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Let G be a finite group. A subgroupH of G is called aCAP -subgroup if
the following condition is satisfied: for each chief factorK/L of G either
HK = HL or H ∩ K = H ∩ L. Let p be a prime factor of|G| and let
P be a Sylowp-subgroup ofG. If d is the minimum number of genera-
tors ofP then there exists a family of maximal subgroups ofP , denoted by
Md(P )={P1, P2, . . . , Pd} such that

⋂d
i=1 Pi = Φ(P ). In this paper, we

investigate the groupG satisfying the condition: every member of a fixed
Md(P ) is a CAP -subgroup ofG. For example, if, in addition,G is p-
solvable, thenG is p-supersolvable.

Key words : Cover-avoidance properties,P -supersolvable groups,p-nilpotent
groups, supersolvable groups.
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1. INTRODUCTION

All groups considered in this paper are finite.

Let p be a prime dividing|G| and letP be a Sylowp-subgroup ofG. Consider
a subset ofM(P ), the set of all maximal subgroups ofP . In [8] Shirong Li
introduced the following:

Definition1.1 — Letd be the minimum number of generators ofP . Then there
exist maximal subgroupsP1, . . . , Pd of P such that

⋂d
i=1 Pi = Φ(P ), the Frattini

subgroup ofP . By Md(P ) denote the family of subgroupsP1, . . . , Pd with the
above property.

We callMd(P ) aMd-system ofP . SuchMd(P ) is not unique in general.
Fix aMd(P ) for a given Sylowp-subgroupP . An interesting topic is to study the
influence of subgroups inMd(P ) on the structure ofG.

The following concept is required in the paper. LetL andK be normal sub-
groups ofG with L < K. A subgroupH of G covers the normal factorK/L if
HK = HL holds;H avoidsK/L providedH ∩K = H ∩ L. If H either covers
or avoids each chief factor ofG, thenH is said to possess the cover-avoidance
property. Such a subgroup is called aCAP -subgroup ofG. This concept was in-
troduced by W. Gascḧutz in 1962 [2] and studied by many authors. For example,
see [1, 3, 4, 5, 9].

The objective of this paper is to investigate the groupG satisfying the following
condition: each member in a fixedMd(P ) is aCAP -subgroup ofG.

We note that if the Sylowp-subgroupP of G is of orderp, thenMd(P ) is
a singleton set, its unique member is the subgroup{1}. In this case one cannot
expect a detailed structure ofG. So some additional condition is necessary for
our research. Also, we have to be careful in proving our theorems because the
condition is not inherited by subgroups and quotient groups in general.

2. SOME BASIC PROPERTIES

In this section we collect some results which are needed in the sequel.

Lemma2.1 — LetS be aCAP -subgroup of a groupG andN £ G. Then the
following statements are true:
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(i) N is aCAP -subgroup ofG.

(ii) SN/N is aCAP -subgroup ofG/N .

(iii) SN is aCAP -subgroup ofG.

(iv) S ∩N is aCAP -subgroup ofG.

(v) If N ≤ S, thenN is aCAP -subgroup ofS.

PROOF: (i) Let K/L be a chief factor ofG. Then we can see thatL(N ∩K) E
G and soL(N ∩ K) = K or L. If L(N ∩ K) = K, thenNK = NL. If
L(N ∩K) = L, thenN ∩K = N ∩ L. It follows thatN is aCAP -subgroup of
G.

By [10, Proposition 2.2.1], (ii)-(iv) follows.

The statement (v) is an immediate consequence of (i).

Lemma2.2 — LetK/L be a chief factor of a groupG. Then

(i) If H is ap-subgroup ofG andH coversK/L, thenK/L is ap-group.

(ii) If H is a maximal subgroup of a Sylowp-subgroup ofG andH avoids
K/L, then|K/L|p = 1 or p.

PROOF : (i) By hypothesis,HK = HL. SoHK/L = HL/L ∼= H
/
H ∩ L

and henceHK/L is ap-group. It follows thatK/L is ap-group, as desired.

(ii) Suppose that (ii) is not true so thatp2 divides |K/L|. Let P be a Sylow
p-subgroup ofG containingH. ThenP ∩K andP ∩L are Sylowp-subgroups of
K andL respectively, sop2 divides the index|P ∩K : P ∩ L|. If P ∩K ≤ H,
then it follows fromH avoidsK/L thatP ∩ K ≤ H ∩ K = H ∩ L ≤ P ∩ L,
a contradiction. SoP = H(P ∩ K), we have|P/H| = |H(P ∩ K)

/
H| =

|P ∩K
/
H ∩K| = |P ∩K : H ∩L| = |P ∩K : P ∩L||P ∩L : H ∩L|, thusp2

divides|P : H|, in contradiction to the fact thatH is a maximal subgroup ofP .

Lemma2.3 — Letp be a prime dividing the order of a groupG. If the normal
factor K/L is either ap′-group or a cyclic group of orderp, then all maximal
subgroups of Sylowp-subgroups ofG either cover or avoidK/L.

PROOF: Let P be a Sylowp-subgroup ofG and letP1 be a maximal subgroup
of P . It is clear that|K/L| = |P1K : P1L||P1 ∩ K : P1 ∩ L|. If K/L is a
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p′-group, since|P1 ∩ K : P1 ∩ L| is a number dividing the order ofP1, then
|P1 ∩K : P1 ∩ L| = 1 and soP1 ∩K = P1 ∩ L, as desired. If|K/L| = p, then
|P1K : P1L| = 1 or |P1∩K : P1∩L| = 1, i.e.,P1K = P1L or P1∩K = P1∩L.
HenceP1 covers or avoidsK/L, the proof of the Lemma is complete.

Lemma2.4 — If G is p-supersolvable, then every maximal subgroup of any
Sylowp-subgroup ofG is aCAP -subgroup ofG.

PROOF: Since each chief factor of ap-supersolvable group is either ap′-group
or a cyclic group of orderp, the result follows from Lemma 2.3.

The following famous theorem of Gaschütz is used for Lemma 2.6 and thus in
the proof of the theorems in§ 3.

Theorem2.5 [6, I, Hauptsatz 17.4] —Let N be a normal abelian subgroup
of a groupG and letN ≤ M ≤ G such that(|N |, |G : M |) = 1. If N has a
complement inM , thenN has a complement inG.

Lemma2.6 — Let P be a Sylowp-subgroup of a groupG, p a prime and
let Op(G) > 1 be elementary abelian. Suppose that for each minimal normal
subgroupN contained inOp(G) there exists a memberPi in a fixedMd(P ) such
that Pi avoids the chief factorN/1. ThenOp(G) is a direct product of normal
subgroups ofG of orderp andG = Op(G)oM , the semi-direct product ofOp(G)
with some normal subgroupM .

PROOF : Let N1 be a minimal normal subgroup ofG contained inOp(G). By
hypothesis there exists aPi inMd(P ) such thatPi avoidsN1/1, that is,Pi∩N1 =
Pi∩1 = 1. BecausePi is a maximal subgroup ofP , it follows that|N1| = p. Thus
the normal subgroupN1 is complemented inP . In the light of Theorem 2.5,N1

has a complement subgroupM in G such thatG = N1 o M . It is clear that
Op(G) = N1(Op(G) ∩M) andOp(G) ∩M £ M . SinceOp(G) is an elementary
abelianp-group,Op(G)∩M£G. If Op(G)∩M = 1, as desired. IfOp(G)∩M 6= 1,
then there exists a minimal normal subgroupN2 of G such thatN2 ≤ Op(G)∩M .
By hypothesis, there is a member inMd(P ) avoidsN2/1, sayP2. It follows from
P2 ∩N2 = P2 ∩ 1 = 1 that|N2| = p. Let Q ∈ Sylp(M). SinceNi � P2 ∩Q(i =
1, 2), we can see thatP = (P2 ∩ Q)N1N2. By Theorem 2.5,N1N2 possesses a
complement subgroup inG, sayH. That isG = N1N2oH. Furthermore, we may
assume that there is a subgroupM of G and normal subgroupsNi(i = 1, ..., r) of
G of orderp contained inOp(G) such that

G = (N1 × · · · ×Nr)oM.
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whereM possesses order as small as possible. In order to finish the proof we only
need to proveOp(G) ∩M = 1. In fact,Op(G) = (N1 × · · · ×Nr)(Op(G) ∩M).
If Op(G) ∩ M 6= 1, then there is a minimal normal subgroupN of G such that
N ≤ Op(G) ∩M . By hypothesis somePj in Md(P ) avoidsN/1, i.e,Pj ∩N =
Pj ∩ 1 = 1. It follows that |N | = p. ThusPj is a complement subgroup ofN
in P . On the other hand, we haveP = P ∩ (N1 × · · · × Nr)M = (N1 × · · · ×
Nr)(P ∩M), soP ∩M is a Sylowp-subgroup ofM . Now,Pj is of indexp in P
andP = Pj(P ∩M), soPj ∩ (P ∩M) is a maximal subgroup ofP ∩M . This fact
means thatN is complemented in the Sylowp-subgroupP ∩M of M . Applying
Theorem 2.5 again, we can see thatN has a complement subgroupK in M . That
is, M = N oK. Consequently, we deduce that

G = (N1 × · · · ×Nr ×N)oK, K < M,

which contradicts to the choice ofM , completing the proof.

3. MAIN RESULTS

We first observe thep-supersolvability of ap-solvable group by means ofCAP -
subgroups.

Theorem3.1— Let G be ap-solvable group and letP be a Sylowp-subgroup
of G, wherep is a fixed prime. Then the following statements are equivalent:

(i) G is p-supersolvable.

(ii) Every member inM(P ) is aCAP -subgroup ofG.

(iii) Every member in a fixedMd(P ) is aCAP -subgroup ofG.

PROOF : (i)⇒ (ii): It is obvious by Lemma 2.4.

(ii)⇒(iii): Trivial.

(iii)⇒(i): Suppose that the theorem is false and letG be a counterexample of
minimal order. LetMd(P )={P1, P2, . . . , Pd}. By hypothesis, eachPi is aCAP -
subgroup ofG.

We prove the theorem by the following statements:

(1) Op′(G) = 1.



150 JIANJUN LIUet al.

Set B = Op′(G). ThenPB/B is a Sylowp-subgroup ofG/B, which is
isomorphic toP , sod is also the minimum number of generators ofPB/B. It is
easy to check that

Md(PB/B) = {P1B/B, P2B/B, . . . , PdB/B}

is aMd-system ofPB/B, and allPiB/B areCAP -subgroups ofG/B by Lemma
2.1 (ii). HenceG/B satisfies the hypothesis of theorem. IfOp′(G) 6= 1, then
G/Op′(G) is p-supersolvable by the choice ofG, and it follows thatG is p-
supersolvable, which is a contradiction.

(2) Φ(Op(G)) = 1, soOp(G) is elementary abelian.

Suppose thatΦ(Op(G)) 6= 1. Then, by a similar argument as (1),G
/
Φ(Op(G))

satisfies the hypothesis of our theorem by Lemma 2.1(ii). We conclude thatG
/
Φ

(Op(G)) is p-supersolvable by the minimality ofG. In view of [6, III, 3.3],
Φ(Op(G)) ≤ Φ(G), it follows that G/Φ(G) is a homomorphic image ofG/Φ
(Op(G)) and hencep-supersolvable. By a theorem of Huppert [6, VI, 8.6 a],G is
p-supersolvable, a contradiction.

(3) Op(G) = N1×N2×· · ·×Nt, where eachNi(i = 1, 2, . . . , t) is a minimal
normal subgroup ofG of orderp.

As G is p-solvable andOp′(G) = 1, thenOp(G) > 1. Let N be a minimal
normal subgroup ofG such thatN ≤ Op(G). If every Pj in Md(P ) covers the
chief factorN/1, thenPjN = Pj , which implies thatN ≤ ⋂d

i=1 Pi = Φ(P ).
By [6, III, 3.3], N ≤ Φ(G). We can see thatG/N satisfies the hypothesis of our
theorem by Lemma 2.1(ii). Thus, by the minimality ofG, G/N is p-supersolvable,
and so isG/Φ(G). Consequently,G isp-supersolvable, a contradiction. Therefore,
there existsPi in Md(P ) which avoidsN/1. Thus (3) follows from Lemma 2.6.

(4) G/Op(G) is p-supersolvable.

In (3), eachNi is a normal subgroup ofG of orderp, soAut(Ni) is cyclic of
order dividingp − 1. SinceG/CG(Ni) . Aut(Ni), it follows thatG/CG(Ni) is
cyclic of order dividingp−1. In particular,G/CG(Ni) is certainlyp-supersolvable.
As the class of allp-supersolvable groups is a saturated formation, thus we know
thatG/ ∩ CG(Ni) is p-supersolvable [6, VI, Satz 7.1, 7.2 and 8.6]. Furthermore,
applying (3), we see thatG

/ ∩ CG(Ni) = G
/
CG(Op(G)), so G

/
CG(Op(G))

is p-supersolvable. On the other hand, the result of [11, Theorem 9.3.1] gives
CG(Op(G)) ≤ Op(G), it follows thatG/Op(G) is p-supersolvable.
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Again applying (3), each chief factor ofG contained inOp(G) is cyclic, so
all p-chief factors ofG are cyclic. It follows thatG is p-supersolvable, a final
contradiction, which completes our proof.

Remark1 : A5 andPSL(2, 7) show that the condition thatG is p-solvable is
necessary for Theorem 3.1.

A particular case ofπ-supersolvability, whenπ is the set of all primes dividing
the order ofG, is the usual supersolvability. Theorem 3.2 is clearly inspired by
Theorem 3.1. However no hypothesis on the solvability is needed here. In fact, the
solvability is deduced from the other hypothesis.

Theorem3.2— Let G be a group. Then the following statements are equiva-
lent:

(i) G is supersolvable.

(ii) For each Sylow subgroupP of G, every member inM(P ) is a CAP-
subgroup ofG.

(iii) For each Sylow subgroupP of G, every member in a fixedMd(P ) is a
CAP-subgroup ofG.

PROOF: (i) implies (ii) by Lemma 2.4 and (ii) implies (iii). Now, let statement
(iii) hold, we want to show thatG is supersolvable. Firstly, we claim thatG is
solvable. Suppose that there exists a non-solvable chief factor ofG, sayK/L.
Then there exists a primep such thatp2 divides|K/L|. By hypothesis, there is a
Md(P ) such that every memberM in Md(P ) is a CAP-subgroup ofG. Apply
Lemma 2.2(i) to see thatM doesn’t coverK/L, soM avoidsK/L. Lemma 2.2(ii)
indicates that|K/L|p = 1 or p, which is a contradiction. Therefore we conclude
thatG has no non-abelian chief factor and henceG is solvable.

Now we are in the hypothesis of Theorem 3.1 for all primesp. Consequently
G is p-supersolvable for all primesp. That is,G is supersolvable.

The following two theorems study thep-nilpotency of a group.

Theorem3.3— Letp be the smallest prime dividing the order of a groupG and
let P be a Sylowp-subgroup ofG. Then the following statements are equivalent:

(i) G is p-nilpotent.

(ii) Every member inM(P ) is aCAP -subgroup ofG.
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(iii) Every member in a fixedMd(P ) is aCAP -subgroup ofG.

PROOF : By Lemma 2.4, statement (i) implies statement (ii). And it is clear
that statement (ii) implies statement (iii). Now we assume that statement (iii) is
true, that is, every member inMd(P ) is aCAP -subgroup ofG. We want to show
thatG is p-nilpotent. Firstly, we claim thatG is p-solvable. In fact, letK/L be a
chief factor ofG and the order ofK/L is divisible byp. If M ∈ Md(P ), thenM
is aCAP -subgroup ofG by hypothesis. IfM coversK/L, thenK/L is ap-group
by Lemma 2.2(i), as desired. IfM avoidsK/L, then |K/L|p = p by Lemma
2.2(ii). As p is the smallest prime dividing the order ofG, by Burnside’s theorem
[6, IV, 2.6 and 2.7],K/L is p-nilpotent. HenceK/L is ap-group. We can see that
G is p-solvable. It follows from Theorem 3.1 thatG is ap-supersolvable group.

Let

1 = G0 < G1 < · · · < Gn = G

be a chief series ofG. Then anyp-chief factorGi/Gi−1 of G is cyclic of orderp,
so

(G/Gi−1)
/
CG/Gi−1

(Gi/Gi−1)

is cyclic of order dividingp−1. On the other hand, the minimality ofp implies that
G/Gi−1 = CG/Gi−1

(Gi/Gi−1), i.e.,Gi/Gi−1 ≤ Z(G/Gi−1). By [6, IV, 4.4], it
follows thatG is p-nilpotent.

If we remove the hypothesis of Theorem 3.3 thatp is the smallest prime, then
we have the following theorem:

Theorem3.4— Let p be a prime dividing the order of a groupG and letP be
a Sylowp-subgroup ofG. If NG(P ) is p-nilpotent, then the following statements
are equivalent:

(i) G is p-nilpotent.

(ii) Every member inM(P ) is aCAP -subgroup ofG.

(iii) Every member in a fixedMd(P ) is aCAP -subgroup ofG.

PROOF : (i) ⇒ (ii): A p-nilpotent group isp-supersolvable, conclusion (ii)
follows from Lemma 2.4.

(ii)⇒(iii): Clear.
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(iii)⇒(i): Suppose that the result is false and letG be a counterexample of
minimal order. Write

Md(P ) = {P1, . . . , Pd}.

(1) Op′(G) = 1.

In fact, if Op′(G) 6= 1, then we can consider the quotient groupG/Op′(G). Set
N = Op′(G). Then every Sylowp-subgroup ofG/N possesses the formPN/N ,
whereP is a Sylowp-subgroup ofG. SincePN/N ∼= P , it follows thatPN/N
is generated byd elements. Thus we can takeMd(PN/N) = {PiN/N |Pi ∈
Md(P )}. By Lemma 2.1(ii), we can see thatPiN/N is aCAP -subgroup ofG/N
for all i. Also, NG/N (PN/N) = NG(P )N/N , hence it isp-nilpotent because
NG(P ) is p-nilpotent. ThusG/Op′(G) satisfies the hypothesis of our theorem. By
the choice ofG, G/Op′(G) is p-nilpotent and it follows thatG is p-nilpotent, a
contradiction.

(2) CoreG(Φ(P )) = 1, particularlyΦ(U) = 1 whereU = Op(G).

It is clear thatΦ(U) is normal inG andΦ(U) ≤ Φ(P ). If CoreG(Φ(P )) 6= 1,
then there exists a nontrivial normal subgroupN of G contained inCoreG(Φ(P )).
As in the proof of (1), it is easy to check thatG/N satisfies the hypothesis of our
theorem. By the minimal choice ofG, G/N is p-nilpotent. SinceN is a subgroup
of Φ(P ), N ≤ Φ(G) by [6, III, 3.3]. Let H/N be a normalp-complement of
G/N . By Schur-Zassenhaus theorem [11, Theorem 9.1.2]Robinson, there exists a
complementK of N in H, this implies thatKg is also a complement ofN in H
for anyg in G. It follows from Schur-Zassenhaus theorem that there is an element
h ∈ H such thatKgh = K and henceg ∈ h−1NG(K) ⊆ HNG(K). ThusG =
HNG(K). SinceN is a subgroup ofΦ(G), G = HNG(K) = NKNG(K) =
NG(K) andK is normal inG. ThereforeG is p-nilpotent.

(3) If N is a minimal normal subgroup ofG and N is a p-subgroup, then
|N | = p.

If all Pi ∈ Md(P ) cover the chief factorN/1, thenPiN = Pi, so N is
contained in eachPi and henceN ≤ ⋂

Pi = Φ(P ), contrary to (2). Thus there
exists somePi avoidsN/1, thenPi ∩N = Pi ∩ 1 = 1, which givesP = Pi ×N
and hence|N | = p.

(4) All minimal normal subgroups ofG are inOp(G).
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Suppose that (4) is not true and there is a minimal normal subgroupH sat-
isfying H * Op(G). As Op′(G) = 1, we havep

∣∣|H| andH is a non-abelian
characteristically simple group. We shall finish the proof of (4) by claiming the
following statements:

(4-1) All Pi avoid the chief factorH/1, H is a non-abelian simple group with
|H|p = p.

As H is not ap-group, by lemma 2.2(i), allPi avoidH/1. Also, becausePi is
a maximal subgroup ofP , Lemma 2.2(ii) shows that|H|p = 1 or p. Consequently,
|H|p = p. SinceH is a direct product of isomorphic simple subgroups ofH [6, I,
Satz 9.12],H is a non-abelian simple group.

(4-2)CG(H) = 1.

Let CG(H) > 1. As H is a non-abelian simple group, we haveH ∩CG(H) =
1. Then we can find a minimal normal subgroupH∗ of G which is contained in
CG(H) such thatH ∩ H∗ = 1. Consider the chief factorHH∗/H. If somePi

avoidsHH∗/H, thenPi ∩ (HH∗) = Pi ∩ H=1 (asPi avoidsH/1, see (4-1)),
which impliesp2 † |HH∗|, and thusH∗ would be ap′-group, contrary to (1). Thus
all Pi coverHH∗/H. By definition,Pi(HH∗) = PiH, soH∗ ≤ PiH. Moreover,
by Lemma 2.2(i),HH∗/H is ap-group. SinceH ∩H∗ = 1, we see thatH∗ must
be ap-subgroup. Hence|H∗| = p by (3).

Consider the chief factorHH∗/H∗. As H is not ap-group, butH∗ is a p-
group, we havePi(HH∗) 6= PiH

∗(= P ). It follows that allPi avoidHH∗/H∗,
i.e., Pi ∩ H∗ = Pi ∩ (HH∗). As eachPi is of indexp in P andp2

∣∣|HH∗|, it
follows thatPi ∩ (HH∗) 6= 1 for all i. Consequently,Pi ∩H∗ 6= 1 for all Pi and
hence, asH∗ is of orderp, H∗ ≤ ⋂d

i=1 Pi = Φ(P ), contrary to (2). Thus (4-2)
holds.

(4-3)G = PH.

By CG(H) = 1 (see (4-2)), we know that the non-abelian simple groupH
is a unique minimal normal subgroup of the subgroupPH. So all chief factors
of PH areH/1 and some cyclic groups of orderp. By (4-1) and Lemma 2.3,
every memberPi in Md(P ) covers or avoids every chief factor ofPH. Hence
every member inMd(P ) is aCAP -subgroup ofPH. Also,NPH(P )(≤ NG(P ))
is certainlyp-nilpotent sinceNG(P ) is p-nilpotent. That is, the subgroupPH
satisfies the hypothesis of the theorem. AsH is notp-nilpotent, we conclude that
G = PH by the choice ofG.
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(4-4) Finishing the proof of (4).

SetHp = P ∩ H. It is clear thatHp 6= 1 is a Sylowp-subgroup ofH and
P ≤ NG(Hp). By Frattini argument, we haveG = NG(Hp)H. ThenG/H ∼=
NG(Hp)

/
NH(Hp) is a p-group. ThusNG(Hp) has a normal seriesNG(Hp) ≥

NH(Hp) ≥ Hp > 1, whereNH(Hp)/Hp is ap′-group. Therefore all chief factors
of NG(Hp) either arep′-group or cyclic group of orderp. By Lemma 2.4, allPi are
CAP -subgroups ofNG(Hp). Noting thatP ≤ NG(Hp), we can see thatNG(Hp)
satisfies the hypothesis of our theorem and hencep-nilpotent. TherebyNH(Hp)
is p-nilpotent. But then,H would bep-nilpotent by a theorem of Burnside [7,
Theorem 7.2.1], in contradiction to the fact thatH is a non-abelian simple group.

(5) G = NG(P ).

By (2) and (4), we see thatOp(G) is an elementary abelianp-group of order
pf , f ≥ 1. Let N be any minimal normal subgroup ofG contained inOp(G).
From the proof of (3) we know that there exists aPi ∈Md(P ) such thatPi avoids
the chief factorN/1. Applying Lemma 2.6, there exist normal subgroupsNi(i =
1, ..., r) of G of orderp and a subgroupM such thatOp(G) = N1 × · · · × Nr

andG = Op(G) oM . Consider the intersectionT =
⋂r

i=1 CG(Ni). Since any
normal subgroupNi(i = 1, 2, . . . , r) of G of orderp is normal inP , Ni ≤ Z(P )
and soP ≤ T . We claim thatT ∩ M = 1. Otherwise there exists a minimal
normal subgroupN of G such thatN ≤ T ∩M , andN is not inOp(G), contrary
to (4). ThusT ∩ M = 1 holds and it follows thatP = Op(G). Consequently,
G = NG(P ), as desired.

(6) Final contradiction.

Now, applying the condition thatNG(P ) is p-nilpotent, we can conclude that
G is p-nilpotent, which is a final contradiction. The proof of the theorem is now
complete.

Remark2 : In proving Theorem 3.4, the assumption thatNG(P ) is p-nilpotent
is essential. To illustrate the situation, we considerG = A5 andp = 5. In this
case, since the maximal subgroup of Sylow5-subgroupG5 of G is 1. We see that
every member ofMd(G5) is aCAP -subgroup ofG, butG is not5-nilpotent.
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