
Indian J. Pure Appl. Math.,43(3): 251-261, June 2012

c© Indian National Science Academy

ON THE DIOPHANTINE EQUATIONx2 + 2a · 19b = yn

Gökhan Soydan∗, Maciej Ulas∗∗ and Hui Lin Zhu∗∗∗
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In this paper, we give all solutions of the Diophantine equation

x2 + 2a · 19b = yn, x ≥ 1, y > 1, gcd(x, y) = 1, n ≥ 3, a, b ≥ 0.
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1. INTRODUCTION

Recently, many authors are interested in the equation

x2 + pa1
1 · · · pak

k = yn, x ≥ 1, y > 1, gcd(x, y) = 1,

k > 1, a1, . . . , ak ≥ 0, n ≥ 3, (1)
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wherep1, . . . , pk are distinct primes. In 2002, Luca [14] found all positive integer

solutions(x, y, a, b, n) of x2 + 2a · 3b = yn with n ≥ 3 and coprimex and

y. In 2007, Pink [17] looked for the positive integer solutions ofx2 + 2a · 3b ·
5c · 7d = yn, gcd(x, y) = 1. In 2008, Luca and Togb́e [15] solvedx2 + 2a ·
5b = yn, gcd(x, y) = 1. Muriefah, Luca and Togb́e [1] solvedx2 + 5a · 13b =
yn, gcd(x, y) = 1. Goins, Luca and Togb́e [11] found all the solutions ofx2 +2α ·
5β · 13γ = yn in nonnegative integersx, y, α, β, γ, n ≥ 3 with x andy coprime. In

2009, Luca and Togb́e [16] found all positive integer solutions ofx2 + 2a · 13b =
yn, gcd(x, y) = 1. In 2010, Cang̈ul, Demirci, Luca, Pint́er and Soydan [6] solved

x2 + 2a · 11b = yn, gcd(x, y) = 1. Cang̈ul, Demirci, Soydan and Tzanakis [7]

gave a complete solution(n, a, b, x, y) of x2 + 5a · 11b = yn whengcd(x, y) = 1
except for the case whenxab is odd. Cang̈ul, Demirci, Inam, Luca and Soydan [8]

determined the complete set of integer solutions ofx2 + 2a · 3b · 11b = yn with

n ≥ 3 andgcd(x, y) = 1. Obviously, the authors investigated the special cases of

the equation (1) andpi ∈ {2, 3, 5, 7, 11, 13}. A natural next step in this series of

investigations is to consider the equation (1) with a prime greater than13. More

precisely we are interested in integer solutions of the Diophantine equation

x2 + 2a19b = yn. (2)

Our main result is contained in the following.

Theorem1.1— If n 6= 3, 4, 5 then the Diophantine equation

x2 + 2a · 19b = yn, x ≥ 1, y > 1, gcd(x, y) = 1, a, b ≥ 0, n ≥ 3

has no solutions. In the casen = 3 the full set of solutions is given by:

(x, y, a, b) = (18, 7, 0, 1), (5, 3, 1, 0), (2345, 177, 7, 2), (1265, 123, 1, 4),
(11, 5, 2, 0), (7, 5, 2, 1), (7, 17, 8, 1), (1015, 101, 2, 1), (69, 17, 3, 1),
(12419, 537, 15, 1), (45, 17, 3, 2), (4103, 273, 9, 3), (11, 9, 5, 1),
(80363, 3273, 5, 7), (62129, 1569, 17, 1).

In the casen = 4 the full set of solutions is given by:

(x, y, a, b) = (7, 3, 5, 0).
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In the casen = 5 the full set of solutions is given by:

(x, y, a, b) = (22434, 55, 0, 1), (41, 5, 2, 2).

Theorem 1.1 can be deduced from Lemma 2.1, Lemma 3.1 and Lemma 4.1 in

Section 2, 3 and 4.

From the above result one can deduce the following.

Corollary 1.2 — The only integer solutions of the Diophantine equation

x2 + 19c = yn, x ≥ 1, y > 1, gcd(x, y) = 1, c ≥ 0, n ≥ 3.

are(x, y, c, n) = (18, 7, 1, 3), (22434, 55, 1, 5).

Several cases of the Diophantine equation (2) have been dealt with previously.

For example, forb = 0, Arif and Abu Muriefah [2] found the positive integer

solutions(x, y, k, n) of the Diophantine equationx2 + 2k = yn satisfying certain

conditions. In [12], Le verified a conjecture of Cohn from [9] proving that all the

solutions of the Diophantine equationx2 + 2k = yn in positive integersx, y, k, n

with 2 - y andn ≥ 3 are(x, y, k, n) = (5, 3, 1, 3), (7, 3, 5, 4), (11, 5, 2, 3). So in

the following we supposeb > 0. Fora = 0 andb = 1 in (2), Cohn [10] found that

all positive integer solutions are given by(x, y, n) = (18, 7, 3), (22434, 55, 5). If

a = 0 then the equation (2) was considered by Zhu and Le in [18]. They proved

the Corollary 1.2. The method we used in this paper is similar in the spirit to the

one used in the papers [1, 11, 16].

2. THE CASEn = 3

We recall here that ifS is a finite set of prime numbers, then anS-integer is a

rational number of the formr
s , wherer, s > 0 are coprime integers and such that

all the prime factors ofs are inS. In this section we investigate the equation (2)

with n = 3. We prove the following:

Lemma2.1 — The only solutions(x, y, a, b) of the Diophantine equation (2)
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with n = 3, b > 0 are the following:

(18, 7, 0, 1), (2345, 177, 7, 2), (1265, 123, 1, 4), (7, 5, 2, 1), (7, 17, 8, 1),

(1015, 101, 2, 1), (69, 17, 3, 1), (12419, 537, 15, 1), (45, 17, 3, 2),

(4103, 273, 9, 3), (11, 9, 5, 1), (80363, 3273, 5, 7), (62129, 1569, 17, 1).

PROOF : We rewrite equation (2) as

( x

z3

)2
+ A =

( y

z2

)3
,

whereA is sixth-power free and defined implicitly by2a · 19b = Az6. Certainly,

A = 2a1 · 19b1 , wherea1, b1 ∈ {0, 1, 2, 3, 4, 5}. We thus get

V 2 = U3 − 2a1 · 19b1 ,

and we need to determine the{2, 19}-integral points(U, V ) on the above 36 elliptic

curves. UsingSIntegralPoints subroutine of MAGMA and checking the

rank of elliptic curves bymwrank , we find that(U,±V, a1, b1) must be one of the

following quadruples:

(1, 0, 0, 0), (7, 18, 0, 1), (19, 0, 0, 3)
(3, 5, 1, 0) (123, 1265, 1, 4) (2, 2, 2, 0)
(5, 11, 2, 0) (9, 11, 5, 1) (266, 4332, 3, 3)
(5, 7, 2, 1) (101, 1015, 2, 1) (482, 10582, 2, 2)
(2, 0, 3, 0) (17, 69, 3, 1) (26, 132, 3, 1)
(17, 45, 3, 2) (6, 8, 3, 1) (38, 228, 3, 2)
(114, 1216, 3, 2) (209, 3021, 3, 2) (38, 0, 3, 3)
(57, 361, 3, 3) (38, 0, 3, 3) (522, 11924, 3, 3)(

17
22 , 7

23 , 2, 1
) (

57
22 , 19

23 , 3, 2
) (

3273
192 , 80363

193 , 5, 1
)

(
273
22 , 4103

23 , 3, 3
) (

537
24 , 12419

26 , 3, 1
) (

29697
210 , 4805119

215 , 3, 2
)

(
262713

24 , 134654957
26 , 3, 2

) (
817
24 , 22743

26 , 0, 3
) (

177
22 , 2345

23 , 1, 2
)

(
1569
24 , 62129

26 , 5, 1
) (

93689
210 , 27630579

215 , 3, 3
) (

3249
22 , 184471

23 , 5, 4
)

(
12977

22 , 1478295
23 , 3, 3

)
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Identifying the coprime positive integersx andy from the above list and check-

ing the conditionb > 0, one obtains the solutions listed in the statement of the

lemma(note that not all of them lead to coprime values forx andy). We complete

the proof of Lemma 2.1. 2

3. THE CASEn = 4

In this section we investigate the equation (2) withn = 4. We prove the following:

Lemma3.1 — The Diophantine equation (2) has the only solution(x, y, a, b) =
(7, 3, 5, 0) with n = 4.

PROOF : The equation (2) can be written as

( x

z2

)2
+ A =

(y

z

)4
.

In the above the integerA is fourth-power free and defined implicitly by2a ·
19b = Az4. It is clear thatA = 2a1 · 19b1 , wherea1, b1 ∈ {0, 1, 2, 3}. Thus, the

problem is reduced to determining all the{2, 19}-integral points(U, V ) =
(y

z , x
z2

)

on the 16 elliptic curves on the quartic models

V 2 = U4 − 2a1 · 19b1 , a1, b1 ∈ {0, 1, 2, 3}.

We use the subroutineSIntegralLjunggrenPoints of MAGMA (see [5]) to

determine the{2, 19}-integral points on the above elliptic curves and we only find

the following solutions

(U, V, a1, b1) = (±1, 0, 0, 0),
(
±3

2
, ±7

4
, 1, 0

)
.

They lead to the only solution of the original equation withn = 4. This observation

finishes the proof of the Lemma 3.1. 2
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4. THE CASE OFn > 3 PRIME

Now let us recall that ifω and ω̄ are roots of a quadratic equation of the form

x2 − rx − s = 0 with nonzero coprime integersr ands and such thatωω̄ is not a

root of unity, then the sequence(Lm)m>0 of general term

Lm =
ωm − ω̄m

ω − ω̄
, for all m > 0

is called aLucas sequence. In this section we investigate the equation (2) where

n > 3 is a prime. Let us recall that a prime factorq of Lm is calledprimitive if

q - Lk for any0 < k < m andq - (ω − ω̄)2 = −4dv2. It is known that when

q exists, thenq ≡ ±1 (mod m), where the sign coincides with the Legendre

symbol
(−d

q

)
. Now we recall that a particular instance of the Primitive Divisor

Theorem for Lucas sequences implies that, ifn > 5 is prime, thenLn always has a

prime factor except for finitely manyexceptional triples(ω, ω̄, n), and all of them

appear in the Table 1 in [4]. All the results needed in the proof of the following

lemma can be found in [4].

The case ofn > 3 prime

Lemma4.1 — If n > 3 is a prime, then all solutions of the Diophantine equa-

tion (2) are(x, y, a, b, n) = (22434, 55, 0, 1, 5), (41, 5, 2, 2, 5).

The case ofn > 3 prime

PROOF : We rewrite equation (2) as

x2 + dz2 = yn, (3)

whered = 1, 2, 19, 38 according to the parities of the exponentsa andb. Here,

z = 2α · 19β for some nonnegative integersα andβ. Thus, our equation becomes

(x + z
√
−d)(x− z

√
−d) = yn. (4)

WriteK = Q(
√−d). Since19b ≡ 3, 1(mod8) according to whetherb is odd

or even, respectively, it follows by considerations modulo 8 that eithera > 0, or
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thatx is even, for otherwise witha = 0 andx odd we would get thatx2 + 19b ≡
2, 4(mod8), and this number cannot be a perfect power with exponent≥ 3 of

some integer. Indeed, one can easily check that ifn ≥ 3 and t ∈ {0, 1, . . . , 7}
then tn 6≡ 2, 4 (mod 8). It follows that y is always odd. Thus the two ideals

(x + z
√−d)OK and (x − z

√−d)OK are coprime in the ring of integersOK.

Indeed, ifI is some ideal dividing both the above principal ideals, thenI divides

both2x = (x + z
√−d) + (x − z

√−d) andy, which are two coprime integers,

soI = OK. From [6, 7, 8], we know that{1,
√−d} is always integral basis for

OK expect whend = 19 in which case an integral basis is
{

1,
1 +

√−d

2

}
. So it

follows that equation (4) entails that there existsu andv such that

x + z
√
−d = (u + v

√
−d)n,

where either bothu andv are integers, or2u and2v are both odd integers, and this

last case can occur only whered = 19. Writing ω = u + v
√−d, conjugating the

above relation and eliminatingx from the resulting equations, we get that

2z
√
−d = ωn − ω̄n,

yielding
2α · 19β

v
=

ωn − ω̄n

ω − ω̄
. (5)

Note thatω andω̄ are the roots of

x2 − (ω + ω̄)x + |ω|2 = x2 − (2u)x + y.

and2u andy are coprime integers. Indeed, for if not, sincey is odd, it follows that

there exists an odd primeq dividing both2u andy = u2 + dv2(4y = (2u)2 +
d(2v)2). Thusq divides eitherd or 2v. In first case we getq divide x and in last

case we get thatq divides both algebraic integers

(2u± 2v
√
−d)n = 2n(x± z

√
−d).

In particular,q divides the sum of the above two algebraic numbers which is2n+1x,

and sinceq is odd, we getq dividesx. This contradicts the fact thatx andy are

coprime.
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Next, we check thatωω̄ is not a root of unity. Assume otherwise. Since this

number is also inK, it follows that the only possibilities areωω̄ = ±1, or±√−1.

The first two possibilities giveu = 0, or v = 0, leading tox = 0, or z = 0, respec-

tively, which are impossible. The second possibilities lead tou = ±v, therefore,

y = u2 + v2 = 2u2, or 2y = (2u)2. This is again impossible sincey is odd and2u

is an integer. Hence, indeed the right hand side of equation (5) is the nth term of a

Lucas sequence. For any nonzero integerk, let us defineP (k) as the largest prime

dividing k with convention thatP (±1) = 1. Equation (5) leads to the conclusion

that

P (Ln) = P

(
2α · 19β

v

)
≤ 19.

First let us assume that we are dealing with a numberLn without a primitive

divisor. Then a quick look at the Table 1 in [4] reveals that this is impossible.

Indeed, all exceptional triples haven = 5, 7 or 13; of these ones, there is two

examples withn = 5 or n = 7 such thatω ∈ Q(
√−d) with d ∈ {1, 2, 19, 38},

which areω = ±(6 ± √−19) or ±1±√−19
2 . With such two values forω, we

get that the correspondingy = |ω|2 = 55 or 5, and the correspondingd = 19.

Therefore, the equation isx2 +C = 555 or x2 +C = 57, where the corresponding

C = 2a19b, with a even andb odd. Since197 > 555, we get thatb = 1, 3, 5, and

next thata ∈ {0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24}, one of these possibilities

yields an integer value forx = 22434 when(a, b) = (0, 1). Since195 > 57, we

get thatb = 1, 3, and next thata ∈ {0, 2}, none of these possibilities yields an

integer value forx.

Now let us analyze the possibility when the Lucas numberLn appearing in the

right hand side of equation has a primitive divisor. Sincen ≥ 5, it follows that

P (Ln) > 5, and soP (Ln) = 19. Sincen is prime and 2 cannot be a primitive

divisor of Ln, it follows that 19 is primitive forLn. Thus,19 ≡ ±1 (mod n).
Sincen ≥ 5 is prime, the only possibility isn = 5 and since19 ≡ −1 (mod 5),

we get that
(−d

19

)
= −1. Sinced ∈ {1, 2, 19, 38}, the only possibility isd = 1.

In particular,u andv are integers. Now sinceP (Ln) = 19 is coprime to−4dv2,

we get thatv = ±2α1 for someα1 ≤ α. Sinced = 1, it follows that botha and
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b are even. Whena = b = 0, from [13] we know equation (2) has no solutions.

Whena = 0, b = 2β > 0, from [3] we know equation (2) has no solutions. When

a = 2α > 0, b = 2β > 0 andy = u2 + v2 is odd. From equation (5), we get that

±2α−α1 ·19β =
(u + v

√−1)5 − (u− v
√−1)5

2v
√−1

= 5u4−10u2 ·22α1 +24α1 . (6)

If α1 = 0, thenv = ±1 andu is even. But it is impossible because from

(6) we knowu is odd. If 0 < α1 < α, thenv is even andu is odd. But it is

impossible because by considering (6) modulo 2 we knowu is even. Therefore,

we getα = α1, v is even andu is odd. So we get

±19β = 5u4 − 10u2 · 22α + 24α. (7)

It follows that the right hand side of (7) is congruent to5 (mod 8), showing

that β is odd and the sign on the left hand side of (7) is negative. Writingβ =
2β0 + 1, we get that

E : −19V 2 = 5U4 − 10U2 + 1,

where(U, V ) =
(

u
2α , 19β0

22α

)
is a{2}-integer point on the elliptic curveE. With

MAGMA we get that the only such points onE are(U, V ) =
(±1

2 ,±1
4

)
leading to

(u, v) = (±1,±2). They lead to the desired solution forn = 5. This observation

completes the proof of our lemma and the proof of Theorem 1.1.

Tying now the results proved in Lemma 2.1, Lemma 3.1 and Lemma 4.1, we

get the statement of the Theorem 1.1.
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