2.1
(:E mj) <8$‘z 6:@) - 0 ( )
foralli,j = 1,2,--- ,nandz = (x1,--- ,2,) € R}. And f is Schur concave
in R? if and only if inequality (2.1) is reversed for allj = 1,2,--- ,n and
xr = (x1,--- ,z,) € R}. Heref is a symmetric function iR’} which means that

f(Pzx) = f(x) foranyz € R’} and anyn x n permutation matrix°.

Remark2.1 : Sincef is symmetric, the Schur’s condition in Lemma 2.1, i.e.
(2.1) can be reduced as

0 0
(:Ul —."L‘Q) <8J{.1 — 8:1;{;) Z 0.
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Lemma2.2 [12, 18] — Letf : R — R, be a continuous symmitric function.
If fis differentiable inR"}, then f is Schur multiplicatively convex ifR’} if and

only if
of of
1 —1 — — T | > 2.2
(log z1 — log x2) <301 By 3628352) >0 (2.2)
forall z = (21,22, -+ ,2,) € R}. And f is Schur multiplicatively concave in

R? if and only if inequality (2.2) is reversed.

Lemma2.3 — Letf : R? — R, be a continuous symmetric function. fifis
differentiable inR’}, then f is Schur harmonic convex iR} if and only if

of of
(z1 — x2) <$%8x1 - 575%3932) >0 (2.3)
forall z = (21,22, -+ ,2,) € R. And f is Schur harmonic concave RY} if

and only if inequality (2.3) is reversed.

PrRoOF: From Definitions 1.1 and 1.3, we clearly see the fact that

(RY —

. . . 1

[+ R% — Ry is Schur harmonic convex if and only i (z) = e

R is Schur concave. ’
This fact, Lemma 2.1 and Remark 2.1 together with elementary calculation

imply that Lemma 2.3 is true.

Lemma2.4 [16-18] — Suppose that= (z1,z2,--- ,z,) € R and) " | z; =
s. If ¢ > s, then

c—=x (c—xl c— T c—xn>_<( )
nc nc ’ nc ) Y nc ? ? ?
it SN 51

Lemma2.5 [16] — Suppose that = (x1,z2, -+ ,z,) € R} and} " | ; =
s. If ¢ > 0, then
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c+zx _<c+x1 c+ x9 c+ x,
e 41 e 1rneq 1t Tneq]

s

) < (:1:1,1:2,“' 7xn):x‘

Lemma2.6 [32] — Suppose that = (1,22, -+ ,2,) € R} and) " | z;
=s1f0< <1, then

sAx_(s)\xl 5 — A\xo 5 — A\xp,

n—-x \n—-XA n-x" n_)\>-<(x1,x2,~~,a:n):x.

3. MAIN RESULTS

Theorem3.1— For r € {1,2,--- ,n}, the symmetric functiogh, (x, r) is Schur

convex inR" .

PrRooOF: By Lemma 2.1 and Remark 2.1 we only need to prove that

O (x,r)  OUn(x,T)
- — > 0. 3.1
(:El $2) < 8931 61’2 20 ( )
forallz = (z1,22,--- ,z,) € R} andr =1,2,--- ,n.

The proof is divided into seven cases.

Casel : If r =1, then (1.1) leads to

n

Vn(,1) = Yp(x1, 20, T3 1) = Z

=1

14z,
Z; '

(3.2)

From (3.2) we have

(x1 — x2) <8¢n(x’ ) _ %nlz, 1)> _ (w1 —22)P (21 + 2)

ox1 0xo N x%x%

> 0.

Case 2 If n = 2 andr = 2, then from (1.1) we clearly see that

Yo(,2) = ho(71,72;2) = (Lt )1+ 902)_ (3.3)

T1x2

233
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Equation (3.3) leads to

(21 — 9) <awz(x,2) B 6%@,2)) (o1 22)’(1 4 @+ 22)
' ? axl 8.’1)2 o 33%.%%

Y

0.

Case3: If n = 3 andr = 2, then by (1.1) we have

V3(x,2) = 3(r1,22,73;2)
1+ 1+ 1+=x l+axl1+2x
1( 2+ 3)+ 2 3 (3.4)
€T I3

x1 x2 €3

Equation (3.4) gives

81/}3(337 2) 8¢3(.Z’, 2)
(:El B x2> < 83)1 B 8.%‘2 )
. (.Tl —SCQ)Z " " (1+x3)(:c1 +x2)
= 75{:%% [(1 + 1+ 22) + 25 }

> 0.

Cased : If n > 4 andr = 2, then (1.1) leads to

1/}71(:1:72) = ¢n($1,$27”'73§n32)
1+:Jc11+ac2+ l4+z; 1420\ ~=14x
T X -

+ Z (1+£L’i)(1+l’j)‘ (35)

Elementary computation and (3.5) yield

B M (z,2)  Ohn(z,2)

(xl 1‘2) ( 8$1 axg

_ (@ —m) (1421 +22) + (21 + 2 )ijl”i
= JJ%.’E% 1 2 1 2 ra ;

> 0.
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Case5 : If n > 3 andr = n, then

bnlw,n) = (1,22, in) = [ et (3.6)

T
i=1 ¢

and

O (z,n)  OYn(x,n)
(:El B 172) < 6$1 B 8:1@2 )
(w1 — @2)? (14 21 + 22)
= m( e ey @
> 0.

Case6 : If n > 4andr = n — 1, then

wn(l',n—l) = U)n(xla@a"'»l‘nW—l)

l14+x11+2
= 71 2¢n—2($37$4’ ’xn’n_3)
I T2
I+ 1+z e I
+ < -+ 2) [—= (3.7)
L1 T2 ; x;
=3
and
Op(x,n—1)  OYp(x,n—1)
(w1 = 22) < 0y 0xo
2
T —x
= % (1+ 21+ 22)n—2(23, 24, -+, Tpin — 3)
T1T3
n
1+
+(.751 +£U2)H =
=3
> 0.

Case7 . Ifn>5and3 <r <n-2,then

'(/Jn<3:','f’) = wn(xth?”' 73771;74)

1+z11+ 29
= Yn—2(23, 24, , Tn; T — 2)
X1 i)
1+z1 142
+< + )wn—z(ﬂfs,m,“' ;T — 1)
x1 T2

+n—o(x3, 4, -+ ,Tp;T) (3.8)



236 WEI-FENG XIAet al.

and

(21 — @2) (

2
1 — T
% |:<1 + a1 + x2)Un—o(T3, T4, - ,Tp;7T — 2)
T3

+(z1 + x2)Yn—2(x3, T4, -+ ,Tp; 7 — 1)}
> 0.

Oy (z,1r)  OYn(z,7)
6$1 B 8.7}2 )

Therefore, (3.1) follows from Cases 1-7 and the proof of Theorem 3.1 is com-
pleted.

Theorem3.2 — For r € {1,2,---,n}, the symmetric function,,(z, ) is
Schur multiplicatively convex iR} .

PrROOF: According to Lemma 2.2 we only need to prove that

Oy (z,7) Oy (z, )
— >
! o0x1 2 0xa =0

forall z = (1,22, -+ ,x,) € RT andr = 1,2,--- ,n.

(log 1 — log x2) (x (3.9

The proof is divided into seven cases.

Casel : If r =1, then (3.2) leads to

Oy (z,1 O, (z,1
(log 1 — log x2) <ZC1 waf:l ) — X9 wai )>
(log 1 — log x2)(z1 — 2)

12

A\

0.

Case2 : If n = 2 andr = 2, then (3.3) yields

O (x, 2 OPo(x,2
(log 1 — log x2) (wl wg(xl )—$2 wg(m ))
(log 1 — log x2)(z1 — 2)
Tr1T2

Y

0.
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Case3: If n = 3 andr = 2, then from (3.4) we have

0 ,2 0 ,2
(log 1 — log x2) <x1 w?)(;; )—xg %EZ )>

(log 1 — log x2)(z1 — 2) 14 1+23
X129 x3

> 0.

Cased : If n > 4 andr = 2, then (3.5) implies

O (x,2 O (x,2
(log 1 — log x2) <m1 w@f}i )—;Eg ¢8(xz ))

(log 1 — log z2)(z1 — x2) 14y
g 1 _—
+D

12 i—3 i

v
o

Caseb : If n > 3 andr = n, then (3.6) leads to

a n 9 a n 9
(log 1 — log x2) <.C61 wagi n) — T9 wa(;i n))

(logxy — logxo)(x1 — x2)
Q+e)ita)  Cn®n

v

0.

Case6 : If n > 4andr = n — 1, then (3.7) implies

6 n ) - 1 6 n 5 — 1
(log x1 — log x2) <m1 4 (g:v? ) — X 4 (g:cz )>

1 —1 -
_ (log vy — log z2)(z1 — x2) [¢n2(x37x4’... , Tp;m — 3)

Z1x2

n

i

v
o

237
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Case7: If n > 5and3 < r <n — 2, then (3.8) gives

8wn (.%, T') 81%(957 T)
(log x1 — log x2) (xl . 9 D9

1 —1 -
= ( o8 T o8 xQ)(xl x2) |:1)Z)n2({E3, Ly, 5 Tns T — 2)
X129

+1/}n—2(51737 Tgy " 3Ty T — 1):|

Vv
o

Therefore, (3.9) follows from Cases 1-7 and the proof of Theorem 3.2 is com-
pleted.

Theorem3.3— For r € {1,2,--- ,n}, the symmetric function,,(z,r) is
Schur harmonic concave R} .

PROOF: By Lemma 2.3 we only need to prove that

Oy (1) O (,7)

2 2

— _ < i
(x1 — z2) <a;1 e x5 o <0 (3.10)
forallx = (x1,29,--- ,z,) € RY @andr =1,2,--- ,n.

The proof is divided into four cases.
Casel: If r =1, then (3.2) leads to

a n 71 8 n 71
o1 (200D g0ty

Case2 : If n > 2 andr = 2, then (3.3)-(3.5) yield

(1'1 _ 5L'2) <x23¢n(%2) _ xzaiﬂn(iﬂa?)) — _M <0.

1 81’1 2 8.%2 X129




CLASS OF SYMMETRIC FUNCTIONS WITH APPLICATIONS

Case3: If n > 3 andr = n, then from (3.6) we have

(z1 — x2) (xlawg(;l ) _ gawg(;; n)>

L
4z )

IA
o

Cased:Ifn>4and3 <r <n-—1,then (3.7) and (3.8) lead to

Oy, Oy,
(1 — 22) <x1 1/185695 L 3 ¢a:(5; r)>
. 2
= —M%_z(ﬂcg,m, C Ty — 2)
12

IA
o

239

Therefore, (3.10) follows from Cases 1-4 and the proof of Theorem 3.3 is com-

pleted.

4. APPLICATIONS

theory of majorization.

Theorem4.1 : Letz = (21,22, ,2,) € R}, s = >,z andr €
{1,2,--- ,n}, then

(1)¢n(x 7") >¢n(nc s )fOI’c> S;

(@) (1) < v (20 ) fore > S0 Ly

In this section, we establish some inequalities by use of Theorems 3.1-3.3 and the
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(3) Z/Jn(l’ T’) > '(/Jn< nc+17 ) for c > 0

(4) (7)< Yo (2 r) for ¢ > 0;

(5) thn(2,7) > thn(E2E,r) for0 < A < 1

=1 QT T
PrROOF: Theorem 4.1(1) and (2) follow from Lemma 2.4 together with Theo-
rems 3.1 and 3.3.

Theorem 4.1(3) and (4) follow from Lemma 2.5 together with Theorems 3.1
and 3.3.

Theorem 4.1(5) and (6) follow from Lemma 2.6 together with Theorems 3.1
and 3.3.

Theorem4.2— Letx = (z1, 22, - ,x,) € R} andr € {1,2,--- ,n}, then

(0 Z H 1+:c,J > o [Aél(:)x)} ;

1< <2<+ <zT<nj 1

(i4) > H(1+mij) < ChlA(1+a)]".

1< <9< <, <n j=1
PROOF: We clearly see that

(Ap(z), Ap(x), -+, Ap(x)) < (1,22, -+ , ) = . (4.1)

Therefore, Theorem 4(2 follows from (4.1) and Theorem 3.1 together with
(1.1), and Theorem 4(2) follows from (4.1) and Theorem 3.3 together with (1.1).

Corollary 4.1 —Ifx = (x1, 22, -+ ,x,) € R, then

O G+ Saata)
(11) Gn(1+1x) < A,(1+x).
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PROOF: Corollary 4.1 follows from Theorem 4.2 with= n.

Remark4.1 : Inequality in Corollary 4.%i) is the well-known unweighted
arithmetic-geometric means inequality, and inequality in Corollaryi#vias proved
by V. Govedarica and M. V. Jovandvin paper [15].

Theorem4.3— Letx = (z1, 22, - ,2,) € R} andr € {1,2,--- ,n}, then

(i) RIE Zx <cr [1 4

1<ty <ig<--<ip<n j=1 j

(i1) > [T +2) =1+ Ho2)]"

1< <9< < <n j=1

el

PROOF: Itis easy to see that

1 1 1 1 1 1 1
)= o 4.2
(Hnm’ﬂn(:w ’Hn<x>)<<x1’xz’ ) P

Therefore, Theorem 4(3) follows from (4.2) and Theorem 3.3 together with
(1.1), and Theorem 4(3/) follows from (4.2), and Theorem 3.1 together with (1.1).

If we taker = 1 andr = n in Theorem 4.3, respectively, then we get the
following Corollaries 4.2 and 4.3.

Corollary 4.2 — If x = (1,22, - ,x,) € RY, then
: 1+x 1 .

() An (5°) < 1+ 5

(i) An(1 +2) > 1+ Hy(z).

Corollary 4.3 — If z = (1,22, - ,x,) € RY}, then

Gn(x) - H,(x)

(@) Gn(1+2z) — 1+Hn($);

(1) Gn(1+z)>1+ Hy(z).
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Theorem4.4— Letx = (x1, 22, - ,x,) € R} andr € {1,2,--- ,n}, then

s friealige]

1<i1 << <ir<n j=1

PROOF: We clearly see that
log (Gp(z),Gp(x), -+ ,Gn(x)) < log(x1, 22, ,xy). (4.3)
Therefore, Theorem 4.4 follows from (4.3) and Theorem 3.2 together with
(1.2).

If we taker = 1 andr = n in Theorem 4.4, respectively, then we get

Corollary 4.4 — If x = (21,22, -+ ,2,) € RY, then
A, 1+ - 14+ Gy(z)
x — Gp(x)
and

Gn(14+2z) > 1+ Gy(x).

Theorem4.5—If v = (1,22, -+ ,x,) € RY, then

2+ i, 2+ i @i
UL S| es PPeLEv ST P
1<iy <ig-<ir<n j=1 1+ Liy L+ Zz 1 %4

for 1<r<n-—1;

,
iy Y [lere)zries iz,
1<y <ig-<ip<n j=1 i=1
for 1<r<n-1;

n

(i) JJ@+z) =212+ ).

i=1 i=1
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PrRooOF: Theorem 4.5 follows from Theorem 3.1 and Theorem 3.3 together
with (1.1) and the fact that

n
(1“‘1'1,1—'-.%'2,,1+$n)-<(1—|—21‘,“1’17’1)

Theorem4.6— Let A = A1 A5 - A, 11 be an—dimensional simplex iR"
and P be an arbitrary point in the interior ofA. If B; is the intersection point
of straight line A; P and hyperplaned ", = AjAy--- A 1Aiy1- Apt1,1 =
1,2,---,n+ 1. Thenforr € {1,2,--- ;n+ 1} we have

(¥ R | e

1<i1 <ige<ip<n+1 j=1

. Ai Bi. + PB; . n+2\"
(i1) Z H—]Scnﬂ <n+1> ;

1<y <dg-<ir<n+1 j=1 l

5 PB,;
15 > CT+1(n_’_2)

A; +PAZ 2n +1\"
D DI | = 7>c:;+1(”n+ )

1<y <dg-<ip<n+1 j=1

. sz +PA r 2n+1 "
D S | L (%)

1< <<t <n+1j=1

PROOF: It is easy to see thd ! £2: = 1 and /! L4 = n, these

identities imply that

1 1 1 PBy PB PB
(77...’ ><< 172,...’"‘H> (4.4)

n+1 n+1 n+1 A1By A3Bs Apy1Bni1
and
PA; PA PA
(n,nj...’n>_<<1’2’...,”“). (4.5)
n+1 n+1 n+1 A1By’ A3Bs An+1Bn+1

Therefore, Theorem 4.6 follows from (4.4), (4.5), Theorem 3.1, Theorem 3.3
and (1.1).
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Remark4.2 : Mitrinovic, P&€airc and Volenec [27, p.473-479] established a
series of inequalities fmj‘% and z%i, i =1,2,---,n + 1. Obvious, our in-

equalities in Theorem 4.6 are different from theirs.

Theorem4.7 — Suppose thatd € M,(C)(n > 2) is a complex matrix,

A1, A2, , Ay @nd oy, 09, -+ , 0y are the eigenvalues and singular valuesAf
respectively. IfA is a positive definite Hermitian matrix ande {1,2,--- ,n},
then

r

N
—

14+ X, T
+ Ay > o n+trA ;
.- . ’ Nis " trA
1< <ig-<tr<n j=1 7
g a L (n+trA\"
(i1) Z H(lJr)\i].)SCn( - > ;
1<) <ig-<tr<n j=1

T2 A 1+ ¥/det(I+A)\

(i) 3 b5 or (L VT A))
1+ A

- v/det(I + A) ’

1<i1 <ig-<ip<n j=1 v
.

TtrA4 N trA+ VdetA
DS A o <T+ Ve ) ,

. n
1<iy <ig-<ip<n j=1 g Vdet A
r 1+)\zj r 1+O'Z'j
(v) > == > Il
1<y <ig---<ip<n j=1 v 1<y <ig-<ir<n j=1 i

PROOF: (i)—(it1) Weclearlyseethat; >0(i=1,2,--- ,n)and)_ ;" | \; =
trA, these lead to

n n

<M7m4)"' 7t7;z4> < ()\15)\27"' 7>\n) (46)

Therefore, Theorem 4(#) and (i) follows from (4.6), Theorem 3.1, Theorem
3.3and (1.1).

(7it) Itis easy to seethdt+ A\;, 1+ Ao, .-+, 14 A, are the eigenvalues of
matrix I + A and[[;_,(1+ \;) = det(I + A), these yield that
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log (({/det(T+ A), {/det(I+ A), -+, {/det(T+ A))  (47)

<log(14+ A, 14+ Agy -+, 14 ).

Therefore, Theorem 4(#i) follows from (4.7), Theorem 3.2 and (1.1).

(iv) Theorem 4.7iv) follows from (1.1), Theorem 3.2 and the fact that

VdetA VdetA VdetA A Ao An
log . <log | —,—,-+,— | .
trA trA trA

trAd 7 trA 77 trA
(v) Aresult due to H. Weyl [31] (see also [24, p.231]) gives

log(A1, A2, -+, An) < log(o1,02, -+, 0n). (4.8)

Therefore, Theorem 4(#) follows from (4.8), Theorem 3.2 and (1.1).

Remark4.3 : The theorems give these results but it is not an approach that
would be used for this purpose.

ACKNOWLEDGEMENT

The authors wish to thank the anonymous referees for their careful reading of the
manuscript and their fruitful comments and suggestions.

REFERENCES

1. P. S. Bullen,Handbook of Means and Their Inequalitidsluwer Academic Pub-
lishers Group, Dordrecht, 2003.

2. Y. M. Chu and Y. P. Lv, The Schur harmonic convexity of the Hamy symmetric
function and its applicationg, Inequal. Appl.2009(2009), Article ID 838529, 10
pages.



246

10.

11.

12.

13.

14.

WEI-FENG XIAet al.

. Y. M. Chu and T. C. Sun, The Schur harmonic convexity for a class of symmetric
functions,Acta Math. Sci. Ser. B80(2010), 1501-1506.

Y. M. Chu, G. D. Wang and X. H. Zhang, Schur convexity and Hadamard'’s inequal-
ity, Math. Inequal. Appl.13(2010), 725-731.

Y. M. Chu, G. D. Wang and X. H. Zhang, The Schur multiplicative and harmonic
convexities of the complete symmetric functidviath. Nachr, 284 (2011), 653-
663.

Y. M. Chu and W. F. Xia, Solution of an open problem for Schur convexity or
concavity of the Gini mean valueSci. China Ser. A52(2009), 2099-2106.

Y. M. Chu and W. F. Xia, Necessary and sufficient conditions for the Schur harmonic
convexity of the generalized Muirhead me&mpc. A. Razmadze Math. Inst52
(2010), 19-27.

Y. M. Chu, W. F. Xia and X. H. Zhang, The Schur concavity, Schur multiplicative
and harmonic convexities of the second dual form of the Hamy symmetric function
with applications,). Multivariate Anal, 105(2012), 412-421.

Y. M. Chu, W. F. Xia and T. H. Zhao, Schur convexity for a class of symmetric
functions,Sci. China Math.53(2010), 465-474.

Y. M. Chu, W. F. Xia and T. H. Zhao, Some properties for a class of symmetric
functions and applicationg, Math. Inequal.5 (2011), 1-11.

Y. M. Chu and X. M. Zhang, Necessary and sufficient conditions such that extended
mean values are Schur-convex or Schur-concaviglath. Kyoto Univ.48 (2008),
229-238.

Y. M. Chu, X. M. Zhang and G. D. Wang, The Schur geometrical convexity of the
extended mean valuek,Convex Ana).15 (2008), 707-718.

G. M. Constantine, Schur-convex functions on the spetra of grpbsrete Math,
45(1983), 181-188.

A. Forcina and A. Giovagnoli, Homogeneity indices and Schur-convex functions,
Statistica 42(1982), 529-542.



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

CLASS OF SYMMETRIC FUNCTIONS WITH APPLICATIONS 247

V. Govedarica and M. JovanayiOn the inequalities of Ky Fan, Wang-Wang and
Alzer. J. Math. Anal. Appl.270(2002), 709-712.

K. Z. Guan, Schur-convexity of the complete symmetric functidath. Inequal.
Appl, 9 (2006), 567-576.

K. Z. Guan, The Hamy symmetric function and its generalizatidath. Inequal.
Appl, 9 (2006), 797-805.

K. Z. Guan, A class of symmetric functions for multiplicatively convex function,
Math. Inequal. Appl.10(2007), 745-753.

T. Hara, M. Uchiyama and S. Takahasi, A refinement of various mean inequalities,
J. Inequal. Appl.2 (1998), 387-395.

G. H. Hardy, J. E. Littlewood and G.0B/a, Some simple inequalities satisfied by
convex functionsMessenger Math58 (1929), 145-152.

F. K. Hwang and U. G. Rothblum, Partition-optimization with Schur convex sum
objective functionsSIAM J. Discrete Math18 (2004/2005), 512-524.

F. K. Hwang, U. G. Rothblum and L. Shepp, Monotone optimal multipartitions
using Schur convexity with respect to partial ordeés$AM J. Discrete Math.6
(1993), 533-547.

H. T. Ku, M. C. Ku and X. M. Zhang, Inequalities for symmetric means, symmetric
harmonic means, and their applicatioBsill. Austral. Math. So¢56 (1997), 409-
420.

A. W. Marshall and I. OlkinJnequalities: Theorey of Majorization and Its Applica-
tions Academic Press, New York, 1979.

J. X. Meng, Y. M. Chu and X. M. Tang, The Schur-harmonic-convexity of dual form
of the Hamy symmetric functioMat. Vesnik62 (2010), 37-46.

M. Merkle, Convexity, Schur-convexity and bounds for the gamma function involv-
ing the digamma functiorRocky Mountain J. Math28(1998), 1053-1066.

D. S. Mitrinovi€, J. E. Péaric and V. VolenecRecent Advances in Geometric In-
equalities Kluwer Academic Publishers Group, Dordrecht, 1989.



248 WEI-FENG XIAet al.

28. M. Shaked, J. G. Shanthikumar and Y. L. Tong, Parametric Schur convexity and ar-
rangement monotonicity properties of partial suth$/ultivariate Anal, 53(1995),
293-310.

29. C. Stepniak, Stochastic ordering and Schur-convex functions in comparison of linear
experimentsMetrika, 36 (1989), 291-298.

30. T.C. Sun, Y. P. Lvand Y. M. Chu, Schur multiplicative and harmonic convexities of
generalized Heronian meaniinvariables and their applicationisit. J. Pure Appl.
Math,, 55 (2009), 25-33.

31. H. Weyl, Inequalities between two kinds of eigenvalues of a linear transformation,
Proc. Nat. Acad. Sci. U.S.A35(1949), 408-411.

32. S. H. Wu, Generalization and sharpness of the power means inequality and their
applications,). Math. Anal. Appl.312(2005), 637-652.

33. W. F. Xia and Y. M. Chu, The Schur multiplicative convexity of the weighted gen-
eralized logarithmic mean in variables|nt. Math. Forum 4 (2009), 1229-1236.

34. W. F. Xiaand Y. M. Chu, Schur-convexity for a class of symmetric functions and its
applications,). Inequal. Appl2009(2009), Article ID 493759, 15 pages.

35. W. F. Xia and Y. M. Chu, The Schur harmonic convexity of Lehmer meéuts,
Math. Forum 4 (2009), 2009-2015.

36. W. F. Xia and Y. M. Chu, The Schur convexity of the weighted generalized loga-
rithmic mean values according to harmonic meim, J. Mod. Math, 4 (2009),
225-233.

37. W. F. Xia and Y. M. Chu, The Schur multiplicative convexity of the generalized
Muirhead mean valuefnt. J. Funct. Anal. Oper. Theory Appl (2009), 1-8.

38. W. F. Xia and Y. M. Chu, On Schur convexity of some symmetric functiahs,
Inequal. Appl.2010(2010), Article ID 543250, 12 pages.

39. W. F. Xia and Y. M. Chu, Certain properties for a class of symmetric functions with
applications]nt. J. Mod. Math, 5 (2010), 263-274.



40.

41.

42.

43.

CLASS OF SYMMETRIC FUNCTIONS WITH APPLICATIONS 249

W. F. Xia and Y. M. Chu, Schur convexity with respect to a class of symmetric
functions and their applicationBull. Math. Anal. Appl.3(2011), 84-96.

W. F. Xia and Y. M. Chu, The Schur convexity of Gini mean values in the sense of
harmonic meanicta Math. Sci. Ser. B81(2011), 1103-1112.

W. F. Xia, G. D. Wang and Y. M. Chu, Schur convexity and inequalities for a class
of symmetric functionsint. J. Pure Appl. Math.58 (2010), 435-452.

X. M. Zhang and Y. M. Chu, Convexity of the integral arithmetic mean of a convex
function,Rocky Mountain J. Math40 (2010), 1061-1068.



