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Let R be a prime ring with charR # 2, L a non-central Lie ideal of
R, d,g non-zero derivations of R, n > 1 a fixed integer. We prove
that if (d(x)z — xg(x))™ = 0 for all x € L, then either d =g =0or R
satisfies the standard identity s4 and d, g are inner derivations, induced
respectively by the elements a and b such that a + b € Z(R).
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1. INTRODUCTION

Throughout this paper R will represent a prime associative ring with center
Z(R) and extended centroid C' (see [2]). For any x,y € R, the symbol
[x,y] stands for the commutator zy — yx. Recall that an additive mapping
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d: R — R is called derivation if d(xy) = d(x)y + xd(y) holds for all z,y € R.
The study of derivations of prime rings was initiated by Posner [12]. He
proved that if R is a prime ring and d is a nonzero commuting derivation of
R, ie., [d(z),xz] = 0 for all z,y € R, then R is commutative. A number of
authors have extended this theorem in several ways. In [3] Bresar show that
if R is prime ring, I is a nonzero left ideal of R, d # 0 and g are derivations
of R such that d(z)z — xg(x) € Z(R) for all z € I, then R is commutative.
Later in [9] Lee and Wong prove that if L is a non-central Lie ideal of R
and d, g non-zero derivations of R such that ud(u) — g(u)u is central for all
u € L, then R satisfies the standard identity s4. In [13] Wong extended the
previous result to the case when the elements of the Lie ideal are replaced by
all the evaluations of a multilinear polynomial. Finally in [10] Lee and Shiue
generalize the theorem of Wong for any polynomial (without any assumption
on multilinearity). More precisely they show that if d, g are derivations of
R and f(z1,...,zy) a polynomial in C{z1,...,z,}, which is not central on
R, such that d(f(r1,...,ru)f(r1, .- yrn) = f(r1,- s rn)g(f(r1, ..., mn)) € C
for all r1,...,7, € R, then either d = g =0 or d = —g and f(z1,...,7,)% is
central valued on R, except when char(R) = 2 and dimcRC = 4.

Motivated by these results we shall prove the following theorem:

Theorem — Let R be a prime ring with charR # 2, L a non-central
Lie ideal of R, d,g non-zero derivations of R, n > 1 a fixed integer. If
(d(z)x — zg(xz))™ = 0 for all x € L, then either d = g = 0 or R satisfies s4
and d, g are inner derivations, induced respectively by the elements a and b
such that a +b € Z(R).

In all that follows, unless stated otherwise, R will be a prime ring. For
any ring S, Z(S) will denote its center. In addition s4 will denote the the
standard identity in 4 variables.

Remark 1 : We will make frequent use of the following result due to
Kharchenko [7] (see also [8]) : Let R be a prime ring, d a nonzero derivation
of R and I a nonzero two-sided ideal of R. Let f(z1,...,xn,d(z1), ..., d(zy))
be a differential identity in I, that is

flri,eyrn,d(r),...,d(ry)) =0, forall ry,..,r, €1
One of the following holds:

1. Either d is an inner derivation in (), the Martindale quotient ring of
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R, in the sense that there exists ¢ € @ such that d(x) = [g, z], for all
x € R, and [ satisfies the generalized polynomial identity

f(Tlv ey 'y [Q7 rl]v seey [q7 Tn]) — Oa
2. or I satisfies the generalized polynomial identity

f(xlv vy Ty Y1, 7yn) =0.

2. THE RESuULT

We start by studying the 2 x 2 matrix case, more precisely we prove the
following:

Lemma 1 — Let R = My(F') be the ring of 2 x 2 matrices over the field
F of characteristic different from 2, a,b € R, n > 1 a fixed integer such that
(la, [z, y]][x, y] — [z, y][b, [x,y]])™ =0 for all z,y € R. Then a+b € F.

PROOF : Denote by e;; the usual matrix unit with 1 in the (4, j)-entry and

2 2
zero elsewhere. Let a = 7, ajje;; and b=}

i =1 bijeij, for Qij, bij e F.

If we choose © = e12,y = €21 then we get:

0 a2 + b12 "
0 = R s , — , b7 , n — 2n .

(la, [z, y][z,y] — [z, y][b, [z, y]]))" = (2") tor -+ bt 0
In particular, if n = 2t is even we have

(2" - (a12 + b12)" (a1 + b2’ 0 0

0 (a12 + b12)*(az1 + b21)*
and, if n = 2t + 1 is odd,
(2m) . 0 (a12 + b12)" " (a1 + ba1)* _0
(a12 + b12)" (a1 + bay)! 0

In both cases it follows that at least one of the following holds
1. ais + b2 = 0;

2. az1 + b2 = 0.
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Our first aim is to show that a + b is a diagonal matrix. To do this we
assume that a+b is not diagonal and prove that this leads to a contradiction.

Suppose first that as; + ba; # 0, so that aja + b2 = 0. Let @12 be
the automorphism of My (F') defined as ¢12(x) = (1 + e12)z(1 — e12), for all
x € My(F). Denote c = pi12(a +b) = p12(a) + ¢12(b) = Z?,j:l cijéij, for
¢ij € F. Since

([pr2(a), [z, yll[z, y] — [z, yllp12(b), [z, y]])" = O
then as above at least one of the following holds
1. c12 =0;
2. c91 = 0.

By calculations we have that
c=yi2(a+0b)=(a+0b)+ep(a+b)—(a+bea —ea(a+blen =

(a11 + b11) + (a21 + b21) (@22 + ba2) — (a11 + b11) — (a1 + b21)
(ag1 + ba1) (a2 + b22) — (a2 + b2y)

Since ¢cg1 = (a21+b21) 7& 0, then ¢1o = (a22+b22)—(a11+b11)—(a21—|—b21) = 0.

On the other hand, choose x = e11,y = €21 + €12. By using the assump-
tion that ajo+b12 = 0 and the result that (a22+b22) — (a11+b11) = (a21+b21)
we get :

0= ([a, [z, yl][z, y] = [z, y][b, [, y]1)" = (@21 + ba1)" (€11 — €12 — €21 — e2)"

Since the latter matrix is invertible one concludes with the contradiction
a21 + b1 = 0.

A similar argument forces a contradiction, in case ao; + bo; # 0 and
a12 + bjo = 0 are initially assumed. Therefore both as; + be; = 0 and
a12 + bia = 0, that is a + b is a diagonal matrix, as desired.

As above, for any ¢ automorphism of My (F'), the following holds

([p(a), [z, ylllz, y] = [z, y][e(0), [z, y]])" = 0.

This means that p(a) + ¢(b) = ¢(a + b) is a diagonal matrix. If we fix
o(r) = (1 + e12)x(1 — e12), for all z € My(F), then

o(a+b) = (a+b)+era(a+b)—(a+b)eja—era(a+b)ers = (a+b)+(age+baa—ai1—bi1)er2
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and it follows that a11 4+ b11 = agg + boo, that is a + b is a central matrix.

Corollary 1 — Let R = My(F') be the ring of 2 x 2 matrices over the
field F' with char(F) # 2, n > 1 a fixed integer and a € R such that
([a, [z, y]][z,y])" =0 for all z,y € R. Then a € F.

Analogously if ([z,y][a, [z,y]])" =0, for all z,y € R, then a € F.

Lemma 2 — Let R be a prime ring with char(R) # 2, I a two-sided ideal
of R, n > 1 a fixed integer and a € R such that ([z,y][a, [z,y]])" = 0 for all
x,y € I. Then a € Z(R).

PRrROOF : If R is commutative there is nothing to prove. Suppose that R
is not commutative and a ¢ Z(R).

Set G(X,Y) = ([X,Y][a,[X,Y]])". Since a ¢ Z(R), then by [4] G(X,Y)
is a nontrivial generalized polynomial identity for I. By a theorem due to
Beidar (Theorem 2 in [1]), G(X,Y) is a nontrivial generalized polynomial
identity for (). Denote by F' either the algebraic closure of C or C according
as C' is either infinite or finite, respectively. Then, by a standard argument (
see, for instance [9], Proposition], G(X,Y’) is also a GPI for QQ ®¢ F. Since
Q@ ®¢ F is centrally closed prime F'— algebra [[5], Theorem 2.5 and 3.5], by
replacing R, C with Q ®¢ F, F', respectively we may assume R is centrally
closed over C, which is either finite or algebraically closed. By Martindale’s
theorem [11] R is a primitive ring having a non-zero socle H with C its
associated division ring.

Thus R is isomorphic to a dense ring of linear transformations of a vector
space V over C. Consider first the case when dimcV > 3. Suppose that
there exists v € V such that v,va are linearly C-independent. Then there
exists w € V such that v,va,w are also linearly C-independent. By the
density of R, there exist x,y € R such that

VT =V, vy =
vaxr = va, vay = w
wzx = 0, wyY = 0.

Therefore we get the following contradiction

0 =w([z, ylla, [z,y]])" = (=1)"w # 0.

479
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Thus {v,va} are linearly C-dependent for all v € V, that is a is central
in R.

If dimcgV = 2, then R = Mjy(C) and, by corollary 1, again we have
ac€C.

Symmetrically the following holds:

Lemma 3 — Let R be a prime ring with char(R) # 2, I a two-sided ideal
of R, n > 1 a fixed integer and a € R such that ([a, [z, y]][z,y])" = 0 for all
xz,y € I. Then a € Z(R).

Proposition 1 — Let R be a prime ring with char(R) # 2, I a two-sided
ideal of R, n > 1 a fixed integer and a,b € R such that ([a, [z, y]][z,y] —
[, y][b, [x,y]])™ = 0 for all z,y € I. Then either a and b fall in Z(R) or R
satisfies s4 and a +b € Z(R).

PROOF : If either a € Z(R) or b € Z(R), the conclusion follows respec-
tively from Lemma 2 and Lemma 3.

Thus consider the case when both a and b are non-central elements of R.
By the hypothesis we have

([ [z, o)), o] — [z )b, Lo, )" =

(la, =], yllz, y) + [z, [a, yll[z, y) = [z, y][[b, 2], y] = [, vl [b, y]]))" = O

for all z,y € I. Since by Theorem 2 in [1] I and @ satisfy the same general-
ized identities we have

(la, =], yl[z, yl + [, [, y]][z, y] = [, y][[b, 2], y] = [, ]l [b, 1)) = O

for all ,y € Q. In particular this one holds in R and so R satisfies a
nontrivial generalized polynomial identity, because a,b ¢ Z(R). Moreover,
since () remains prime by the primeness of R , replacing R by ) we may as-
sume that the extended centroid C' = Z(Q) is just the center of R. Note that
R is centrally closed C'— algebra in the present situation [5],i.e., RC = R.
As remarked in Lemma 2, by Martindale’s theorem in [11], we may assume
that R is a primitive ring which is isomorphic to a dense ring of linear trans-
formations of a vector space V over C'. Denote

K" = ([la, =], y][z, y] + [, [a, yl][z, y] = [, y][[b, ], y] = [2, Y]]z, [b, y]])" = 0.
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Consider first the case when dimcV > 3. Suppose that there exists
v € V such that v, va are linearly C'—independent. Then there exists w € V'
such that v, va, w are also linearly C-independent. By the density of R, there
exist z,y € R such that

VT = v, vy =
vaxr = va, vay = w
wzx = 0, wy = 0.

These imply that 0 = vK™ = (—1)"v # 0, which is a contradiction so
we conclude that v,va are linearly C'— dependent, for all v € V and, as
above, standard arguments show that a € C. By the hypothesis we get
([x, y][b, [x,y]])™ = 0 for all z,y € R so Lemma 2 forces b to be central.

Finally consider the case when dimcV = 2, then R = M>(C) and, by
Lemma 1, we have a +b € C.

Now we are ready to give the proof of our main result:

2.1 The proof of Theorem. Since we assume that char(R) # 2, it follows
from Herstein [6] that L D [I, R] for some I # 0, an ideal of R, and also L is
not commutative. Therefore we will assume throughout L D [I, R]. Without
loss of generality we can assume L = [I, I]. Then we have

(dlz,yl[z,y] — [z, ylg[z,y])" =0  forall z,yel. (1)

Case 1: Let d and g be @— inner, namely, d = ad(a) and g = ad(b) for
some a,b € Q. In this case the conclusion follows from Proposition 1.

Case 2: Let Der(Q) be the set of all derivations on ). Now we denote
by Djn the C-subspace of Der(Q) consisting of all inner derivations on Q.
Suppose d and g are C'—independent module Dj,;. From (1) we have

0= ([d(x),yl[z,y] + [, dW)][z,y] — [, yllg(x),y] — [2, Y]z, g(y)])"

By Kharchenko’s theorem [ satisfies the polynomial identity

([, 9]z, y] + [z, wllz, y] = [z, ], y] = [z, yllz, v])"
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Since I and R satisfy the same polynomial identities, then for w = z =
v =0 and u = x, R satisfies [u, y]*". In this case it is well known that there
exists a field F' such that R and F},, the ring of all m x m matrices over F,
satisfy the same identities. In particular F, satisfies [u,]?" = 0. Suppose
m > 2 and choose u = ejo,y = e91. This leads to the contradiction 0 =
[e12,€21]%" = €11 + e22. Thus m = 1 and R is commutative, a contradiction

again, since L is not central.

Case 3: Suppose d and g are C-dependent module D;,;. Then g = Bd+ f;,
for some g € C and f; the inner derivation induced by the element b € Q.
Notice that if d is inner,then g is also and we are finished by Case 1.

Therefore consider the case when d is not inner and 8 # 0. Then
([d(i{}), y] [:U7 y]+[$7 d(y)[l’, y]_[xa y] [ﬁd(l’)—F[b, .Cl?], y]_[$7 y] [.le, /Bd(y)+[ba y])n =
0 and so the Kharchenko’s theorem provides that I satisfies ([w,y][z,y] +
[$7 Z] [Q?, y] - [x7 y][ﬂw—i_ [b7 .Z'], y] - [(E, y][l’, 52"‘ [bv y])n =0. Settlng w=z=0,
we obtain

([, (o>, 9] + [z, ], [b, 9] = 0 for all 2,y € I.

As remarked in Lemma 2, by Theorem 2 in [1] I and @ satisfy the same
generalized polynomial identities. Thus ([x,y][fp(2),y] + [z, y][z, fo(y)])" =
([, y] folx,y])™ = 0 for all z,y € Q, then, by Lemma 2, b € C.

This implies that ¢ = 8d and by the main assumption we have

([d(x), y] + [x,d(y)][z, y] = Blz, y]([d(x), y] + [z, d(y)])" .

Since d is not inner, again by Kharchenko’s result we have that @ satisfies
the following polynomial identity

(([w, 9] + [z, D[, y] = Bla, ([, y] + [=,0])" . (2)

There exists a field F' such that @ and My(F), the ring of all kx k matrices
over F'| satisfy the same polynomial identities. In particular My (F') satisfies
(2). Denote by e;; the usual matrix unit and suppose & > 2. Fix v = 0,
T =esg, Yy = e11, 4 = e + es1. Thus one has the following contradiction:

0= ([ua y][%,y] - ﬂ[x7y][u7y])n =

(ler2 + e21, e1n]lear, e11] — Bleat, ern]lerz + e21, e11])" =
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(=1)"e11 + ["eg # 0.

Therefore k = 1 and @ is commutative, as well as R, which contradicts
the fact that L is non-central.

REFERENCES

1. K. I. Beidar, Rings with generalized identities, Moscow Univ. Math. Bull.,
33 (1978), 53-58.

2. K. I. Beidar, W. S. Martindale and V. Mikhalev, Rings with generalized iden-
tities, Pure and Applied Math., Dekker, New York, 1996.

3. M. Bresar, Centralizing mappings and derivations in prime rings, J. Algebra,
156 (1993), 385-394.

4. C. L. Chuang , GPI’s having coefficients in Utumi quotient rings, Proc. Amer.
Math. Soc., 103(3) (1988), 723-728.

5. J. S. Erickson, W. S. Martindale III and J.M. Osborn, Prime nonassociative
algebras, Pacific J. Math., 60 (1975), 49-63.

6. I. N. Herstein, Topics in ring theory, Univ. Chicago Press, 1966.

7. V. K. Kharchenko, Differential identities of prime rings, Algebra and Logic,
17 (1978), 155-168.

8. T. K. Lee, Semiprime rings with differential identities, Bull. Inst. Math.
Acad. Sinica, 20(1) (1992), 27-38.

9. P. H. Lee, T. L. Wong, Derivations cocentralizing Lie ideals, Bull. Ins. Math.
Acad. Sinica, 23 (1995), 1-5.

10. T. K. Lee, W. K. Shiue, Derivations cocentralizing polynomials, Taiwanese
J. Math., 2(4) (1998), 457-467.

11. 'W. S. Martindale ITI, Prime rings satisfying a generalized polynomial identity,
J. Algebra, 12 (1969), 576-584.

12. E. C. Posner, Derivations in prime rings, Proc. Amer. Math. Soc., 8 (1957),
1093-1100.

13. T. L. Wong, Derivations cocentralizing multilinear polynomials, Taiwanese
J. Math., 1(1) (1997), 31-37.



