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We give a new proof of Ewell’s octuple product identity in [7] by using a
general theorem developed by the first author in [3].
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1. INTRODUCTION AND MAIN THEOREM

In Theorem 1 of [7], Ewell gave the following octuple product identity. Henceforth,
we call it Ewell’s octuple product identity.
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Theorem1.1 — For each pair of complex numbersa, x, with a 6= 0 and
|x| < 1,

∞∏

n=1

(1− xn)2(1− axn)(1− a−1xn)(1− axn−1)(1− a−1xn−1)

(1− a2x2n−1)(1− a−2x2n−1)

=2P (x)
∞∑

n=−∞
(−1)nx2n2

a4n −Q(x)
∞∑

n=−∞
(−1)nx2n2

a4n(axn + a−1x−n),

(1.1)

where

P (x) =
∞∏

n=1

(1− x4n),

Q(x) =
∞∏

n=1

(1− x12n)(1− x12n−7)(1− x12n−5) + x
∞∏

n=1

(1− x12n)(1− x12n−11)(1− x12n−1).

The identity is named the octuple product identity since the left-hand side of it
is an eightfold infinite product. In [4], Sin-Da Chen, Wei-Yueh Chen and Sen-Shan
Huang gave two proofs of the octuple product identity as well as the proofs of some
other identities.

In this paper, we shall give a new proof of Ewell’s octuple product identity
based on Theorem 1.4 in [3] developed by the first author.

2. PREPARATION

Before we give the proof of the octuple product identity, we introduce the custom-
ary q-product notation and some preliminary results. Define

(a)0 := (a; q)0 = 1, (a)n := (a; q)n =
n−1∏

k=0

(1− aqk), n ≥ 1,

(a)∞ := (a; q)∞ = lim
n→∞(a; q)n, |q| < 1.
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Ramanujan’s general theta function is defined as

f(a, b) :=
∞∑

n=−∞
an(n+1)/2bn(n−1)/2, |ab| < 1. (2.1)

It is easy to verify that

f(−1, a) = 0

and

f(a, b) = an(n+1)/2bn(n−1)/2f(a(ab)n, b(ab)−n)

for any integern.

Some special cases off(a, b)

ϕ(q) : = f(q; q) =
∞∑

n=−∞
qn2

= (−q; q2)2∞(q2; q2)∞ , (2.2)

ψ(q) : = f(q, q3) =
∞∑

n=0

qn(n+1)/2 =
(q2; q2)∞
(q; q2)∞

, (2.3)

f(−q) : = f(−q,−q2) = (q; q)∞. (2.4)

In Ramanujan’s notation, the celebrated Jacobi’s triple product identity is given
by [2, p. 10]

f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞.

Replacingx with q in Theorem 1.1 and using Ramaujan’s notation in (2.1), we
can rewrite Theorem 1.1 in an equivalent form

f(−aq,−a−1)f(−a,−a−1q)f(−a2q,−a−2q)/(q2; q2)∞
=2(q4; q4)∞f(−a4q2,−a−4q2)

− [
f(−q5,−q7) + qf(−q,−q11)

][
af(−a4q3,−a−4q) +

1
a
f(−a4q,−a−4q3)

]
.

(2.5)
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We find it convenient in the sequel to prove Theorem 1.1 in the form (2.5).

Recall [1, pp. 48-49, Entry 31]

f(a, b) =
k−1∑

r=0

ar(r+1)/2br(r−1)/2f(ak(k+1)/2+krbk(k−1)/2+kr,

ak(k−1)/2−krbk(k+1)/2−kr). (2.6)

Lettingk = 2 in (2.6), we have

f(a, b) = f(a3b, ab3) + af(b/a, a5b3), (2.7)

which is used in this paper.

We need to cite the quintuple product identity [2, p. 19].

Theorem2.1— (The quintuple product identity).

f(−x2,−λx)f(−λx3)
f(−x,−λx2)

= f(−λ2x3,−λx6) + xf(−λ,−λ2x9). (2.8)

For the history of the quintuple product identity, the reader can refer to Cooper’s
survey [5].

A system of congruencesai (mod ni) with 1 ≤ i ≤ k is called a covering
system (or complete residue system) if every integery satisfiesy ≡ ai (mod ni)
for at least one value ofi.

A covering system in which each integer is covered by just one congruence is
called an exact covering system (ECS). In other words, an exact covering system
is a partition of the integers into a finite set of arithmetic sequences.

It is easy to see that (2.6) corresponds to an exact covering system
{
r (mod k)

}k−1

r=0
of Z. A natural question is: for a product ofn (n ≥ 2) theta functions, do we have
similar results to (2.6)? In other words, can we write a product ofn theta functions
as the linear combination of other products of theta functions? In [3], we prove
that there is a natural correspondence between product identities for product ofn
theta functions and exact covering systems ofZn. First we give a general theorem
to write a product ofn theta functions as a linear combination of other products of
theta functions.
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Theorem2.2 — [3, Theorem 1.4]Let li ∈ Z+, aibi = qli , (i = 1, 2, . . . , n).
LetB = (bij)n×n be an invertible integer matrix satisfying





l1b11b12 + l2b21b22 + · · ·+ lnbn1bn2 = 0,
l1b11b13 + l2b21b23 + · · ·+ lnbn1bn3 = 0,

...
...

...
...

...
l1b1(n−1)b1n + l2b2(n−1)b2n + · · ·+ lnbn(n−1)bnn = 0.

(2.9)

Letk = | detB|. LetB∗ be the adjoint ofB. Assume at least one of the entries of
B∗ has no common factor withk. We suppose an entry in thejth column ofB∗ is
coprime tok. Then

n∏

i=1

f(ai, bi)

=
k−1∑

r=0

aj
r2+r

2 bj
r2−r

2 f
(
a1

b211+b11
2 b1

b211−b11
2 · · · aj

b2j1+bj1

2
+bj1rbj

b2j1−bj1

2
+bj1r · · ·

an

b2n1+bn1
2 bn

b2n1−bn1
2 ,

a1

b211−b11
2 b1

b211+b11
2 · · · aj

b2j1−bj1

2
−bj1rbj

b2j1+bj1

2
−bj1r · · · an

b2n1−bn1
2 bn

b2n1+bn1
2

)
· · ·

× f
(
a1

b21n+b1n
2 b1

b21n−b1n
2 · · · aj

b2jn+bjn

2
+bjnrbj

b2jn−bjn

2
+bjnr · · · an

b2nn+bnn
2 bn

b2nn−bnn
2 ,

a1

b21n−b1n
2 b1

b21n+b1n
2 · · · aj

b2jn−bjn

2
−bjnrbj

b2jn+bjn

2
−bjnr · · · an

b2nn−bnn
2 bn

b2nn+bnn
2

)
.

(2.10)

Here we need to cite a corollary in [3], which is a special case of the general
theorem for products of two theta functions.

Corollary 2.1 — [3, Corollary 2.2] If|ab| < 1 and(cd) = (ab)k1k2 , where
bothk1 andk2 are positive integers, then

f(a, b)f(c, d) =
k1+k2−1∑

r=0

a
r2+r

2 b
r2−r

2 f
(
a

k2
1+k1

2
+k1rb

k2
1−k1

2
+k1rc, a

k2
1−k1

2
−k1rb

k2
1+k1

2
−k1rd

)

× f
(
a

k2
2+k2

2
+k2rb

k2
2−k2

2
+k2rd, a

k2
2−k2

2
−k2rb

k2
2+k2

2
−k2rc

)
. (2.11)
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It is easy too see that (2.11) is symmetric with respect toa andb, c andd, and
k1 andk2.

3. PROOF OFEWELL’ S OCTUPLE PRODUCT IDENTITY

Because Corollary 2.1 gives the structure of many identities for products of two
theta functions, we can apply it to prove (2.5), which is equivalent to Theorem 1.1.

PROOF : Let k1 = 1 andk2 = 2 in Corollary 2.1, we have the following
generalization of the quintuple product identity. Forab = q andcd = q2,

f(a, b)f(c, d) =f(ac, bd)f(a2dq, b2cq) + af(acq, bd/q)f(a2dq3, b2c/q)

+ bf(ac/q, bdq)f(a2d/q, b2cq3). (3.1)

We replacea with −a, b with −a−1q, c with −a2q andd with −a−2q in (3.1).
Sincef(−1, a) = 0 for any complex numbera with |a| < 1, we obtain

f(−a,−a−1q)f(−a2q,−a−2q)

=(q2; q2)∞[f(a3q, a−3q2)− af(a3q2, a−3q)]. (3.2)

It follows from (3.2) that the left-hand side of (2.5) is

f(−aq,−a−1)f(−a,−a−1q)f(−a2q,−a−2q)/(q2; q2)∞
=f(−aq,−a−1)[f(a3q, a−3q2)− af(a3q2, a−3q)]. (3.3)

Next, observing that−aq · −a−1 = q anda3q · a−3q2 = a3q2 · a−3q = q3, we
setk1 = 1 andk2 = 3 in (2.11) to obtain forab = q andcd = q3,

f(a, b)f(c, d) =f(ac, bd)f(a3dq3, b3cq3) + af(acq, bd/q)f(a3dq6, b3c)

+ bf(ac/q, bdq)f(a3d, b3cq6) + a3bf(acq2, bd/q2)f(a3dq9, b3c/q3).
(3.4)

Next, we replacea with −aq, b with −a−1, c with a3q, andd with a−3q2 in
(3.4) to find that

f(−aq,−a−1)f(a3q, a−3q2)

=f(−a4q2,−a−4q2)f(−q4,−q8)− aqf(−a4q3,−a−4q)f(−q,−q11)

− a−1f(−a4q,−a−4q3)f(−q7,−q5) + a−2qf(−a4,−a−4q4)f(−q10,−q2).
(3.5)
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Similarly, by replacinga with−aq, b with−a−1, c with a3q2, andd with a−3q
in (3.4), we obtain

af(−aq,−a−1)f(a3q2, a−3q)

=af(−a4q3,−a−4q)f(−q5,−q7) + a−2qf(−a4,−a−4q4)f(−q2,−q10)

− f(−a4q2,−a−4q2)f(−q8,−q4) + a−1qf(−a4q,−a−4q3)f(−q11,−q).
(3.6)

By taking the difference of (3.5) and (3.6), we deduce (2.5). We have finished
the proof of Theorem 1.1. 2

4. FURTHER DISCUSSIONS

If we seta = q andb = −q2 in (2.7), we can find that

f(−q5,−q7) + qf(−q,−q11) = f(q,−q2). (4.1)

Or we can setλ = x = q in the quintuple product identity (2.8) to find that

f(−q5,−q7) + qf(−q,−q11) =
f(−q2,−q2)f(−q3)

f(−q,−q3)
= (q; q2)∞(−q; q2)2∞(q3; q3)∞.

(4.2)

Applying (4.1) and (4.2) to (2.5), we can slightly simplify the right-hand side
of (2.5).

Chen, Chen, and Huang [4] developed the following corollary as a by-product
in the process of proving the octuple product identity. We shall give a different
proof.

Corollary 4.1 — [4, Corollary 2.2] For|x| < 1, we have

∞∏
n=−∞

(1− x2n)(1 + x2n)
(1− x2n−1)(1 + x2n−1)

=
∞∑

n=−∞
x16n2+4n(1 + x8n+2) (4.3)

and
∞∏

n=−∞

(1− x2n)(1 + x2n−1)
(1 + x2n)(1− x2n−1)

=
∞∑

n=−∞
x16n2

(1 + 2x8n+1 + x16n+4). (4.4)
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PROOF : It is easy to see that (4.3) is equivalent toψ(q2) = f(q12, q20) +
q2f(q4, q28), which can be derived from (2.7). And (4.4) is equivalent toϕ(q) =
ϕ(q16) + 2qψ(q8) + 2q4ψ(q32). By settinga = b = q in (2.7), we haveϕ(q) =
ϕ(q4) + 2qψ(q8). Expandingϕ(q4) using (2.7) again, we can obtain (4.4).

Remark4.1 : Chen, Chen, and Huang sketched ideas similar to the above proof
of Corollary 4.1 in Remark 1 of their paper [4]. They use the same method as
in their proof of the octuple product identity, writing the theta function as infinite
series, and splitting the infinite sum according to congruence classes. We only need
to apply (2.6) to decompose a theta function. 2

The following Theorem 4.1 in [4] was first given by Gauss and later proved by
Ewell in [6].

Theorem4.1– [4, Theorem 4.1] Fora 6= 0 and|x| < 1, we have

∞∏

n=1

(
1 + ax2n−1

)2 (
1 + a−1x2n−1

)2

= A0(x)
∞∑

m=−∞
a2mx2m2

+ A1(x)
∞∑

m=0

x2m(m+1)
(
a2m+1 + a−2m−1

)
,

where

A0(x) =

( ∞∏

n=1

(
1− x2n

)−2

) ∞∑
n=−∞

x2n2

and

A1(x) =

( ∞∏

n=1

(
1− x2n

)−2

)
x

∞∑
n=−∞

x2n(n+1).

Remark4.2 : The proof of Theorem 4.1 in 4.1 involved changing series in-
dices and separating them into congruence classes. In [6], Ewell deduced several
corollaries from Theorem 4.1, including a new representation of(q; q)6∞ and a new
proof of Ramanujan’s congruencep(7n + 5) ≡ 0 (mod 7), wherep(n) denotes
the partition function.

As showed in [3], Theorem 2.1 is a special case of Ewell’s sextuple product
identity which first appeared in [8].



A PROOF OF EWELL’S OCTUPLE PRODUCT IDENTITY 181

Theorem4.2— [8, The Sextuple Product Identity]

(−xyq; q2)∞(−q/xy; q2)∞(−qx/y; q2)∞(−qy/x; q2)∞(q2; q2)2∞

=
∞∑

i=−∞
q2i2x2i

∞∑

j=−∞
q2j2

y2j + q
∞∑

i=−∞
q2i(i+1)x2i+1

∞∑

j=−∞
q2j(j+1)y2j+1. (4.5)

It is has been shown in [3] that the sextuple product identity is a special case
of Corollary 2.1 corresponding to the casek1 = k2 = 1. Hence we can give a new
proof of Theorem 4.1. We omit the proof here.
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