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Let G be a finite group. A subgrouff of G is called aC' AP-subgroup if
the following condition is satisfied: for each chief facty L of G either
HK = HLor HN K = HnN L. Letp be a prime factor ofG| and let
P be a Sylowp-subgroup ofG. If d is the minimum number of genera-
tors of P then there exists a family of maximal subgroupsghfdenoted by
My(P)={Py, Py, ..., Py} such thatﬁfl:1 P, = ®(P). In this paper, we
investigate the groug: satisfying the condition: every member of a fixed
My(P) is a C AP-subgroup ofG. For example, if, in addition(F is p-
solvable, therti is p-supersolvable.
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1. INTRODUCTION

All groups considered in this paper are finite.

Letp be a prime dividindG| and letP be a Sylowp-subgroup ofz. Consider
a subset ofM(P), the set of all maximal subgroups &f. In [8] Shirong Li
introduced the following:

Definition1.1 — Letd be the minimum number of generatorsfaf Then there
exist maximal subgroupB;, ..., P, of P such thaﬁf:1 P; = ®(P), the Frattini
subgroup ofP. By M,(P) denote the family of subgroups, ..., P; with the
above property.

We call M4(P) a Mg4-system ofP. SuchM,(P) is not unique in general.
Fix a My(P) for a given Sylowp-subgroupP. An interesting topic is to study the
influence of subgroups iM,(P) on the structure ofs.

The following concept is required in the paper. eand K be normal sub-
groups ofG with L < K. A subgroupH of G covers the normal factak' /L if
HK = HL holds; H avoidsK /L providedH N K = H N L. If H either covers
or avoids each chief factor af, then H is said to possess the cover-avoidance
property. Such a subgroup is called’al P-subgroup oiG. This concept was in-
troduced by W. Gasdhz in 1962 [2] and studied by many authors. For example,
see|l, 3,4,5,9].

The objective of this paper is to investigate the gréugatisfying the following
condition: each member in a fixedl ;( P) is aC' AP-subgroup of5.

We note that if the Sylow-subgroupP of G is of orderp, then M 4(P) is
a singleton set, its unique member is the subgrfup In this case one cannot
expect a detailed structure 6f. So some additional condition is necessary for
our research. Also, we have to be careful in proving our theorems because the
condition is not inherited by subgroups and quotient groups in general.

2. SOME BASIC PROPERTIES

In this section we collect some results which are needed in the sequel.

Lemma2.1 — LetS be aC AP-subgroup of a grougr and N < G. Then the
following statements are true:
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(i) NisaCAP-subgroup of.

(i) SN/N is aCAP-subgroup of7/N.

(i) SN isaCAP-subgroup of.

(iv) SN NisaCAP-subgroup ofz.

(v) If N <8, thenN is aCAP-subgroup ofS.

PROOF: (i) Let K /L be a chief factor ofz. Then we can see thA{f NN K) <
Gand soL(NNK) = KorL. If LNNnK) = K,thenNK = NL. If
L(NNK)=L,thenNnNK = Nn L. It follows thatN is aC AP-subgroup of
G.

By [10, Proposition 2.2.1], (ii)-(iv) follows.

The statement (v) is an immediate consequence of (i).

Lemma2.2 — Let K/ L be a chief factor of a grou@. Then

(i) If H is ap-subgroup of7 andH coversK /L, thenK/L is ap-group.

(i) If H is a maximal subgroup of a Syloy+subgroup ofG and H avoids
K/L, then|K/L|, =1 orp.

PrROOF: (i) By hypothesis HK = HL. SOHK/L = HL/L = H/H NL
and henced K/ L is ap-group. It follows thati/ L is ap-group, as desired.

(ii) Suppose that (i) is not true so that divides|K/L|. Let P be a Sylow
p-subgroup of containingH. ThenP N K and P N L are Sylowp-subgroups of
K and L respectively, s@? divides the indexP N K : PNL|. f PNK < H,
then it follows fromH avoidsK/LthatPN K < HNK =HNL < PNL,
a contradiction. So® = H(P N K), we have|P/H| = |H(P N K)/H| =
\IPNK/HNK|=|PNK:HNL|=|PNK:PnL||PNL:HnNL| thusp?
divides|P : H|, in contradiction to the fact tha¥ is a maximal subgroup a?.

Lemma2.3 — Letp be a prime dividing the order of a grodp If the normal
factor K/L is either ap’-group or a cyclic group of ordes, then all maximal
subgroups of Sylow-subgroups of either cover or avoids/ L.

PROOF: Let P be a Sylowp-subgroup of7 and letP; be a maximal subgroup
of P. ltis clear that K/L| = |PAK : PLI|PPNK : PPNL|l. If K/Lisa
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p/-group, sincelP, N K : P, N L| is a number dividing the order af;, then
|IPPNK:PiNLl=1andsoP, N K = P, NL,as desired. IfK/L| = p, then
‘PlK : PIL’ =1 Or|P1ﬂK : PlﬂL‘ =1,i.e., LK =P LorPPNK =P nNL.
HenceP; covers or avoids</ L, the proof of the Lemma is complete.

Lemma2.4 — If G is p-supersolvable, then every maximal subgroup of any
Sylow p-subgroup of7 is aC A P-subgroup of5.

PROOF: Since each chief factor ofjasupersolvable group is eithepagroup
or a cyclic group of ordep, the result follows from Lemma 2.3.

The following famous theorem of Gadtz is used for Lemma 2.6 and thus in
the proof of the theorems 3.

Theorem2.5[6, |, Hauptsatz 17.4] —et N be a normal abelian subgroup
of a groupG and letN < M < G such tha{|N|,|G : M|) = 1. If N has a
complement iV, thenN has a complement i&.

Lemma2.6 — Let P be a Sylowp-subgroup of a groug-, p a prime and
let O,(G) > 1 be elementary abelian. Suppose that for each minimal normal
subgroupV contained inD,(G) there exists a membét; in a fixed M (P) such
that P; avoids the chief factorv/1. ThenO,(G) is a direct product of normal
subgroups ot of orderp andG = O,(G) x M, the semi-direct product @, (G)
with some normal subgroupf .

PROOF: Let V; be a minimal normal subgroup 6f contained in0,,(G). By
hypothesis there existsia in M,(P) such thatP; avoidsN; /1, thatis,P,N N} =
P;N1 = 1. Because’; is a maximal subgroup d?, it follows that|N;| = p. Thus
the normal subgroupV; is complemented i. In the light of Theorem 2.5V,
has a complement subgroug in G such thatG = N; x M. Itis clear that
Op(G) = N1(0,(G) N M) andO,,(G) N M < M. SinceO,(G) is an elementary
abelianp-group,0,(G)NM <G. If O,(G)NM = 1, as desired. 10,(G)NM # 1,
then there exists a minimal normal subgravpof G such thatV, < O,(G)N M.
By hypothesis, there is a memberi ;(P) avoidsN» /1, sayP. It follows from
PNNo=P,Nl=1 that|N2] =p. LetQ € Sylp(M). SinceN; f PN Q(Z =
1,2), we can see thaP = (P, N Q)N N,. By Theorem 2.5N1 N, possesses a
complement subgroup id, sayH . ThatisG = Ny Ns x H. Furthermore, we may
assume that there is a subgraupof G and normal subgroups;(i = 1,...,r) of
G of orderp contained inD,(G) such that

G = (Nyx---xN;)x M.
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whereM possesses order as small as possible. In order to finish the proof we only
need to prov&),(G) N M = 1. Infact,0,(G) = (N1 x - -+ x N;)(Op(G) N M).
If O,(G) N M # 1, then there is a minimal normal subgrodpof G such that
N < O,(G) N M. By hypothesis somé&; in M,(P) avoidsN/1,i.e,P,N N =
P;n1 = 1. It follows that|N| = p. ThusP; is a complement subgroup of
in P. On the other hand, we have = PN (N} X -+ x N, )M = (Ny x -+ %
N,)(PNM),soP N M is a Sylowp-subgroup of\/. Now, P; is of indexp in P
andP = P;(PNM), soP;N(PNM)isamaximal subgroup d? N M. This fact
means thatV is complemented in the SyloptsubgroupP N M of M. Applying
Theorem 2.5 again, we can see thahas a complement subgrodipin M. That
is, M = N x K. Consequently, we deduce that

G=(Nyx---xN,xN)xK, K<M,

which contradicts to the choice éf, completing the proof.

3. MAIN RESULTS

We first observe the-supersolvability of a-solvable group by means 6fA P-
subgroups.

Theorem3.1— Let G be ap-solvable group and Id? be a Sylowp-subgroup
of G, wherep is a fixed prime. Then the following statements are equivalent:

(i) G is p-supersolvable.

(i) Every member inM(P) is aC AP-subgroup of.

(iii) Every member in a fixedM 4( P) is aC AP-subgroup of5.
PROOF: (i)= (ii): It is obvious by Lemma 2.4.

(i) =(iii): Trivial.

(i) =(i): Suppose that the theorem is false anddebe a counterexample of
minimal order. LetM 4(P)={P1, P, ..., Py}. By hypothesis, eack, is aC AP-
subgroup ofG.

We prove the theorem by the following statements:

(1) Oy (G) = 1.
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SetB = Oy(G). ThenPB/B is a Sylowp-subgroup ofG//B, which is
isomorphic toP, sod is also the minimum number of generatorsioB/B. It is
easy to check that

My(PB/B) = {P\B/B,P,B/B, ..., P,B/B}

isaM-system ofP B/ B, and allP, B/ B areC' A P-subgroups of7/ B by Lemma
2.1 (ii). HenceG/B satisfies the hypothesis of theorem.df,(G) # 1, then
G /Oy (G) is p-supersolvable by the choice ¢f, and it follows thatG is p-
supersolvable, which is a contradiction.

(2) 2(0,(G)) = 1, 500,(G) is elementary abelian.

Suppose thab(0,(G)) # 1. Then, by a similar argument as (§)/ ®(0,(G))
satisfies the hypothesis of our theorem by Lemma 2.1(ii). We concludé}phht
(Op(G)) is p-supersolvable by the minimality af’. In view of [6, I, 3.3],
P(0,(G)) < ®(G), it follows that G/®(G) is a homomorphic image aff /P
(0Op(@)) and hence-supersolvable. By a theorem of Huppert [6, VI, 8.6@Glis
p-supersolvable, a contradiction.

(3) Op(G) = N1 x Ny x --- x Ny, where eactV;(: = 1,2,...,t) is aminimal
normal subgroup ofs of orderp.

As G is p-solvable and),/(G) = 1, thenO,(G) > 1. Let N be a minimal
normal subgroup ofr such thatv < O,(G). If every P; in My(P) covers the
chief factorN/1, then P;N = P;, which implies thatV < ﬂle P, = ®(P).
By [6, Ill, 3.3], N < ®(G). We can see that'/N satisfies the hypothesis of our
theorem by Lemma 2.1(ii). Thus, by the minimality@f G /N is p-supersolvable,
and soig7/®(G). Consequently is p-supersolvable, a contradiction. Therefore,
there exists’; in M4(P) which avoidsN/1. Thus (3) follows from Lemma 2.6.

(4) G/0O,(G) is p-supersolvable.

In (3), eachn; is a normal subgroup af of orderp, so Aut(N;) is cyclic of
order dividingp — 1. SinceG/Cq(N;) S Aut(NN;), it follows thatG/Cq(N;) is
cyclic of order dividingp—1. In particular,G/Cq(1V;) is certainlyp-supersolvable.

As the class of alp-supersolvable groups is a saturated formation, thus we know
thatG/ N C(1V;) is p-supersolvable [6, VI, Satz 7.1, 7.2 and 8.6]. Furthermore,
applying (3), we see that'/ N Ca(N;) = G/Cq(Op(G)), s0G/Cq(0p(G))

is p-supersolvable. On the other hand, the result of [11, Theorem 9.3.1] gives
Ca(0,(GQ)) < 0,(G), it follows thatG/O,(G) is p-supersolvable.
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Again applying (3), each chief factor @¥ contained inO,(G) is cyclic, so
all p-chief factors ofGG are cyclic. It follows thatG is p-supersolvable, a final
contradiction, which completes our proof.

Remarkl : A5 and PSL(2,7) show that the condition that is p-solvable is
necessary for Theorem 3.1.

A particular case ofr-supersolvability, whem is the set of all primes dividing
the order ofG, is the usual supersolvability. Theorem 3.2 is clearly inspired by
Theorem 3.1. However no hypothesis on the solvability is needed here. In fact, the
solvability is deduced from the other hypothesis.

Theorem3.2— Let G be a group. Then the following statements are equiva-
lent:

(i) G is supersolvable.

(i) For each Sylow subgroup’ of G, every member inM(P) is a CAP-
subgroup of.

(iii) For each Sylow subgroup’ of G, every member in a fixedA1,(P) is a
CAP-subgroup of;.

PROOF: (i) implies (ii) by Lemma 2.4 and (ii) implies (iii). Now, let statement
(i) hold, we want to show that7 is supersolvable. Firstly, we claim thét is
solvable. Suppose that there exists a non-solvable chief factét, shy K/ L.
Then there exists a primesuch that? divides|K/L|. By hypothesis, there is a
M (P) such that every membéi/ in M4(P) is a CAP-subgroup ofr. Apply
Lemma 2.2(i) to see thdt/ doesn’t covet’X /L, soM avoidsK /L. Lemma 2.2(ii)
indicates thatK'/L|, = 1 or p, which is a contradiction. Therefore we conclude
thatG has no non-abelian chief factor and heligés solvable.

Now we are in the hypothesis of Theorem 3.1 for all prime€onsequently
G is p-supersolvable for all primes That is,G is supersolvable.

The following two theorems study thenilpotency of a group.

Theorem3.3— Letp be the smallest prime dividing the order of a graéiand
let P be a Sylowp-subgroup of=. Then the following statements are equivalent:

(i) G is p-nilpotent.

(i) Every member inM(P) is aC AP-subgroup of5.
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(iii) Every member in a fixed\4(P) is aC AP-subgroup of.

PROOF: By Lemma 2.4, statement (i) implies statement (ii). And it is clear
that statement (ii) implies statement (iii). Now we assume that statement (iii) is
true, that is, every member it ;(P) is aC AP-subgroup of7. We want to show
thatG is p-nilpotent. Firstly, we claim that? is p-solvable. In fact, lefx/L be a
chief factor ofG and the order ofC/ L is divisible byp. If M € M,(P), thenM
is aC' AP-subgroup of by hypothesis. If\/ coversK/L, thenK /L is ap-group
by Lemma 2.2(i), as desired. If/ avoidsK/L, then|K/L|, = p by Lemma
2.2(ii). Asp is the smallest prime dividing the order Gf by Burnside’s theorem
[6, 1V, 2.6 and 2.7],K/L is p-nilpotent. Hencd</ L is ap-group. We can see that
G is p-solvable. It follows from Theorem 3.1 thétis ap-supersolvable group.

Let
1=Go<Gi1 <+ <G, =G

be a chief series afi. Then anyp-chief factorG;/G;_1 of G is cyclic of orderp,
SO

(G/Gi-1)/Cqyc, ,(Gi/Gi1)

is cyclic of order dividingp — 1. On the other hand, the minimality pimplies that
G/Gi1 = CG/GFl (Gi/Gi—1),1.e.,G;/Gi—1 < Z(G/G;-1). By [6, IV, 4.4], it
follows thatG is p-nilpotent.

If we remove the hypothesis of Theorem 3.3 that the smallest prime, then
we have the following theorem:

Theorem3.4— Letp be a prime dividing the order of a groapand letP be
a Sylowp-subgroup ofG. If N (P) is p-nilpotent, then the following statements
are equivalent:

(i) G is p-nilpotent.
(i) Every member inM(P) is aC AP-subgroup of5.
(iii) Every member in a fixed\ 4( P) is aC AP-subgroup of=.

PROOF: (i) = (ii): A p-nilpotent group isp-supersolvable, conclusion (ii)
follows from Lemma 2.4.

(ii) = (iii): Clear.
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(iii) =(i): Suppose that the result is false and detbe a counterexample of
minimal order. Write

Ma(P) ={Py,..., Py}

(1) Oy (G) = 1.

In fact, if O, (G) # 1, then we can consider the quotient grapO,, (G). Set
N = Oy (G). Then every Sylow-subgroup ofG/N possesses the forfdAN/N,
whereP is a Sylowp-subgroup ofG. SincePN/N = P, it follows that PN/N
is generated byl elements. Thus we can take(,(PN/N) = {P,N/N|P; €
M (P)}. By Lemma 2.1(ii), we can see thBtN/N is aC AP-subgroup of7 /N
for all i. Also, Ng/ny(PN/N) = Ng(P)N/N, hence it isp-nilpotent because
N¢(P) is p-nilpotent. Thus&/0,,(G) satisfies the hypothesis of our theorem. By
the choice ofG, G/O,/(G) is p-nilpotent and it follows that7 is p-nilpotent, a
contradiction.

(2) Coreq(®(P)) = 1, particularly®(U) = 1 whereU = O,(G).

Itis clear that®(U) is normal inG and®(U) < ®(P). If Coreq(®(P)) # 1,
then there exists a nontrivial normal subgravipf G contained iC'oreq(®(P)).
As in the proof of (1), it is easy to check th@y/ N satisfies the hypothesis of our
theorem. By the minimal choice &, G/N is p-nilpotent. SinceV is a subgroup
of ®(P), N < ®(G) by [6, Ill, 3.3]. Let H/N be a normalp-complement of
G/N. By Schur-Zassenhaus theorem [11, Theorem 9.1.2]Robinson, there exists a
complementk’ of N in H, this implies thatK¢ is also a complement oV in H
foranyg in G. It follows from Schur-Zassenhaus theorem that there is an element
h € H such thatk9" = K and hencgy € h™!Ng(K) C HNg(K). ThusG =
HN¢g(K). SinceN is a subgroup oft(G), G = HNg(K) = NKNg(K) =
N¢g(K) andK is normal inG. ThereforeG is p-nilpotent.

(3) If N is a minimal normal subgroup af and N is a p-subgroup, then
IN|=p.

If all P, € My(P) cover the chief factotN/1, then PN = P,, soN is
contained in eacl®; and henceV < (| P, = ®(P), contrary to (2). Thus there
exists some>; avoidsN/1, thenP, N N = P, N1 = 1, which givesP = P, x N
and henceN| = p.

(4) All minimal normal subgroups af are inO,(G).
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Suppose that (4) is not true and there is a minimal normal subgkbugat-
isfying H ¢ O,(G). As Oy (G) = 1, we havepHH| and H is a non-abelian
characteristically simple group. We shall finish the proof of (4) by claiming the
following statements:

(4-1) All P; avoid the chief facto#{ /1, H is a non-abelian simple group with
‘H’p =D

As H is not ap-group, by lemma 2.2(i), alP; avoid H/1. Also, becausé,; is
a maximal subgroup aP, Lemma 2.2(ii) shows tha#{|, = 1 or p. Consequently,
|H|, = p. SinceH is a direct product of isomorphic simple subgroupsf6, I,
Satz 9.12] H is a non-abelian simple group.

(4-2) Ce(H) = 1.

LetCq(H) > 1. As H is a non-abelian simple group, we halleN C(H ) =
1. Then we can find a minimal normal subgrofy of G which is contained in
Cq(H) such thatd N H* = 1. Consider the chief factol H*/H. If some P,
avoidsHH*/H, thenP, N (HH*) = P, N H=1 (asP; avoidsH/1, see (4-1)),
which impliesp? 1 | H H*|, and thusH * would be g’'-group, contrary to (1). Thus
all P, coverH H*/H . By definition, P;,(HH*) = P,H, sSoH* < P;H. Moreover,
by Lemma 2.2(i),H H*/H is ap-group. Sinced N H* = 1, we see thaf{* must
be ap-subgroup. Hencg*| = p by (3).

Consider the chief factoH H*/H*. As H is not ap-group, butH* is ap-
group, we have’;(HH*) # P,H*(= P). It follows that all P; avoid HH*/H*,
ie, P,N H* = PN (HH*). As eachP, is of indexp in P andp?||HH*|, it
follows thatP; N (HH*) # 1 for all i. ConsequentlyP; N H* # 1 for all P; and
hence, asi* is of orderp, H* < (\_, P = ®(P), contrary to (2). Thus (4-2)
holds.

(4-3)G = PH.

By Co(H) = 1 (see (4-2)), we know that the non-abelian simple grélip
is a unigue minimal normal subgroup of the subgrdafi. So all chief factors
of PH are H/1 and some cyclic groups of order By (4-1) and Lemma 2.3,
every memberP; in M (P) covers or avoids every chief factor 6fH. Hence
every member inV;(P) is aC AP-subgroup ofPH. Also, Npg (P)(< Ng(P))
is certainly p-nilpotent sinceNg(P) is p-nilpotent. That is, the subgroupH
satisfies the hypothesis of the theorem. #ids notp-nilpotent, we conclude that
G = PH by the choice of7.
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(4-4) Finishing the proof of (4).

SetH, = PN H. Itis clear thatd, # 1 is a Sylowp-subgroup offf and
P < Ng(Hp). By Frattini argument, we haw® = Ng(H,)H. ThenG/H =
Ne(H,)/Np(Hy) is ap-group. ThusNg(H,) has a normal seriedg(H,) >
Ny (H,) > H, > 1, whereNy(H,)/H, is ap’-group. Therefore all chief factors
of N¢/(H,) either arey’-group or cyclic group of order. By Lemma 2.4, alPP; are
C AP-subgroups ofNg(H)). Noting thatP < N¢(H,), we can see thaVg(H))
satisfies the hypothesis of our theorem and henoépotent. TherebyVy (H),)
is p-nilpotent. But then,H would be p-nilpotent by a theorem of Burnside [7,
Theorem 7.2.1], in contradiction to the fact ttatis a non-abelian simple group.

(5) G = Ng(P).

By (2) and (4), we see tha&,(G) is an elementary abeligigroup of order
p/, f > 1. Let N be any minimal normal subgroup 6f contained inO,(G).
From the proof of (3) we know that there exist®ac M (P) such thatP; avoids
the chief factorN/1. Applying Lemma 2.6, there exist normal subgroups$: =
1,...,r) of G of orderp and a subgroup/ such thatO,(G) = Nj x --- x N,
andG = O,(G) x M. Consider the intersectiohi = (;_,; Ca(N;). Since any
normal subgroupV;(i = 1,2,...,r) of G of orderp is normal inP, N; < Z(P)
and soP < T. We claim thatl’ " M = 1. Otherwise there exists a minimal
normal subgroupV of G such thatV < 7'n M, andN is not inO,(G), contrary
to (4). ThusI' N M = 1 holds and it follows that” = O,(G). Consequently,
G = N¢(P), as desired.

(6) Final contradiction.

Now, applying the condition tha¥V(P) is p-nilpotent, we can conclude that
G is p-nilpotent, which is a final contradiction. The proof of the theorem is now
complete.

Remark2 : In proving Theorem 3.4, the assumption thaf(P) is p-nilpotent
is essential. To illustrate the situation, we considee= As andp = 5. In this
case, since the maximal subgroup of SylsubgroupGs; of G is 1. We see that
every member oM ;(G5) is aC AP-subgroup of7, butG is not5-nilpotent.
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