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The main purpose of this paper is to provide some new criteria for a
standard graded algebra A = @,~, A; to be a A-Koszul algebra, which
was first introduced in [12] and was another class of “Koszul-type”
algebras including Koszul and d-Koszul algebras as special examples.
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1. INTRODUCTION

Koszul algebras, a class of quadratic algebras possessing a lot of beautiful

homological properties and applications in different branches of mathemat-
ics, were first introduced by Priddy in 1970 (see [17] and [18] is a very
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good introduction book for Koszul algebras. Recently, a lot of extensions
of Koszul algebras have been done, see [3, 5-7, 9-10, 12-16] etc. More pre-
cisely, in order to find periodic resolutions for the trivial extension algebras
of path algebras of Dynkin quivers in bipartite orientation, the notion of
almost Koszul algebra was introduced in [3]; it is trivial that Koszul algebras
are a class of homogeneous graded algebras, as an attempt to break through
the “homogeneous” condition, Cassidy and Shelton introduced the notion of
K2-algebra; motivated by the cubic Artin-Schelter regular algebras (see [2]),
Berger generalized the notion of Koszul algebra to non-quadratic algebras
and brought in the so-called non-quadratic Koszul algebra, and later, many
people called this class of algebras d-Koszul algebras (see [9], [10], etc.). In
particular, it turned out that d-Koszul algebras also have many nice ho-
mological properties and applications similar to Koszul algebras. After the
appearance of d-Koszul algebras, many people became interested in them.
For example, Green et al generalized this class of algebras to the non-local
case inspired by the quiver theory (see [9]) and He-Lu studied them by the
theory of A-infinity algebras (see [10]). Further, several generalizations of
d-Koszul algebras were also done in the past of 3 years: To unify the no-
tions of Koszul algebra and d-Koszul algebra, the notion of piecewise-Koszul
algebra was introduced in 2007 (see [13]); it is also obvious that d-Koszul
algebras and piecewise-Koszul algebras both have a single “jump-degree”,
in order to break through this limit, the second author of the present paper
introduced the notion of A-Koszul algebra in 2009 (see [12]), which clearly
contains Koszul algebras and d-Koszul algebras as special examples.

It is of course interesting to find conditions such that a standard graded
algebra to be a A-Koszul algebra and [12] have provided some characteriza-
tions. In this paper, we will give some new criteria for A-Koszul algebras.
Further, motivated by Eakin-Nagata Theorem: “If R C S is a subring of
the commutative ring S and S is finitely generated as an R-module, then R
is noetherian if and only if S is noetherian”, a natural question is for which
graded algebras A and which graded subalgebras B of A, we have that A is
A-Koszul if and only if B is A-Koszul? We will discuss this question in the
last section.

Roughly speaking, the main purpose of this paper is to prove the follow-
ing two results:
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Theorem 1.1 — Let A =KT'/I be a standard graded algebra and

dn d d,
P, PP

Ao 0

a minimal graded projective resolution of the trivial A-module Ag. Then the
following statements are equivalent:

1. A is a A-Koszul algebra;
2. GR%}(4g) = 0;
3. Ais a A-Koszul module over A€;

4. all the multiplications: y : Exth (A, Ag)®@Ext? (Ao, Ag)+Ext? (Ao, Ao)
& EXth(A(), A()) — EXti(A(), AQ), uw: EXt}L‘(Ao,Ao) & Eth(Ao, Ao) +
Exti (Ao, Ao) & EXti (A(), A()) + Eth(AQ, AO) ® EXt}L‘(Ao, Ao) — EXt‘Z
(Ag, Ag), -+, : Exth(Ag, Ag) ® Ext?M72(4, Ag) + Ext? (Ag, Ag) @
Ext’ ™4y, Ag) + Ext’ (Ao, Ag) @ Ext> " (4g, Ag) + - - - + Ext? 2
(A(), A()) & EXt}q(A(),Ao) — EXtilAl_l(Ao,Ao) and 4 : EXt}q(Ao, A()) &
Extg_l(Ao,Ao) + EXti(AO, AO) & EX‘CZ_Q(A(), A()) + EXti(Ao,Ao) ®
Ext”*(Ag, Ag)+- - +Ext3 (Ag, Ag)@Ext" M (Ag, Ag) — Ext? (Ao, A)
(n > 2|\|+1) are surjective, and Ext2(Ag, Ag) = Ext2F(A,, Ao) s, (2k)
forall k=1,2,--- ,|Af;

5. all the comultiplications: A : Torg (Ag, Ag) — Tori'(Ag, Ag) ® Tors
(Ag, Ag) + Tord' (Ag, Ag) ® Torf(Ag, Ag), A : Tord(Ag, Ag) — Torf
(Ag, Ag)@Tory (Ao, Ag)+Tors (Ag, Ag)@Tori (Ag, Ag)+Tory (Ag, Ag)®
Tor{'(Ag, Ag), -+, A : Torglw_l(Ao,Ao) — Tori'(Ag, Ag) ® Tor’;p\l_2
(Ao, Ag) + Tors' (Ag, Ag) @TorgM_g(Ao, Ag)+--- —|—Tor2A|>\|_2(A0, A ®
Tor{!(Ag, Ag) and A : Tor(Ag, Ag) — Torf'(Ag, Ag)@Tor? | (Ao, Ag)+
Tor' (Ao, Ag)@Tory_5(Ag, Ag)+- - -+Torgy (Ao, Ao)®Tor; gy (Ao, Ao)
(n > 2|\| + 1) are injective, and Tordy (Ao, Ag) = Torfk(Ag,Ag)(;A(%)
forall k =1,2,--- ,|A[;

6. if the trivial A-module Ay admits a pure resolution and M is a -
Koszul module, then the Ext module P, Exty (M, Ag) is generated
in degree 0 as a graded 69120 Exth(Ao, Ap)-module.

Theorem 1.2 — Let H be a finite dimensional semisimple and cosemisim-
ple Hopf algebra, A = ®n20 Ay, be a graded right H-module algebra such that
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A; is finite dimensional for alli > 0, and let B = A®H | the coinvariant sub-
algebra of A. Suppose that A/B is an H-Galois graded extension. Then B
is a A-Koszul algebra if and only if A is a A-Koszul algebra.

Throughout, K denotes a fixed field, N = {0,1,2,---} denotes the set
of natural numbers. A positively graded K-algebra A = P, A; is called
standard if and only if

e Ag =K x .- x K, a finite product of K;
o A;-Aj=A;; forall 0 <14,5 < oo

e dimkA; < oo for all 7 > 0.

2. DEFINITIONS AND EXAMPLES

In this section, we will recall the definition of A-Koszul algebra and give some
new examples.

Definition 2.1 — ([12]) Let A be a standard graded algebra and M a
finitely generated graded A-module. Let

Pn e Pl PO M 0

be a minimal graded projective resolution of M. Then M is called a A-
Koszul module if each P, is generated in degree d)(n) for all n > 0, where
A N* — N* is a periodic set function and |A| denotes the smallest positive
period of A with A(1) > 1 and A being strictly increasing on the interval
[1,|\]]; and d) : N — N is another set function satisfying

1. 05(0) =0, 6x(1) =1, dx(2) = d, where d = A(1) + 1, a fixed integer;

2. 0x(2n+1) —x(2n) =1 for all n > 0;

3. dx(2n) —dx(2n — 1) = A(n) for all n > 1.

In particular, the standard graded algebra A will be called a \-Koszul
algebra provided that the trivial A-module Ay is a A-Koszul module.

Ezxample 2.2 : The following are some trivial examples of \-Koszul alge-
bras:
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1. Koszul algebras (see [17] and [18], etc.) are special A-Koszul algebras
in the sense of d = 2 and A\(n) =1 for all n > 1.

2. d-Koszul algebras (see [5] and [9], etc.) are special A-Koszul algebras
in the sense of |A\| =1 for all n > 1.

Erample 2.3 — Let A = 691'20 A; be a standard graded algebra and
M = @izl M; a graded A-module generated in degree 1. Let

(1)

be the matrix algebra. It is easy to see that B is also a standard graded
algebra under the grading:

Ay 0 Ao\
By = d B = vi>1).

P, e Py Py Ao 0

Let

and

@n . o) Qo M 0

be the corresponding minimal graded projective resolutions. By a routine
computation, we get that

(8- (5) - (2)e (1) s

is a minimal graded B-projective resolution of the trivial B-module By;

Pn Qn—l
0 © 0

is generated in degree s € N as a graded B-module if and only if both P,, and

moreover, for all n > 1, the graded projective module

Qn—1 are generated in degree s € N as graded A-modules. Now it is easy
to see that B is a A-Koszul algebra if and only if A is a A-Koszul algebra,
Q2=T(M) =65 (2|A])] is a A-Koszul module and Q; is generated in degree
n(i+1) forall (: =1, 2, ..., 2|]A\| —2), which is equivalent to that P;1;
and @Q; are generated in degree (i + 1) as graded A-modules for all 7 > 0.

161
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3. PrROOF OF THEOREM 1.1

Theorem 1.1 is immediate from the following lemmas.
We begin with

Definition 3.1 — Let M = @izo M; be a finitely generated graded mod-
ule over A and A a standard graded algebra. The classical Castelnuovo-
Mumford regularity of M is defined as

sup{j — i : Tor{ (M, Ag); # 0, for all i >0},
denoted by R4(M). We will call
sup{|j — f(4)] : TOF?(M, Ap); #0, forall >0}

the f-generalized Castelnuovo-Mumford regularity of M, denoted by GRQ(M),

where “|-|” stands for the absolute value and f : N — N is an arbitrary set

function.

Lemma 3.2 — Let A be a standard graded algebra. Then A is a §-Koszul
algebra for some set function 6 : N — N (i.e., the trivial A-module has a
minimal graded projective resolution

P, P Py Ag 0 such that each P,
is generated in degree §(n)) if and only if GR%(Ag) = 0.

PROOF : (=) Let A be a 6-Koszul algebra. Then the trivial A-module

Ap admits a minimal graded projective resolution

P, e P Py Ay 0

with each P, generated in degree J(n). Under a routine computation, we
have Tor (A, Ag) = Tor{* (A, Ao)s(iy for all i > 0. Recall that GR%(Ag) =
sup{|j — 0(3)| : Tor{'(M,Ap); # 0, forall i > 0}, which implies that
GR%(4g) = 0.

(<) Assume that GRY(Ag) = 0, from the definition of GR%(Ap), we
have sup{|d(i) — j| : Tori' (Ao, Ag); # 0, for all i > 0} = 0, which implies
that Tor{' (Ao, Ag) = Torf‘(Ao,Ao)(;(i) for all @ > 0. Therefore, the trivial
A-module Ay admits a minimal graded projective resolution

-— P, — i — P — Py— Ay —0
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such that each P; is generated by homogeneous elements of degree (i) for
all # > 0. Thus, A is a 6-Koszul algebra. O

Lemma 3.3 — ([8]) Let A be a standard graded algebra. Then there exists
a finite quiver I' = (I'g, I'1) and a graded ideal I in KT" with I C >, -, (KI'),
such that A =2 KI'/T as graded algebras, where I'g denotes the set of vertices
and I'y denotes the set of arrows of the quiver I', respectively.

Lemma 3.4 — Let A be a standard graded algebra and A€ := A ®g AP
its enveloping algebra. Let r be the graded Jacobson radical of A and
f: P — (@ be a homomorphism of finitely generated A°-projective modules.
Then Imf C rQ if and only if for each simple A-module S, we have Im(f® 4
1g) € J(Q ®4 S), where J is the graded Jacobson radical of the standard
graded algebra A.

PROOF : (<) For the sake of convenience, we may suppose that QQ =
Av®k wA is an indecomposable A°-module, where v, w € 'y and we use the
notations of Lemma 3.3. Assume f is an epimorphism, so

P N Av Qg wA — 0

is a splittable epimorphism, which implies the exact sequence

PosM "M Ay o wA @y M — 0

of A-modules for any A-module M. In particular, if we choose M = Aw/Jw :=
S, a simple A-module, then we get an epimorphism

P®y S f@als Av Q WA ®4 S =2 Av — 0.

Now by the hypothesis Im(f ®41g) C J(Q ®4 S), we have that Imf C
rQ.

(=) Suppose that we have the condition Imf C r@. Similarly, we may
assume that Q = Av ®k wA is an indecomposable A¢-module. Note that for
each simple A-module S # Aw/Jw, we have @ ®4 S = 0. Thus it suffices
to prove the case of S = Aw/Jw.

Consider the following commutative diagram
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P Q
g |
PosSt5 0w, s,

where o and 3 are the splittable A-epimorphisms given by the split exact
sequences in the category of finitely generated A-modules. More precisely,
taking 3 for example, G is determined by the following split exact sequence

0—= Av @) wJ —= Av @) wA 2 Ap—=0

Note that 37(v) = v @w + Av ® w.J, thus each element in the preimage
of v is an A®-generator for the module Q = Av @k wA. If f ®4 1g is an
epimorphism, then 3f is an epimorphism and 8~!(v) N Imf # 0, which
implies that Imf contains an A®-generator of the cyclic module @, so f is
an epimorphism. Therefore, we have Im(f®41g) C J(Q®4.S), as desired.[]

Lemma 3.5 — Let A be a standard graded algebra and A€ its enveloping
algebra. Then A is a A-Koszul algebra if and only if A is a A\-Koszul module
over A°.

PrOOF : Note that for an indecomposable A¢-projective module P =
Av @k wA and an A-module M, it is easy to see that P @4 M = (Av)dimwM
as an A-module since Av Rk wA ®4 M = Av ®k wM. In particular, if
M = S a simple A-module, then as A-modules we have P ®4 S = Av if
wS # 0 and P ®4 .S = 0 otherwise. Hence it is enough to consider the case
of S = Aw/Jw here.

Let

Pyi-e P, e Py Py A 0

be a graded projective A°-resolution of A. Then by Lemma 3.4 and the
above observations, P, is a minimal graded projective A®-resolution of A if
and only if P, ®4 Ag:

=Py ®aAg—— - ——>= P Qs Ag—

Py®gAg—A®4 Ag = Ag—0
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is a minimal graded A-projective resolution of Ag. Further, for all ¢ > 0, P,
is generated in degree s as a graded A°-module if and only if P; ® 4 Ag is
generated in degree s as a graded A-module. Now we finish the proof.

Lemma 3.6 — Let A be a standard graded algebra with the trivial A-
module Ag possessing a pure resolution and M a A-Koszul module. Then
the Ext module @, Ext’ (M, Ag) is generated in degree 0 as a graded
Do Ext? (Ao, AO)—r;lodule if and only if A is a A-Koszul algebra.

PROOF : Let
Py:--- P, P Py Ao 0
and
Q,:--- Qn e Q1 Qo M 0

be the minimal graded projective resolutions of Ay and M, respectively. By
hypothesis, M is a A-Koszul module. Then for all n > 0, Q,, is generated in
degree 6)(n).

(=) For all n > 1, then Ext" (M, Ag) = Ext" (Ao, Ag) - Ext% (M, Ag) by
hypothesis. Note that Ext% (M, Ag) = Ext (M, Ag)o and A is a positively
graded algebra with the trivial A-module Ay having a pure resolution, which
implies that Ext" (Ao, Ag) = Ext’; (Ao, Ag)—s for some natural number s.
Now observe that Ext'} (M, Ag) = Ext’i(M, Ag)_s, (n) since M is a \-Koszul
module, so we have Ext'} (Ao, Ao) = Ext’} (Ao, Ao)_s, (n) for all n > 0, which
implies easily that A is a A-Koszul algebra.

(<) Suppose that A is a A-Koszul algebra. Then as a trivial A-module,
Ap admits a minimal graded projective resolution

P, e P Py Ao 0

such that each projective module P, is generated in degree d)(n) for all
n > 0. Note that M is also a A\-Koszul module. Thus M has a minimal
graded projective resolution

Q@n e Q1 Qo M 0

such that each projective module @, is generated in degree d)(n) for all
n > 0. Then by Proposition 3.5 of [9], we have Ext’ (M, Ag) = Exty (Ao, Ag)-

165
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Ext (M, Ag) for all i > 0. That is, ;5o Exty(M, Ag) is generated by
Ext’, (M, Ag). O

Now let us recall the so-called normalized bar and cobar resolution.

Let A = @, A; be a standard graded algebra and J = P, A; be
the graded Jacobson radical of A. Then the trivial A-module Ay possesses
a canonical graded projective resolution:

9, o1 %

-« —— Bar"(A) -+ —— Bar'(A) —— Bar’(A) — Ay — 0,
where for all n > 0, Bar™(A) := A®4, J®" and the differential 9/, : A @4,
JO — A®y, JO s defined by

n—1

O (a0®a1® - -Ray) =Y (~1)'ag® - -®a;ai1Q - -@an, (a0 € A a1, ,an € J).
=0

Note that Ay @4 Bar™(A) = Ay ®4 A ®a, J* =2 J®" for all n > 0, we
get the following complex

On 02 o1 o

Jen - J®2 el Jo Ap
with
n—1 4
On(a1®as® - @ay) =Y (~1)'a1 @ ®a;0i41 @ ®an, (a1, ,an € J).
i=0

Now it is obvious that
Tor’ (Ao, Ag) = ker 8,/ Imdy, 11
The cobar complex is the cochain complex Cob®(A) defined by Cob™(A) :=

Hom 4 (J®", Ag) for all n > 0, where the differential 87, , : Cob™(A) —
Cob™*1(A) is the pullback of 9. Clearly, for all n > 0, we have

EXtZ(Ao, Ao) = ker 8;"L+1/Im8;
We usually call T(A) the Yoneda coalgebra of A, and E(A) the Yoneda
algebra of A.

Lemma 3.7 — Using the above notations, we have the following state-
ments.
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1. T(A) == D,>0 Tor4 (AO, Ap) is a bigraded coalgebra with the comul-
tiplication A = > . ni Dn,is where Ani is induced by A, ; : J®" —
JO @ JO via Ny (a1 @ ®ay) = (1@ ®a;) ®(aip1 @+ @ ay).

2. E(A) == @®,>0 Ext’i (Ao, Ao) is a bigraded algebra with the multipli-
cation g = Zi,n [bin—i, where [1; ,—; is induced by ft; ,—; : Cob'(A) ®
Cob™ " (A) — Cob™(A) via piin—i(f @ g)(a1 ® az) := fa1) ® g(az).

PROOF : (1) It is easy to check that A =} A, ; provides a comul-
tiplicative structure for the complex J®® and preserves kernels and images.
Thus (J®*,0,A) is a differential graded coalgebra and T'(A) a graded coal-
gebra. Note that now A is a standard graded algebra, which implies that
T(A) a bigraded coalgebra.

(2) It is also easy to check that p1 =}, ; pin—; provides a multiplicative
structure for the complex Cob®(A) and preserves kernels and images. Thus
(Cob®(A), 0%, ) is a differential graded algebra and E(A) a graded algebra.
Note that now A is a standard graded algebra, which implies that E(A) a
bigraded algebra.

Lemma 3.8 — The map fiy,—;; : Cob" *(A) @ Cob*(A) — Cob™(A) and
Npi JO — JO @ J® are dual to one another.

PROOF : Let fi ® - ® f; € Cob'(A), g1 @ -+ @ gn; € Cob™" (A) and
a1 ® @ ay € J°. Then

A(([Lo-0fi)) @ ((1® - Qgni))(a1 @ @ay)

= (12320 ® - @gn-i)Aa1 @ ®ay)
(i@ @ fi)la® - ®ai)(g1 @ @ gni)
(Aiy1 ® -+ @ ap)
= wW([ie i) ® - Qgni))(a1 @ ® ay).

Therefore, we are done.

Lemma 3.9 — Let A be a standard graded algebra. Then the following
statements are equivalent:

1. Ais a \-Koszul algebra;

167
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2. all the multiplications: u : Ext}q(Ao, Ap) ® Ext%(Ao, Ag) + Exti
(Ag, Ag) ® Exth(Ag, Ag) — Ext3 (Ao, Ag), p : Exth(Ag, Ag) ® Ext?
(Ao, Ao)-FEXtIQLl(AQ, AQ)@EXti (Ao, Ao)—l—Eth (Ao, A())@EX‘D}LX(A(), Apy) —
Ext’, (Ao, Ag), -+, pu : Ext! (Ao, Ag)@Ext? % (Ag, Ag)+Ext? (Ag, Ag)®
Ext’ (4, Ag) + Ext’ (A, Ag) @ Ext> " (4g, Ag) + - - - + Ext? 2
(A(), A()) & EXth(A(),Ao) — EXtiAl_l(Ao,Ao) and 4 : EXth(A(), A()) &
Ext” ! (Ao, Ag) + Ext%(Ag, Ag) ® Ext”%(Ag, Ao) + Ext (Ao, 4g) ®
Ext (Ao, Ao)+ - +Ext2 (Ag, Ap)@Ext" 2 (A9, Ag) — Ext’y (Ao, Ao)
(n > 2|\|+1) are surjective, and Ext2(Ag, Ag) = Ext2(A,, Ao) 5, (2k)
forall k=1,2,--- ,|A|;

3. all the comultiplications: A : Torj (Ag, Ag) — Tori!(Ap, Ag) ® Tor
(Ag, Ag) + Tord' (Ag, Ag) ® Torf'(Ag, Ag), A : Tord (Ag, Ag) — Torf
(Ao, Ag)®Torg (Ao, Ag)+Torg (Ao, Ag)®Torg (Ag, Ag)+Tors! (Ag, Ag)®
Tor‘f(Ao,Ao), VAN Torglw_l(Ao,Ao) — Tor‘f‘(Ao,Ao) ® T01"‘24‘)\|_2
(Ao, Ag) + Tors (Ao, Ag) @ Torgy (Ao, Ag) +- - -+ Torgly (Ao, Ag) @
Tor{' (Ao, Ag) and A : Tor(Ag, Ag) — Tori' (Ao, Ag)@Tor | (A, Ag)+
Tor3! (Ao, Ag)®Tor;,_s(Ag, Ag)+- - ~+Torg)y (Ao, Ag)@Torsy oy (Ao, Ao)
(n > 2|\| + 1) are injective, and Torsy (Ag, Ag) = Torfk(Ao,Ao)(;A(zk)
forall k =1,2,--- ||\l

PROOF : For the sake of simplicity, let us recall one of the main results
of [12]-Theorem 2.1 first: The standard graded algebra A = B, A; is A-
Koszul if and only if the Yoneda algebra E(A) is minimally generated in

degrees 1, 2, 4, ---, 2|\| and Ext%(Ay, Ag) = Extik(Ao,Ao)_(;A(Qk) for all
k=1,2,---,|A\l. Now by Lemma 3.8, we only need to prove (1) < (2) since

(3) is the dual version of (2).

(1) = (2) Suppose that A is a A-Koszul algebra, then by Theorem 2.1
of [12], we have that the Yoneda algebra E(A) is minimally generated in
degrees 1, 2, 4, ---, 2|\| and Ext¥(Ay, Ag) = Extik(Ao,Ao)_(;A(Qk) for all
k=1,2,---,|A|, which implies (2) clearly.

(2) = (1) Suppose we have the condition (2), obviously we have that the
Yoneda algebra F(A) is minimally generated in degrees 1, 2, 4, --- | 2|}
and Ext3 (Ao, Ag) = Ext3(Ao, Ao)_s, 2r) for all k = 1,2,--- ,|Al. Now by
Theorem 2.1 of [12], we obtain that A is a \-Koszul algebra. O
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Now putting Lemmas 3.2, 3.5, 3.6 and 3.9 together, we have proved
Theorem 1.1.

4. PROOF OF THEOREM 1.2

The following lemma is obvious and we omit the proof.

Lemma 4.1 — Let A be a standard graded algebra and Ext% (Ao, Ag) be
its Yoneda algebra. Then A is an A-Koszul algebra if and only if ExtY (Ag, Ag) =
EXt%(Ao,Ao)_(;)\(i) for all 7 > 0.

Lemma 4.2 — ([11]) Let H be a finite dimensional semisimple and cosemisim-
ple Hopf algebra and A/B be an H-Galois graded extension. If A = ;-4 A,
is a positively graded algebra, then Ag/By is an H-Galois extension.

Lemma 4.3 — ([11]) Let H be a finite dimensional semisimple and cosemisim-
ple Hopf algebra, A = @,,~, An be a graded right H-module algebra and
B = AH  the coinvariant ;ubalgebra. Suppose that A/B is an H-Galois
graded extension. Then we have an isomorphism of bigraded algebras

EXt*B (A(), A()) = EXt*A (Ao, Ao)#H,
where the bigradeding of Ext* (A, Ag)# H is induced from that of Ext* (Ao, Ap).

Theorem 4.4 — Let H be a finite dimensional semisimple and cosemisim-
ple Hopf algebra, A = @, <, An be a graded right H-module algebra such that
A; is finite dimensional fo;’ alli >0, and let B = A®H | the coinvariant sub-
algebra of A. Suppose that A/B is an H-Galois graded extension. Then B
is a A-Koszul algebra if and only if A is a A-Koszul algebra.

PROOF : (=) Suppose that B is a A-Koszul algebra, then by the defini-
tion, By is a finite dimensional semisimple algebra. By Lemma 4.2, A/ By
is an H-Galois extension since A/B is an H-Galois graded extension. Now
note that Ag#H and By, Ay and (Ag#H)#H* are both Morita equivalent,
and H is a finite dimensional semisimple and cosemisimple Hopf algebra,
we have that Ap is a semisimple algebra. Further, as a right Bg-module,
Ag = By® S for some finite dimensional Byp-module S. Now recall that B is a
A-Koszul algebra, by Lemma 4.1, which is equivalent to that Ext’;(By, By) =
Exth(Bo,Bo),(;A(i) for all ¢ > 0. Note that S is a direct summand of
a finite sum of By, which implies that Ext(Bo,S) = Exty(Bo, S)_s, @),
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Ext3(S, By) = Extlz(S, Bo)_s, ;) and Extz(S, ) = Exts(S, 5)_, (i) for all
i > 0. Also observe that we have the following isomorphism

Ext; (Ao, Ag) = Extlz(Bo, Bo) ® Ext'z(Bo, S) ® Ext';(S, By) @ Extiz(S, S)
for all i > 0, which implies that Ext’(Ag, Ag) = Extl (A, Ap)_s, (i) for all
1 > 0. By Lemma 4.3, we have

EXti‘(Ao, Ao)#H = (EXti‘(Ao, Ao)#H)_(g)\(i)

for all i > 0. Now by the definition of the bigrading of ExtY (Ao, Ag)#H, we
obtain
EthA (Ao, Ao) = EXtQ (Ao, Ao)_(g/\ (i)

for all ¢ > 0. By Lemma 4.1 again, we get that A is a A\-Koszul algebra.

(<) Suppose that A is a A-Koszul algebra, then Aj is a semisimple
algebra. Similar to the proof of necessity, we have that Ag is a semisimple
algebra and as a right By-module, Ag = By & S for some finite dimensional
Bg-module S. Now recall that A is a A-Koszul algebra, by Lemma 4.1, which

is equivalent to
EXt%(Ao, Ao) = EXt%(Ao, Ao),(g)\(i)

for all ¢ > 0. By Lemma 4.3, we have
Extis (Ao, Ao) = Extiz (Ao, Ao) s, (3)

for all # > 0. Note that Ag = By ® S and S is a direct summand of a finite
sum of By, which imply that

Ext’;(Ag, Ag) = Ext'z(Bo, Bo) ® Ext’;(By, S) @ Exty(S, By) @ Ext’(S, S)

for all 4 > 0. Now it is easy to see that Ext; (B, By) = Exty (B, Bo)_s,()
for all ¢ > 0. By Lemma 4.1, we get that B is a A-Koszul algebra. O

Remark 4.5 : Theorem 4.4 perfects Theorem 2.11 of [11] since d-Koszul
algebras are special A\-Koszul algebras.
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