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We define complete order amenability and first complete order coho-
mology groups for quantized Banach ordered algebras and show that
the vanishing of the latter is equivalent to the operator amenability for
the Fourier algebra.
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1. Introduction and Preliminaries

Operator spaces were introduced in the mid 1970’s after the pioneering works
of Stinespring and Arveson, and were presented to the mathematical com-
munity by Effros in his address to the ICM in 1986 [6]. The theory grew out
of the analysis of completely positive and completely bounded mappings. It
was shown by Effros and Choi that some properties shared by completely
positive mappings can be taken over to the framework of operator systems
[3]. One main idea behind [3] was to provide an abstract description of the
order structure of self-adjoint unital subspaces of C*-algebras [27]. Both the
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operator space and order structure of a C*-algebra A are naturally lifted to
the dual space A*. The situation is more interesting when the dual space
A* is a Banach algebra. A typical example is the commutative C*-algebra
A = Cy(G) of continuous functions vanishing at infinity on a locally com-
pact group G where A* = M(G) is the Banach algebra of regular bounded
Borel measures on G under the convolution product. A less trivial exam-
ple (both in order and operator space structures) is provided by the group
C*-algebra A = C*(G), which is the enveloping C*-algebra of the Banach
algebra L'(G) of absolutely integrable (with respect to Haar measure) Borel
functions on G. In this case, A* = B(G) is the Fourier-Stieltjes algebra.
The Fourier algebra A(G) and Fourier-Stieltjes algebra B(G), introduced by
Eymard in the 1960’s [9], are commutative Banach algebras which have a
natural order structure (given by the cone of positive-definite functions) and
a quite relevant operator space structure. The last assertion is best exem-
plified by the celebrated result of Ruan which shows that A(G) is operator
amenable if and only if G is amenable [23]. The significance of this result is
best understood if it is contrasted to a later result of Forrest and Runde [11]
asserting that A(G) is amenable if and only if G is abelian by finite (that is
G has an abelian subgroup of finite index). Note that by Leptin’s theorem
[15], the amenability of G is equivalent to the weaker condition of existence
of a bounded approximate identity in A(G). There are also important facts
which show the significance of the order structure of the Fourier algebra. For
instance, it is shown by Arendt, Canniére that for locally compact groups
G1 and G, the Fourier algebras A(G1) and A(G2) are order isomorphic (in
both positive-definite and pointwise orders) if and only if G; and Gy are
isomorphic and homeomorphic, whereas a similar result about usual Banach
algebra isomorphism fails [1].

This paper discusses the role of the natural order in operator spaces
and its relation to the topological structure of these spaces, especially in
amenability theory. In particular, we introduce the concept of complete
order amenability for a class of Banach algebras with order and show that it
is equivalent to operator amenability for the Fourier algebra A(G) of a locally
compact group G. Unfortunately our theory does not work very well on C*-
algebras, because multiplication of two positive elements in a C*-algebra is
not in general positive, unless they commute.

The paper is organized as follows. Section 1 is dedicated to preliminaries,
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where in subsection 1.1 we introduce basic definitions and notations. Some
of the concepts, such as (quantized) Banach ordered spaces (algebras) are
introduced in this paper for the first time. In Section 2 we shall discuss
complete order maps between operator spaces. In Section 3 we define (com-
plete) order amenability and (complete) order tensor product for a class of
(quantized) Banach ordered algebras.

There is a vast literature on operator spaces and operator algebras. We
refer the reader to [8], [19] and [27]. More details about amenability could be
found in [14], [17], and [24]. For the basic properties of the Fourier algebra,
the reader is referred to [9] and [21].

1.1 Basic definitions and notations

Let n € N and E be a vector space. We denote the vector space of n x n-
matrices with entries from E by M, (E) and we put simply M,, := M, (C).
The space M, is equipped with the operator norm | - |,, from its canonical
action on the n-dimensional Hilbert space C". Clearly M, acts on M, (E)
by matrix multiplication.

For normed spaces E and F the space of all bounded linear maps from
E to F is denoted by B(E,F). An L*-matricial norm on E is a family
(I - |n)5e such that, for each n € N, || - ||, is a norm on M, (E) satisfying

n=1
Az plln < [Alallzllnlpln, e © ylnrm = max{||lz|ln, [|y]ln}

for \,p € M,z € M,(E),y € M,,(F). The vector space E equipped
with an L°-matricial norm (|| - [|5)52 is called an L*°-matricial normed
space. If moreover each space (M,,(E), || - ||») is a Banach space, E is called
an (abstract) operator space. The dual spaces of C*-algebras and predual
spaces of von Neumann algebras can be naturally equipped with an operator
space structure [8].

Let E and F be operator spaces, and let T': E — F be a linear map.
Then
Tt : M, (E) — My (F), T™([zy]) = [T(2y5)]

is the nth amplification of T. The map T is said to be completely bounded
if |T]|ep := sup |T™|| < oo, and a complete contraction if | T < 1. When
each T(™ is an isometry, we say that T is a complete isometry. The collection
of all completely bounded maps from E to F' is denoted by CB(E, F). This
is a Banach space under || - || and, for each n € N, we have the canonical
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identification M,,(CB(E, F)) = CB(E,M,,(F)). When E and F are dual op-
erator spaces, CB? (E, F') denotes the space of all w*-continuous, completely
bounded linear maps from FE to F.

We use the notations of [8] for tensor products, in particular, E ® F,
E®VF, and EQ™F denote the algebraic, projective, and operator projective
tensor products. Also E®F is used to denote the complete von Neumann
algebra tensor product. For a normed space X, X is the unit ball of X.
When X is a von Neumann algebra, its (unique) predual is denoted by X,.
Also we use the notations ¢, 50 and =0 for jsomorphism, isometric
isomorphism, and complete isometry, respectively.

If F is a real vector space, then Fc = F + iF is the complexification
of E [26]. Each R-linear map 7" : E — F has a unique C-linear extension
T : Ec — Fc. A real vector space E endowed with an order relation <
is called a real ordered space if, given x,y € E, the relation x < y implies
z+2z<y+zand ar < ay, for all z € E and o € R,.. The positive cone of
Eis By ={x:0 < z}. Wesay that E, is properif E; N(—E4) = {0}. The
complexification of a real ordered vector space is called an ordered space.
Given ordered spaces Ec and Fg, a C-linear map T : Ec — Fc¢ is positive
if T'(E4) C Fy. An involution on a complex vector space E is a conjugate
linear map * : E — E, v — v*, such that v** = v. A complex vector space F
endowed with an involution is called an x-space. An *-space E which is also
an ordered space with positive proper cone F, is called an ordered *-space
if By C Ey,, where Fg, is the self-adjoint part of E. For an ordered *-space
E, an element e € E is called an order unit if for each v € Eg,, there is a
real number ¢ > 0, such that —te < v < te.

A (complex) Banach space A is called a Banach ordered space if it is the
complexification of a real ordered space B which is also a real Banach space,
such that:

(i) the inclusion map i : B — A is an isometry,

(ii) each element a € A can be written as a = a; — az +i(asz — as), where
ai, ..., aq are positive in A and ||a;|| < |lal|, for j =1,...,4.

For example, Banach lattices, C*-algebras and their duals are Banach
ordered spaces.

A linear map f : A — B between ordered spaces A and B is called an



COMPLETE ORDER AMENABILITY OF THE FOURIER ALGEBRA 489

order map if it can be decomposed as f = fi1 — fa+i(fs — f1), where f1,..., fa
are positive linear maps from A to B. An order isomorphism between or-
dered spaces is an isomorphism which preserves the order structure of these
spaces.

Each operator space E can be considered as a norm-closed subspace of
B(H) for some Hilbert space H [8, Theorem 2.3.5]. Then M, (E) has the
order determined by the cone M, (E); = M,,(E) N B(H")+. This is not an
intrinsic order and it depends on the representation of E in B(H), but since
operator spaces are commonly given concretely, the order structure is usually
transparent in the context. A concrete operator system on a Hilbert space
H is a self-adjoint, norm-closed linear subspace F C B(H), containing the
identity operator. Operator systems can be characterized as *-spaces which
have complete matrix norm and matrix ordering and order unit [3, Theorem
4.4]. The dual space of a C*-algebra has complete matrix norm and matrix
ordering [25, Corollary 3.2]. For more details about matrix ordering, see
[27].

A linear map ¢ : F1 — FE3 between (concrete) operator spaces E; and
FEs is called completely positive if ™ is positive for all n € N. An order
map f : E — F between operator spaces is called a complete order map if
it can be written as f = fi — fo + i(fs — f1), where fi,..., f4 are completely
positive linear maps. We use the notation L. .. (E1, F2) for the space of all
linear maps T : F1 — FEj such that T =T — Ty + i(T3 — Ty), where T;’s are
completely bounded, completely positive linear maps.

The operator projective tensor product of two operator spaces [2] could
be considered as an ordered space. In general there is no straightforward
description of the positive cone of this space, but we know that for operator
spaces E and F, (EQ™F)* =¢50 CB(E,F*). The order structure that
we use on (E@OPF )* comes from the positive cone of the operator space
CB(E, F*). Note that there are two order structures on M, (CB(E, F*)). The
first order comes from the trace pairing. A matrix [f;;] € M, (CB(E, F*))
is positive in this order if it is a positive map from M, (E) to F*, that is
([fis) [igl) = 225 5 fij(wi5) = 0 in F*, for each [z;;] € M, (E)4. As seen on
[8, page 6], in some respects this order structure is not natural for operator
spaces. The second order comes from the identification M, (CB(E, F**)) 5
CB(E,M,(F*)). An element in M, (CB(E, F'*)) is positive in this order, if it
identifies with a completely positive and completely bounded map from E' to
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M, (F*), where positive elements of M, (F*) 2!5° CB(F,M,,) are completely
positive and completely bounded maps from F to M,. In this paper, we
adapt the second order structure, unless otherwise specified. In particular, a
typical element u = e® f € E® F is positive if for each completely bounded
and completely positive linear map T : E — F*, T'(e)(f) > 0. We know
that each u € E® F can be written as u = a- (x ® y) - 3, where x € M,,(F)
and y € M, (F), a € M pm, 8 € My, 1, for some m,n € Nand z @ y =
(73§ @ Yki]mn. Therefore, for o € M .2 and z,y € M,(E) ¢, a-(r®y)-a* isa
positive element in F® F', where o* is the conjugate transpose of . Finally,
since there is a complete isometry from CB(E, F™*) onto CB(F, E*) which
identifies the corresponding positive cones, the order structures coming from

CB(F, E*) or CB(F, E*) would be the same on Q™ F.

An operator space E is called a matricial Banach ordered space if for
all n € N, M,,(F), is a Banach ordered space. A Banach algebra A is
called a Banach ordered algebra if it is a Banach ordered space such that
AL AL C Ay For example, commutative C*-algebras, Fourier and Fourier-
Stieltjes algebras are examples of Banach ordered algebras. A quantized
algebra A is a quantized Banach ordered algebra if it is a matricial Banach
ordered space such that the diagonal map A : AQ”A — A; a ® b — ab, is
a completely positive linear map.

For a normed space E with an order and positive cone E, the natural
order structure on the dual space E* is given by the cone Ef = {f € E* :
f(p) > 0 (p € E4)}. Note that the dual cone E7 is always w*-closed and
hence norm-closed. In general there is a characterization of closed positive
cones in normed spaces with order [25]. Indeed, for a normed space E with
an order the positive cone E is norm-closed if and only if x € F, whenever
x € F and f(x) > 0, for all f € E%. Moreover, the norm closure of E, is
given by E, = E* N E. We note that the positive cones of C*-algebras and
Banach lattices are closed. Throughout this paper, all real ordered spaces
are assumed to have a proper positive cone P, namely PN —P = {0}.

1.2 Operator and order structure of the Fourier algebra

Let G be a locally compact group. The Fourier algebra A(G) consists of all
coefficient functions of the left regular representation A of G,

AG)={w=(\&n) : &ne LG}
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This is a regular, commutative Banach algebra with pointwise multiplication
and the norm [Jw| = inf{||¢||||n]] : w = (A, n)}. As the predual of the (left)
group von Neumann algebra VN(G) [9], A(G) has the canonical operator
space structure given by
[0lln = sup{[(vij, wr)] : w € My (VN(G)), [wlln < 1}

for n € N and v € M,,(A(G)). Moreover, CB°(VN(G),M,,) =i M, (A(G)).
The Fourier algebra A(G) is a closed ideal of the Fourier-Stieltjes algebra
B(G), which is an operator space as the dual space of the group C*-algebra

C*(G) [9]. For more details on the operator space structure of A(G), see
[12].

The matrix order structure of B(G) comes from its operator space struc-
ture [25, Corollary 3.2]. The positive cone of B(G) is the set P(G) of all
continuous, positive-definite functions on G. Similarly the positive cone of
the Fourier algebra A(G) is P(G)NA(G). 1t is easy to see that P(G) N A(G)
is a (closed) proper cone for A(G), and hence the Fourier algebra with this
order structure is an ordered space. To see that we have imposed a natu-
ral order structure on A(G), one could observe that for a locally compact

~

abelian group G, A(G) 259 L1(G) through the Fourier transform [10]. If
we consider LI(CA}) with its pointwise order, then by a corollary of Bochner’s
theorem [10, Corollary 4.23], the above isomorphism (given by the Fourier
transform) preserves order structures. A similar observation applies to B(G),

when the canonical order of the measure algebra M (G) is transferred to B(G)
via the Fourier-Stieltjes transform [10, Theorem 4.18].

Let G be a locally compact group and for a function f : G — C let
f: G — C be defined by f(z) = f(z~"). We recall that, by [9, Theorem
3.10], for every T' € VN(G) there exists a unique ¢r € A(G)* such that
or(f*g) =@r(G*f) = (Tf,g) for all f,g € L*(G) and, moreover, T — or
defines an isometric isomorphism from V N(G) onto A(G)*. It is now easy to
see that for each T' € VN(G), ¢ € A(G)? if and only if T' € VN(G)4, that
is the positive cone of the dual space A(G)* coincides with the positive cone
of VN(G) as a von Neumann algebra. In particular, given u € A(G), we have
u € A(G)4 if and only if (T,u) > 0, for each T' € VN(G);+. The involution
on A(G) is given by f +— f*, where f*(z) = f(z~!) for x € G. This can be
compared to the involution on L'(G), given by f*(x) = A(x=1) f(z~1), for
r € G where A is the modular function of G. Both A(G) and L'(G) are
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ordered *-spaces. When G is abelian, the Fourier transform from L'(G) to

~

A(G) preserves the x-operation.

For locally compact groups G and H, we have

B(A(G),VN(H)) =% (A(G) @ A(H))".

180

Note that the right-hand side is not the same as VIN(G x H), in general. On
the other hand, we have A(G)&” A(H) =¢%° A(G x H) [8, Theorem 7.2.4],
and there is a bounded contraction ¥ : A(G) @ A(H) — A(G)®" A(H)
with dense range, given by ¥(f ® g)(z,y) = f(z)g(y), f € A(G), g € A(H),
z e G, ye HI16].

2. DECOMPOSITION OF COMPLETE ORDER MAPS

In this section we study (complete) boundedness of (complete) order maps
on ordered (operator) spaces. This is motivated by the fact that positive
maps between Banach lattices are continuous [26, Theorem I1.5.3]. We also
discuss the decomposition of maps on ordered spaces into linear combinations
of positive maps. We know that each bounded linear functional on a Banach
lattice is a linear combination of positive linear maps [26, Propositions 1.4,
5.5]. Similar decompositions for bounded linear maps from a C*-algebra to
a von Neumann algebra have been discussed in [13].

2.1 Complete order maps
The following proposition is a known result in Banach lattice theory, which
is reformulated in the Banach ordered spaces setting.

Proposition 2.1.1 — Let E be a Banach ordered space with a closed
positive cone E, and let F' be a normed space equipped with an order
satisfying ||z|| < ||y||, for all z,y € F with 0 < 2 < y. Then every positive
linear map from E into F' is continuous.

PROOF : Assume towards a contradiction that T : E — F' is a positive
linear map that is not continuous. Then 7" must be unbounded on the unit
ball U of E, and hence on Uy :=UNEy, since U CUL — Uy +i(Uy —Uy).
This implies that there exists a sequence (z,,)72; in Uy such that ||Tz,| >
n3, for each n € N. Since E, is closed, z := Y x,,/n? is in E;. Therefore
Tz > Tx,/n? > 0, for each n € N. Hence ||Tz| > n, for each n € N. This is
a contradiction.
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Note that all Banach lattices, C*-algebras and their dual spaces satisfy
the condition mentioned in the above proposition for F. Concrete examples
include A(G) and VN(G), for a locally compact group G.

Corollary 2.1.2 — Let X and Y be measure spaces such that Y is o-finite.
Then each linear map T : L'(X) — L®(Y) is an order map if and only if it
is completely bounded.

PRrOOF : Sufficiency follows from [26, IV, Theorem 1.5]. For the necessity,
we may suppose that 7' is a positive linear map. Then 7T is a bounded linear
map by Proposition 2.1.1. Hence T is completely bounded, as L*°(Y"), being
a commutative C*-algebra, carries a minimal operator space structure.

Proposition 2.1.3 — Let G be a locally compact group.

(i) If G is abelian by finite then each order map from A(G) into VN(G)
is completely bounded.

(ii) Each bounded linear map 7" : A(G) — V N(G) is completely bounded
with ||T']| = ||T"||e if and only if G is abelian.

PRrROOF : (i) Let T': A(G) — V N(G) be an order map. Without loss of
generality we may suppose that T is positive, and so by Proposition 2.1.1 it
is bounded. Thus T' is completely bounded by [12, Theorem 4.5].

(ii) The sufficiency is clear. For the necessity, consider 7" as a bounded lin-
ear map from A(G) into V.N(G). Hence T is completely bounded with ||T'|| =
||T||e» by assumption. This means that the identity map i : CB(A(G), VN(G))
— B(A(G),VN(Q)) is a surjective isometry. A simple verification shows
that U* = 4. Hence V¥ is also a surjective isometry. Therefore the maxi-
mal dimension of irreducible representations of G is 1, by [16, Theorem 1].
Therefore G is abelian.

Theorem 2.1.4 — Let M and N be von Neumann algebras. Then each
completely bounded linear map from M, to N is a linear combination of
completely bounded completely positive linear maps.

PROOF : We first note that CB(M,, N') =% (M7 N, )* 2150 MAN
[8, Theorems 7.2.4, 7.1.2]. Since M®N is a von Neumann algebra, each
completely bounded linear map T : M, — N is a linear combination of
positive elements (as an element of M®&N). Let us observe that the above
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identifications send positive elements of M®N to completely bounded and
completely positive maps from M, to N. Since the positive cone of the
von Neumann algebra tensor product is the norm closure of the positive
cone of M ® N as its *-algebra structure, we need only to check this for a
typical positive element A =37, ®, ® U, in the algebraic tensor product
MN (see [22, Definition 3.2.4]). Consider positive matrices f = [f;;] and
g = [gri] in M,,(M,)4 and M, (N,)4, respectively, then we need to show
that the scalar matrix [Y ®,(fi;) ¥, (gr)] is positive. Now note that f®g €
M (My)+ @ (Ni)+) and M, (A) € M, (M) @ M, (N) 4 and the above
scalar matrix is canonically identified with the positive matrix M, (A)(f ®
g). Now by the closedness of the positive cones and complete isomorphism
between them claim will be proved. Hence T is a linear combination of
completely bounded completely positive linear maps from M, to N.

Corollary 2.1.5 — Let G and H be locally compact groups. Then:
(i) each completely bounded map from M(G) to Co(H)** is a linear
combination of completely bounded completely positive linear maps;

(ii) each completely bounded map from B(G) to B(H)* is a linear com-
bination of completely bounded completely positive linear maps;

(iii) each completely bounded map from A(G) to VN(H) is a linear
combination of completely bounded completely positive linear maps;

Theorem 2.1.6 — If one of the locally compact groups G and H is
abelian by finite, then each bounded linear map T from A(G) to VIN(H) is
a complete order map.

PROOF : It is enough to recall that in this case, A(G) ®7 A(H) =i
A(G)®T A(H) =0 A(G x H) [16, Theorem 1], [8, Theorem 7.2.4]. Note
that the first isomorphism between two Banach spaces is not necessarily
an isometry, whereas the second one is a complete isometry between two
operator spaces. Now the result follows by going to the dual spaces.

Proposition 2.1.7 — Let G and H be locally compact groups, and let
¢ : A(G)®" A(H) — C be a positive linear map with respect to the natural
order structure of A(G)®” A(H) as an operator space. Then the canonical
induced map ¢ : A(G) — VN(H) is completely positive.

PROOF : Let ¢ : A(G)®”"A(H) — C be a positive linear map. We
must show that, for each n > 1, the n-th amplification ¢ : M, (A(G)) —
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M, (VN(H)) is a positive map. Let x = [z;;] be in Ml,,(A(G))+ and y = [y]
be in M, (A(H));+. We need to check that ™ (z)(y) = [p(xi)][ym] =
[p(xij @ Y] is a positive scalar matrix. Let a = (c1,...,¢mn) be a scalar
row vector and put u = a- (z®y)-a*. Then u belongs to (A(G)&” A(H))%..
Therefore (¢ (z)(y)a, a) = p(a- (z @ y) - a*) = p(u) > 0.

3. COMPLETE ORDER AMENABILITY

3.1 Order approzimate diagonals

In this section we introduce the new concept of order amenability for Banach
ordered algebras which takes their order structure into account. An opera-
tor version of this concept would be defined for quantized Banach ordered
algebras. This is to give a role to the order structure of ordered (operator)
algebras in the theory of amenability. In classical amenability theory, one of
the equivalent definitions of amenability for a Banach algebra A is through
the assumption of the existence of a net inside the projective tensor prod-
uct A ®7 A, called the approximate diagonal. A similar object in AR A is
related to operator amenability, when A has an additional operator space
structure [23]. Here we define order amenability through the introduction of
an order approximate diagonal. In the next section, the relation with (more
familiar) approach based on derivations will be discussed. For a review of
the basic results in the classical amenability theory of Banach algebras, in-
terested reader is referred to [4], [17], [20], [21], and [24].

In order to define order approximate diagonals, we need an appropriate
notion of order tensor products of ordered spaces.

Let F and F' be two ordered spaces which are normed spaces as well,
and let L, (E, F') be the space of all bounded linear maps 7' : E — F such
that T'= Ty — Ty + i(T3 — Ty) for some positive bounded linear maps T,
i =1,...,4. Consider the seminorm || - ||, defined on the algebraic tensor
product £ ® F by

n n
1D ai @ billory := sup{] Y T(ai)(bi)| : T € Lop(E, F*),||T]| < 1}.
i=1 i=1
Then || - |lor is @ norm on E ® F if and only if L, (E, F™*) is a separating

family, considered as a family of linear functionals on F® F'. If this is the case
(as we shall see later in several examples), we define EQ°" F' as the completion
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of E® F with respect to || - ||or and we call it the order tensor product of E
and F. Recall that, for operator spaces E and F, L., (F, F) is the space
of all bounded linear maps 7' : E — F such that T' =T, — Ty + (T3 — T})
for some completely positive completely bounded linear maps T;, i = 1, ..., 4.
We define the seminorm || - [|c.or on E ® F' by

13" a0 @ billeory = sup{] S T(@) ()] T € Leon (B, F*), | T < 1}
i=1 i=1

Again this is a seminorm, and whenever it is a norm, we define £ Q%°" I
as the completion of E ® F with respect to || - ||c.or and call it the complete
order tensor product of E and F. In this paper whenever we talk about

(complete) order tensor products, we assume || - ||, (respectively, || - [|c.or) 18
a norm.
For two normed spaces E and F, we say that a norm || - ||' on E® F

is a cross norm if for each z € E and y € F, |z @ y|' = ||z[/|lyll. We
note that for two ordered spaces E and F, F ® F' is an ordered space with
co{a®b,a € E4, b € F,}, the convex hull of the set {a®b,a € E, b€ F},
as its positive cone [5]. For simplicity we denote this convex set by F ® Fy.
Since the closure of this cone in E ®°" F' is not necessarily a proper cone, in
the sequel we consider E ®°" F' as an ordered space with the same positive
cone co{a ® bya € Ey, b € Fi}, i.e. an arbitrary element u € E ®°" F is
positive if and only if u € EL ® Fy.

Now, let G and H be locally compact groups. As in the proof of Propo-
sition 2.1.7, the complete isomorphism A(G)®” A(H) =2¢%° A(G x H) pre-
serves positive cones, and so (A(G)@)Op A(H)) , is a closed proper cone.
Therefore

(A(G) &7 A(H)), = A(G)s ® A(H); C (A(G)BTA(H),

Theorem 3.1.1 — Let E and F be ordered spaces which are Banach
spaces. If || - |lor is a cross norm on E @ F, then Lo (E, F*) 2 [, (E ®°"
F,C).

PROOF : For each T' € L, (E, F*), let ®(T) : E® F — C be the linear
map associated to the bilinear form (a,b) — T'(a)(b) on E x F. Then

Ie(T)l= p sup (D) _awb)|= p sup Y T(a)b:)| < 7).

H ai®bi‘|or§1 H ai®biHoT§1
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Hence ® : L, (E, F*) — (FE ® F)* is a contraction which clearly maps
positive elements to positive linear functionals, therefore it defines a linear
map from Lo, (E, F*) into Lo (E ® F,C). On the other hand, since || - || is
assumed to be a cross norm,

1T} = = sup  [T(a)(b)] = sup [[(T)(a@b)|| <[2(T)],
llall<1,]lblI<1 l|a®bllor<1

hence ® is an isometry. Conversely, it can be easily verified that, for each
S € Lo (E ® F,C), the linear map ¥(S) : E — F* defined by ¥(S)(a)(b) =
S(a®b),a € E, be F,is an element of L,.(E, F*), with ®(¥(S)) = S.
Therefore @ is a surjective linear isometry.

Proposition 3.1.2 — Let G and H be locally compact groups. Then
A(G)@OPA(H) ~viso A(G) @< A(H).

—1is0

PROOF : Recall that (A(G)®” A(H))* =0 CB(A(G), VN(H)), which
by the Hahn-Banach theorem implies that, for each u € A(G) ® A(H),

lullop = sup{| Y T(ai)(bs)| : T € CBA(G), A(H)"), | T||ep < 1}.

i=1
Now since by Corollary 2.1.5 (iii), CB(A(G), A(H)*) = Le.or(A(G), A(H)*)
it follows from the above equality that || - |lop = || - ||cor on the algebraic

tensor product.

Before we turn to (quantized) Banach ordered algebras, we feel obliged
to present some examples in which the seminorms introduced in this section
are (cross) norms. We also give some negative examples, for which these are
not norms.

Let A be a C*-algebra and M be an injective von Neumann algebra.
Then by [18, Corollary 2.6] or [13, Theorem 2.1] we have

(A@OPM*)* ~vC.iso CB(A,M) = Lc.or(AaM) - Lm(A;M)y

which implies that || - || and || - ||c.or are cross norms on A ® M.,. Finally,
for each locally compact group G, by Corollary 2.1.5 (iii),

CB(A(G)a VN(G)) = Lc.or(A(G)> VN(G)) c LOT‘(A(G)7 VN(G)) c

B(A(G), VN(G)),
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hence [|.|lop = [|-lc.or < |I-llor < |||+, on A(G) ® A(G), and in particular ||| o
and ||-||c.or are cross norms. When G is abelian by finite, by Proposition 2.1.3
(i) and [8, Proposition 7.1.2], (A(G)®7A(G))* =° L,.(A(G),VN(QG)),
and so || - |lop < || - llor < d| - ||op, Where d is the maximal dimension
of irreducible representations of G. In this case, Lo (A(G), VN(G)) =i
CB(A(G),VN(Q)) if and only if G is abelian.

We recall that the complete boundedness of order maps between two
operator spaces really depends on the operator space structure and one
could imagine much more general cases where all order maps are completely
bounded. For an arbitrary Banach space E, consider the Max operator space
structure, defined as follows: for [a;;] € My (E), let [/[ai]llm, Max(E) =
sup ||[u(aij)]lIm, (B(#,)), Where the supremum is taken over all contractive
representations v : E — B(H,) of F on a Hilbert space H,. Then (E ®7
F)* =50 (Max(E)®”F)*, for each operator space F [8, Relation 3.3.9].
Hence

Le.or(Max(E), F*) C Lo,(Max(E), F*) C B(E, F*) C CB(Max(E), F*).

There are cases that there is no non-zero, order-preserving, continuous
linear functional on a Banach space with order. Let H be a Hilbert space,
consider the singly generated closed subspace A = (T'), of B(H) generated
by a non-normal bounded operator T'. If T' = (Ty — Ts) + i(T5 — T4), where
T;’s are positive operators, then since T™* does not belong to A, at least one of
T;’s does not belong to A. But A is a w*-closed subspace of B(H ), therefore
there is a Banach space X such that X C B(H) and X* 22¢%° A and the
order structure of X* and A are the same. Now the above observation means
that there is no nontrivial continuous functional on X which is an order map,
that is Lo (X, C) = {0}.

Proposition 3.1.3 — Let G be a locally compact group. Then the Fourier
algebra A(G) is a quantized Banach ordered algebra.

PROOF : Consider the canonical complete contraction A : A(G)&” A(G) —
A(G). We shall show that A is completely positive. But complete posi-
tiveness of A is equivalent to the complete positiveness of its adjoint map
A*: VN(G) —» VN(G x G). For z,y € A(G), AN (Ne)(z @ y) = Ae(zy) =
Ae,e) (T @ y), where e is the identity of G. Therefore the complete contrac-
tion A* maps identity to identity, and hence is completely positive by [8,
Corollary 5.1.2].
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In order to define order-approximate diagonals, we need to have an ap-
propriate notion of order Banach modules and show that there is a canonical
action of A on A ®°" A.

Let A be a Banach ordered algebra, and X be a Banach space which is
an ordered space. Then X is called a left Banach ordered A-module if it is a
left Banach A-module such that the module action A x X — X is a positive
map. For a quantized Banach ordered algebra A, an operator space X is
a left Banach completely ordered A-module if it is a left operator A-module
and the module action AR X — X is a completely positive map. The right
Banach (completely) ordered A-module and Banach (completely) ordered
A-bimodule are defined similarly. It is easy to see that if X is a left Banach
(completely) ordered A-module, then X* is a right Banach (completely)
ordered A-module, under the canonical actions. Clearly, each quantized
order Banach algebra A, is Banach completely ordered A-bimodule.

Let A be a Banach ordered algebra. Then the isometric inclusion L,, (A, A*)
C B(A, A*) induces a canonical action of A on L, (A, A*). Also there is a
canonical module actions of A on A ® A such that z- (e ® b) = za ® b, for
z,a,b € A. Moreover for x,a;,b; € A, i =1,...,n,

n n n
2> " ai @ billor = | Y xa; @ billor = sup 1> T(xa;)b]
=1 i=1

TELOT(AuA*)vllT”Sl =1

< [l| sup > T(ai) (bi)].

T€Lor(A,A*)|IT|I<1 ;5

Therefore, the latter action extends to a continuous action of A on A®°"
A such that ||z - ullor < ||z||||t|lor, for each z € A, u € A ® A. Also
from Ay Ay C A4, it follows that the module map is positive. A similar
observation for the right actions shows that A ®°" A is a Banach order A-
bimodule. This induces a module structure on (A ®°" A)*, hence L, (A, A*)
is also a Banach order A-bimodule. Unfortunately, for a quantized Banach
ordered algebra A, we are not aware of any natural operator space structure
on A ®%°" A, but for a locally compact group G, Proposition 3.1.2 implies
that A(G) ®@“°" A(G) has a canonical operator space structure, and it is
straightforward to check the following proposition.

Proposition 3.1.5 — Let G be a locally compact group. Then A(G) ®@%°"
A(G) is a Banach completely ordered A(G)-bimodule.
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Definition 3.1.5 — (i) Let A be a Banach ordered algebra with a bounded
diagonal operator A : A @ A — A. We say that A is order amenable
if there is a bounded net {m,} in A ®°" A such that a.my, — my.a — 0
and a.A(mgy) — a, as @ — oo, for each a € A. We call {my} an order
approximate diagonal for A.

(ii) Let A be a quantized Banach ordered algebra with a bounded diag-
onal operator A : A" A — A such that A®%°" A is a Banach completely
ordered A-bimodule. We say that A is complete order amenable if there is a
bounded net {m,} in A®“°" A such that a.my—my.a — 0 and a.A(m,) — a,
as a — oo, for each a in A. We call {m,} a complete order approximate
diagonal for A.

Note that the diagonal map A from the algebraic tensor product A ® A
into A is not necessarily bounded in the (complete) order norm and so it
does not extend to an operator on A ®”" A (on A ®“°" A, respectively) in
general. We have defined (complete) order amenability for the class of those
(quantized) Banach ordered algebras for which such an extension exists. The
Fourier algebra is a typical example for which the diagonal map is bounded
in both [|-[or and | [lcr-

Clearly each order amenable Banach ordered algebra has an approximate
identity. Some of the other well known facts about amenability also hold for
order amenability. For instance, if A and B are Banach ordered algebras
and § : A — B is a bounded positive homomorphism with dense range,
then the order amenability of A implies the order amenability of B. Indeed
if {mq} is an order approximate diagonal for A, then {(§ ® 6)(m,)} is an
order approximate diagonal for B.

Theorem 3.1.6 — Let G be a locally compact group. Then A(G) is
operator amenable if and only if it is complete order amenable.

PROOF : As we noted earlier, || - |op = || - ||c.or On the algebraic tensor
product A(G)®A(G). Hence the diagonal map A : A(G)®“" A(G) — A(G)
is completely bounded. On the other hand A(G) ®“°" A(G) 2%° A(G) ®%P
A(G), as Banach A(G)-modules by Proposition 3.1.2, and we know that
the operator amenability of a quantized Banach algebra is equivalent to the

existence of an operator bounded approximate diagonal.

We do not know if amenability of A(G) is equivalent to its order amenabil-



COMPLETE ORDER AMENABILITY OF THE FOURIER ALGEBRA 501

ity.

3.2. Order derivations

In this section we briefly study cohomological aspects of (complete) order
amenability by introducing (complete) order derivations. This is more in line
with the original idea of amenability [14]. For a Banach ordered algebra A
and Banach ordered A-bimodule X, let Z1.(A, X) := Lo-(A, X) N Z1(4, X)
and Bl (A, X) := Ly (A, X)NBY(A, X). These are called order inner deriva-
tions and order derivations, and consist of those derivations and inner deriva-
tions from A to X which are order maps, respectively. Let Hl (A, X) :=
BL.(A, X)/ZL.(A, X) be the first order cohomology group of A with coeffi-
cients in X . Similarly, for a quantized Banach ordered algebra A and Banach
complete ordered A-bimodule X, we could define complete order derivations
ZL (A, X) and complete order inner derivations Bl (A, X) and form the

c.or

first complete order cohomology H} (A, X) of A with coefficients in X.

c.or

Proposition 3.2.1 — Let A be a Banach ordered algebra with a positive
bounded approximate identity, and let the diagonal operator A : A Q%" A —
A be bounded. If H..(A, X*) = 0 for all ordered A-bimodule X, then A is

order amenable.

PRrROOF : Let {e,} be a positive bounded approximate identity of A.
Then {eq ® €4} is a bounded net in A ®°" A, and since the positive cone
of a dual space is always w*-closed, it has a positive w*-cluster point E
in (A A)**. Let A* : (A A)*™ — A™ be the second conjugate of
A. Then ker(A*) = (ker(A))*, hence ker(A**) is a Banach ordered A-
bimodule. Given N € (A ®°" A)**, let ady : A — (AR A)** be defined by
ady(z) = N-z—x-N,x € A. Then adg(A) C ker(A**) and since the order
cohomology is assumed to be trivial and adg is an order derivation, there is
N € ker(A*) such that adgp = ady. Let {m} be a bounded net in A®"" A,
w*-converging to E— N in (A®°" A)**. Then {m4,} is an order-approximate
diagonal for A.

Proposition 3.2.3 — Let A be a (quantized) Banach ordered algebra
with a bounded diagonal operator A whose first (complete) order coho-
mology with coefficients in X* vanishes for all Banach (complete) ordered
A-bimodules X. Then A has a bounded approximate identity.

ProOOF : Consider the canonical left module action m : A x A** — A**
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and zero right module action m’ : A** x A — A**. Since the right action
is trivial, the embedding D : A — A** is a (completely) positive order
derivation on A, therefore there is £ € A** such that D(a) = a - E. Let
{zq} be a net in A, w*-converging to E. Then {a - z,} is w*-convergent to
a-E = a, and appropriate convex combinations of {x,}’s provide a bounded
approximate identity for A.

Proposition 3.2.3 — Suppose that H!

c.or

(A(G), X*) = 0 for each Banach
completely ordered A-bimodule X. Then A(G) is complete order amenable.

PROOF : Let {e,} be a positive bounded approximate identity of A(G).
Then {e, ® ey} is a bounded net in A(G) @“°" A(G) which has a w*-cluster
point E in (A(G) ®“°" A(G))%*. Consider the completely bounded and com-
pletely positive diagonal operator A : A(G) @“" A(G) — A(G). Then
ker(A**) = (ker(A))* is a Banach completely ordered A(G)-bimodule and
adp(A(G)) C ker(A*), where adg is as in Proposition 3.2.1. Note that
x — E -z is a completely positive linear map on A(G), indeed for each
[Ty] € Mon(CB(A(G), VN(G)))s, [E - aiy][T7] = B({([as): [Tia]))), which is
positive. Thus [E - a;j] € CB(CB(A(G),VN(G)),M,)4, for each n € N and
[aij] € Mp(A(G))+. Hence adg is a complete order derivation, and therefore,
there is N € ker(A**) such that adg = ady. Let {m,} be a bounded net
in A(G) @“°" A(G), w*-converging to £ — N in (A(G) @%°" A(G))**, then
{my} is a complete order-approximate diagonal for A(G).

Corollary 3.2.4 — The Fourier algebra A(G) is operator amenable if
and only if all complete order derivations from A(G) to any dual Banach
completely ordered A(G)-bimodule are inner.
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